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HOMOMORPHISM OF CUTS OF MULTIGROUPS
P.A. EJEGWA!'* AND A.M. IBRAHIM?

ABSTRACT. The notion of multigroups via multisets is of interest in non-
classical groups. In this paper, we propose the notion of homomorphism of
cuts of multigroups and obtain some related results. Some homomorphic prop-
erties of upper cut of multigroups are also discussed.

1. INTRODUCTION

In crisp set theory, repetition of elements is not allowed in a collection. The
theory of groups was developed from this point of view as the algebraic structure
of sets. Matching the notion of set with real-life situations, repetition of objects
cannot be ignored. Sequel to this, the term multiset was first suggested by N.G.
De Bruijn to Knuth as the generalization of crisp set theory (that is, in a multiset,
elements are allowed to repeat)[11]. With this, one can conveniently say that,
every set is a multiset but the reverse is not true [6]. Elaborate work on multiset
and its applications can be found in [7, 24, 25, 20].

Since multiset is the generalization of set, it is then natural to generalize group
as multigroup. The idea of multigroups was proposed in [I7] as an algebraic
structure of multisets that generalized groups. The notion is consistent with
other non-classical groups in [1, 5, 16, 18, 20, 22, 23], etc.

Although other researchers in [, 8, 15, 19, 21] earlier used the term multigroup
as an extension of group theory (with each of them having a divergent view),
the notion of multigroup via multiset in [17] is quite acceptable because it is
in consonant with the aforementioned non-classical groups. Further studies on
multigroups via multisets can be found in [2, 3, 13].

In [9], the algebraic perspective of n-level sets of multisets discussed in [12,

] was proposed and called, cuts of multigroups. This paper introduce the
notion of homomorphism of cuts of multigroups and deduce some results. Some
homomorphic properties of upper cut of multigroups are also discussed.

2. PRELIMINARIES

In this section, we review some definitions and results for the sake of completeness
and reference.
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Definition 2.1 ([24]). Let X = {x1, 29, ...,2,, ...} be a set. A multiset A over
X is a cardinal-valued function, that is, C4 : X — N such that for z € Dom/(A)
implies A(z) is a cardinal and A(x) = Ca(x) > 0, where C4(z) denoted the
number of times an object z occur in A, that is, a counting function of A (where
Cu(z) =0, implies x ¢ Dom(A)). The set X is called the ground or generic set
of the class of all multisets (for short, msets) containing objects from X.

We denote the set of all multisets by M S(X).

Definition 2.2 (][25]). Let A and B be two multisets over X, then A is called
a submultiset of B written as A C B if Cy(z) < Cp(z)Vzr € X. Also, if AC B
and A # B, then A is called a proper submultiset of B and denoted as A C B.
A multiset is called the parent in relation to its submultiset.
Definition 2.3 ([11]). Let {A;};c; be a family of multisets over X. Then

(i) Cre; A4, () = Njes Ca,(2)Ver € X.

(ii) CU,e; A: () = V;er Ca,(2)Vr € X.
Definition 2.4 ([20]). Let A,B € MS(X). Then A and B are comparable to
each other if AC Bor B C A.

Definition 2.5 ([17]). Let X be a group. A multiset G over X is called a
multigroup of X if the count function of G, that is, Cs : X — N satisfies the
following conditions:

(i) Ca(ry) > Calx) A Ca(y)Ve,y € X,
(ii) Ce(z™!) = Cg(x)Vz € X.

By implication, a multiset G over X is called a multigroup of a group X if
Calay™") > Calz) A Coly), Yo,y € X.
It follows immediately from the definition that,
Ce(e) = Cg(z)Vr € X,

where e is the identity element of X. We denote the set of all multigroups of X
by MG(X).

Definition 2.6 ([9]). Let {A;}icr, I = 1,...,n be an arbitrary family of multi-
groups of X. Then {A;}c; is said to have inf/sup assuming chain if either
A C A C...CA,or Ay D Ay DO ... D A,, respectively.

Remark 2.7 ([9]). Every multigroup is a multiset but the converse is not neces-
sarily true.

Definition 2.8 ([J]). Let A € MG(X). Then the sets Ap, and A, defined by
A ={r € X | Cy(z) > n,n € N}

and
Ay ={r € X | Ca(x) > n,n € N}

are called strong and weak upper cuts of A respectively.
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Definition 2.9 ([9]). Let A € MG(X). Then the sets A" and A™ defined by
A = {2 € X | Cy(z) < n,n € N}

and
AM = {z € X | Cu(z) < n,n € N}

are called strong and weak lower cuts of A respectively.

Remark 2.10 ([9]). We observe that Ay = By, Ay = By, A = Bl and
A(n) = B(n) iff A = B. AISO7 A(n) g A[n] and A(n) g A[n].

Theorem 2.11 ([9]). Let A,B € MG(X). For alln € N, if A C B, then
A[n] g B[n] and A[n] g B[n].

Theorem 2.12 ([9]). Let A € MG(X). For all ny,ny € N and ny < ng, then
A(n2) - A[nz] - A(nl) and A™) - Am2) - Ala],

Theorem 2.13 ([9]). Let A € MG(X). Then Ap,n € N is a subgroup of X
forn < Cale) and A n € N is a subgroup of X for n > Ca(e), where e is the
identity element of X.

Definition 2.14 ([10]). Let X and Y be groups and let f : X — Y be a
homomorphism. If A and B be multigroups of X and Y, respectively. Then

(i) the image of A under f, denoted by f(A), is a multigroup of Y defined by

iy Ca(z), f71 0
Cf<A>(y)={ (\){ oert Cat) (J)cthgv)vife

for each y € Y.
(ii) the inverse image of B under f, denoted by f~!(B), is a multigroup of X
defined by
Cffl(B)(fL’) = CB(f(I))VI' € X.

Theorem 2.15 ([10]). Let f be a homomorphic mapping from a group X onto a
group Y.

(i) For A,Be€ MG(X), if AC B, then f(A) C f(B).

(i) For A,B € MG(Y), if A C B, then f~'(A) C f~1(B).
Proposition 2.16 ([17]). Let X,Y be two groups and f : X — Y be a homo-

morphism. If A € MG(X) and B € MG(Y'), respectively, then f(A) € MG(Y)
and f71(B) € MG(X).

3. HOMOMORPHISM OF UPPER AND LOWER CUTS OF MULTIGROUPS

Definition 3.1. Let X, Y be groups, A € MG(X), Be MG(Y)and f: X —»Y
be a homomorphic mapping. Then for any n € N, if f is a homomorphic mapping
from Ay, to By, f is called upper cut homomorphic mapping from A to B.

Definition 3.2. Let X, Y be groups, A € MG(X), Be MG(Y)and f: X - Y
be a homomorphic mapping. Then for at least one n € N, if f is a homomorphic
mapping from AM™ to B, f is called lower cut homomorphic mapping from A
to B.
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Example 3.3. Let X = {0,1,2,3} be a group of Z,,+ and Y = {0,2,4,6} C
Zg,+. Then 3 a homomorphism f : X — Y defined by f(z) = 2z Vx € X.
Suppose that A and B are multigroups of X and Y, respectively, given as
A =[0*1%22 3% and
B =1[0%2% 4% 6%.
Then
f(A) = [0%,2°,4%, 6% and
f7H(B) = [0%,1°,2%,37]
satisfying
Cray(y) = Ca(f ' (y)) and Cp-1(p)(z) = Cp(f(z)) Vo € X and Vy € Y.

Forn =1,2,3,4, we get

A[l} - A[Q] - {O, 1, 2, 3}, A[3] - {0, 1, 3}, A[4] — {0}
and

B[l] — B[Q] — {07 2,4, 6}, B[g] — {O, 27 6}7 B[4} — {0}
Since 3 a homomorphism f from Ay, to By, defined by f(z) = 22 Vr € X for

n=1,2,3,4, so f is an upper cut homomorphic mapping from A to B.
Similarly,

A = 3 AR = (91 AP = {1 2 3} AW = {0,1, 2,3}
and

BW = {3}, AR = 14} AB = {2 4 6}, A = {0,2,4,6}.
So 3 f : A"l — B for only n = 4 defined by f(x) = 2o V2 € X. Consequently,
f is a lower cut homomorphism from A to B.

Proposition 3.4. Let f : X — Y be a homomorphism, A € MG(X) and B €
MG(Y), respectively. For any n € N, we have

(i) f(A[n]) (f(A))[n},

( ) (B[n]) (f (B))[n}
(iif) f(Am)) € f(A[n) C (f(A)m;

(iv) [~ Bw)) € f~HBp) = (f (B))m-

Proof. (i) Let y € f(Ap,), then 3x € Ap, such that f(z) =y and
Ca(z) >n,n € N.

Consequently, we get

Ca(f*(y)) > n,n € Nimplies Cra(y) >n,neN
and so, y € (f(A)). Hence, f(Ap) € (f(A4))m)-
(ii) For every z, x € f~Y(Byy) < f(z) € By < Cp(f(z)) > n,n € N. By
Definition 2.8 and Definition 2.14, we see that

Cir-ypy(z) = Cp(f(z)) 2 n,n €N,

that is, z € (f~'(B))n. Hence, f~H(Bpy) = (f (B))m.
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(iii) Since A,y € Apy by Remark 2.10, then f(Agp)) € f(Ap)) by Theorem

2.15. Hence, the result follows from (i).

(iv) Also, By C By, and so, f~'(Amy) € f1(Ap) by the same reasons as
in (iii). The proof is completed by (ii). O

Corollary 3.5. Let f : X — Y be a homomorphism. Suppose A € MG(X) and
B € MG(Y), respectively, then for at least one n € N,

(i) f(A[”]) (f(A))[”},

(i) /-1 (BM) = (/~1(B))M,

(i) f(A ”))Cf(A[") (f(A))[”],
(iv) f7H(B™) € f7Y(BM) = (f~1(B))".

Proof. Similar to Proposition 3.4. OJ

Theorem 3.6. Let X, Y be groups, A€ MG(X),Be€ MG(Y) and f : X =Y,
respectively. Then (f(A))m = f(Aw)) for any n € N if and only if for eachy € Y
there exists xo € f~(y) such that Cpay(y) = Ca(zy).

Proof. Suppose (f(A))m = f(Apy). For arbitrary y € Y, let Cray(y) = n, then
Y € (f(A)m = f(Ap). It follows that there exist xy € Ap, such that
y = f(xo). Hence, we have zy € f~'(y) which satisfies C'4(xy) > n. Consequently,
we have
Ca(zo) = Cray(y) = \/ Calz) > Calxo).
zef~(y)

Therefore, Cria)(y) = Ca(xo).

Conversely, for each y € Y 3 2y € f7'(y) such that Cpay(y) = Ca(zo). For
neN, let y € (f(A))n. We show that y € f(Ap,). Since

Ca(zg) = \/ Ca(x
zef~(y)
we have f(z9) = y and so xg € Ap, implies y € f(Ap;). Hence, (f(A))n =
F(Apw)- a

Corollary 3.7. Let f : X — Y be a homomorphic mapping, A € MG(X) and
B € MG(Y), respectively. Then (f(A))"™ = f(AM) for at least one n € N if and
only if for each y € Y there exists o € f~1(y) such that Cya)(y) = Ca(o).

Proof. Similar to Theorem 3.6. OJ

Definition 3.8. Let X, Y be groups, f: X — Y and A € MG(X). Then for
every y € Y, if there exists zg € f~'(y) such that Cya)(y) = Ca(xo), then f is
said to be quasi-surjective.

Lemma 3.9. Let X, Y be groups, f : X =Y and A € MG(X). Then for at
least one n € N, we have (f(A))w = f(Ap) or (f(A)M = f(AM) if and only if
f is quasi-surjective.

Proof. Combining Theorem 3.6, Corollary 3.7 and Definition 3.8, the result fol-
lows. 0J
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Theorem 3.10. Let X, Y be groups, A € MG(X),B€ MG(Y) and f : X - Y
be quasi-surjective. Then f is an upper cut homomorphic mapping from A to B
if and only if f is a homomorphic mapping from X to Y, and (f(A))m € By
for any n € N.

Proof. Suppose f is an upper cut homomorphic mapping from A to B. Then for
every n € N, we can infer that f is a homomorphic mapping from Ay, to By,.
Actually, X = Ap, Y = By, thus f is an homomorphic mapping from X to Y.
As f is quasi-surjective, then in light of Lemma 3.9, we get

(f(A))p) = f(Ap) € Bp-

Conversely, suppose f is a homomorphic mapping from X to Y and
(f(A))pm € By for n € N. Then for all n € N, because f is quasi-surjective, for
any x € Ap,) € X, we have

f(x) € f(Ap) = (f(A)m € B

Therefore, f is a homomorphism from A, to Bp,. Since f is a homomorphic
mapping from X to Y, then

f(xzy) = f(x)f(y) holds for arbitrary z,y € Ay C X,

where f(z), f(y) € Bpn). According to Theorem 2.13, this indicates that By, is a
subgroup of Y. Hence, f(x)f(y) € By, that is to say, f preserves the operation.
Synthesizing this discussion, f is a homomorphic mapping from Ay, to By,.
Hence, by Definition 3.1, we obtain that f is an upper cut homomorphic mapping
from A to B. 0

Corollary 3.11. Let X, Y be groups such that f : X — Y is quasi-surjective,
Ae MG(X) and B € MG(Y), respectively. Then f is a lower cut homomorphic
mapping from A to B if and only if f is a homomorphic mapping from X to Y,
and (f(A)M C B for at least one n € N.

Proof. Similar to Theorem 3.10. O

Definition 3.12. Let X and Y be groups, f : X — Y, A € MG(X) and
B € MG(Y), respectively. For any n € N, if f is a surjective homomorphic
mapping from Ap, to By, then f is called a surjective upper cut homomorphic
mapping from A to B. Moreover, A and B are upper cuts homomorphic with
respect to f.

Theorem 3.13. Let X and Y be groups, A and B be multigroups of X and Y,
respectively, and f : X — Y with f quasi-surjective. Then f is a surjective
upper cut homomorphic mapping from A to B if and only if f is a surjective
homomophic mapping from X toY with f(Ap)) = By, for any n € N.

Proof. Suppose f is a surjective upper cut homomorphic mapping from A to
B. Then by Definition 3.12, for any n € N it follows that f is a surjective
homomorphic mapping from Ay, to Bj,. Observe that, X = Ajyj and Y = By,
evidently, f is a surjective homomorphic mapping from X to Y. Clearly, we have
f(A[n]) g B[n}. Similarly, B[n] g f(A[n]) is obvious. Hence, f(A[n]) = B[n].
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Conversely, for any n € N and y € By, then f(Ap)) = By, implies that
Ja € Apy such that f(r) = y, that is, f is a surjection from Ap,; to Bp,. To
prove that f preserves the operation follows from the converse proof of Theorem
3.10, so we omit it. Hence, for any n € N, it follows that f is a surjective upper
cut homomorphic mapping from A to B. O

Definition 3.14. Let X and Y be groups, f: X - Y, A€ MG(X) and B €
MG(Y), respectively. For at least one n € N, if f is a surjective homomorphic
mapping from Al to BI™, then f is called a surjective lower cut homomorphic
mapping from A to B. Moreover, A and B are lower cuts homomorphic with
respect to f.

Corollary 3.15. Let X and Y be groups, A and B be multigroups of X and
Y, respectively, and f : X — Y with [ quasi-surjective. Then f is a surjective
lower cut homomorphic mapping from A to B if and only if f is a surjective
homomophic mapping from X to Y with f(AM) = B for at least one n € N.

Proof. Similar to Theorem 3.13. Il

Definition 3.16. Let X and Y be groups, A € MG(X), B € MG(Y) and
[+ X =Y. Then for any n € N, if f is an isomorphic mapping from A, to By,
then f is called an upper cut isomorphic mapping from A to B. In particular, A
and B are said to be upper cuts isomorphic with respect to f.

Theorem 3.17. Let X and Y be groups, A € MG(X),B € MG(Y) and

f: X =Y with f quasi-surjective. Then f is an upper cut isomorphic mapping
from A to B if and only if f is an isomorphic mapping from X toY with f(Ap)) =
By, for any n € N.

Proof. The Proof follows by combining Theorem 3.10 and Theorem 3.13. O

Definition 3.18. Let f : X — Y be homomorphism, A € MG(X) and B €
MG(Y'), respectively. Then for at least one n € N, if f is an isomorphic mapping
from A" to B then f is called a lower cut isomorphic mapping from A to B.
In particular, A and B are said to be lower cuts isomorphic with respect to f.

Corollary 3.19. Let f : X — Y be homomorphism with f quasi-surjective,
A€ MG(X) and B € MG(Y), respectively. Then f is a lower cut isomorphic
mapping from A to B if and only if f is an isomorphic mapping from X to'Y
with f(AM) = B for at least one n € N.

Proof. The Proof follows by combining Corollary 3.11 and Corollary 3.15. OJ

Theorem 3.20. Let f : X — Y be an isomorphism, A € MG(X) and B €
MG(Y). Then f(Ap)) €Y and f~Y(By)) € X for alln < (Ca(e), Cp(e')), where
e, e are the identities of X andY , respectively.

Proof. By Theorem 2.13, it is clear that Ap, is a subgroup of X. We show
that f(Ap,) is a subgroup of Y. Let y1,y2 € f(Apy) be any two elements, then
Cray(y1) =2 n and Cray(y2) > n. By Proposition 3.4, f(Ap;) € (f(A4))@m, n € N.
So, 3z, x5 € X such that

OA(Il) = Of(A)(yl) Z n and CA(ZL’Q) = Cf(A)(yg) Z n
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imply
Cu(z1) > nand Ca(zg) > n.
Then,
Ca(z1) N Cy(zg) > n.

Again, Ca(zi25") > Ca(x1) A Calx) > n = Ca(z129) > n. Hence, z125" €
A
& flezy") € f(Aw) S (f(A)p
< fla)f(a3"h) € (F(A)p = Fla)(f(22) 7" € (F(A)pm
= ( (A))py. Therefore, f(Ap) €Y.
The proof of f~!(By,) € X is similar. O

Corollary 3.21. Let f : X — Y be an isomorphism, A € MG(X) and B €
MG(Y). Then f(AM) is a subgroup of Y and f~'(B") is a subgroup of X for
alln > (Ca(e),Cp(€)), where e, € are the identities of X and Y, respectively.

Proof. Similar to Theorem 3.20. O

Corollary 3.22. If f : X — Y be homomorphism of group X onto group Y and
{A;}ier be family of multigroups of X. Then for all n < (Cy,(e),Cp,(€')), where
e, e are the identities of X and Y, respectively,

(i) f(ﬂie[ Aifn) is a subgroup of Y.

(i) f~Y(Nies Bip)) is a subgroup of X.
(iii) f(U;es Aipy) s a subgroup of Y provided {A;}icr have sup/inf assuming

chain.

(iv) f"HUier Bitn)) s a subgroup of X provided { B;}ic; have sup/inf assuming
chain.

Proof. Similar to Theorem 3.20. U

Corollary 3.23. If f : X — Y be homomorphism of group X onto group Y and
{A:}ier be family of multigroups of X. Then for all n > (Cy,(e),Cp,(€')), where
e, e’ are the identities of X and Y, respectively,
1) f(Nies A" is a subgroup of Y.
(i) f~ (ﬂleIB"]) is a subgroup of X .
(iii) f(U;es A[n) is a subgroup of Y provided {A;}icr have sup/inf assuming

7

chain.

(1iv) fH Uies Bi["]) is a subgroup of X provided {B;}ic; have sup/inf assuming
chain.

Proof. Similar to Theorem 3.20. OJ

4. UPPER CUT HOMOMORPHIC PROPERTIES OF MULTIGROUPS

This section focuses on upper cut homomorphic properties of multigroups. We
define a pre-surjective mapping f, introduce analogous concept of nested set and
obtain some results.
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Definition 4.1. Let X,Y be sets, f : X — Y be a mapping and A € MS(X),
respectively. If for every n;,n, € N with n; < ny we have (f(A))pn. € f(Apy),
then f is called pre-surjective, or it is said that f posses the pre-surjective prop-
erty.

Theorem 4.2. Let f : X — Y be a mapping, A € MS(X) and n;,ny € N
satisfies ny < ny. Then f is pre-surjective if and only if for every y € (f(A))ma
there exists x € Ap,,) such that f(x) = y.

Proof. By hypothesis and Definition 4.1, it follows that f is pre-surjective <
(f(A))[nQ] - f(A[nﬂ) =Y € (f(A))[nQ] =Yy c f(A[n1]> & dx e A[nl] such that
fl@) =y. O
Definition 4.3. Let h : N — P(X),n — h(n) € P(X) be a mapping, T be

an index set. Then the mapping h is called a nested set on X, if the following
conditions are satisfied.

(i) n1 < ng = h(ng) C h(ny),
(i) e hne) € (HA(A) |0 < Viepni}.
We depicts the sets that posses such conditions on X by N(X).

Theorem 4.4. Let f: X — Y be a mapping, A € MS(X) and for alln € N, let
h(n) = f(Ap)). Then h € N(Y') if and only if f is pre-surjective.

Proof. Suppose h € N(Y'). In order to prove hat f is pre-surjective, we only need
to show that (f(A))n, € f(Ap,]), where ny,ny € N and n; < ny. In fact, for
any y € (f(A))my), we get

Crw) = \/ Calx)>n,.

zef~1(y)
Putting T'= {t € T'| f(t) =y} and C4(t) = ny, we have

\/ ny = Cyay(y) > na.

teT
For t € T, we have t € A, with y = f(t), thus y € f(Ap,)-
Since the mapping h is an analogous of nested set on Y, by Definition 4.3, it is
straightforward to get

y € () f(Apy) S {FAR) |\ ne > n}.

Considering n; < ny < V,epme, we infer that y € f(Ap,,)), which implies

(f(A))png) € f(Apnyy)- In the light of Definition 4.1, f has pre-surjective property.
Conversely, suppose f is pre-surjective. On the one hand, whenever n; < ns,

by using Theorem 2.11, Theorem 2.12 and Theorem 2.15, f(Apn,)) € f(Ap,) is

clear.

On the other hand, for any y € (),op f(Ap,) 3 2¢ € App,) such that f(z,) = y.

Consequently, for arbitrary t € T', we get

Cray(y) > \/ Calxy) > \/ ny.

teT teT
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Therefore, y € (f(A)),.pnel-
As f is pre-surjective, for n < \/,.;n:, by Theorem 4.2, we deduce that there
exists € Ap, such that f(z) = y. This implies that y € f(Ap,), thus

y € (M (Aw) [n <\ il

teT
Hence,
() f(Aw) S Am) [ n <\ ne}.
teT teT
By Definition 4.3, h € N(Y). O

Corollary 4.5. Let f : X — Y be a mapping and A € MS(X). For everyn € N,
we define h(n) = f(Ap)), then h € N(X) if and only if (f(A))p € f(Ap)-

Proof. Take any nq,ny € N with ny < ny. By Theorem 2.11, Theorem 2.12 and
Theorem 2.15, we obtain

f(Apa) € F(Apy)-
Combined with
(f(A))na) € f(Apa)),

we get

(f(A))[nz] g f(A[n1]>>
that is, f is pre-surjective. By Theorem 4.4, it follows that h € N(X).
Conversely, suppose h € N(X). The proof follows by adopting a similar method
to the proof of the necessity part of Theorem 4.4. O

Corollary 4.6. Let f : X — Y be a quasi-surjective mapping, A € MS(X) and
h(n) = f(Ap) for anyn € N. Then h € N(X).

Proof. Combining Lemma 3.9 and Corollary 4.5, the result follows. 0

Theorem 4.7. Let X be a set and A € MS(X). Then for arbitrary ny € N,
teT,

() A = AN,epndl

teT

Proof. For any x € (), Ay, we have x € Ap,, )Vt € T, then we get
Ca(x) > ny. Consequently,

Ca(z) = \/ Ca(z) > \/ n.
teT teT
Hence, x € A}y,_,.n,), that is,
() Al € Ayepnr-
teT
Again, for all z € Ay, ) and t € T', we get
Ca(x) > \/ ng > ny.

teT
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This implies that Ca(x) > ny, that is, x € (o Ajn,). Hence,

AV ernd S [) Al

teT

Therefore, (V,ep Ay = A4 O

Vier mt]:
Theorem 4.8. Let X and Y be groups, f : X — Y be a homomorphism, where
f is quasi-surjective, A € MG(X) and B € MG(Y). If f is an upper cut
homomorphic mapping from A to B with the pre-surjective property, then f(A) €
MG(Y), and f is also an upper cut homomorphic mapping from A to f(A).

Proof. As f is pre-surjective, it follows that h € N(Y'), where h(n) = f(Ap,) for
every n € N. Since f is quasi-surjective, by Lemma 3.9, for arbitrary n € N, we
have (f(A))p = f(Aw). So, f(A) € MG(Y). In addition, for A € MG(X), it is
clear that Ap, is a subgroup of X by Theorem 2.13. Consequently, f(Ap,) is a
subgroup of Y. Since

(f(A)p = f(Ap) = (f(A))p

is a subgroup of Y. Hence, f(A) € MG(Y).

Again, since f is an upper cut homomorphic mapping from A and B, we see
that f is a homomorphism from Ap, to Bj,). Then for every x,y € Ay, it is clear
that f(x), f(y) € f(Ap). By Theorem 3.6 and Theorem 3.10,

f(Ap) = (f(A)m) € B

Since f is a homomorphism from X to Y, f(zy) = f(x)f(y) and (f(A))p is a
subgroup of Y, we have f(x)f(y) € (f(A))m), that is, f preserves the operation.
Consequently, f is an upper cut homomorphism from A to f(A). O

Corollary 4.9. Let X and Y be groups, f : X — Y be a homomorphism,
where [ is quasi-surjective, A € MG(X) and B € MG(Y). If f is an upper
cut homomorphic mapping from A to B with the pre-surjective property, then
f~YB) € MG(X), and f is also a surjective homomorphism from f~(B) to B.

Proof. For any n € N, setting h(n) = f~!(By,), we show that h € N(X). Given
ni,ng € N with ny < no, by Theorem 2.12 and Theorem 2.15, we get

f_l(B[nz) Cf (B[m)
By Proposition 3.4 and the properties of By, we get

(/7 Br) = (7 (B)ina-

teT teT
By Theorem 4.7, it follows that
B g = (F By,
teT

Since

(T BV g = F T (By,epna):
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it is obvious that

() /' (Bung) S {7 B [0 < \/ nil-

teT teT
Hence, h € N(X). Since (f~(B))p # 0, for every n € N, then for any z,y €
(/7' (B))pw = [f'(Bp), there exists xo,yo € By such that f(z) = zo and
f(y) = yo. As f is upper cut homomorphism from A to B, and By, is a subgroup
of Y, we infer immediately that

flay™) = f@)(f(y)) ™" = zoyy " € Bp.
This implies that
vy~ € [T (Bp) = (f 1 (B))wls

and so, (f'(B)) is a subgroup of X. Hence, f~}(B) € MG(X). Since f
is a surjective upper cut homomophic mapping from A to B, from Definition
3.12, we know that f is a surjective homomorphism from Ap, to By,. For all
z,y € (f71(B))[), we notice that B € MG(Y), f(zy) = f(x)f(y) € By, Hence,
f is a surjective upper cut homomorphism from f~1(B) to B. O

Remark 4.10. Let f : X — Y be homomorphism of groups where f is quasi-
surjective, A € MG(X) and B € MG(Y). If f is an upper cut isomorphic
mapping from A to B with the pre-surjective property, then

(i) f(A) € MG(Y), and f is also upper cut isomorphic mapping from A to
f(4),

(ii) f7YB) € MG(X), and f is also upper cut isomorphic mapping from
f~YB) to B.

This remark is a direct consequence of Theorem 4.8 and Corollary 4.9.

5. CONCLUSION

We have proposed the notion of homomorphism of cuts of multigroups, explicated
its properties and obtained some related results. Some homomorphic properties
of upper cut of multigroups were explored.

Acknowledgement. We would like to express our profound gratitude to the
reviewers. Their insights and contributions improve the quality of the paper.
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