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ABSTRACT. The aim of this paper is to introduce the notion of interpolative
fuzzy Z-contractive condition for a pair of self maps in a fuzzy metric space,
which enlarges, unifies and generalizes the existing fuzzy contractions (by Gre-
gori et al. [6]), ¢ contraction (by Mihet [11]), fuzzy Z-contractions (by Shukla
et al. ([19]) and Tirado contraction (by Tirado [20]), which are for only one
self map. Using this, we establish a unique common fixed point theorem for
two self maps satisfying condition (S), which was introduced by Shukla et al.
in [19] through weak compatibility. As an applications, we discuss fixed point
theorem for Fredholm non-linear integral equation. The article also includes
an example, which shows the validity of our results.

1. INTRODUCTION AND PRELIMINARIES

In 1965 L. Zadeh [22] introduce the theory of fuzzy sets. Later on in 1978 the
concept of fuzzy metric space was introduced by Kramosil and Michalek in [10],
which was modified by George and Veeramani [!] in order to obtain a Hausdorff
topology for this class of fuzzy metric spaces. Then in year 1988, Grabiec [5] gave
a fuzzy version of Banach contraction principle in the setting of fuzzy metric
space. In recent past years, various authors tried to generalize the fixed point
theorem by modifying and varying the contractive condition (see Gregori and
Sapena [6], Mihet [11], Tirado [20] and Wardowski [21]) in the sense of George
and Veeramani. In 2019, Shukla et al. [19] introduced a new class of contractive
mappings called Z-contractions, and proved some fixed point results for a self
map of this new class.

Inspired from the interpolative theory, Karapinar et al. [9] introduce the notion
of interpolative Rus-Reich-Cri¢ type contraction via simulation function in metric
space. Motivated by this paper we introduce interpolative fuzzy Z-contraction
for two self maps in the setting of fuzzy metric space, which enlarges, unifies
and generalizes the existing contraction. Employing condition (S), we prove
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the existence of unique common fixed point of a pair of interpolative fuzzy Z-
contractive self maps in fuzzy metric space through weak compatibility.

The structure of the paper is as follows:

After preliminaries in section 2, we introduce interpolative fuzzy Z-contraction
in the setting of fuzzy metric space. Then we study fuzzy contractive mapping
due to Gregori and Sapena [0], Mihet [11], Tirado [20] and Wardowski [21] and
Shukla et al. [19]. In section 3, we prove the existence of unique common fixed
point of an interpolative fuzzy Z- contractive pair of weakly compatible self maps
satisfying condition (). Finally in section 4, we conclude with an application for
the solution of Fredholm non-linear integral equation.

1.1. Preliminaries. Now, let us recall the definition of fuzzy metric space and
other results given in [1].

Definition 1.1. [1] A mapping = : [0,1] x [0,1] — [0, 1] is called a continuous
triangular norm (t-norm for short) if * is continuous and satisfies the following
conditions:

(i) *is commutative and associative, i. e. axb = bxa and ax*(bxc) = (axb)xc,
for all a,b,c € [0, 1];

(ii) 1*a =a, for all a € [0, 1];

(ili) axc < bx*d, for a < b,c < d for a,b,c,d € [0, 1].

Note that in view of condition (GV2) we have M (z,z,t) = 1, for all x € X
and t > 0 and M (z,y,t) < 1, for all x # y and ¢ > 0.

Definition 1.2. [1] A fuzzy metric space is an ordered triple (X, M, x) such
that X is a (nonempty) set, * is a continuous t-norm and M is a fuzzy set on
X x X x (0,+00) satisfying the following conditions, for all z,y,z € X and
t,s > 0;
) M(z,y,t) > 0;
GV2) M(z,y,t) =1 if and only if z = y;
) M(z,y,t) = M(y, z,);

) M(z,z,t+s) > M(x,y,t)« M(y, z, s);
GV5) M(z,y,) : (0,+00) — (0,1] is continuous.

Note that in view of condition (GV2) we have M(z,x,t) = 1, for all x € X
and t > 0 and M(x,y,t) < 1, for all x # y and ¢ > 0.

Definition 1.3. [!] A sequence {z,} in a fuzzy metric space (X, M, ) is said to
be M-Cauchy, or simply Cauchy, if for each € € (0,1) and each ¢ > 0 there exists
an ng € N, such that M (z,, z,,,t) > 1 — ¢, for all n,m > ng. Equivalently, {z,}
is Cauchy if limy, p— 100 M (Zn, Tm,t) = 1, for all £ > 0.

Lemma 1.4. [1] Let (X, M, *) be a fuzzy metric space. Then M (x,y,.) is non-
decreasing for all x,y € X.
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Theorem 1.5. [1] Let (X, M, x) be a fuzzy metric space. A sequence {xy,}nen in
X converges to x € X if and only if lim,,_, o M(z,,x,t) — 1.

Definition 1.6. [1] (X, M,*) (or simply X) is called M-complete if every M-
Cauchy sequence in X is convergent.

Lemma 1.7. [17] If x is a continuous t-norm {a, },{Bn}, {7} are sequences such
that oo, — o, B, — B and v, — v as n — 400 then

limy, oo (g * Br * ) = vk limg 00 By * 7,
and

h—mk—H-OO(ak * B * ’Yk) = Qx* li_mk—H-ooBk * 7.
Lemma 1.8. [17] Let {f(k,.) : (0,4+00) = (0,1];k =0,1,2, ..., } be a sequence of
functions such that f(k,.) is continuous and monotone increasing for each k > 0.
Then limy,, oo f (K, t) is a left continuous function in t and lim,_, . f(k,t) is a
right continuous function in t.

Definition 1.9. [8] Two self maps S and 7" in a fuzzy metric space (X, M, %) are
said to be weakly compatible if they commute at their coincidence points i.e. for
x € X,Sr =Tx =y implies Ty = Sy.

2. INTERPOLATIVE FUZZY Z-CONTRACTION

Let Z denotes the family of functions ¢ : (0,1) x (0,1) — R, where RT =
(0, +00) satisfying the following condition:
C(t,s) > s, for t,s € (0,1).
Example 2.1. Define ¢ : (0,1) x (0,1) — Rt by
2 ift > s

Y

vl

Example 2.2. Define ¢ : (0,1) x (0,1) — Rt by
1 :
C(t,s) = Py +t, if s,t € (0,1).

Definition 2.3. Let (X, M, %) be a fuzzy metric space. A pair (A, B) of self maps
in X is said to be interpolative fuzzy Z-contractive if there exists ( € Z,3,v €
[0,1) with 54+~ < 1 and for all z,y € X with Az # Ay and for all ¢ > 0,

M(Ax, Ay, t) > ((M(Az, Ay, t), R(z,y)), (2.1)
where
R(z,y) = (M(Ax, Bx,t))?(M(Ay, By,t))"(M(Bz, By,t))* 77
Remark 2.4. Taking B = I, the identity map in equation (2.1) we obtain
M(Az, Ay, t) > C(M(Az, Ay, t), R(z,3)), (2.2)

where
R(z,y) = (M(Az,z,t))*(M(Ay,y, 1)) (M (z,y,t)) .
which is interpolative fuzzy Z-contraction, for a self map A.
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Remark 2.5. Taking § = 0,7 = 0 in equation (2.2) then R(x,y) = M(z,y,t) and
we have

M(Az, Ay, t) > ((M(Ax, Ay,t), M(z,y,t)), (2.3)
which is precisely the Z-contraction, for a self map A given by Shukla et al.[19].
Gregori and Sapena in [0] defined the fuzzy contractive mappings as follows:

Let (X, M, %) be a fuzzy metric space. A mapping T : X — X is called a fuzzy
contractive mapping if there exists k € (0,1) such that

! —-1<k ! -1
M(Txz,Ty,t) -\ M(z,y,t) ’

for all z,y € X.
Taking ((t, s) = Tioms forall t,s € (0,1) and A =T in (2.2), with 8,y € [0, 1)

we get

! 1<k L 1
M(Tz, Ty,t) — —  \R(z,y) ’
for all z,y € X where

R(z,y) = (M(Tz, x,t))ﬁ(M(T% y, 1)) (M (z, y’t))(l—ﬁ_»y)‘

Remark 2.6. Thus the fuzzy contractive mapping defined by Gregori and Sapena
in [0] get generalized and we call the mapping T to be interpolative fuzzy con-
tractive mapping. If we take § = 0 and v = 0 then the map T becomes fuzzy
contractive(defind in [0]).

In [20], Tirado defined the following contraction:
Let (X, M, *) be a fuzzy metric space. A mapping 7" : X — X is Tirado contrac-
tion if there exists k& € (0, 1) such that

for all z,y € X.
Taking ((t,s) = 1+ k(s — 1), for all t,s € (0,1) and A = T in (2.2), with
B,v € [0,1) we get

L= M(Tz,Ty,t) < k(1= R(x,y)),
for all z,y € X where
R(z,y) = (M(Tx,2,1))"(M(Ty, y,t))" (M(z,y,8) 0.

Remark 2.7. Thus Tirdo contraction defined by Tirado in [20] get generalized
and we call the mapping T to be interpolative Tirado contractive mapping. If we
take f = 0 and v = 0 then 7" becomes Tirado contractive (defind in [20]).

In [11], Mihet defined the class ¥ of mappings as follows:
Let ¢ : (0,1] — (0, 1) such that v is continuous, non decreasing and 1 (t) > ¢, for
all t € (0,1). Let v» € W. A mapping T : X — X is called a fuzzy 1)-contractive
mapping if

M(x,y,t) >0 implies M(Txz,Ty,t) > Y(M(x,y,t)),
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for all z,y € X and ¢ > 0.
Taking ((t,s) = ¥(s), for all t,s € (0,1) and A = T in (2.2), with 8,7 € [0,1)
we get
M(z,y,t) >0 implies M (Tx,Ty,t) > Y(R(z,y)),
for all x,y € X where
R(z,y) = (M(Tx,2,1))"(M(Ty,y, 1)) (M (z,y, 1)) 7.

Remark 2.8. Thus fuzzy ¢ contraction defined by Mihet in [11] get generalized
and we call the mapping T to be interpolative fuzzy ¢ contractive mapping. If
we take § = 0 and = 0 then T" becomes fuzzy v contractive (defind in [11]).

In [21], Wardowski defined the following class H of mappings as follows:
Let H be the family of the mappings 7 : (0, 1] — [0, +00) satisfying the following
conditions:

(H-1) n transforms (0, 1] onto [0, +00);

(H-2) n is strictly decreasing.
A mapping T : X — X is called fuzzy H-contractive with respect to n € H if
there exists k € (0, 1) satisfying the following condition:

n(M(Tz, Ty, t)) < kn(M(z,y,1),
forall z,y € X and t > 0.
Taking ((t,s) = n~'(kn(s)), for all t,s € (0,1) and A = T in (2.2), with 8,v €
[0,1) we get
n(M(Tx,Ty,t)) < kn(R(z,y)),
where
R(z,y) = (M(Tx,z,1))"(M(Ty,y,t))" (M(z,y,t))" 77,

Remark 2.9. In view of the remark by Gregori and Minana in [7], every fuzzy H-
contractive mapping with respect to n € H is a fuzzy contractive with respect to
the function ¢ € Z get generalized and we call the mapping T to be interpolative
fuzzy contractive mapping. If we take f = 0 and v = 0 then 7" becomes fuzzy
H-contractive (defind in [7]).

Now we are extending the definition of property (S) given by Shukla et al. [19]
for quadruple to quintuplet (X, M, A, B, () as

Definition 2.10. Let (X, M, *) be a fuzzy metric space and A and B be self-
maps in X which are interpolative Z-contractive with respect to ( € Z. The
Quintuplet (X, M, A, B, () said to satisfy property (S), if for a sequence {y,},
with initial point zg, Ax,, = Br,y1 = yn, forn =0,1,2,... .

7_’112& M(yn7 Yms t) S nlmlif;m M(yn—l—l; Ym+1, t)7
for all n > m, implies

lim inf C(M(yn+1,ym+17t)aM(ynaymat)) =L

n—+oo m>n
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Taking A = T and B = I, the identity map, and considering the sequence
{x,}, we get the property (5), for Quadruple (X, M, T, (),

inf M(zp, xm,t) < ir;f M(Zpi1, T, t),

m>n

for all n > m, implies
lim inf ((M(xpi1, Tma1,t), M(Tp, T, t)) = 1,

n—-+oo m>n

which is precisely property (S) given by Shukla et al. [19].

3. MAIN RESULTS
Our first new result is the next:

Theorem 3.1. Let A and B be self maps in a fuzzy metric space (X, M, x*)
satisfying the following conditions
(3.1.1): A(X) C B(X);
(8.1.2): The pair (A, B) is interpolative fuzzy Z-contractive;
(3.1.3): B(X) is complete;
(3.1.4): The pair (A, B) is weakly compatible;
(3.1.5): The Quintuple (X, M, A, B, () satisfies property (S).
Then the map A and the map B have a unique common fized point in X.

Proof. Let xq € X, be any arbitrary point. Construct sequence {y,}, by defining
Ax, = Br,y1 = y,, for n = 0,1,2,.... First we show that if the two maps A
and B have a common fixed point then it is unique. Let © and v be two common
fixed points of A and B. Then u = Au = Bu and v = Av = Bv. We show that
u = v. Suppose, on the contrary that u # v, then Au # Av. Now
R(u,v) = (M(Au,Bu,t))’(M(Av, Bv,t))"(M(Bu, Bv,t))1=7=7,
= (M(u,u, 1)) (M (v, 0,)) (M (u, v, )77,
= (M{(u,v,1) 707,
and
M(u,v,t) = M(Au, Av,t),

> ((M(Au, Av,t), R(u,v)), (using (2.1))

= C(M(u,v.8),(M(u,v, 1)),

> (M(u,v,t)'777,
i. e. M(u,v,t) > (M(u,v,t)3=5=,
implies

(M (u,v,1)) 7 > 1,

which is a contradiction. So u = v. Thus, if the pair (A, B) has a common fixed
point then it is unique. Now to see the existence of a common fixed point of self
maps A and B, we consider the following cases.
CASE I Suppose y, = Yny1, for some n € N. Now y, = Az, = Br,,1 =

Ax,y1 = Bryio = ype1 we have Ax, 1 = Br,yy. Let Az, = Bx,y1 = 2. So
Zpe1 is a point of coincidence of the pair (A, B). As the pair (A, B) is weakly
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compatible we have Az = Bz. Now we show that Az = z. Suppose, if possible on
the contrary, that Az # z. Now
R(Tny1,2) = (M(Azpy1, Benga, )’ (M(Az, Bz, 1) (M (Bayia, Bz, 1) P77,
= (M(z,2,t)?(M(Az, Az, 1)) (M(z, Az, t)) =57,
= M(z, Az, 1)),

M(z, Az, t) = M(Ax,41,Az,t),
> ((M(Azpyq, Az, t), R(xpi1, 2)), (using(2.1))
(

= ((M(Azpiq, Az, t), (M (z, Az, )37,
> (M(z, Az, t)3=F=7),
ie.
M(z, Az, t) > (M(z, Az, 1) forall t >0,
implies

(M (z, Az, 1))+ > 1,
which is not possible. Hence Az = z. Therefore, z is a common fixed point of the
pair (A, B) in this case.
So we can assume the consecutive terms of the sequence {y,} are distinct.
Again, to see the existence of common fixed point in other cases, we first show
that all the terms of the the sequence {y,} are distinct.
CASE 11 Suppose y,, = Ym, for some m > n+1, then as all the consecutive terms
of the sequence {y,} are distinct we claim that y,+1 = ym1.Suppose if possible
on the contrary yn+1 7 Ym+1 then y, # Ynt1 # Ym+1 # Ym implies y, # ym, which
contradicts our assuption.So we have v, 11 = Ymi1. Also
R (M(AZL‘n+1, BI’,.L_H, t))B(M(ALL'n+2, Bl‘,H_g, t>>7
(@n41,Tnsa) = (M(Byar, By, 1)) -0

= {(M(yn+17 Yn, t))ﬁ(M(ynH, Yn+1, 1)) (M (Y Ynt1, t))(liﬁﬂ)}
= (M (Yns2, Ynt1, ) (M (Y, Y1, 1)) 7.
and
M(Yni1;Yny2,t) = M(Azpp, ATyyo,t)
> ((M(Azpi1, ATpia,t), R(Tny1, Tniz))
(

= (M1 Yo, D)y (M (Wsz: Y15 ) (M (Yo, Yogr, 1007
> (M Ynsas Yngts 1) (M Yy Ygr, 1)) 3.
i e.
M(pr, s 1) > (M s 9r) (M W, vn, 1)),
implies
(M (Yns2, Yns1, )7 > (M (Y, Yns1, 1) 7.
Thus

M(yTM yn-ﬁ-l, t) < M(yn+17 yTL+2’ t) (3]‘)
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So

M(yna Yn+1, t) < M(?Jn—i—la Yn+2, t) < M<yn+2a Yn+3, t) <. < M(yma Ym+1, t)' 1 e
M (Y, Yns1,t) < M(Yn, Yn+1,t), which is not possible. So this case does not arise.
Thus, we conclude that ¥, # y,, for distinct n,m € N. Thus the elements of the
sequence {y,} are distinct. Now we show that the sequence {y,} is M-Cauchy.
STEP 1 In this step we prove that lim, oo M (Ypn,Yns1,t) = 1,for allt > 0.
From equation (3.1) we have

M(yna Yn+1, t) < M(Z/nJrla Yn+2, t)7

for all ¢ > 0. Thus, {M (Yn,Yns1,t)}, for each ¢t > 0, is an strictly increasing
sequence, which is bounded above by 1. Let lim, 1o M (yn, Yni1,t) = a(t), for
t > 0. We claim that a(t) = 1. Suppose if possible on the contrary that for some
s,a(s) < 1. Then

R [ (M(Az,, Bx,,t))?(M(Azpy1, Bryi,t))
(an; Q7n+1) - (M(B$n, Bl’n_H, t)(lfﬁfﬁ/)

:{ (M (Yn, Y1, )" (M (Y11, Y, 1)) }
(M (Yn—1, Yn, t) 1777

- <M(yn+1’ Yn, t))’y(M(yn—h Yn,s t))(l_FY)'

Therefore,
lim R(wa,0i1) = (a(s))(a(s) ') = a(s).
n—-+00
Also
M(yn—i-la Un,s t) = M<A$n+l> Axna t)

Z C(M<Axn+17 Al‘na t)7 R(l‘na xn—&-l))
> R(zp,Tpi1)

i.e.

M(yn-i-lv Yn, t) > R([L’n, CUn—i—l)~

Taking infimum we have
inf M (Yni1, Yn, t) = inf R(zp, Tpia).
As the quintuple (X, M, A, B, () satisfies property (S) we have

nEI—Em inf ((M (Yni1, Yn, t), R(Tn, Tny1)) = 1. (3.2)
Also,
M<yn+17 Yn, t) Z C(M(A‘TTH-lv Axna t)v R(l’n, In+1>>
> R(xn, Tpy1)-
Taking infimum we get
inf M (Yns1,Yn,t) > inf ((M(Azpi1, Azp,t), R(Tp, Tni1))
> inf R(zn, Tpy)-
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1.e.

> inf g(M(A:L‘n-‘rlv A{En, t)7 R(wna xn-i-l))
Z M(yn—lyynat)-

Therefore, for all n — +o00 and using property (.S) of the quintuple (X, M, A, B, (),
we have

M(yn+17 Yn, t)

lim inf M (Y, Yns1,5) = a(s) =1

n—-+00

which contradicts our hypothesis. Hence the claim. Therefore,for all ¢ > 0

lim M (yn, Yns1,t) = 1. (3.3)

n—-+o0o
Now we prove that the sequence {y,} is M-Cauchy. Suppose if possible on the
contrary that it is not true then there exist n € (0,1),tp > 0 and sequences
{p(n)},{q(n)} (p(n) being the smallest one of index)
n < p(n) < Q(n)a M(yp(n)a yq(n)a tO) S 1- n, M(yp(n)fly yq(n)a tO) >1- R (34)
STEP 2 In this step we show that lim, ;o M (Ypn)—1, Ygn)-1,t0) = 1 —n.
Now for all n > 1,0 < A\ < /2, we obtain,

11— n > M<yp(n)7 Yq(n), t0)7 (USIHg(34))
> M (Yp(ny» Ypn)—15 A) * M (Ypn)—15 Yg()—15 to — 2X) % M (Yg(n)-1, Yg(n)s N)-
(3.5)
Let

hl(t) = mn—>—i—oo]\4(yp(n)—17 Yq(n)—1, t),t > 0.

Taking limit supremum on both sides of equation (3.5), and using the properties
of M and #, and by Lemma 1.8, we obtain

1—-n >1x En_)JFOOM(yp(n)A, Ygn)—1,10 — 2A) * 1 (using(3.3))

Since M is bounded with range in (0, 1] continuous and non-decreasing in the
third variable t, it follows from Lemma 1.8, that hA; is continuous from the left.
Therefore, for A — 0, we obtain

ha(te) = My oo M (Ypn)—1, Yg(n)—1, to) < 1 — 1. (3.6)
Let
ho(t) = lim,, . oM (Ypm)—1; Yg(n)—1, 1), t > 0.

Again, for alln > 1,45 > 0

M(?Jp(n)—la Ya(n)-1, Atty) > M(yp(n)—la Ya(n)s A) * M(yq(n)a Yq(n)-1, to)

> (L=n)* M(Yg(n) Yg(n)-1, )~ (using(3.4))
Taking limit infimum as n — 400 in above inequality we obtain
hQ()‘ + tO) = li—mn%JrooM(yq(n)—l? Yaq(n)-1, A+ tO)a

(1= mn) s lim,, oM (Yg(n)s Yam)-1,A),  (using(3.4))
(1—n)x1
1—mn.

v
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Since M is bounded with range in (0,1] continuous and non-decreasing in the
third variable t, it follows from Lemma 1.8, that hs is continuous from the right.
Therefore, for A — 0 , we obtain

h—mnﬁ+ooM(yp(n)—la Yq(n)—15 tO) Z 11— n. (37)
Combining the inequalities (3.6) and (3.7)we get
Jm M (Ype-15 Ya(my-1,t0) = 1= 1. (3:8)

STEP 3 In this step we show that lim, o M (Ypn); Ygn): to) =1 — 1.
From equation (3.4) we have

mn—>—&-oo]w(yp(n)v Yq(n), tO) <l-n. (3'9)
Also for all n > 1 and tg > 0 we have

M (Yp(ny, Ya(n) to+20) = M (Yp(n)s Yp(n)—1, A)FM (Up(n) 15 Ya(n)—1, t0) ¥ M (Yg(n)—15 Yg(n)> M)

Taking limit infmum as n — +o00 in the above inequality, using (3.3), (3.8) and
the properties of M and * and by Lemma 1.7, we obtain

lim,, . M (Yp(n)s Ya(n)» to + 20) > 1% lim,, . M (Ypm)-15 Yg(n)-1, to) * 1
=1-—mn, (using(3.8)).
(3.10)
Since M is bounded with range in (0, 1] continuous and, by Lemma 1.8, non-
decreasing in the third variable t, it follows by Lemma 1.8 that lim,, . M (yp(n), Yq(n)» to)
is continuous function of t from the right. Therefore, for A — 0, we obtain

h—mn—>+ooM(yp(n)a Yq(n), tO) >1-— n. (3.11)
Combining inequalities (3.9) and (3.11) we get
nl_l)I_{loo M(yp(n)7 Yq(n)s tO) =1- n. (312)

STEP 4 In this step we show that the sequence {y,} is an M-Cauchy sequence.

Now
M (Azpny, BTpmy, 1))? (M Az, Bxym),t))?
Rz wum) = 4 ¢ p(n); By(n), a(n)y Bg(n), :
( p(n)r Lg( )) { ((M(B:Up(n),B:Bq(n),t))l B—
_ { (M (Yp(nys Yp(m)-1,1))° (M (Wa(: Ygr)-1,1))" }
((M<yp(n)—17 Yq(n)—1, t)) —
Therefore
; ; — (1 — \A=8-7)
ngrilooq(ngg(n) R(xpm), Tqm)) = (1 —1) . (3.13)
And

= M(A.Tp(n), Aavq(n), If)
> ((M(Azp(ny, Agn)s 1), B(Tpn), Tq(n)) (3.14)
> R(Tp(n): Tg(m))-

M(yp(n)7 yq(n)7 t)

1. e. R(Tpm)s Tam)) < M (Yp(n)s Yg(n), ). Taking infimum we get

inf  R(zpm), Tem)) < Inf M (Ypm)s Ygm)» t)-
sy 00 Ta) < 0 M (Yoto: Yot )
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So, by property (S) of the Quintuple (X, M, A, B, () we have
lim inf g (M(yp(n)a Yq(n)s t)a R(xp(n)a xq(n))) =1 (315)

n—+00 g(n)>p(n)
Taking infimum for ¢(n) > p(n) in inequality (3.14) we obtain
inf M (Ypm), Yoy t) = inf (M (Azpm), ATy, 1), R(Zpm), Tg(n)

q(n)>p(n) q(n)>p(n)

> inf  R(Zpm), Tom))-
a0 )

Therefore, for all n — +o00 we have

(T—=mn)> lm inf ¢ (Mpm)s Yoo 1)s B(@pinys Tgmy)) = (L —0)1 = B —7),

n—+00 g(n)>p(n)

which is not possible inview of equation (3.15). So,{y,} is an M-Cauchy sequence
in B(X) which is M-complete. Therefore there exists u € B(X) such that

{yn} — u. (3.16)
i e.
{Az,} - v and {Bz,41} — u. (3.17)
As u € B(X) there exists v € X such that
u = Bu. (3.18)

STEP 5 Now we show that Bv = Awv. Suppose, on the contrary, that Av #
Buv(= u). Then exists a positive integer ng such that Bv # Bz, for all n > n,.

R(x,,v) = (M(Az,, Bx,,t))?(M(Av, Bv,t))(M(Bz,, Bv,t)t=#=7)
= (M(yn: Yn-1,1))" (M (Av,u, 1)) (M (B, u, )57,
Taking * = z,, and y = v in equation (2.1) we get
M (Ax,, Av,t) C(M(Ax,, Av,t), R(x,,v))
R(z,,v)
= (M(Yn, yn-1,1)) (M (Av,u, ) (M(Bay, u,t) =077,
Taking limt as n — +o0 and using equations(3.3),(3.17) and (3.18) we get

M (u, Av,t) > (M(Av,u,t))7 i. e. (M(Av,u,t))'™ > 1, which is not possible if
Av # u. Hence Av = u and we have

Av = Bv = u. (3.19)

2
>

As the pair of self maps (A, B) is weakly compatible we have
Au = Bu. (3.20)

STEP 6 Now we show that Au = u. Suppose, on the contrary that Au # wu.
Then Bu # u.

R(u,v) = (M(Av, Buv,t))’(M(Au, Bu,t))"(M(Bv, Bu,t))4=#=7 (using(3.19, 3.20))
(

(
= (M(u, Au, t))=5=7)
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and
M(u, Au,t) = M(Av, Au,t) (using(3.19))
> ((M(Av, Au,t), R(v,u))
> R(v,u),

(M (u, Au, £))=7=7

i. e. (M(u, Au,t))®* > 1, which is not possible as left hand side is less than
1.Thus, Au = Bu = u.

OJ

Taking B = I in Theorem 3.1, then the sequence {z,} = {A"%o}n=012,-
becomes a Picard sequence and we have

Corollary 3.2. Let A be a self map on a M-complete fuzzy metric space (X, M, x)
with the following conditions:

(3.2.1) The map A is interpolative fuzzy Z-contractive,

(3.2.2) The quadruple (X, M, A, () has property (S).
Then the map A has a unique fized point in X.

Remark 3.3. If we take § = 0 and v = 0 in then above corollary, we obtain
Theorem 3.13 of Shukla et al. [19].

Example 3.4. (of Theorem 3.1) Consider the sequence {z,,} of real numbers with

Tpn = 729 for n € N . Then the sequence {x,} is strictly increasing sequence and
0<uz, <1, foralln e N. Also lim,,_,; z, = 1. Taking X = {z,, : n € N}U{1}

and define a fuzzy set M on X x X x (0,400) by:

|1 if v =y,
M(z,y,t) = { min{z,y}, if x #y.
for all z,y € X,t € (0,400). Then (X, M, x,,) is an M-complete fuzzy metric
space. Define a function ¢ : (0,1] x (0,1] — R by

t; if t > s,

C(t,s) = { \/s, otherwise.

for all s,t € (0,1] and 8 = % and v = % then ¢ € Z.

Define self map A on X by A(z,) = z,41, foralln € N and A(1) =1,and B =1,
the identity map on X.Then the Quadruple (X, M, A, () satisfies property (.5).
Also the mapping A is a interpolative fuzzy Z-contractive with respect to the
function (. Thus, all the conditions of Theorem 3.1 are satisfied and z = 1 is the
unique fixed point of map A.

4. Application

In this section by applying our theorem 3.1, we prove the existence of unique
solution of Fredholm non-linear equation. To apply our result we need certain
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specific conditions for existence of unique solution.
We consider the following non-linear integral equation :

/ K(t, s)h(2(s))ds + g(t), (A1)

forallt € Q =la,bl,a,b e R, K € C(2x Q,R),g,h € C(Q, R).
We denote A\; to be

b
Asup/ | K(t,s) | ds = \;.

teQ

Theorem 4.1. : Consider the equation (4.1) with K € C(2 x Q,R) and g €
C(92, R). Suppose

(4.1.1) that for a positive number

h(z) = h(y) <Az —y),
(4.1.2) and A\ € [0,1) = =
Then the equation (4.1) has a unique solution in C(), R).

Proof. Taking X = C(Q, R). Then X is a complete metric space with sup- metric
d(z,y) = sup |2(t) — y(1)]
teQ

and the space (X, M, x) is a complete metric space if we take M(z,y,t) =
t+d mraegor all z,y € X and t > 0 and taking p* q = pq, for all p,q € [0, 1].
DeﬁneS X — X, for all t € Q, by

/ K(t, s)h(=(s))ds + g(t), (4.2)

(A2)(t) — (Ay)(t) < X / K(t, 5)d(z,y)ds.

Taking supremum over ¢ € € and using condition(4.1.2), we get
b
45550 < Adlay) [ I s)lds

= \d(z,y), (as Asup,cq fab | K(t,s) | ds = \p).
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Also, for all z,y € X, > 0 we have
1 L d(Az Ay)
M(Az, Ay,t) -

~

IN
=

3 M(z,y,t) -1

Taking
3s
t.s) =
for all ¢, s € (0, 1]. Therefore the contractive condition of Theorem 3.1 is satisfied
with B = I and § = v = 0. Hence by Theorem 3.1, the equation (4.2) has a
unique solution in C(€2, R). O
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