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ON THE CHEBYSHEV POLYNOMIAL COEFFICIENT
PROBLEM OF SOME SUBCLASSES OF BI-UNIVALENT
FUNCTIONS

SAHSENE ALTINKAYA'* AND SIBEL YALCIN 2

ABSTRACT. We study a newly constructed subclass of bi-univalent functions.
Furthermore, we establish Chebyshev polynomial bounds for the coefficients,
and Fekete-Szego inequality, for the class S, (u, ).

1. INTRODUCTION AND PRELIMINARIES

Let E be the unit disk
{z: zeCand |z] < 1},

and let A be the class of functions analytic in F, satisfying the conditions
f(0)=0and f'(0)=1.

Then each f € A has the Taylor expansion

f(z)=z+ Zamzm. (1.1)

Moreover, by S we shall represent the class of all functions in A which are uni-
valent in F.
An analytic function f is subordinate to an analytic function g, written

f()=<g(z), (z€E)
provided there is an analytic function ¢, defined on E, with
6(0)=0 and |o(z)| <1, (:€E)

such that
f(2)=g(0(2) (z€E).
The Koebe One-Quarter Theorem (see [3]) ensures that the image of £ under

every f € S contains a disk of radius i. So, every f € S has an inverse f~! which
satisfies

) =2, (€ E)
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and

where
fHw) =w —auw® + (2a§—a3)w3— (5a§’—5a2a3—|—a4)w4+--- i

A function f € A is said to be bi-univalent in £ if both f and f~! are univalent
in E. Let o denote the class of bi-univalent functions defined in the unit disk £.
Historically, Lewin [14] investigated the class of bi-univalent functions, obtain-
ing the bound 1.51 for modulus of the second coefficient |as|. Ever since then,
motivated substantially by the aforementioned pioneering work on this subject
by Srivastava et al. [18], authors discussed estimates on the initial Taylor-
Maclaurin coefficients |as| and |as| for functions in these subclasses (see, for ex-
ample, [1, 5, 6, 10, 15, 19, 20]). But, in the literature, there are only a few works
determining the general coefficient bounds |a,| for n > 4 (see [2, 3, 11, 12, 13]).
The coefficient estimate problem for each of |a,| is still an open problem.

One of the important tools in numerical analysis, from both theoretical and practi-
cal points of view, is Chebyshev polynomials. There are four kinds of Chebyshev
polynomials. The majority of research papers dealing with specific orthogonal
polynomials of Chebyshev family, contain mainly results of Chebyshev polynomi-
als of first and second kinds 75, (t) and U,,(t) and their numerous uses in different
applications, see for example, Doha [9] and Mason [10].

The Chebyshev polynomials of the first and second kinds are well known. In the
case of a real variable t on (—1, 1), they are defined by

T, (t) = cosmd,

Un(t) = sin(m + 1)6

sinf '
where the subscript m denotes the polynomial degree and where t = cos 6.

Definition 1.1. A function f € ¢ is said to be in the class S, (u,t) (0 < p <
1), for t € (%, 1] , if the following subordinations are satisfied:

L(2f) (22" 1

1wy (w) | (wg'(w)\* oy .
3%{2<g<w) +< o () ) >}<H( ’t)_1—2tw+w2 (weFE) (1.3)

where g = f~1.

Remark 1.2. We note that for u = 1 the class S, (i, t) reduces to the class S, (¢) .
The class S, (t) is defined as follows:
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Definition 1.3. A function f € o is said to be in the class S, (t), for t € (%, 1},
if the following conditions are satisfied:

z2f'(2) 1
R <H(z,t) = ——— ek
{ f(z) } (%) 1— 2tz + 22 (2 )
and () )
wg' (w
R <Hw,t)= ——— ek
{ g(w) } (w,?) 1 — 2tw + w? (we B)
where g = f~1.
If we choose t = cosa, a € (—%, %) , then
1
H(z,t) = ———
(2,%) 1 — 2tz + 22
> sin(m + 1)«
=1 —_—2z" e F).
+mz::1 sin «v : (2 )
Thus
H(z,t) =1+ 2cosaz + (3cos’a —sin*a)z* +--- (2 € E).

Following see, we write
H(z,t) =1+ U )z + Uy (t)2* +--- (2 € B, te(-1,1)),
sin(m arccost)

V1—1¢2
second kind. Also it is known that

Up(t) = 2tUs 1 () — Upn_s(2),

where U,,_1 = (m € N) are the Chebyshev polynomials of the

and
Ul (t) = 2t7

Us(t) = 4t? — 1,
2(f) (1.4)
Us(t) = 8% — 4t,

The Chebyshev polynomials T,,(t), ¢t € (—1,1), of the first kind have the gener-
ating function of the form:

s 1—tz
T, )" = —— E).
n;) (t)z 1 —2tz+ 22 (2 € E)

Note that, the Chebyshev polynomials of the first kind 7,,,(¢) and the second kind
Upn(t) are well connected by the following relationships
AT, (1)

T = mUm_l(t),

Tin(t) = Up(t) — tUnm-1 (1),

9T (1) = Up(t) — Upp_s(t).



CHEBYSHEV POLYNOMIAL COEFFICIENT PROBLEM 37

Motivated by the earlier work of Dziok et al. [7], we study the Chebyshev polyno-
mial expansions to provide estimates for the initial coefficients of some subclasses
of bi-univalent functions (see, for example, [1]). The aim of this paper to discuss a
newly constructed subclass of bi-univalent functions. Furthermore, we establish
Chebyshev polynomial bounds for the coefficients and Fekete-Szego inequality,
for the class S,(p,1).

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS S, (u, 1)
Theorem 2.1. Let f given by (1.1) be in the class Sy (p1,t). Then
4ut\/2_t
las| <
VA2 — ) 2+ (n+ 1)

and

Proof. Let f € S, (u,t). From (1.2) and (1.3), we can write

PO CLONA 2 4 ...
5<f<z> () )‘”Ul“>¢<2>+Uz<t>¢ ORI CA)

and

L (wg'(w) (wg’(w)>

2\ glw) g(w)
for some analytic functions ¢, ¢ such that ¢(0) = ¢(0) = 0 and |¢(z)| < 1,
lo(w)] < 1 for all z,w € E. From the equalities (2.1) and (2.2), we obtain that

1(2f'(2) | (2F)\F) ) e
2 ( Ol ( f(2) ) ) =1+ Ui(t)prz + [Ui()p2 + Va(t)pi] 2° + -+, (2.3)

T =

) =1+ Ui (t)p(w) + Us(t)p*(w) + - - -, (2.2)

and

(e ()
2\ g(w) g(w)
It is fairly well-known that if |¢(2)| = |p1z + p22® + p32® + -+ | < 1 and |p(w)| =
lqrw + gw? + qzw? + -+ | <1, z,w € E, then

It follows from (2.3) and (2.4) that

® =

) = 14+ Ui (t)quw+ [Ur(t) g2 + Us(t)gi | w?+- -+ . (2.4)

+1
N2M a9 = Ul(t)pl, (25)
+1 1-
Mﬂ (2a3 — a3) + 4M2'u@§ = Uy (t)p2 + Us(t)pi, (2.6)

and
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prl (3(1% —2a3) + Lo

o P03 = Ur(t)as + Ua(D)g}.

412
From the equations (2.5) and (2.7), we can easily see that

b1 = —qi,

1+ w)?
202 a3 = UL (t) (pT + qf) -

If we add (2.6) to (2.8), we get

1+ 1—
[ N+ QN] 2
Ju 20

Using (2.10) in equality (2.11),

2 +p+ 1 Us(t) (14 p)°
202 Ut(t) 2w’

From (1.4) and (2.12) we get

las] < 4,ut\/ﬂ
T VAR =) P+ (u+ 1)

Next, If we subtract (2.8) from (2.6), we obtain

2(1+p) 20144 ,

3— a3 = Ui(t) (p2 — @) + Us(t) (p} — q7) -

f u
Then, in view of (2.9) and (2.10), also (2.13)

2012 [ 5 | Ur(t)p
= T (g — ).
“ PR oy e
Notice that from (1.4)
16422 2ut

Corollary 2.2. Let f given by (1.1) be in the class S, (t). Then

las| < 2tv/2t

and

las| < 4t* +t.

a3 = Ui(t) (p2 + @) + Ua(t) (97 + 47) -

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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3. FEKETE-SZEGO INEQUALITIES FOR THE FUNCTION CLASS S, (i, t)

Theorem 3.1. Let f given by (1.1) be in the class Sy (11,t) and n € R. Then
( 2ut
1+’

_ 1 a+w?*

/’LQ_/’L+ 412

2
az — naz| <
’ 32u% |1 — |3

A2 = p) + (1+p)*
1+
fOT' |77 1|—4pp+1) "u _M+(4t2

w?

\

Proof. From (2.12) and (2.13)

22U (

— fr]alg e (1 — frl) (2“2+M+1)U21(2(p2+q2) 3 + NUl(t)(pQ QZ)

)=U2(t)(1+p) 2(p+1)

=00 [ () + sty ) oo+ (R () = 5t ) ]
where
(242 + p+ UR(E) = Ua(t) (1 + )
Then, in view of (1.4), we conclude that

2ut 1
S o< |h _r
| ) 1+p IR ()l < 2(1+ p)
az — nas| <
. K

If we choose n = 1, we get the next corollary.
Corollary 3.2. If f €S, (u,t), then
2ut
1+u
Corollary 3.3. Let f given by (1.1) be in the class Sy (t). Then
|a3 — a§| <.
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