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ANALYTICAL SOLUTION OF TIME FRACTIONAL
BLACK-SCHOLES EQUATION WITH TWO ASSETS THROUGH

NEW SUMUDU TRANSFORM ITERATIVE METHOD

MANZOOR AHMAD1∗, RAJSHREE MISHRA2 AND RENU JAIN1

Abstract. There is a scopious rise in the study of financial derivatives over
the past two or three decades. Mathematical model proposed by Black and
Scholes expounds financial derivatives in a more momentous way. The Black-
Scholes model on a single asset is a partial differential equation (PDE) charac-
terizing the behavior of European options. In this article, we introduce the new
Sumudu transform iterative method (NSTIM) as a new technique to obtain the
analytical solution of time fractional Black-Scholes model involving European
options with two assets. The proposed model is the advanced version of regular
Black-Scholes model. Explicit solution of the problem has been obtained with
the help of generalized Mittag-Leffer function. The numerical analysis prove
that this method is efficacious in solving various problems of financial theory.

1. Introduction

Option problem has become a persuasive problem on both theoretical and practi-
cal grounds in distinct areas of financial industry since last two or three decades.
Options are recognized as dominant and salient financial derivatives in the finan-
cial markets. Moreover, they contribute noteworthily in the continuous evolution
of option trading. Charles Castley [13] in 1877 made the first attempt to study
modern derivative pricing. Castley’s work laid emphasis on certain concepts of
option trading such as speculative trading and hedging. Later on, Osborne [35]
put forward a new formula of option pricing utilizing arithmetic Brownian mo-
tion with drift to model the underlying asset. But, the pioneering work on option
pricing was published by Fisher Black and Myron Scholes. Black and Scholes
[6] derived an exceptionally important mathematical formula popularly known as
the Black-Scholes (B-S) model to study and present the approximate statement
of the performance of the underlying asset. The B-S model utilized geometrical
Brownian motion and derived the option prices pretty close to the actual prices
or observed prices to price the underlying asset. Since then continuing efforts
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of investigators have modified the basic Black-Scholes model because it was ob-
tained under certain assumptions. This process of advancement of B-S model is
still in progress and various mathematical methods are applied to make the B-S
model more pragmatic [27, 31].

In recent years, researchers have employed different techniques to solve the
Black-Scholes model and obtained various modified models to price options.
Among these, the mentioned ones are, Levy processes [40], stochastic parame-
ters or inclusion of jumps [26], Black-Scholes model with transaction costs [4],
models including uncertain processes [32]. There are various other numerical and
analytical methods available for the pricing of options. The numerical methods
include finite element method [36], homotopy perturbation method [23], finite
difference method [14], Monte Carlo simulations [8], binomial tree method [19]
and Adomian decomposition method [7]. The analytical methods include Laplace
transform method [17, 30], Fourier transform method [24] and Mellin transform
method [41].

Investigation of movement of options through Black-Scholes equation is a novel
area of interest. Since the financial markets are interdependent on each other,
the one dimensional B-S equation is replaced by multi-dimensional B-S equation.
The B-S model with multi assets is more effective in illiquid markets or markets
with complex conditions than the B-S model with a single asset. Investigators
have used diverse methods and perspectives to solve the multi dimensional B-S
model such as finite difference method [14], modified Guass-Siedel method [39],
radical basic function method [33], Mellin transform method [1, 28] and homo-
topy perturbation method [3].

Fractional differential equations have grown in an extra ordinary way to find
their applications in various fields of science and engineering including finance
[9, 25]. Fractional B-S PDE is a phenomenal outcome of the exceptional enhance-
ment of fractional differential equations in financial theory. The notable fractional
derivatives used to price options are time and space fractional derivatives. Under
time fractional derivative, Wyss [42] solved the time fractional B-S model involv-
ing vanilla options. Kumar et al. [29] used homotopy analysis method (HAM)
and homotopy perturbation method (HPM) to solve fractional B-S equation for
European options. Akrami et al. [2] employed a new technique by reconstructing
the variational iteration method to solve time fractional B-S equation for Euro-
pean options. Ghandehari and Ranjbar [22] solved time fractional B-S equation
using decomposition method. Kanth and Aruna [38] solved time fractional B-S
equation using fractional differential transform method (FDTM) and fractional
modified differential transform method (MFDTM). Under the space fractional
derivative, Cartea and Del-Castilo-Negrete [12] derived various space fractional
B-S equations to price exotic options with jumps. Chen et al. [16] solved the
finite moment log stable model (FMLS) for European vanilla options. Carr and
Wu [11] defined the FMLS model that showed wider applications over other con-
ventionally used financial models.

In this work, a novel technique called as new Sumudu transform iterative
method (NSTIM) has been employed to solve the time fractional B-S model with
two assets. The new method incorporates Sumudu transform with new iterative
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method (NIM) and obtains the explicit solution in a convergent series form. The
proposed novel technique is simple in application and effectual enough to reduce
the computational work. This paper is framed as; the basic definitions and pre-
liminaries are given in section 2. The B-S model with two assets is presented
in section 3. The NSTIM is given in section 4. The given problem is solved
through NSTIM in section 5. Results and discussion part is given in section 6.
The concluding remarks are given in section 7.

2. Definitions

In this section, some basic definitions used in this work are given [21, 37]:

Definition 2.1. The Caputo fractional derivative Dα
z (α > 0) is given as [10]:

Dα
z f(z) =

{
1

Γ(m−α)

∫ z
a

(z − t)m−α−1f (m)(t)dt, m− 1 < α < m∈N
( d
dz

)
m
f(z), α = m∈N

(2.1)

where a defines the initial value of function f and α is the order of the derivative.

Definition 2.2. The time fractional derivative of order α > 0 in Caputo’s sense
is given as:

Dα
t v(x, t) =

{
1

Γ(m−α)

∫ t
0
(t− ξ)(m−α−1) ∂

mv(x,ξ)
∂ξm

dξ, m− 1 < α < m
∂mv(x,t)
∂tm

, α = m ∈N
(2.2)

Some basic properties of Caputo’s fractional derivative are listed as:

Dα
aC = 0, where C is constant.

Dα
a z

γ =

{
0, γ ≤ α− 1

Γ(γ+1)
Γ(γ−α+1)

zγ−α, γ > α− 1

Definition 2.3. The two parameter type Mittag-Leffler function is defined as
[37]:

Eα,β(z) =
∞∑
p=0

zp

Γ(αp+ β)
, (α > 0, β > 0). (2.3)

Definition 2.4. The Sumudu transform of Caputo time-fractional derivative of
v(x, t) of order α > 0 is given as [15]:

S

[
∂αv(x, t)

∂tα

]
= U−αS[v(x, t)]−

m−1∑
n=0

[
U−α+n∂

nv(x, 0)

∂tn

]
,m− 1 < α ≤ m,m∈N.

(2.4)

3. The model

In this section, the general two dimensional Black-Scholes model for European
options has been considered which is based on certain assumptions; the markets
are efficient, there is no illiquidity in the markets and there are no dividends paid
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during the life time of the option. Moreover, it is assumed that σ1, σ2, ρ and r
are constants. Thus, the resulting PDE to evaluate options is given as:

∂f

∂τ
+

1

2
σ2

1S
2
1

∂2f

∂S2
1

+
1

2
σ2

2S
2
2

∂2f

∂S2
2

+ρσ1σ2
∂2f

∂S1∂S2

+r

[
S1

∂f

∂S1

+ S2
∂f

∂S2

]
−rf = 0, S1, S2∈[0,∞), τ∈[0, T ],

(3.1)
subjected to initial and terminal conditions:

f(S1, 0, τ) = 0 = f(0, S2, τ), f(S1, S2, T ) = max(B1S1 +B2S2 −K, 0),

and boundary conditions:

f(S1, S2, τ) =0 as (S1, S2)→ 0

f(S1, S2, τ) =B1S1 +B2S2 −Ke−r(T−τ) as S1 or S2 →∞,

where f(S1, S2, τ) denotes the option price based on first asset’s price S1, second
asset’s price S2 and time τ . σ1, σ2 denotes the volatilities of S1 and S2 respectively,
T is the expiry time, ρ is the correlation between S1 and S2, r gives the risk free
interest rate, K is the strike price. B1 and B2 are coefficients to maintain all
risky asset prices at the same level.
By applying the transformations [18]:

x = ln(S1)− (r − 1

2
σ2

1)τ and y = ln(S2)− (r − 1

2
σ2

2)τ.

Equation (3.1) takes the form:

∂f

∂τ
+

1

2
σ2

1

∂2f

∂x2
+

1

2
σ2

2

∂2f

∂y2
+ ρσ1σ2

∂2f

∂x∂y
− rf = 0, (x, y, τ)∈R×R× [0, T ], (3.2)

subjected to the terminal condition:

f(x, y, T ) = max
(
B1e

x+(r− 1
2
σ2
1)T +B2e

y+(r− 1
2
σ2
2)T −K, 0

)
,

and boundary conditions:

f(x, y, τ) =0 as (x, y)→ −∞ and

f(x, y, τ) =B1e
x+(r− 1

2
σ2
1)τ +B2e

y+(r− 1
2
σ2
2)τ −Ke−r(T−τ) as x or y →∞.

In order to end the last term on LHS of (3.2), we make the transformations again
by setting v as f(x, y, τ) = e−r(T−τ)v(x, y, τ) and substitute into (3.2), we get:

∂v

∂τ
+

1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y
= 0, (x, y, τ)∈R× R× [0, T ], (3.3)

subjected to terminal condition:

v(x, y, T ) = max
(
B1e

x+(r− 1
2
σ2
1)T +B2e

y+(r− 1
2
σ2
2)T −K, 0

)
,

and boundary conditions:

v(x, y, τ) =0 as (x, y)→ −∞ and

v(x, y, τ) =B1e
x+rT− 1

2
σ2
1τ +B2e

y+rT− 1
2
σ2
2τ −K as x or y →∞.
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A forward time co-ordinate is defined and used to find the solution of initial
boundary value problem (3.3). Therefore, we have:

∂v

∂t
=

1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y
, (3.4)

with initial condition:

v(x, y, 0) = max(B̄1e
x + B̄2e

y −K, 0),

and boundary conditions:

v(x, y, t) =0 as (x, y)→ −∞ and

v(x, y, t) =B̄1e
x+ 1

2
σ2
1t + B̄2e

y+ 1
2
σ2
2t −K as x or y →∞,

where B̄1 = B1e
(r− 1

2
σ2
1)T and B̄2 = B2e

(r− 1
2
σ2
2)T .

The time derivative when replaced with Caputo fractional derivative gives the
two dimensional Black-Scholes model along with initial and boundary conditions
in the following form:

∂αv

∂tα
=

1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y
, 0 < α ≤ 1, (3.5)

with initial condition:

v(x, y, 0) = max(B̄1e
x + B̄2e

y −K, 0), (3.6)

and boundary conditions:

v(x, y, t) =0 as (x, y)→ −∞ and

v(x, y, t) =B̄1e
x+ 1

2
σ2
1t + B̄2e

y+ 1
2
σ2
2t −K as x or y →∞.

(3.7)

4. Basic concept of NSTIM

To understand the fundamental concepts of NSTIM, We consider the equation:

∂nα

∂tnα
v(x, y, t) +Nv(x, y, t) = g(x, y, t), n− 1 < nα ≤ n, (4.1)

subjected to initial condition:

v(x, y, 0) = h(x, y),

and boundary condition:

B

(
x,
∂v

∂x
,
∂v

∂y
,
∂v

∂t

)
= 0,

where B represents boundary operator, ∂nα

∂tnα
is the Caputo fractional derivative,

N is the linear/nonlinear operator and g(x, y, t) is the continuous function.
Operating with Sumudu transform on both sides of (4.1), we have:

S

[
∂nα

∂tnα
v(x, y, t)

]
+ S [Nv(x, y, t)] = S [g(x, y, t)] . (4.2)
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By Sumudu transform property, we have:

u−nαS [v(x, y, t)]−
n−1∑
k=0

u−nα+kv(k)(x, y, 0) + S [Nv(x, y, t)] = S [g(x, y, t)] . (4.3)

After simplification, (4.3) can be written as:

S [v(x, y, t)] =
n−1∑
k=0

ukv(k)(x, y, 0)− unαS [Nv(x, y, t)] + unαS [g(x, y, t)] . (4.4)

The inverse Sumudu transform of (4.4) yields:

v(x, y, t) = S−1

{
n−1∑
k=0

ukv(k)(x, y, 0)

}
− S−1 [unαS[Nv(x, y, t)]− unαS[g(x, y, t)]] .

(4.5)
(4.5) can be put in the form:

v(x, y, t) = S−1

{
n−1∑
k=0

ukv(k)(x, y, 0) + unαS[g(x, y, t)]

}
− S−1 [unαS[Nv(x, y, t)]] .

(4.6)
Eq. (4.6) can be written as:

v(x, y, t) = f(x, y, t) +Mv(x, y, t), (4.7)

where

f(x, y, t) = S−1

{
n−1∑
k=0

ukv(k)(x, y, 0) + unαS[g(x, y, t)]

}
Mv(x, y, t) = −S−1 [unαS[Nv(x, y, t)]] ,

where Mv(x, y, t) is the linear/non-linear operator and f(x, y, t) is the known
function. The solution of equation (4.7) is obtained in an infinite series form [20]:

v(x, y, t) =
∞∑
i=0

vi(x, y, t), (4.8)

where each term vi can be computed recursively. The term M is dissolved as:

M

(
∞∑
i=0

vi

)
= M(v0) +

∞∑
j=1

[
M

(
j∑
i=0

vi

)
−M

(
j−1∑
i=0

vi

)]
, (4.9)

or

S−1

{
unαS(N

∞∑
i=0

vi)

}
= S−1 {unαS(N(v0))}+

∞∑
j=1

S−1

{
unαS(N

j∑
i=0

vi)

}

−
∞∑
j=1

S−1

{
unαS(N

j−1∑
i=0

vi)

}
.

(4.10)
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Using Equations (4.8) & (4.10) in (4.7), we get:

∞∑
i=0

vi = S−1

{
n−1∑
k=0

ukv(k)(x, y, 0) + unαS[g(x, y, t)]

}
+ S−1 {unαS(Nv0)}

+
∞∑
j=1

S−1

{
unαS(N

j∑
i=0

vi)

}
−
∞∑
j=1

S−1

{
unαS(N

j−1∑
i=0

vi)

}
.

(4.11)

Hence, each term can be defined recursively as:

v0 = S−1

{
n−1∑
k=0

ukv(k)(x, y, 0) + unαS[g(x, y, t)]

}
v1 = S−1 {unαS(Nv0)}

vp+1 =
∞∑
j=1

S−1

{
unαS(N

p∑
i=0

vi)

}
−
∞∑
j=1

S−1

{
unαS(N

p−1∑
i=0

vi)

}
for p ≥ 1.

(4.12)

The approximate solution of (4.8) is obtained as v(x, y, t) ≈ v0(x, y, t)+v1(x, y, t)+
...+ vp−1(x, y, t). For the convergence of NSTIM we refer to [5].

5. APPLICATION OF NSTIM TO TIME FRACTIONAL BS MODEL

This section shows the application of proposed method (NSTIM) to solve
time fractional Black-Scholes model (3.5) subjected to initial condition (3.6) and
boundary condition (3.7).
We consider the model as:

N(v(x, y, t)) =
1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y
. (5.1)

In general form, (3.5) can be written as:

∂αv

∂tα
= N(v(x, y, t)). (5.2)

The Sumudu transform of equation (5.2) gives:

S

[
∂αv

∂tα

]
= S[N(v(x, y, t))]. (5.3)

The differential property of Sumudu transfom gives:

S[v(x, y, t)] = v(x, y, 0) + uαS[N(v(x, y, t))]. (5.4)

or

S[v(x, y, t)] = max(B̄1e
x+B̄2e

y−K, 0)+uαS

[
1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y

]
.

(5.5)
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The inverse Sumudu transform of (5.5) gives:

v(x, y, t) = S−1[max(B̄1e
x + B̄2e

y −K, 0)] + S−1

{
uαS

[
1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y

]}
= max(B̄1e

x + B̄2e
y −K, 0) + S−1

{
uαS

[
1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y

]}
(5.6)

For this model, we choose the initial condition as:

v(x, y, 0) = max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα. (5.7)

In view of initial condition (5.7), Equation (5.6) can be put in the form:

v(x, y, t) = max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα − ex+ytα

+ S−1

{
uαS

[
1

2
σ2

1

∂2v

∂x2
+

1

2
σ2

2

∂2v

∂y2
+ ρσ1σ2

∂2v

∂x∂y

]}
.

(5.8)

According to NSTIM and in view of recurrence relation (4.12) we have:

v0(x, y, t) = max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα

v1(x, y, t) =− ex+ytα + S−1{uαS(N(v0))}

vp+1(x, y, t) =− ex+ytα +
∞∑
j=1

S−1

{
unαS(N

p∑
i=0

vi)

}

−
∞∑
j=1

S−1

{
unαS(N

p−1∑
i=0

vi)

}
, for p ≥ 1.

(5.9)

Thus, v0, v1, v2, ... can be generally put as:

v0(x, y, t) = max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα

v1(x, y, t) =
tα

Γ(α + 1)

(
1

2
σ2

1 max(B̄1e
x, 0) +

1

2
σ2

2 max(B̄2e
y, 0)

)
+ ex+y t

2αΓ(α + 1)

Γ(2α + 1)

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)
− ex+ytα

vp+1(x, y, t) =
tpα

Γ(pα + 1)

(
1

2p
σ2p

1 max(B̄1e
x, 0) +

1

2p
σ2p

2 max(B̄2e
y, 0)

)
+ ex+y t

(p+1)αΓ(α + 1)

Γ((p+ 1)α + 1)

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)p
− ex+ytpα

Γ(α + 1)

Γ(pα + 1)

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)(p−1)

for p > 1.

(5.10)
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Thus the solution of the problem is given as:

v(x, y, t) = v0(x, y, t) + v1(x, y, t) + v2(x, y, t) + ...

= max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα

+
∞∑
p=0

{ t(p+1)α

Γ((p+ 1)α + 1)

(
1

2(p+1)
σ

2(p+1)
1 max(B̄1e

x, 0) +
1

2(p+1)
σ

2(p+1)
2 max(B̄2e

y, 0)

)

+ ex+y t
(p+2)αΓ(α + 1)

Γ((p+ 2)α + 1)

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)(p+1)

− e(x+y) t
(p+1)αΓ(α + 1)

Γ((p+ 1)α + 1)

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)p
}.

(5.11)

In this way the closed form solution of equation (3.5) is given as:

v(x, y, t) = max(B̄1e
x + B̄2e

y −K, 0) + ex+ytα + max(B̄1e
x, 0)

tασ2
1

2
Eα,α+1

(
tασ2

1

2

)
+ max(B̄2e

y, 0)
tασ2

2

2
Eα,α+1

(
tασ2

2

2

)
+ ex+y

(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

)
Γ(α + 1)t2αEα,2α+1

(
tα
(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

))
− ex+yΓ(α + 1)tαEα,α+1

(
tα
(
σ2

1

2
+
σ2

2

2
+ ρσ1σ2

))
,

(5.12)

where Eα,β(z) =
∑∞

k=0
zk

Γ(αk+β)
is the two parameter Mittag-Leffler function [34]

with α and β as constants.

6. Results & Discussion

This section gives the MATLAB computation of series solution obtained in
equation (5.12). The parameters used to carry out the numerical simulations
are given as follows. The graphical representation of closed form solution v and
original solution f are plotted in Figures 1− 6.

Table 1. Parameters for Numerical simulation of European call
options with two assets through NSTIM

Parameters Value
B1 3
B2 2

Risk free rate of interest, r 4%
Strike price, K 50

Maturity Time, T 1 Y ear
Volatility of 1st asset, σ1 15%
Volatility of 2nd asset, σ2 10%

Correlation, ρ 0.4
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Figure 1(a, b) represents the surface plot of European call option with strike
price K = 50 and the correlation parameter ρ = 0.4. The solutions v and f
are plotted over a range of 0 ≤ S1 ≤ 150 and 0 ≤ S2 ≤ 150 at a day before
an expiration date with order α = 0.9. The results show an increase in the call
option value with increasing stock prices S1 and S2. Figure 2(a, b) shows the
solutions v and f with order of α = 0.9. With S2 = 10, the option price becomes
0 as the stock price increases from 0− 20. Afterwards the option price increases
significantly with increasing stock price from 20− 150. The solution v becomes 0
when x reaches from 0− 1.5. After that the value of v increases with increasing
x and y.

Figure 3(a, b) represents the solution of call option with order α = 0.9. With
S1 = 10 and time 0 ≤ t ≤ 1, the option price becomes 0 for S2 ranging from
0 − 20. When the stock price is larger than 20, the option price grows linearly.
The solution v becomes zero for 0 ≤ y ≤ 3. The value of v increases as y is
greater than 3. In Figure 4(a, b), the solution v is investigated for different values
of α = 0.3, 0.5, 0.7 with respect to x and y. Effects of fractional order α on v are
shown.

In Figure 5, the solution v is investigated with correlation coefficient 0 ≤ ρ ≤ 3
for different values of x and y. Effects of x and y on v with fixed y and different
values of x are shown in figure 5(a). Figure 5(b) represents the value of v for fixed
x and different values of y are taken. In Figure 6(a), the solution v is plotted
against σ1 for different values of x and fixed value of y. In Figure 6(b), v is plotted
for fixed x and different values of y.

In Table 2, the numerical analysis of the NSTIM solutions for different values
of fractional value α are given.

Figure 1. (a) Closed form solution v, and (b) call option price f
for α = 0.9.



52 MANZOOR AHMAD, RAJSHREE MISHRA, RENU JAIN

Figure 2. (a) Closed form solution v, and (b) call option price f
for α = 0.9 and S2 = 10

Figure 3. (a) Closed form solution v, and (b) call option price f
for α = 0.9 and S1 = 10.

Figure 4. Solution plots of v for different values of α =
0.3, 0.5, 0.7 (a) with respect to x, and (b) with respect to y.
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Figure 5. Solution plots of v with respect to correlation coefficient
ρ, (a) for different values of x, and (b) for different values of y.

Figure 6. Relationship between v and volatility σ1: (a) for x =
2.5345, 2.5765, 2.6127 and (b) fory = 2.3945, 2.4565, 2.4923.

Table 2. Numerical simulation of European call options with two
assets through NSTIM.

t x y α = 0.3 α = 0.5 α = 0.7 α = 0.9
0.25 1 2 0.9071 0.0695 0.0512 0.0367

2 3 14.6445 14.5866 14.5371 14.4974
3 4 125.7050 125.5466 125.4118 125.3040

0.50 1 2 0.1119 0.0984 0.0834 0.0685
2 3 14.7023 14.6654 14.6245 14.5840
3 4 125.8635 125.7614 125.6946 125.5393

0.75 1 2 0.1265 0.1207 0.1109 0.0988
2 3 14.7423 14.7262 14.6994 14.6663
3 4 125.9740 125.9277 125.8537 125.7633

1.0 1 2 0.1381 0.1396 0.1359 0.1282
2 3 14.7740 14.7777 14.7674 14.7462
3 4 126.0619 126.0691 126.0392 125.9808
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7. Conclusion

It is well known that financial models can be outstandingly explained using
fractional partial differential equations. Solution of fractional partial differential
equations involving financial models is a recent and prominent area of inves-
tigation. Improvisation in financial models for better output necessitated the
advancement in existing techniques to solve fractional partial differential equa-
tions. This article proposes the new Sumudu transform iterative method to find
the explicit solution of time fractional Black-Scholes model governing European
options with two assets. The advantage of NSTIM is to combine the Sumudu
transform and new iterative method to get the explicit solution of time frac-
tional Black-Scholes equation. The solution is obtained in the form of general-
ized Mittag-Leffler function. By using NSTIM for this problem, the transformed
solution can be easily applied to simulate the European call option based on two
assets. Additionally, numerical results have been presented to show the efficiency
and performance of the proposed method. Thus, it can be concluded that NSTIM
is an easy and efficient method to intensify the capability of reducing computa-
tional work. This method can be used to solve fractional order partial differential
equations in different fields of applied mathematics.

References

1. Ahmed, W. F. S., Salamooni, A. Y. A., & Pawar, D. D. (2022). Solution for fractional
kinetic equation for Hadmard type fractional integral via Mellin transform. Gulf Journal of
Mathematics, 12 (1), 15-27 https://doi.org/10.56947/gjom.v12i1.781

2. Akrami, M. H., & Erjaee, G. H. (2015). Examples of Analytical Solutions by means of
Mittag-Leffler Function of Fractional Black-Scholes Option Pricing Equation. Frac. Cal.
Appl. Anal. 18 (1), 38-47 https://doi.org/10.1112/S0024609306018765

3. Allahviranloo, T., & Behzadi, S. H. S. (2013). The use of iterative methods for solving
Black Scholes equation. Int. J. Ind. Math. 5 (1), 1-11

4. Barles, G., & Soner, H. M. (1998). Option pricing with transaction costs and a nonlin-
ear Black-Scholes equation. Finance Stoch. 2 (4), 369-397 https://doi.org/10.1007/

S0078000540046

5. Bhalekar, S., & Daftardar-Gejji, V. (2011). Convergence of the new iterative method. Int.
J. Differ. Equ. Ar ID 989065, https://doi:10.1155/2011/989065

6. Black, F., & Scholes, M. (1973). The pricing of options and corporate liabilities. J. Polit.
Econ. 81 (3), 637-654 http://www.jstor.org/stable/1831029

7. Bohner, M., Marin, F., & Rodriguez, S. (2014). European call option pricing using the
Adomian descomposition Method. Adv. Dyn. Syst. Appl. 9 (1), 75-85

8. Broadie, M., & Glasserman, P. (1996). Estimating security price derivatives using simula-
tion. Manage. Sci. 42 (2), 269-285 https://doi.org/10.1287/mnsc.42.2.269

9. Caputo, M. (1967). Linear models of dissipation whose Q is almost frequency indepen-
dent: II. J.R. Astr. Soc. 13 (5), 529-539 https://doi.org/10.1111/j.1365-246X.1967.

tb02303.xmnsc.42.2.269

10. Caputo, M. (1969). Elasticita e Dissipazione, Bologna, Zani-Chelli.
11. Carr, P., & Wu, L. (2003). The finite moment log stable process and option pricing. J.

Finance 58 (2), 753-777 https://doi.org/10.1111/1540-6261.00544

12. Cartea, A., & Del-Castillo-Negrete, D. (2007). Fractional diffusion models of option prices
in markets with jumps. Phys. A, Stat. Mech. Appl. 374 (2), 749-763 https://doi.org/10.

1016/j.physa.2006.08.071

13. Castelli, C. (1877). The theory of options in stocks and shares. Fc Mathieson, London.

https://doi.org/10.56947/gjom.v12i1.781
https://doi.org/10.1112/S0024609306018765
https://doi.org/10.1007/S0078000540046
https://doi.org/10.1007/S0078000540046
https://doi:10.1155/2011/989065
http://www.jstor.org/stable/1831029
https://doi.org/10.1287/mnsc.42.2.269
https://doi.org/10.1111/j.1365-246X.1967.tb02303.xmnsc.42.2.269
https://doi.org/10.1111/j.1365-246X.1967.tb02303.xmnsc.42.2.269
https://doi.org/10.1111/1540-6261.00544
https://doi.org/10.1016/j.physa.2006.08.071
https://doi.org/10.1016/j.physa.2006.08.071


ANALYTICAL SOL’N OF TIME FRAC. BS EQ’N THROUGH NSTIM 55

14. Cen, Z., & Le, A. (2011). A robust and accurate finite difference method for a generalized
Black-Scholes equation. J. Comput. Appl. Math. 235 (13), 3728-3733 https://doi.org/

10.1016/j.cam.2011.01.018

15. Chaurasia, V. B. L., & Singh, J. (2010). Application of Sumudu transform in Schrodinger
equation occurring in quantum mechanics. Appl. Math. Sci. 4 (57), 2843-2850 https://

doi.10.12988/ams

16. Chen, W., Xu, X., & Zhu, S. P. (2014). Analytically pricing European style options under
the modified Black-Scholes equation with a spatial-fractional derivative. Quart. Appl. Math.
72 (3), 597-611 https://www.jstor.org/stable/43639126

17. Cherif, B. B., Ladrani, Z. A. (2020). Positive solutions of a nonlindear multiple point
for one dimensional p-Laplacian bondary value problems on time scales. Gulf Journal of
Mathematics, 8 (2), 10-26 https://doi.org/10.56947/gjom.v8i2.360

18. Contreras, M., Llanquihuen, A., & Villena, M. (2016). On the solution of the multi-asset
Black-Scholes model: correlations, eigenvalues and geometry. J. Math. Financ. 6 (04), 562-
579 https://doi:10.4236/jmf.2016.64043

19. Cox, J., Ingersoll, J., & Rubinstein, M. (1979). Option pricing: a simplified approach. J.
Financ. Econ. 7 (3), 229-263 https://doi.org/10.1016/0304-405X(79)90015-1

20. Daftardar-Gejji, V., & Jafari, H. (2006). An iterative method for solving non-linear func-
tional equations. J. Math. Anal. Appl. 316 (2), 753-763 https://doi:10.1016/j.jmaa.

2005.05.009

21. Dalir, M., & Bashour, M. (2010). Applications of fractional calculus. Appl.
Math. Sci. 4 (21), 1021-1032 https://pdfs.semanticscholar.org/bf93/

cebf62c66c7bc06eab009aa1d60d70a19312.pdf

22. Ghandehari, M. A. M., & Ranjbar, M. (2014). European option pricing of fractional version
of the Black-Scholes model: Approach via expansion in series. Int. J. Nonlinear Sci. 17 (2),
105-110

23. Gulkac, V. (2010). The homotopy perturbation method for the Black-Scholes equation. J.
Stat. Comput. Simul. 80 (12), 1349-1354 https://doi.org/10.1080/00949650903074603

24. Heston, S. (1993). A closed form solution for options with stochastic volatility and ap-
plications to bond and currency options. Rev. Financ. Stud. 6 (2), 327-343 https:

//doi.org/10.1093/rfs/6.2.327

25. Hilfer, R. (2000). Applications of fractional calculus in physics. Word Scientific Company,
Singapore https://doi.org/10.1142/3779.

26. Hull, J. C., & White, A. D. (1987). The pricing of options on assets with stochastic volatili-
ties. J. Finance 42 (2), 281-300 https://doi.org/10.1111/j.1540-6261.1987.tb02568.

x

27. Jiang, L. S., Xu, C. L., & Ren, X. M. (2008). Mathematical model and case analysis of the
pricing of financial derivatives. Higher Education Press, Beijing.

28. Jodar, L., Sevilla-Peris, P., Cortes, J. C., & Sala, R. (2005). A new direct method for
solving the Black Scholes equation. Appl. Math. Lett. 18 (1), 29-32 https://doi.org/10.

1016/j.aml.2002.12.016

29. Kumar, S., Kumar, D., & Singh, J. (2014). Numerical computation of fractional Black-
Scholes equation arising in financial market. Egypt. J. Basic Appl. Sci. 1 (3-4), 177-183
https://doi.org/10.1016/j..2014.10.003

30. Kumar, S., Yildirim, A., Khan, Y., Jafari, H., Sayevand, K.,& Wei, L. (2012). Analytical
solution of fractional Black Scholes european option pricing equation by using Laplace
transform. J. Fract. Calc. Appl. 2 (8), 1-9 http://www.fcaj.webs.com/

31. Kwok, Y. (2008). Mathematical models of financial derivatives. Second edition. Springer
Finance. Springer, Berlin.

32. Li, S., & Peng, J. (2014). A new stock model for option pricing in uncertain environment.
Iran. J. Fuzzy Syst. 11 (3), 27-41 https://doi.org/10.22111/IJFS.2014.1568

https://doi.org/10.1016/j.cam.2011.01.018
https://doi.org/10.1016/j.cam.2011.01.018
https://doi.10.12988/ams
https://doi.10.12988/ams
https://www.jstor.org/stable/43639126
https://doi.org/10.56947/gjom.v8i2.360
https://doi:10.4236/jmf.2016.64043
https://doi.org/10.1016/0304-405X(79)90015-1
https://doi:10.1016/j.jmaa.2005.05.009
https://doi:10.1016/j.jmaa.2005.05.009
https://pdfs.semanticscholar.org/bf93/cebf62c66c7bc06eab009aa1d60d70a19312.pdf
https://pdfs.semanticscholar.org/bf93/cebf62c66c7bc06eab009aa1d60d70a19312.pdf
https://doi.org/10.1080/00949650903074603
https://doi.org/10.1093/rfs/6.2.327
https://doi.org/10.1093/rfs/6.2.327
https://doi.org/10.1142/3779
https://doi.org/10.1111/j.1540-6261.1987.tb02568.x
https://doi.org/10.1111/j.1540-6261.1987.tb02568.x
https://doi.org/10.1016/j.aml.2002.12.016
https://doi.org/10.1016/j.aml.2002.12.016
https://doi.org/10.1016/j..2014.10.003
http://www.fcaj.webs.com/
https://doi.org/10.22111/IJFS.2014.1568


56 MANZOOR AHMAD, RAJSHREE MISHRA, RENU JAIN

33. Marcozzi, M. D., Choi, S., & Chen, C. S. (2001). On the use of boundary conditions for
variational formulations arising in financial mathematics. Appl. Math. Comput. 124 (2),
197-214 https://doi.org/10.1016/50096-3003(00)00087-4

34. Mathai, A. M., & Haubold, H. J. (2008). Mathematical methods in the applied sciences.
Springer: New York, NY, USA.

35. Osborne, M. F. M. (1959). Brownian motion in the stock market. Operations Res. 7 (2),
145-173 https://doi.org/10.1287/opre.7.2.145

36. Phaochoo, P., Luadsong, A.,& Aschariyaphotha, N. (2016). The meshless local Petrov-
Galerkin based on moving kriging interpolation for solving fractional Black-Scholes model.
J. King Saud Univ.-Sci. 28 (1), 111-117 https://doi.org/10.1016/j.jksus.2015.08.004

37. Podlubny, I. (1999). Fractional differential equations. An introduction to fractional deriva-
tives, fractional differential equations, to methods of their solution and some of their ap-
plications. Mathematics in Science and Engineering, 198. Academic Press, Inc, San Diego,
CA.

38. Ravi Kanth, A. S. V., & Aruna, K. (2016). Solution of time fractional Black-Scholes Eu-
ropean option pricing equation arising in financial market. Nonlinear Eng. 5 (4), 269-276
https://doi.org/10.1515/nleng-2016-0052

39. Sin, K. W., Sulaiman, J., & Mai, R. (2012). Numerical solution for 2D European option
pricing using quarter-sweep modified Gauss-Seidel method. J. Math. Stat. 8 (1), 129-135
https://doi.org/10.3844/jmssp.2012.129.135

40. Ugbebor, O. O., & Edeki, S. O. (2013). On duality principle in exponentially levy market.
J. Appl. Math. Bioinforma. 3 (2), 159-170.

41. Yoon, J. H. (2014). Mellin transform method for european option pricing with hull-white
stochastic interest rate. J. Appl. Math. 2014, Article ID 759562 https://doi.org/10.

1155/2014/759562

42. Wyss, W. (2000). The fractional Black-Scholes equation. Fract. Calc. Appl. Anal. 3 (1),
51-61.

1 School of Mathematics and Allied Sciences, Jiwaji University Gwalior-474011,
India.

Email address: mannu.butt28@gmail.com

1 School of Mathematics and Allied Sciences, Jiwaji University Gwalior-474011,
India.

Email address: renujain3@rediffmail.com

2 Govt. Model Science College, Gwalior-474011,India.
Email address: rajshreemishraa@gmail.com

https://doi.org/10.1016/50096-3003(00)00087-4
https://doi.org/10.1287/opre.7.2.145
https://doi.org/10.1016/j.jksus.2015.08.004
https://doi.org/10.1515/nleng-2016-0052
https://doi.org/10.3844/jmssp.2012.129.135
https://doi.org/10.1155/2014/759562
https://doi.org/10.1155/2014/759562

	1. Introduction
	2. Definitions
	3.  The model
	4. Basic concept of NSTIM
	5.  APPLICATION OF NSTIM TO TIME FRACTIONAL BS MODEL
	6. Results & Discussion
	7. Conclusion
	References

