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AN ESTIMATION OF THE V-CONJUGATION OPERATOR
SAMRA SADIKOVIC!*

ABSTRACT. In this work we prove a new estimation of the V-conjugation op-
erator, which connects it with the difference of the mean values of function

feLY(q).

1. INTRODUCTION AND PRELIMINARIES

The V-conjugate function was studied in the works of P. Simon [2], [1] and
[3]. In [[2], Theorem 4] it has been proved that the V-conjugation operator is of
type (H', L'). The question on whether ||f|,: provides a new norm on H' was
also mentioned in [2]. In [5] it was proved that on the 3-series field H' cannot
be defined by means of the V-conjugation, i.e. the norms |f||g and ||f] .
are not equivalent in case of the 3-series field and also that the mean value of
function f € L'(G) on the coset Iy_1(x) is dominated by either oy, _, or o, on
some translated element. Here we prove a new estimation of the V-conjugation
operator, which connects it with the difference of the mean values of function

feLy@).
We use standard notations and many formulae contained in [6] and [1].
Let (mg, m1,...,My,...) be a bounded sequence of integers not less than 2. Put

m = maxm,,.

Let G :=[[,~ Zm,, where Z,,, denotes the discrete group of order m,,, with
addition mod m,,. Each element from G can be represented as a sequence (z,)n,
where x,, € {0,1,...,m, — 1}. Addition in G is obtained coordinatewise.

The group of integers of the p-series field is similarly defined by []2, Z,, where
p > 2 is an integer.

The topology on G is generated by the subgroups
I, :={z = (z;); € G,z; =0 for i < n}, and their translations
L(y) :=={x = (2;); € G,x; = y; for i < n}.

The basis (e,), is formed by elements e,, = (d;,);-

Define the sequence (M,,),, as follows: My =1 and M,, ;1 = m, M,.

If |I,,| denotes the normalized product measure of I,, then it can be easily seen
that |I,| = M !
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For every nonnegative integer n, there exists a unique sequence (n;); so that
n = i n; M;.
Tﬁzogeneralized Rademacher functions are defined by
ro(x) == e%,n e NU{0},z € G,

and the system of Vilenkin functions by

() = Hr"i(x),n e NU{0},z € G.
i=0
The Fourier coefficients, the partial sums of the Fourier series, the Dirichlet ker-
nels and the Fejér means with respect to the Vilenkin system are respectively
defined as follows

fo) = [ @)iaite, $.5 =3 by

n—1 n
D=t ouf = ST,
k=0 k=1

for every f € L*(G). It can be easily seen that

S, (y) = / Duly — 2)f(a)dz,

and
We introduce the maximal function f*(z) = sup |[I,|™"] [, ) f(t)dt|. Generally

speaking, the Hardy space H?(G), p > 0 consists of integrable functions f for
which f* € LP(G). H?(G) is a Banach space with the norm

Lf ez 2= {1l

The V-conjugate function as defined in [2] has the form

fi= Zf * LDy,
k=0

where f is an integrable function and

Ak: ) mi—1
b= S
Jj=1 j=Ap+1
A= [2E2 i my > 2, and Ay, = 1, if my, = 2.
Using the expression of Lj by Simon [1], we have

a)
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(v #0,mp = 1(2));

b) for my = 0 (2)(mg > 2) (x4, # 0) we have

MLkl
e (<) 1= (1)
Li(z) =1+ i T ; (1.1)
sin—-
my,

¢) in the case my = 2 we have Li(z) = —(—=1)* (x € G).
For my = 1(2),s € {0,1, ..., my — 1} we write

. ST . osm
. ., i(—1)* zcosm—k + smm—k
K(ser) =1+ ST ST
S1n— Stn—-
my my

2. MAIN RESULTS

Theorem 2.1. Let G = 52\ Zyy,, be a bounded Vilenkin group. Set m = max my.

Then there exists a constant C' > 0, only depending on m such that

M, / F % LDy ldz > C sup S, (F) — Sue (£

i=1,....mp

Proof. We first establish the proof for the case when my is odd and when the
function is real.

For fixed k, let my = 2N — 1.

If s € {2,...,my — 1} is even, we have

) ST ST
- _COSQN—l_ ' s B o
Li(sex) =i o =2i e w7 = itan N3
: 94 _
SN SN 5 C0S o
and clearly, L;(0) = 0. If s is odd, we obtain
1+ cos—2" cos?—"
_ 2N —1 . 4N — 2 . ST
Ly(sex) = —i o = —2i 57 s = —icot :
SmQN—l 28in4N—QCOS4N—2 AN =2
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Let 5, = tan when s is odd. This

yields

when s is even, and s = — cot

s s
4N — 2 4N — 2’

(F+LDu) W) = [ F@TDw)y - ado =My [ fa)Laly ~ )ds =

I (y)
-y [ @i -

MEg—1 mEg—1

=Y s, / fly—t)dt =i Buay(y),
=0 s=0

te(5'6k+1k+1)

when a,(y) = M, i fly—t)dt.
t€(3'€k+lk+1)
We fix y € G such that api1(y) — apm—1(y) = max|a;(y) — a;(y)|, for some
ij
Me{o,...,N—1}.
Suppose that M > 1, and put a, := as(y). Notice that if s is odd then

TS T TS 2N —1-s
—ﬁszcot4N_2:tan 5—4]\[_2 = tan wﬂ' :BQN—l—s-

This is clearly also valid when s is even. Therefore,

2N—-1 2N-1 2N—-1 2N—-1

Z 6sas = Z Bsas = Z Bs(as - a2N—1—s) - Z 6s<as - a—s)-
s=0 s=1 s=1

s=1
Then, it is easily seen that

Y (FrLeDu)y+ter) — Y (f* LeDu)(y + tex) =
te{+M} te{=(M+2)}
N-1

Bilan+i — ap—;) + Z Bila—nri — a—pr—i) —

i=1

=

1M

N-1
51‘((1M+2+z' - aM+2—i) - Z 6i(a—M—2+z' - a—M—Q—i) =
i=1

|
IM7

P

N-1
Bilan+i —a—n—i) + Z Bila—nr+i — anr—i) —
i=1
N-1
- Bi(aM—i-Q—i-z’ - G—M—Q—i) - Z Bi(a—M—%—i - aM—i—Q—i) =
i=1 i=1

= FII+TIT+1V. (2.1)

'™

=2
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Furthermore,
N—M-1 N-1
I = Bilar+i — a_n—i) + Bilansi — a_n—i) =
i=1 i=N—M
N—-M-1 N—1
= Bilanr+i —a—pr—i) + Bilar—ont14i — GaN—M—1-i) =
i=1 i=N—M
N—M-1 N—M-1
= Bilan+i —a—p—i) + Z Ban—rry—1—;(a—pr—j — aprgs),
i=1 j=N-2M

where j = 2N — 1 — 2M — i, with 2M < N.

We put
L(an) = (f * LD ) (y + Mey,),
L(a—ar) = (f * LDy, )(y — Mey),
and we get
—1- N-1
L(ay) + L(a-y) = Z J(anvi —ap—) + Z Bilapsi — a_n—i) +
i=1 N—M
M—1 N-1
+ Z CL M+i — Qpm z) + Z ﬁz(a M+i apy z)
i—1 i=M+1
Now,
N-1 oM N-1
Z Bi(@i—p —ap—;) = Z Bi(@i—nr —apr—;) + Z Bi(@i—nr —ap—i). (2.2)
i=M+1 i=M+1 i=2M+1

For the first term on the right side of the equation (2.2) we put 2M — i = j, and
for the second i — 2M = j, so we have

N-1

M—1
Z Bi(anJri_aMfi) = ZﬁQM j CLM —j anJrj)‘i‘

i=M+1

k:

N—1-2M
+ E Birom(a—nrij — a_nr—q).
J=1

Taking substitute M +¢—2N +1 = —M — j we have j =2N — 1 —2M — 1, so

N—-2M-1

N-1
Z @ Apf+i — Ap— z = Z 52(N—M)—1—j(a—M—j _aM—l—j)'

1=N—M ]=N72M
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Now, we have
N-1-2M
L(ay)+ L(a—y) = Z (Bi + Bivom)(ansi — a—p—i) +
i=1
N-M-1
+ Z (5i + B2(N*M)71*i)(aM+i - a—M—i) +
i=N—2M
M-1
+ Z (Bi + Bani—i)(a—pri — an—i),
i=1
and
N-1-2M—4
L(ayyz2) + L(a—p—2) = Z (Bi + Bivomira)(@ritivr — G—p—i—1) +
i=1
N-M-3
+ (Bi = BaN—m—2)—1-i)(@rr424i — A—pr—2—i) +
i=1-2M—4
M+1
+ Z (Bi + Borrga—i)(@—pr—24i — Arrgoa—i)-
i=1
If we put i + 2 = j, we get
N—2M-3
L{ayy2) + Lla_p—2) = (Bj—2 + Bjrayam)(anr; — an—j) +
=0
N-M-1
+ Y (Bica+ Bav—an—s—i) (@ — a—n—j) +
j=N—2M—2
M-1

+ Z (Bj+2 + Bonsva—j)(@-nrvj — ani—j)-

j=—1
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Formula (2.1) now becomes

( B+ Birom)(anrsr — a—p—1) + (B2 + Bogons)(@rrs2 — a—p—2) +
+ (Bn—2—am + Bn—2)(aN—2—m — A_Nyo24M) +

+ (By-1-2m + Bn-1)(aN—1-Mm — G—Ni114Mm) F
N—2M—3

+ Z [@ + Bivomr — Bice — Bivom+o)(@ni — a—y—i) +
i=3 ‘I,’
N—M-1
+ Z [\51 — Ban—my—1-i — Bi—2 + 52(N7M)737£](GM+1‘ —a_p—i) —
j=N—2M ~~

Ir
- (5N—2M—4 - 52(N—M)—3—(N—2M—2))(CL—M+N—2 - GM—N+2) -

—  (Bv—2m—3 — BoaN—m)—3—(N—20—1)) (AN—r1—3 — A_N4M43) +

M-1
+ Z [\57, + Banr—1 — Biva — 52M+2—3](G—M+i —an—;) —
=3 1
- (51 - 52M+3)(G—M—1 - GM+1) - (52 - 52M+2))(G—M - GM)-

We estimate I!,, (when i is odd)
im (1 —2)m i+2M i+2M +2
II - — — _—— fy
odd cot4N_2 cot 2N—2+C0t(2N—27r) cot( AN — 2 7r>
—2m ) 2m
VIN -2 AN 2

. i -2\ | [it2MN\ . [it2M 12
Sin AN — 9 S1n AN — 9 S1n AN — 9 S1n AN — 9 m

For 7 even, we get

si

< 0.

, i (1 —2)m
Loverw = —tan4N_2+tan N9
— tan <Z i 2M7T> + tan (w’ﬁ) =
AN —2 AN —2
. —27
- sin -~
B i (i—2)m *
cos <—4N — 2) oS <—4N — 2)
sin 2n
+ AN — 2 > 0.

1+ 2M 14+ 2M + 2
cos | 5 ) cos N3 "
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We use the following notations:

< ko k, if k is odd e k, of k is odd
| k=1, if k is even | k+1, if k is even

k if k is even
E+1 of k is odd,

k, if k is even

k—1, if kis odd >>k<<:{

N—2M-3
I' > | Z (Bi = Biz2) + (Bivanr — Biranrs2)
(i o)
N-2M-3

+ Z (Bi—2 — Bi + Bixom+2 — Bivam)]

=4
(i even)

(GMH - CLMA)
(=1 + Ben—2m—3> + Bsrom — Ban-1>)

+ (B2 + Becn—2m—3>> + Bagamr — Becn—1>>)]
(

aM+1 — anfl)-
As Ben—anm—3> > Bsn-_2m-2< We have
Ben—2m—-3> — Bsn—2m—2< > 0.

Now we estimate I’ when 7 is odd.

Ir,, = cot4N_2—cot Z];_);T—l—tan(Z(N;]]\\f/[)_;l_ZW)_
B tan(Q(N—M)—S—Z ):
4N — 2
sin —2m

-7 s 4]\,/ 22'—2 T

sin 5 sin 7

) 2
. sin .
SN M) —i—1 o(N —M —3 1)
cos T+ COS T

AN — 2 AN —2
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For 7 even, we have

T (t—2)m 2IN—-M)—-1—1
I = —t t — cot
even MIN 2 TNy g T @ ( iN—2 )7
ON — M) —3—i
+ cot N —9 T =
. 27
- sin
= : : +
im (1 —2)m
cos cos
4N — 2 4N — 2
i 27
. sin iy
o(N_M)—i-1 2N-M-3-3 "
sin cos
AN—2 AN—2
So,
N-M-1
1 > ((=Bi—2 + Bi) + (Ban—nr)—3—i — Ban—r)—1-i))+
i=N—2M
(% odd)
N-M-1
+ Z (Bi—e — Bi — Bav—any—3—i + Ban-a—1-4) | (anr41 — a—pr—1) =
1(—N—2];/[

= —Bon—om—2< T Ben—m—1> + BosN-M-2¢< — BecN_1>>

_I_

BosN-oM—2<< — BecN-M-1>> — BsN-M—2< + Ban—1>

ﬂ<N—2M—1>-

We estimate I11' for i odd,

_im Lit2 L aM 42—y 2M—i
COVIN—2 ~ OUN T TN TN — T Y N 2T T
. 2 =27
Sin S11
_ AN — 2 N AN —2 o

) i , 142 . (2M+2—1 . [(2M —
sin = sin | =7 sin T e VT

For 7 even, we have

it2 o OM—i o OM 42
n — tan n —tan ——— 7 =
AN — o TN T TRy T T T N Ty T

ta
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. 2T . —27
sm4N_2 ) sm4N_2 0
T 142 2M — 1 2M +2 —1 '
COS4N_ZCOS 4N_27T CoS 4N—27T coS ) T
M—1 M—1

111 > Z (=B + Biva — Pamyo—i) + Z (Bi = Biv2 — Bari—i + Banrvo—i)

=1

(7 odd)

=2
(7 eve

n)

'(CLM+1 - a—M—l) =

(=51 + Barit1> + Bomyi< — Borip1 + B2 — Becriris>— Bosmticc + Bom] -

So, we get

I'+1I'+ 11T

+ +

(anr1 —a—p—1) > —B1 — Bosnyi<<.

201 + Bryam + Baram + 2082 + 2B20m — Ban—1> + Bosn_2<<
B1+ Ban—anmr—3> + Baranm + 202 — Becn—2m-3>> — Barom

61 - 5>>M+1<< =

Barvomr — Bavenr + Bsramr — Ban—1> + Bayomr + Bosn-2<< +

Ba — Becn—2am—3>> + B2 — PosNti<c + Ban—2am—3> +

Botonr + +PBivam + 282 > Piyom + 262 =
1+2M 2

AN — 27 AN — 2
1+2M o pp LH2M  2m
s — 1n 1n
COS 4N_27T COS S S

cot

4N — 2 4N — 2 4n — 2
. 14+2M 2T
Sm4N—27T.COS4N—2
3+2M o 1+2M 27
COS(4N_2>7r—sm4N_281n4N_2
14+2M 27
sm4N_27r-COS4N_2
3+2M 2
COS(4N—2>7T_SIH4N—2
o 1+2M 2
SID4N_27T-COS4N_2
(2N —-1-3-2M . 2
sm( N 3 )’/T—SIH4N_2
o 1+2M 21
SIH4N_27T'COS4N_2

C,
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2N —M)—4>3e2(N-M)>7=>N-M>4=N—1—M >3, valid
as 2M +3 < N — 1, because 2(M +2) < N — 1.

It’s not hard to show that the sum I’ + II’ + I11" is bounded from below in the
cases when 2(M +2) > N —1 > 2M, or when 2M > N — 1.

The second part of the proof concerns my = 2N, N # 1. From the formula b)

(1.1), we get v, = Li(ser) = 1, if s is even, and v, = Ly (sex) = —1 — 2icot iﬂ',
my
if s is odd.

The proof can be done by the same method by taking only the complex part of

J (Lg  f). Two possible situations occur. The first one is that
.’Z+Ik

GM+1(?J) - a—M—l(y) = HZlE;X |ai(y) — ay (y)\,
and the second one is
an1(y) — a-n(y) = max|a;(y) — a;(y)]

We first study the first case. The same method can be used as in the case when
my = 2N —1, except the part of the sum where N—M > i+2M > 2(N—M)—N =
N —2M.
For such odd indices i, the factor in the sum that is multiplied by (ap/4s —a_pr—;)
becomes

Vi — V2(N-M)—i — Vi—2 + V2o(N—-M)—2—i =

(thz——(nt@__2ﬁr+mmt(Q(N:_AI)_Q__iW>-—cot(ng;;ﬂzl:iﬁ) =

2N 2N 2N 2N
. —2m .27
Sin S1n ——
ar . (-2 2(N—-M)—i—-2 _ 2(N—M)—i ‘
S1n ON S1n ON S11 ON 7T S1n ON T

If f is a real function, it is easily seen that the real part of

S (frLDy)(y+ter) — Y (f* LiDay)(y + tex)

te{M,—M} te{M+2,—M—2}

vanishes. Using the same arguments as before, we get

Sim Y (eLDw)tte)— Y (P LDy e | =

2 te{M,-M} te{M+2,—M-2}
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—2M—
= Z — Yi—2 + Vitom — ’Yi+2M+2) +
(zj dd) 26
—M-1

+ Z = Yi—2 + Yo(N- M) 9—i — Y2(N—M)—i) T

o >M <0

M-1
+ Z Jite — Vi T Yom—i — 72M71+21)] (an—i — a_pr4) +

(i odd) <0

+ (27 + Yo+ — Yom+s) - (@1 — a—p—1) +
+ (:Yz — Yi—2 + Vitom T '72(N—M)—2—3) (asN-M-2< — A sN_M-2<) >

~
<0, (i=>N-2M-2<)

N—2M-3
> Z (i = Yi—2 + Yiram — Yironmr42) +

(i o) <0
N—M-1
+ Z (Vi = Yie2 + Yo(N-my—2—i — Yo(N—M)—i) +
i=N—2M - d
(i odd) <0
M—1
+ Z (:7i+2 — Y+ YoMm—i — 72M4+g)] (apr41 — a—pr—1) +
i=1 P
(i odd) <0
+ (271 +vema1 — Yoma3) + (VsN_om—2< — YsN-_2M—d< + VsN_2< + VsN_1<)]
(@rrs1 — a-pr—1) = =71 + YaN—2M—3> + VaM+3 — V<N—1> — V>N-2M—2< +

+ VY<N-M-1> T V>N-M-1< — V<N> — V1 T V<M+1> T V<M+1> — Vem+1 +
+ 27+ oMy — Yems3 +YsN_2M—2< — V>N-—2M—4< +
+ Ysn—2< + VN1« > C,

because Vsn_1< = V<N>, V>N-2< = Y<N-1> and Yen_2pm-3> = V>N-2M—4<-
In the second situation, namely when

max lai(y) — a;(y)| = a1 (y) — a—n(y),

,

for some M > 0, we prove the result following the steps done before. O
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