Gulf Journal of Mathematics ISSN: 2309-4966
Vol 14, Issue 1 (2023) 1-12 https://doi.org/10.56947 /gjom.v14i1.1088

NONLINEAR SINGULAR HAHN-STURM-LIOUVILLE
PROBLEMS ON |[w, 00).

BILENDER P. ALLAHVERDIEV! AND HUSEYIN TUNA?2*

ABSTRACT. In this paper, we investigate a nonlinear Hahn—Sturm—Liouville
problem on [wp,00) under the assumption that the Hahn-Sturm-Liouville
equation is in the limit-circle case at oo. The existence and uniqueness of
the solutions for these problems are obtained.

1. INTRODUCTION

The Hahn difference operator is known as (see [11])

g(w+qx) —g(x)
wH+(g—1)=x

D, q9 () =

J

where ¢ € (0,1) and w > 0.

In [5], Aldwoah studied a proper inverse of the Hahn difference operator. In [12,

|, Hamza and Ahmet established the theory of linear Hahn difference equations.
Sitthiwirattham [10] investigated a nonlinear Hahn difference equation. Recently,
in [7], Annaby et al. established the Hahn-Sturm-Liouville theory. In [3], the
authors established the Titchmarsh-Weyl theory of the singular Hahn—Sturm-—
Liouville equation.

At present, there have been some studies on the Hahn difference operator
because it unifies the forward difference operator and the quantum difference
operator. Although the existence problem of solutions of equations is one of the
important research areas in mathematics (see [1, 2, 4,9, 11, 16, 8, 15, 12, 13] ), to
the authors’ knowledge, there is only one study on the existence of solutions for
singular nonlinear Hahn—Sturm-Liouville problems (see [1]). Our problem is very
different from the papers in literature since the Hahn—Sturm-Liouville equation
on [wp, 00) is in the limit-circle case at co. In the analysis that follows, we will
largely follow the development of the theory in [9, 1, 2, 4].
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2. PRELIMINARIES

In this part, we introduce the essentials of the theory of Hahn calculus [0, 10,
, 7]. Throughout the paper, let ¢ € (0,1), wo :=w/(1 —¢q), w > 0 and let [
be a real interval containing wy.

Definition 2.1 ([10], [L1]). Let g : I = R := (—00,00) be a function. D,,,qg is
defined by

g(wtqz)—g(x)
D49 (z) = -1 7 Woy
w,q9 ’ _
g (WO) y T = Wo,

provided that ¢ is differentiable at wy.

Definition 2.2 ([6]). Let g : I — R be a function and a, b, wy € I. We define the
w, g-integral of g by

/a bf (&) g 1= /w jf(x) Aoy gt — /w f(@)do gz,

/xf(t)d%qt = ((1—q)x—w)iq”f (wl—q” —|—:cq”> el

where

1—g¢q

provided that the series converges at x = a and x = b. Similarly, one can define
the w, g-integral of g over (wp, c0) by

0 b
/ g(z)dyqr = lm [ g(z)d, .

b—o0
0 wo

Let L? ,(wo,00) be the space of all real-valued functions defined on [wy, o)

such that
00 1/2
2
gl = (/ 9()] d) < oo.
wo

The space Livq(wo, 00) is a separable Hilbert space with the inner product

(91, 92) 3:/ 91 (%) g2 (¥) duw g, G1,92 € Liq(wo,oo)

0

(see [0]).
The w, ¢-Wronskian of g, (.), g2 (.) is defined by

W (91,92) (z) :== g1 (v) Dy 492 (z) — g2 (2) Dy g0 (z), (2.1)

where x € [wy, 00).
A nonlinear Hahn—Sturm—Liouville equation can be given as

L(y) = —q" ' Dowgrg-1 (P(2) Duvygy (2)) + 7 (2)y (2) = f (2,9 (x)),  (2.2)
where p and r are real-valued functions such that continuous at wg, and %, r e
Li},q,loc<w07 OO)

Let

D= {y € L (wp,00) :

y and pD,, ,y are continuous at wy
and I (y) € L2 ,(wo,0).
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The mazimal operator L is defined by Ly = l(y) on D. Then for arbitrary two
functions g; and gy in D we have w, g-Green’s formula

t t
/ (Lgr)gadu g — / 01 (Lg)dugt = (90,02t — [0sgolons  (23)

0 wo

where wy < t < oo and
915 92]2 := P(2){g1(2) D—wg1,4-192(%) = D_sog1,4-191(2)g2(x) }
(see [7]).

Suppose the following conditions are satisfied.
(A1) limit-circle case conditions are satisfied for the Hahn—-Sturm-Liouville
equation

[(y) =0 (2.4)
(13))-

(A2) f(z,(¢) is a real-valued and continuous in (z,() € [wy,o0) x R, and, for
all (z,() in [wg, 00) X R, f(z,() satisfies the following
condition:
[f (2. Q)] < g(x) + 7], (2.5)
where g (z) >0, g € L2, (wo,00), and ¥ > 0.
Let u (x) and v (z) be the solutions of Eq. (2.4) satisfying the conditions

u(wo) =0, (PD_yg-14-1u) (wo) =1, (2.6)

v(wp) = —1, (pPD_py-1,4-1v)) (wo) = 0.

Since W, , (u,v) = 1, w and v are linearly independent and form a fundamental
system of solutions of Eq. (2.4). It follows from (A1) that u,v € LZ, (wo,c0) and
u, v € D. Then [y, u]o and [y, v] exist and are finite for every y € D. By virtue
of (2.3) and (2.6), we conclude that

[e.9]

[y, uloo = 3 (wo) + / 1 (2) 1(y (£)) gt

wo

(2.7)
00 = D) ) + [ 001y ()
wo
Now, we will impose the following conditions
Y (wo) cosa + (PD_yq-1,4-1Yy) (wo) sina = dj,
(2.8)

[y, u]oo €08 B + [y, v]oo sin B = do,
where a, 5 € R,

(A3) p:=cosasinff —cosfsina # 0,

and dy, dy are arbitrary given real numbers.
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Since the function y in (2.8) satisfies Eq. (2.2), we have

(e o]

[y, u]oo =y (wo) + u () f (2,9 (7)) do g,

wo
o]

Y, Ve = (PD—y 1 19) (w) + / 0(2) £ (2,9 (¢)) duge.

wo

3. GREEN’S FUNCTION

Let us consider the following problem

l<y) :h($)7 S [U)Q,OO), (31)
Yy (wo) cosa + (pD_yg-1 4-1Y) (wo) sinaw = 0,
(3.2)
[ya u]oo cos 3 + [y7 U]oo sin 8 = 0,
where h € L7, (wo, 00) and o, § € R.
Define
¢ (z) = cosau (x) +sinav (z), 1 (x) = cos fu (x) + sin fv (z) , (3.3)

where W, , (¢,1) = cosasin f — cos fsin av. It is evident that ¢ (z) and ¢ (z) are
solutions of Eq. (2.4) and ¢, € L2 ,(wp,00). Then, we infer that
[, ul, = ¢ (wy) = —sina, [p,v], = (PD—_ye-1,4-19) (Wo) = cosa, (3.4)
[wa u]z — ¢ ((l) - - sinﬁ, [1/)7 U]z = (prwqfl,qflw) (WO) - COSﬁ, (35)
W,U]oo: _Sinﬁ7 W»U]oo :COSB. (36

Theorem 3.1. The solution of the boundary-value problem (3.1)-(3.2) as

yio) = [ Glthi)dut (3.7)
wo
where x € [wo, 00) and
TN
Glon) =] g ST 59
Wy UT>T

Proof. The variation of constants formula yields

xT

() = ki (o) + bt (2) 4 00 (o) / o (gt + @) (1) dugt

e [ (gt + ) h (1) dugt, (3.9

where k; and ky are arbitrary constants.
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By (3.9), we get

(pD—wqflvqfly) (z)

=k (PD—wq—l,q—lSO) (z) + ko (pD—wq‘l,q‘”p) (z)

T

* m (PD—sog-1,4-1%) (2) /wo 0 (qt +w) h (t) dugt

q x
T W (o) PP (@) /w (gt ) B (1) dagt

Hence, we have

Y (wo) = k1o (wo) + kot (wo) = —ky sina — ko sin G,

(PD—wg=1,4-1Y) (Wo) = k1 (PD—wg-1,4-1¢) (wo) (3.10)
+ ko (pD—wqfl,q’”ﬁ) (WO)

= ky cosa + ko cos f3.
Substituting (3.10) into (3.2), we get

ko (cosasin B —sinacos ) =0, kg =0,
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Moreover, we see that

[y, ule = p(2) {y(@) D g1 4-1u(x) — D_sg-1 g1y (x)u(x) }

= koo, uls + kalth, ul,

T

q
+W;E;5W”hl“”“+”h“wwt

0

q xX
- y Ul w qt +w h(t dw’t
Gl | v,
: q : ’
= —k sma——smﬁ/ gt +w)h(t)d,t
q : ’ :
—I——sma/ Y (gt +w)h(t)d,t =—Fkisina
Ww,q(%¢) wo ( ) () ! '

! m /w: (= sinfp (gt +w) +sinay (gt +w)) h(t) dogt

: q ’
=—k 31na+—/ u (gt +w)h(t)d,t.
' WW?Q ((p’ /I7Z)> wo I

Thus

o

[y, u]oo = —k1sina + q/ u (gt +w)h(t)d,t.

wo

Similarly, we get
[y, v]e = p(2) {y(2) D_pg-1,4-10(x) = D_sg-1,41y(x)v()}

x

:thh+WZ%;%wmh/gﬂﬁ+@h@mwt

0

S, S (P ' w
Gl [ @ h @ dt

and

(o)

[y, V]oo = k1 coOsa + q/ v (gt + w) h(t) dy gt

wo
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From the conditions (3.2), we obtain

ki (— sin acos 8 + cos asin 3)

+q /OO [cos Bu (gt + w) + sin fo (gt + w)] h () dy 4t = 0.

0

Hence,

q oo
k ———/ Y (gt +w)h(t)dygt.
! ”w,q(@u@b) wo ( ) () !
By (3.9), we get

q o0
- m/x @ (x) Y (gt +w)h(t)dygt.
]

Theorem 3.2. The unique solution of the boundary-value problem (3.1) under
the conditions (2.8) is given as

where ; .
1 2
()= o (2) = Y (z).
( ) WUJ,Q (907 w> ( ) Ww,q ((107 w) ( )
Proof. 1t follows from (3.4)-(3.6) that ¢ (x) is a unique solution of the problem
(3.1), (2.8). O

From Theorem 3.1, the problem (2.2), (2.8) is equivalent to the following equa-
tion

/ Ga) F by (£) do ot (3.11)
where ¢ (z) and G (z,t) are defined above. Since ¢, 1) € L, ,(wp, o0), we have
/ / G (z,)| dy gdy 4t < 00 (3.12)

Using (2.5) and (3.12), we define an operator
T: L (wo,00) = L2 (wo, 0)

as follows:
T @) = <)+ [ C@nfy@)dut o€ o). (313)

where y and ¢ € L2 (wo,o0). Hence (3.11) can be written as y = Ty.
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Theorem 3.3. Suppose that the conditions (A1), (A2), and (A3) are satisfied.

Further, let the function f(x,y) satisfy the following Lipschitz condition: there
exist a constant K > 0 such that

o0

/00 lf (z,y(z)) — f(z,2 (;15))]2 dy v < KQ/ ly () — 2 (3U)|2 doqr  (3.14)

0 wo

forally,z € L2 (wo,00). If

1/2
(/ / (2, 1)[* dy g, gt ) <1, (3.15)

then the boundary-value problem (2.2), (2.8) has a unique solution in L2, ,(wo, 00).

Proof. For y, z € L2, (wo,00), we see that

(Ty) () = (T=) ()

_ /OO G, [f (y ) — f(t,2 (1)) dugt

0

< / G (. t) gt / F 6y () — (62 () duyt
<K2||y—z||/ G (z,1)]* dugt, = € (wp,00).

Thus, we get
[Ty = Tz|| < ally = =],

1/2
a=K (/ / xt! dwqxdwqt> < 1.
O

Theorem 3.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied. In

addition, let the function f(x,y) satisfy the following Lipschitz condition: there
exist constants M, K > 0 such that

/ T @y @) - (2 @) duga

0

where

<K [ lye) - @ g (3.16)

0

for all y and z in

SM = {y S Li,q<w07oo> : HyH < M} )
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where K may depend on M. If

{/:O |w (:U)]deﬂa:} (/ / (z,1)]? dwqa:dwqt)l/2

X sup {/:O If(lt,y(lt))IZClw,qt}l/2 <M  (317)

yESM 0

1/2
(/ / (2, 1)[* dy g, gt ) <1, (3.18)

then the boundary-value problem (2.2)-(2.8) has a unique solution with

and

| @l duge < 1%

(]

Proof. Since Sy is a closed set of L2,  (wp, 00), we will show that T maps Sy into
itself. For y € Sy, we get

1Tyl =

<)+ / TGy (0) dugt

0

<<l +

/ TGy (1) dugt

0

1/2
<+ ([ [ e @or d )

() 1/2
< sup { / If(t,y(t))Ide,qt} <M

yeSM 0

Analysis similar to that in the proof of Theorem 3.3 shows that
[Ty =Tz < alfly =zl y,2 € Su-
From the Banach fixed point theorem, we get the desired result. O

Now, we obtain an existence theorem without the uniqueness of the solution.

Theorem 3.5. T is the completely continuous operator under the conditions

(A1), (A2), and (A3).
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Proof. Let yg € Li’q(wo, 00). Then, we obtain

(Ty) () = (Tyo) ()

/mG@wﬂf&yﬁD—f@wMﬂﬂ%ﬂ

0

S/MKN%M%MJ/MU6WQD—f@wﬂ%ﬁ%d-

0 wo

Thus -
\U@—ﬂMﬁSK/)V@w@ﬂ—f@wﬂﬂf@ﬂ, (3.19)

K:( / / |G(x,t)|2dw,qxdw,qt>.

It is evident that an operator 1" defined by Ty (x) = f (z,y (x)) is continuous
in L? ,(wo,00) under the condition (A2) ( see [11]). Hence, for the given € > 0,
we can find a § > 0 such that ||y — yo|| < 0 implies

[ 1)~ )P gt < 5

0

where

From (3.19), we get
1Ty = Tyol| <e.
Let
Y ={y e L,(w00): yl <C}.
By (3.13), we have

00 1/2
|wmsn¢+{K/ umy@W¢M@ |

0

for all y € Y. Furthermore, using (2.5), we get

[e.e]

/muawum%mas/‘wurwﬂmmf%u

wo

s;/mw%w+0ﬂymfhuﬁ—2amW+ﬂﬂwW)

0
<2 (|lglI* +v*C?).
Therefore, for all y € Y, we see that

1Tyl < lIsll + [2K (lg]* +92C?)]""*.
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Further, for all y € Y, we have

/ Ty (z)|? dwqx<2(||g|| +92C?) / / (2, 8)| dy gd, gt.

So, from (3.12), we conclude that for given € > 0 there exists a positive number
N, depending only on € such that

/ Ty (x)]2 dy g < €,
N
for all y € Y.

Hence T (V) is relatively compact in the space L2 ,(wo, 00). O

Theorem 3.6. Suppose that the conditions (A1), (A2), and (A3) are satisfied.
In addition, let there exist constants M > 0 such that

{/w:ok(x)\?dw,qx} (// xt|dwqxdwqt)l/2

< sup { | \f(t,y(t))Ide,qt}l/Q <M, (3.20)

yESM 0

where Sy = {y € L2, ,(wo,00) : |lyl| < M}. Then the boundary-value problem
(2.2), (2.8) has at least one solution with

/ ly () do g < M.

0

Proof. Let T : L2, (wo,00) — L2 ,(wo,00) be the operator defined as (3.13). It
follows from Theorems 3.4, 3.5, and (3.20) that 7" maps the set Sy, into itself.
Moreover, the set Sy, is bounded, convex and closed. From the Schauder fixed
point theorem, we get the desired result. O
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