
Gulf Journal of Mathematics ISSN: 2309-4966

Vol 14, Issue 1 (2023) 1-12 https://doi.org/10.56947/gjom.v14i1.1088

NONLINEAR SINGULAR HAHN–STURM–LIOUVILLE
PROBLEMS ON [ω0,∞).

BILENDER P. ALLAHVERDIEV1 AND HÜSEYIN TUNA2∗

Abstract. In this paper, we investigate a nonlinear Hahn–Sturm–Liouville
problem on [ω0,∞) under the assumption that the Hahn–Sturm–Liouville
equation is in the limit-circle case at ∞. The existence and uniqueness of
the solutions for these problems are obtained.

1. Introduction

The Hahn difference operator is known as (see [11])

Dω,qg (x) =
g (ω + qx)− g (x)

ω + (q − 1)x
,

where q ∈ (0, 1) and ω > 0.
In [5], Aldwoah studied a proper inverse of the Hahn difference operator. In [12,

13], Hamza and Ahmet established the theory of linear Hahn difference equations.
Sitthiwirattham [16] investigated a nonlinear Hahn difference equation. Recently,
in [7], Annaby et al. established the Hahn–Sturm–Liouville theory. In [3], the
authors established the Titchmarsh–Weyl theory of the singular Hahn–Sturm–
Liouville equation.

At present, there have been some studies on the Hahn difference operator
because it unifies the forward difference operator and the quantum difference
operator. Although the existence problem of solutions of equations is one of the
important research areas in mathematics (see [1, 2, 4, 9, 14, 16, 8, 15, 12, 13] ), to
the authors’ knowledge, there is only one study on the existence of solutions for
singular nonlinear Hahn–Sturm–Liouville problems (see [4]). Our problem is very
different from the papers in literature since the Hahn–Sturm–Liouville equation
on [ω0,∞) is in the limit-circle case at ∞. In the analysis that follows, we will
largely follow the development of the theory in [9, 1, 2, 4].
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2. Preliminaries

In this part, we introduce the essentials of the theory of Hahn calculus [6, 10,
11, 7]. Throughout the paper, let q ∈ (0, 1) , ω0 := ω/ (1− q) , ω > 0 and let I
be a real interval containing ω0.

Definition 2.1 ([10], [11]). Let g : I → R := (−∞,∞) be a function. Dω,qg is
defined by

Dω,qg (x) =

{ g(ω+qx)−g(x)
ω+(q−1)x , x 6= ω0,

g′ (ω0) , x = ω0,

provided that g is differentiable at ω0.

Definition 2.2 ([6]). Let g : I → R be a function and a, b, ω0 ∈ I. We define the
ω, q-integral of g by∫ b

a

f (x) dω,qx :=

∫ b

ω0

f (x) dω,qx−
∫ a

ω0

f (x) dω,qx,

where ∫ x

ω0

f (t) dω,qt := ((1− q)x− ω)
∞∑
n=0

qnf

(
ω

1− qn

1− q
+ xqn

)
, x ∈ I

provided that the series converges at x = a and x = b. Similarly, one can define
the ω, q-integral of g over (ω0,∞) by∫ ∞

ω0

g (x) dω,qx := lim
b→∞

∫ b

ω0

g (x) dω,qx.

Let L2
ω,q(ω0,∞) be the space of all real-valued functions defined on [ω0,∞)

such that

‖g‖ :=

(∫ ∞
ω0

|g (x)|2 dω,qx
)1/2

<∞.

The space L2
ω,q(ω0,∞) is a separable Hilbert space with the inner product

(g1, g2) :=

∫ ∞
ω0

g1 (x) g2 (x) dω,qx, g1, g2 ∈ L2
ω,q(ω0,∞)

(see [6]).
The ω, q-Wronskian of g1 (.) , g2 (.) is defined by

Wω,q (g1, g2) (x) := g1 (x)Dω,qg2 (x)− g2 (x)Dω,qg1 (x) , (2.1)

where x ∈ [ω0,∞).
A nonlinear Hahn–Sturm–Liouville equation can be given as

l (y) := −q−1D−ωq−1,q−1 (p(x)Dω,qy (x)) + r (x) y (x) = f (x, y (x)) , (2.2)

where p and r are real-valued functions such that continuous at ω0, and 1
p
, r ∈

L1
ω,q,loc(ω0,∞).
Let

D =

{
y ∈ L2

ω,q(ω0,∞) :
y and pDω,qy are continuous at ω0

and l (y) ∈ L2
ω,q(ω0,∞).

}
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The maximal operator L is defined by Ly = l(y) on D. Then for arbitrary two
functions g1 and g2 in D we have ω, q-Green’s formula∫ t

ω0

(Lg1)g2dω,qx−
∫ t

ω0

g1(Lg2)dω,qx = [g1, g2]t − [g1, g2]ω0 , (2.3)

where ω0 < t <∞ and

[g1, g2]x := p(x){g1(x)D−ωq−1,q−1g2(x)−D−ωq−1,q−1g1(x)g2(x)}
(see [7]).

Suppose the following conditions are satisfied.
(A1) limit-circle case conditions are satisfied for the Hahn–Sturm–Liouville

equation

l (y) = 0 (2.4)

([3]).
(A2) f (x, ζ) is a real-valued and continuous in (x, ζ) ∈ [ω0,∞) × R, and, for

all (x, ζ) in [ω0,∞)× R, f (x, ζ) satisfies the following
condition:

|f (x, ζ)| ≤ g (x) + ϑ |ζ| , (2.5)

where g (x) ≥ 0, g ∈ L2
ω,q(ω0,∞), and ϑ > 0.

Let u (x) and v (x) be the solutions of Eq. (2.4) satisfying the conditions

u (ω0) = 0, (pD−ωq−1,q−1u) (ω0) = 1, (2.6)

v (ω0) = −1, (pD−ωq−1,q−1v)) (ω0) = 0.

Since Wω,q (u, v) = 1, u and v are linearly independent and form a fundamental
system of solutions of Eq. (2.4). It follows from (A1) that u, v ∈ L2

ω,q(ω0,∞) and
u, v ∈ D. Then [y, u]∞ and [y, v]∞ exist and are finite for every y ∈ D. By virtue
of (2.3) and (2.6), we conclude that

[y, u]∞ = y (ω0) +

∫ ∞
ω0

u (x) l(y (x))dω,qx,

(2.7)

[y, v]∞ = (pD−ωq−1,q−1y) (ω0) +

∫ ∞
ω0

v (x) l(y (x))dω,qx.

Now, we will impose the following conditions

y (ω0) cosα + (pD−ωq−1,q−1y) (ω0) sinα = d1,

(2.8)

[y, u]∞ cos β + [y, v]∞ sin β = d2,

where α, β ∈ R,

(A3) ρ := cosα sin β − cos β sinα 6= 0,

and d1, d2 are arbitrary given real numbers.
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Since the function y in (2.8) satisfies Eq. (2.2), we have

[y, u]∞ = y (ω0) +

∫ ∞
ω0

u (x) f (x, y (x)) dω,qx,

[y, v]∞ = (pD−ωq−1,q−1y) (ω0) +

∫ ∞
ω0

v (x) f (x, y (x)) dω,qx.

3. Green’s function

Let us consider the following problem

l (y) = h (x) , x ∈ [ω0,∞), (3.1)

y (ω0) cosα + (pD−ωq−1,q−1y) (ω0) sinα = 0,

[y, u]∞ cos β + [y, v]∞ sin β = 0,
(3.2)

where h ∈ L2
ω,q(ω0,∞) and α, β ∈ R.

Define

ϕ (x) = cosαu (x) + sinαv (x) , ψ (x) = cos βu (x) + sin βv (x) , (3.3)

where Wω,q (ϕ, ψ) = cosα sin β− cos β sinα. It is evident that ϕ (x) and ψ (x) are
solutions of Eq. (2.4) and ϕ, ψ ∈ L2

ω,q(ω0,∞). Then, we infer that

[ϕ, u]x = ϕ (ω0) = − sinα, [ϕ, v]x = (pD−ωq−1,q−1ϕ) (ω0) = cosα, (3.4)

[ψ, u]x = ψ (a) = − sin β, [ψ, v]x = (pD−ωq−1,q−1ψ) (ω0) = cos β, (3.5)

[ψ, u]∞ = − sin β, [ψ, v]∞ = cos β. (3.6)

Theorem 3.1. The solution of the boundary-value problem (3.1)-(3.2) as

y (x) =

∫ ∞
ω0

G (x, t)h (t) dω,qt, (3.7)

where x ∈ [ω0,∞) and

G (x, t) =

{
− ϕ(x)ψ(t)
Wω,q(ϕ,ψ)

, if t ≤ x,

− ϕ(t)ψ(x)
Wω,q(ϕ,ψ)

, if t > x.
(3.8)

Proof. The variation of constants formula yields

y (x) = k1ϕ (x) + k2ψ (x) +
q

Wω,q (ϕ, ψ)
ψ (x)

∫ x

ω0

ϕ (qt+ ω)h (t) dω,qt

− q

Wω,q (ϕ, ψ)
ϕ (x)

∫ x

ω0

ψ (qt+ ω)h (t) dω,qt, (3.9)

where k1 and k2 are arbitrary constants.
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By (3.9), we get

(pD−ωq−1,q−1y) (x)

= k1 (pD−ωq−1,q−1ϕ) (x) + k2 (pD−ωq−1,q−1ψ) (x)

+
q

Wω,q (ϕ, ψ)
(pD−ωq−1,q−1ψ) (x)

∫ x

ω0

ϕ (qt+ ω)h (t) dω,qt

− q

Wω,q (ϕ, ψ)
(pD−ωq−1,q−1ϕ) (x)

∫ x

ω0

ψ (qt+ ω)h (t) dω,qt.

Hence, we have

y (ω0) = k1ϕ (ω0) + k2ψ (ω0) = −k1 sinα− k2 sin β,

(pD−ωq−1,q−1y) (ω0) = k1 (pD−ωq−1,q−1ϕ) (ω0) (3.10)

+ k2 (pD−ωq−1,q−1ψ) (ω0)

= k1 cosα + k2 cos β.

Substituting (3.10) into (3.2), we get

k2 (cosα sin β − sinα cos β) = 0, k2 = 0,
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Moreover, we see that

[y, u]x = p(x) {y(x)D−ωq−1,q−1u(x)−D−ωq−1,q−1y(x)u(x)}

= k1[ϕ, u]x + k2[ψ, u]x

+
q

Wω,q (ϕ, ψ)
[ψ, u]x

∫ x

ω0

ϕ (qt+ ω)h (t) dω,qt

− q

Wω,q (ϕ, ψ)
[ϕ, u]x

∫ x

ω0

ψ (qt+ ω)h (t) dω,qt

= −k1 sinα− q

Wω,q (ϕ, ψ)
sin β

∫ x

ω0

ϕ (qt+ ω)h (t) dω,qt

+
q

Wω,q (ϕ, ψ)
sinα

∫ x

ω0

ψ (qt+ ω)h (t) dω,qt = −k1 sinα

+
q

Wω,q (ϕ, ψ)

∫ x

ω0

(− sin βϕ (qt+ ω) + sinαψ (qt+ ω))h (t) dω,qt

= −k1 sinα +
q

Wω,q (ϕ, ψ)

∫ x

ω0

u (qt+ ω)h (t) dω,qt.

Thus

[y, u]∞ = −k1 sinα + q

∫ ∞
ω0

u (qt+ ω)h (t) dω,qt.

Similarly, we get

[y, v]x = p(x) {y(x)D−ωq−1,q−1v(x)−D−ωq−1,q−1y(x)v(x)}

= k1[ϕ, v]x +
q

Wω,q (ϕ, ψ)
[ψ, v]x

∫ x

ω0

ϕ (qt+ ω)h (t) dω,qt

− q

Wω,q (ϕ, ψ)
[ϕ, v]x

∫ x

ω0

ψ (qt+ ω)h (t) dω,qt

and

[y, v]∞ = k1 cosα + q

∫ ∞
ω0

v (qt+ ω)h (t) dω,qt.
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From the conditions (3.2), we obtain

k1 (− sinα cos β + cosα sin β)

+ q

∫ ∞
ω0

[cos βu (qt+ ω) + sin βv (qt+ ω)]h (t) dω,qt = 0.

Hence,

k1 = − q

Wω,q (ϕ, ψ)

∫ ∞
ω0

ψ (qt+ ω)h (t) dω,qt.

By (3.9), we get

y (x) = − q

Wω,q (ϕ, ψ)

∫ x

ω0

ϕ (qt+ ω)ψ (x)h (t) dω,qt

− q

Wω,q (ϕ, ψ)

∫ ∞
x

ϕ (x)ψ (qt+ ω)h (t) dω,qt.

�

Theorem 3.2. The unique solution of the boundary-value problem (3.1) under
the conditions (2.8) is given as

y (x) = ς (x) +

∫ ∞
ω0

G (x, t)h (t) dω,qt,

where

ς (x) =
d1

Wω,q (ϕ, ψ)
ϕ (x)− d2

Wω,q (ϕ, ψ)
ψ (x) .

Proof. It follows from (3.4)-(3.6) that ς (x) is a unique solution of the problem
(3.1), (2.8). �

From Theorem 3.1, the problem (2.2), (2.8) is equivalent to the following equa-
tion

y (x) = ς (x) +

∫ ∞
ω0

G (x, t) f (t, y (t)) dω,qt, (3.11)

where ς (x) and G (x, t) are defined above. Since ϕ, ψ ∈ L2
ω,q(ω0,∞), we have∫ ∞

ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt <∞. (3.12)

Using (2.5) and (3.12), we define an operator

T : L2
ω,q(ω0,∞)→ L2

ω,q(ω0,∞)

as follows:

(Ty) (x) = ς (x) +

∫ ∞
ω0

G (x, t) f (t, y (t)) dω,qt, x ∈ (ω0,∞) , (3.13)

where y and ς ∈ L2
ω,q(ω0,∞). Hence (3.11) can be written as y = Ty.
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Theorem 3.3. Suppose that the conditions (A1), (A2), and (A3) are satisfied.
Further, let the function f (x, y) satisfy the following Lipschitz condition: there
exist a constant K > 0 such that∫ ∞

ω0

|f (x, y (x))− f (x, z (x))|2 dω,qx ≤ K2

∫ ∞
ω0

|y (x)− z (x)|2 dω,qx (3.14)

for all y, z ∈ L2
ω,q(ω0,∞). If

K

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

< 1, (3.15)

then the boundary-value problem (2.2), (2.8) has a unique solution in L2
ω,q(ω0,∞).

Proof. For y, z ∈ L2
ω,q(ω0,∞), we see that

|(Ty) (x)− (Tz) (x)|2

=

∣∣∣∣∫ ∞
ω0

G (x, t) [f (t, y (t))− f (t, z (t))] dω,qt

∣∣∣∣2

≤
∫ ∞
ω0

|G (x, t)|2 dω,qt
∫ ∞
ω0

|f (t, y (t))− f (t, z (t))|2 dω,qt

≤ K2 ‖y − z‖2
∫ ∞
ω0

|G (x, t)|2 dω,qt, x ∈ (ω0,∞) .

Thus, we get

‖Ty − Tz‖ ≤ α ‖y − z‖ ,
where

α = K

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

< 1.

�

Theorem 3.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied. In
addition, let the function f (x, y) satisfy the following Lipschitz condition: there
exist constants M, K > 0 such that∫ ∞

ω0

|f (x, y (x))− f (x, z (x))|2 dω,qx

≤ K2

∫ ∞
ω0

|y (x)− z (x)|2 dω,qx (3.16)

for all y and z in

SM =
{
y ∈ L2

ω,q(ω0,∞) : ‖y‖ ≤M
}
,
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where K may depend on M. If

{∫ ∞
ω0

|ω (x)|2 dω,qx
}1/2

+

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

× sup
y∈SM

{∫ ∞
ω0

|f (t, y (t))|2 dω,qt
}1/2

≤M (3.17)

and

K

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

< 1, (3.18)

then the boundary-value problem (2.2)-(2.8) has a unique solution with∫ ∞
ω0

|y (x)|2 dω,qx ≤M2.

Proof. Since SM is a closed set of L2
ω,q(ω0,∞), we will show that T maps SM into

itself. For y ∈ SM we get

‖Ty‖ =

∥∥∥∥ς (.) +

∫ ∞
ω0

G (., t) f (t, y (t)) dω,qt

∥∥∥∥
≤ ‖ς‖+

∥∥∥∥∫ ∞
ω0

G (., t) f (t, y (t)) dω,qt

∥∥∥∥
≤ ‖ς‖+

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

× sup
y∈SM

{∫ ∞
ω0

|f (t, y (t))|2 dω,qt
}1/2

≤M.

Analysis similar to that in the proof of Theorem 3.3 shows that

‖Ty − Tz‖ ≤ α ‖y − z‖ , y, z ∈ SM .

From the Banach fixed point theorem, we get the desired result. �

Now, we obtain an existence theorem without the uniqueness of the solution.

Theorem 3.5. T is the completely continuous operator under the conditions
(A1), (A2), and (A3).
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Proof. Let y0 ∈ L2
ω,q(ω0,∞). Then, we obtain

|(Ty) (x)− (Ty0) (x)|2

=

∣∣∣∣∫ ∞
ω0

G (x, t) [f (t, y (t))− f (t, y0 (t))] dω,qt

∣∣∣∣2

≤
∫ ∞
ω0

|G (x, t)|2 dω,qt
∫ ∞
ω0

|f (t, y (t))− f (t, y0 (t))|2 dω,qt.

Thus

‖Ty − Ty0‖2 ≤ K

∫ ∞
ω0

|f (t, y (t))− f (t, y0 (t))|2 dω,qt, (3.19)

where

K =

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)
.

It is evident that an operator T defined by Ty (x) = f (x, y (x)) is continuous
in L2

ω,q(ω0,∞) under the condition (A2) ( see [14]). Hence, for the given ε > 0,
we can find a δ > 0 such that ‖y − y0‖ < δ implies∫ ∞

ω0

|f (t, y (t))− f (t, y0 (t))|2 dω,qt <
ε2

K
.

From (3.19), we get

‖Ty − Ty0‖ < ε.

Let

Y =
{
y ∈ L2

ω,q(ω0,∞) : ‖y‖ ≤ C
}
.

By (3.13), we have

‖Ty‖ ≤ ‖ς‖+

{
K

∫ ∞
ω0

|f (t, y (t))|2 dω,qt
}1/2

,

for all y ∈ Y. Furthermore, using (2.5), we get∫ ∞
ω0

|f (t, y (t))|2 dω,qt ≤
∫ ∞
ω0

[g (t) + ϑ |y (t)|]2 dω,qt

≤ 2

∫ ∞
ω0

[
g2 (t) + ϑ2 |y (t)|2

]
dω,qt = 2

(
‖g‖2 + ϑ2 ‖y‖2

)
≤ 2

(
‖g‖2 + ϑ2C2

)
.

Therefore, for all y ∈ Y, we see that

‖Ty‖ ≤ ‖ς‖+
[
2K
(
‖g‖2 + ϑ2C2

)]1/2
.
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Further, for all y ∈ Y, we have∫ ∞
N

|Ty (x)|2 dω,qx ≤ 2
(
‖g‖2 + ϑ2C2

) ∫ ∞
N

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt.

So, from (3.12), we conclude that for given ε > 0 there exists a positive number
N , depending only on ε such that∫ ∞

N

|Ty (x)|2 dω,qx < ε2,

for all y ∈ Y.
Hence T (Y ) is relatively compact in the space L2

ω,q(ω0,∞). �

Theorem 3.6. Suppose that the conditions (A1), (A2), and (A3) are satisfied.
In addition, let there exist constants M > 0 such that{∫ ∞

ω0

|ς (x)|2 dω,qx
}1/2

+

(∫ ∞
ω0

∫ ∞
ω0

|G (x, t)|2 dω,qxdω,qt
)1/2

× sup
y∈SM

{∫ ∞
ω0

|f (t, y (t))|2 dω,qt
}1/2

≤M, (3.20)

where SM =
{
y ∈ L2

ω,q(ω0,∞) : ‖y‖ ≤M
}
. Then the boundary-value problem

(2.2), (2.8) has at least one solution with∫ ∞
ω0

|y (x)|2 dω,qx ≤M2.

Proof. Let T : L2
ω,q(ω0,∞) → L2

ω,q(ω0,∞) be the operator defined as (3.13). It
follows from Theorems 3.4, 3.5, and (3.20) that T maps the set SM into itself.
Moreover, the set SM is bounded, convex and closed. From the Schauder fixed
point theorem, we get the desired result. �
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