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TWO TOPICS IN NUMBER THEORY. THE GREATEST
E-FREE NUMBER THAT DIVIDES n AND FORMULAS FOR
COMPOSITE AND PRIME NUMBERS

RAFAEL JAKIMCZUK! *

ABSTRACT. In the first part we study the greatest k-free number that divides
n. Consequently, we generalize the kernel of the positive integer n. That is,
the greatest square-free number that divides n. In the second part we obtain
formulas for composite and prime numbers and prove some inequalities.

1. INTRODUCTION AND PRELIMINARY NOTES

In the first part (sections 2 and 3) we study the greatest k-free number that
divides n. Consequently, we generalize the kernel of the positive integer n. That
is, the greatest square-free number that divides n. In the second part (section 4)
we obtain formulas for composite and prime numbers and prove some inequalities.
Let py be the k-th prime. We show that if we know either the prime factorization
of 1,2,...,n—1 or the primes p; not exceeding n—1 then we can obtain the prime
factorization of n. We also show that if we know the primes py, ps, ..., p,_1 then
we can obtain the prime p,. Finally The inequalities p,+1 < p, +n+1 (n > 1),
Do < %2 + 241 (n>2)and p, <n? (n > 2) are proved. The composite numbers
also can be studied in short intervals (see, for example, [0])

Let us consider the prime factorization of a positive integer n = ¢;* - - - ¢¢~ where
theq; (i =1,...,r) (r > 1) are the different primes in the prime factorization and
the s; (1 = 1,...,r) are the multiplicities or exponents. Let k > 2 an arbitrary
but fixed positive integer. A k-free number is a number such that 1 <s; < k—1,
we consider 1 a k-free number. If £ = 2 we obtain the square-free numbers, if
k = 3 we obtain the cube-free numbers, etc. We shall denote a k-free number in
the form gx_;. Let Qx(z) be the number of k-free numbers not exceeding x. It is

well-known the following asymptotic formula (see, for example, [1] for a simple
proof)
1
Qr(r) = —=x + o(x). 1.1
(@) = e+ ol (1)
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where ((s) denotes the Riemann zeta function.

We shall need the following well-known theorems.

Theorem 1.1. (Inclusion-exclusion principle)Let S be a set of N distinct el-
ements, and let Sy,...,S, be arbitrary subsets of S containing Ny,..., N, ele-
ments, respectively. For 1 <1 < j <...<l <, let S;.1 be the intersection of
Si,Sj, ..., S and let Ny be the number of elements of S;;. ;. Then the number
K of elements of S not in any of Sy,...,S, is

K=N — Z N; + Z Nij — Z Nije + ...+ (=1)"Nia._.
1<i<r 1<i<j<r 1<i<j<k<r

Proof. See, for example, [7, page 84] or [2, page 233]. O

Theorem 1.2. (The second Mdbius inversion formula) Let f(x) and g(x) be
functions defined for x > 1. If

9@ =>F(5) @z

n<w
then .
fla) =3 i 5) @=1

where p(n) is the Mébius function.
Proof. See, for example, [2, Chapter XVI, Theorem 268]. OJ
Theorem 1.3. The following formula holds

am) 1

~ nb (k)
Proof. See, for example, [2, Chapter XVII, Theorem 287 and page 245]. O

Theorem 1.4. Let us consider a strictly increasing sequence of positive integers,
we denote b a positive integer in this sequence. Let A(z) be the number of positive
integers in this sequence not exceeding x. That is A(x) = >,.. 1. Suppose that
A(x) = px + o(x), where p is a positive real number, that is, p is the positive
density of these integers. Then

ph— P 4o (2511
2=

where k is an arbitrary but fized positive integer.

Proof. See [3]. O

2. k-FREE NUMBERS MULTIPLE OF A SET OF PRIMES

Let £ > 2 an arbitrary but fixed positive integer. Let ¢, ..., qs be s > 1 distinct
primes. Let M} (x) be the number of positive integers n not exceeding x such
that in their prime factorization appear the primes ¢, ..., ¢, with multiplicity

not multiple of k. We have the following theorem.
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Theorem 2.1. The following asymptotic formulas holds.

s k=1 _
M(fl,,,qs () = (H %) z + o(x). (2.1)

Proof. The number of positive integers n not exceeding x relatively prime with
¢1 - - - gs will be (inclusion exclusion principle)

2] - Y FJJF 3 LM]J— —H(l——)x—i—o() (2.2)

1<i<s i 1<i<j<s

Let us consider the numbers whose prime factorization is of the form ¢;* --- ¢

where r; (i =1,...,s) is not multiple of k. We have
> 1 1
Mi-2) ¥
i=1 Y gl s
® 1 = 1 =1 1 =1
5 k-1
g —1
NIk 2.3)
2 (
pirgl
Let € > 0. We shall choose the number A such that
= <e (2.4)

qtgsi>A

Therefore we have (see (2.2) and (2.4))

ME (@)= Y (1} (1 - qi) qlL + 0(;1:)) + F(x)

' a5t <A

_ xg(1—ql> > ﬁ—l—o(m)—l—F(yﬁ)

s

q TS<A
s | 1
= 1% x—xH(l——) Y Fola)+ F(x),(25)
i=1 z qu gl A q ]
where (see (2.4))
x
0< Flz) < — < exw. 2.6
( ) Z qll [N gs ( )

g tg>A
Equations (2.5), (2.4) and (2.6) give
Mk S k=1 _

s 4G -1
Tqegs \) H 2_1

That is (2.1), since € can be arbitrarily small. The theorem is proved. O

1
<H<1——)6+€+6<36

q;
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Let Q’;l,,,qs (z) be the number of k-free numbers not exceeding = multiple of
q1 - - - qs- We have the following theorem.

Theorem 2.2. The following asymptotic formula holds.

S qz
Zl,, " H x + o(x). (2.7)
i=1 1

Proof. We have (see Theorem 2.1 and [2, Chapter XVIII, Theorem 333]).

Mp o (W) = ey +o(y") = ey + Fly" ) =D Q5. q<( >k>

d<y

k—1
where for sake of simplicity we put ¢ = [[;_; qiq,_c—_zl. Besides lim, o f(z) = 0

and |f(z)| < M. By Theorem 1.2 and Theorem 1.3 we have

st =20 ()41 () &) - S
" y@f (@) ) M = e + 0l + o)

S k—1

qu — y o o(y").

If we put y* = x then we obtain equation (2.7). Note that

d>y b
and
()5 2 () 5
> () -

Yy<d<y

Since for all € > 0 we have

Sr((3))5
(B

y<d<y
The theorem is proved. O]

1

dk

()

dlk < eC(k)+ Mo(1) < 3e.

d<{/y

Let R’;l s ( ) be the number of k-free numbers not exceeding x, relatively

prime to q; - - - ¢s. The following theorem holds.
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Theorem 2.3. The following asymptotic formula holds.

- Qz Qz - 1
Rf;l 2 H F 1 x + o(x). (2.8)
) i i

Proof. By the inclusion-exclusion principle, Theorem 2.2 and (1.1) we have

k _LCE o\r) — L qz—l o\r
R‘h'"qs(x)_g(k,) + ( ) Z (C(k) qz 1 + ( >>

1<i<s

That is, equation (2.8). The theorem is proved. O]

3. THE GREATEST k-FREE NUMBER THAT DIVIDES n

Let k > 2 a positive integer. A number is k-full if all the distinct primes in
its prime factorization have multiplicity (or exponent) greater than or equal to
k. That is, the number ¢i* ---¢%* (s > 1) is k-fullif r; > k (i =1,...,5). Ilf k =2
then the number is called square-full, etc.

The greatest k-free number that divides n = ¢j* -+ - ¢l* (s > 1) will be denoted
ug(n). Note that up(n) = ¢i*---qls, where t; = min{r,k —1} (i = 1,...,s) .
If £ = 2 then the greatest square-free that divides n (uz(n)) is called kernel or
radical of n. In [3] the following theorem on the kernel function is proved (in [3]
the notation u(n) = us(n) is used).

Theorem 3.1. Let h be an arbitrary but fixed positive integer. The following
asymptotic formula holds

D up(n)t = gt 4o (") (3.1)

where

Cop = 1;[ (1 = %) . (3.2)

In the following theorem we generalize the former theorem to the greatest k-free
number that divides n.

Theorem 3.2. Let k > 2 an arbitrary but fized positive integer and let h be an
arbitrary but fixed positive integer. The following asymptotic formula holds

Z ug(n)" = hc—j_’hlxhﬂ +o (2", (3.3)

n<x
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where
h
pt—1
Ckh:H(l— L > (3.4)
7 — +1 _
; P (p 1)

Proof. In this proof we shall denote ¢i* - - - ¢* the prime factorization of a k-full
number. The ¢; (i = 1,...,s) are the different primes in the prime factorization
and the r; (i = 1,...,s) are the multiplicities or exponents.

Let us consider the series

y i) 55

L. .. aTs h+1 7
qu~~~q§S (ql s )

where the sum run on all k-full numbers ¢i* - - - ¢l*. The series (3.5) converges
since we have

5 (¢ g )" 3 ! !
] ,,s)h+1 k=1 .q§—1 (q;l—(k—l) o qgg—(lc—l))hJrl 7

T1
i o . q
qflmq;s <q1 s ‘1;1""1;5 !

where the numbers q{l_(k_l) b D bun on all positive integers n greater

than or equal to 2 and the series > -, nh—lﬂ converges. In this proof (see the
introduction) g,_; denotes a k-free number.
We have (see equation (1.1) and Theorem 1.4)

1 xh+1

Z (qe1)" = ROLES] +o(«"). (3.6)

k-1
Let us consider the number
Q191" " 45°,
where g,_1 and ¢ - - - ¢, are relatively primes. The greatest k-free number that
divides this number is
Qoo1.qt gt

Therefore if the k-full number ¢;* - --¢l* is fixed and the k-free number ¢;_; is
variable we have (see Theorem 2.3 and Theorem 1.4)

S (@ead Y =@ Y ()

T €T
Qu—1q"' +qs° <z Th—1S 717
qq qs

s k-1
k—1 k—1\h 1 g (q—1) z

— q PP qs
(a1 ) (h+1)¢(k) 11 =1 (g gt

+ o(z"). (3.7)

We denote By, the sum of the series

h+1

S

k—1 k-1 E—1\"
B ¢ Mg -1 (@)
Bien =1+ Z II =1 (g (38)
gL egls =1 i 4 qs

Note that this series converges since the series (3.5) converges (Comparison Cri-
terion).
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Let € > 0. Since the series (3.5) converges we shall choose a k-full number A
such that

k=1 k-1
g L) (39)
Clgls>A (ql e ss)

Now, we have (see (3.6), (3.7), (3.8) and (3.9))

h+1

; ug(n mBk,h + o (z")
$h+1 s qf 1 )(Q1 _qsfl)h
(h+1)¢(k) %:>A1_[1 ¢ (G o) + F(z). (3.10)

Note that

1h—i—2h—|—-~+nh§/ o dr +n" < 2pM (n>1) (h>1) (3.11)
0

Hence if A, is the greatest k-full number not exceeding x then we have (see (3.11)

and (3.9))

0< F(z) < Z Z (Vi C_If_l)h

r " .
A<‘111 qs® <Ag qk_ltZ;l gy <w

)3 >0 (ng™dl)”

A<gyt g5 <Ay najlgft <a

= Soo@ ) Y

A<qil gt <Ap I<nS s

IN

(qk—l . .qk—l)h
< 22" ) ! s < ezt (3.12)
1 rs
A<q;1“_q?s“s (QI U S )

Equations (3.10), (3.9) and (3.12) give

' anx ug(n)"

— Bip| <e+e+2(h+1)((k)e <€ (x >zo), (3.13)

ohtl

(h+1)¢(K)

where ¢ can be arbitrarily small since € can be arbitrarily small. Therefore
equation (3.13) gives

Z u(n)" = L%xhﬂ +o (2", (3.14)



40 RAFAEL JAKIMCZUK

where (see (3.8))

1
Cen = —~Bin
(k)
I = !
C(k) e/l N ST B SO
qll_._qs.s =1 q]. e qS

(1 - 1%) 1 (1 " 15“_—11 <p"1+1 i (pQ;h“ +))
- T~ =) 519
3

Thus, equations (3.14) and (3.15) are equations (3.3) and (3.4). The theorem is
proved. O

4. FORMULAS FOR COMPOSITE NUMBERS AND PRIME NUMBERS

We denote p,, the n-th prime number, ged(ay, as) the greatest common divisor
of a; and ay and lem(aq, as, ..., as) the least common multiple of aq,as, ..., as.
In this section we show that if we know the prime factorization of 1,2,...,n —1
then we can obtain the prime factorization of n. In this way, by mathematical
induction, if we begin with 1 and p; = 2 then we can build the sequence of all
prime factorizations of the positive integers. We need only three simple rules.

Rule 1) If lem (ged(1,n — 1), ged(2,n — 2),...,gcd(n — 1,1)) = 1, that is

ged(k,n—k) =1 (k=1,2,...,n—1),
then n is prime.

Rule 2) If lem (ged(1,n — 1), gcd(2,n —2),...,ged(n —1,1)) = p*, where p
denotes a positive prime and k& denotes a positive integer, then

n=plem(ged(l,n —1),ged(2,n —2),...,gcd(n —1,1)) = pFt,
Rule 3) If lem (ged(1,n — 1), ged(2,n — 2),...,gcd(n —1,1)) # 1 and
lem (ged(1,n — 1), ged(2,n — 2),...,ged(n — 1,1)) # p”

, then
n =lem (ged(1,n —1),gcd(2,n —2),...,gcd(n —1,1)).

The proof of these rules is very simple since k+(n—k) =n (k. =1,2,...,n—1).

If we begin with 1, p; then we obtain lem(ged(1,p;)) = lem(1) = 1 and by rule
1 n = py is prime. Therefore we have 1, p1, p» and consequently

lem(ged(1, py), ged(py, p1)) = lem(1, p1) = p; and by rule 2 n = p?. Therefore
we have 1, py, ps, p? and consequently lem(ged(1, p?), ged(py, p2)) = lem(1,1) =1
and by rule 1 n = ps is prime. Therefore we have 1, p1, ps, p?, p3 and consequently

lcm<ng<]‘Jp3)7ng(php%)?ng(pQ?pQ)) = lcm(17p17p2) = Pip2 and by rule 3
n = p1pa. Therefore we have 1, p1, ps, p7, ps, p1p2, etc.
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We can traduce these rules in theoretical formulas. Let us consider the primes
p such that 2 < p <n — 1. Now, consider the formula

2 [ Gl (5

where | ] is the integer part function and || is the absolute value function. Let A
be the set of primes p such that 2 <p <n—1 and f(p) # 0. If A is empty then
n is prime. If A is an unitary set, that is, A = {p}, then

1+ ::%ég;l)J 1 2:11 cos(m( % cos(m( 2=k
i e O )

f(p)

p?

If A has at least two distinct primes, then

) o g cos(7( =Y |eos ( ( 2=
oy, e

peEA

Note that the inequality p* <n — 1 hols for 1 <i < loi()ﬂ.
gp

Another approach is by use of the well-known Legendre’s rule (see [2]). Namely,
if the prime p < n then the exponent of p in the prime factorization of n! is

> %]

where clearly the sum has only a finite number of nonzero terms. Consequently
we have the following criterion. Let us consider the primes p < n—1 and consider

the function
- 1 (e 5 () [5)

p<n—1

Clearly if f(n) = 1 then n is prime. On the other hand, if f(n) > 1 then n is
composite and its prime factorization is

a1 A1)

Also, suppose that we know the first n — 1 primes. Namely, pi, p2, ..., Pn_1-
Then we can determine the prime p,, by use of the following criterion. The prime
Pn is the first positive integer s > p,_1 4+ 1 such that

I (2 (- [5)) -

P<pn-1

In this form we can determine p,, if we know p1, pa,...,pp—1. A formula of this
type was first proved by Gandhi (see [3]) and another formula of this type is given
in [5].
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Let p,, be the n-th prime. Bertrand conjectured in 1845 the inequality p,+1 < 2p,
for n > 1. This statement has been known as Bertrand’s postulate and it was
proved by Tschebycheff in 1852. In this article we prove the stronger statement
Pni1 < pn +n + 1 also for n > 1. For this purpose we need strong inequalities
proved by Rosser and Schoenfeld in 1962 and by Dusart in 1999. That is, we
need the following fundamental lemma.

Lemma 4.1. We have the following inequalities.

1
pn < nlogn + nloglogn — " (n > 20) (4.1)

pn > nlogn +nloglogn —n (n>2) (4.2)

Proof. Inequality (4.1) is proved in [9]. Inequality (4.2) is proved in [I]. The
lemma is proved. O

Theorem 4.2. The following inequality holds
Prnt1 <Pnt+n+1 (n>1) (4.3)

Proof. By use of a small table of primes p,, (n < 20) we can prove that inequality
(4.3) holds for n < 19. Therefore we have to prove that inequality (4.3) holds for
n > 20.

Let us consider the function

2
f(x) = 2log(z +1) + 2loglog(z + 1) +

—r—1 (x > 20)
ogx

We have

o) 2 2 2 2 2

= + - —1< +

r+1 (z+1)log(z+1) =zlog’x r+1 x+1
for > 20. On the other hand, f(20) < 0. Therefore f(n) < 0 for n > 20. The
inequality f(n) < 0 can be written in the equivalent form

—-1<0

1
2(log(n+1)+1)+2 <log log(n +1) + 1—) <n+3 (n>20) (4.4)
ogn

On the other hand, D(zlogz) = logz + 1 and D(xloglogz) = loglogx +

logz*®

Therefore the mean value theorem and inequality (4.4) give
2((n+1)log(n+1) —nlogn) +2((n+ 1)loglog(n + 1) — nloglogn)

1
< 2(log(n+1)+1)+2 (log log(n+1) + @) <n+3 (n > 20)(4.5)

Inequality (4.5) can be written in the form

1
(n+1)log(n+ 1)+ (n+1)loglog(n+ 1) — E(n +1)
< nlogn+nloglogn —n+n+1 (n > 20) (4.6)
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Finally, Lemma 4.1 and inequality (4.6) give

1
Py < (n+1)log(n+ 1)+ (n+1)loglog(n+1) — i(n +1)
< nlogn+mnloglogn—n+n+1<p,+n+1 (n > 20)
The theorem is proved. 0

Corollary 4.3. Let d,, = pnir1 — pn be. Let k be an arbitrary but fixed positive
integer. The following inequality holds for n > 2.

k+1

(n+1
de =

Proof Since x" is a function strictly increasing in the interval [0,00) we have

it < le * dz and consequently if n > 2 then > ;' | i* < an ¥ dz. Therefore
if n > 2 then inequality (4.3) gives

idf<i(i+1)k:<z >—1<Z / a* dx = n;j);r.

=1 i=1 i=1

k

The corollary is proved. 0

The prime number theorem in the form p,, ~ nlogn implies that from a certain
value of n the inequality p, < n? holds. Now, we give a very simple proof of the
following more precise results.

Corollary 4.4. If n > 2 then p, < %2 +2+1 and p, < n®.

Proof. Let us consider the following n — 1 inequalities (4.3) py1 < p; +i + 1
(1<i<n-—1)(n>2). If we add these inequalities we obtain the inequality
Pn < %2 + 45 +1. We have p, = 3 < 22 Suppose that if n > 2 then p, < n?.
Inequality (4.3) gives ppy1 < pn+n+1<n?+n+1< (n+1)>% Now, inequality
pn < n? follows by mathematical induction. The corollary is proved. OJ

Corollary 4.5. If n > 2 then [[}-' d; < nl.

Proof. By inequality (4.3) we have [} d; = [1/= (pis1—pi) < I} (i+1) =
The corollary is proved. D
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