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ON o-SEMIDERIVATIONS AND COMMUTATIVITY OF
-RINGS

KYUNG HO KIM

ABSTRACT. In this paper, we introduce the notion of a a-semiderivation on I'-
rings, and we try to extend some results for derivations of I'-rings or near-rings
to a more general case for a-semiderivations of prime I'-rings.

1. INTRODUCTION

In 1994, Nobusawa [9] introduced the notion of a I'-ring, an object more general
than a ring. Barnes [3] slightly weakened the conditions in the definition of
a I'-rings and in the sense of Nobusawa. Since then, many researchers have
done a lot of results on I'-rings and have obtained some generalizations of the
corresponding results in ring theory. Aydin [2] studied generalized derivations of
prime rings. Ceven and Ozturk [8]have dealt with Jordan generalized derivations
in [-rings and they proved that every Jordan generalized derivation on some
[-rings is a generalized derivation. In this paper, we introduce the notion of a
a-semiderivation on I['-ring, and we try to extend some results for derivations
of T'-rings or near-rings to a more general case for a-semiderivations of prime
[-rings.

2. PRELIMINARIES

. Let M and T" be additive abelian groups. Then M is called a I'-ring if the
following conditions are satisfied:

(M1) ayy € M,

(M2) (z +y)yz = 2vz + yyz, (v + By = zyy + 2By, 2y(y + 2) = vy + 272,
(M3) (zvy)Bz = zy(yBz), for all x,y,z € M and v, 3 € I.

Let M be a I'-ring with center Z(M). For any x,y € M, the notation [z, y],
denotes the commutator zvyy — yyx while the symbol (z o y), denotes zvyy +
yyzx, respectively. We know that [z8y, 2|, = xSy, 2], + [z, 2],y + =[5, 7].y and
[z, yBz2], = yPBlz, 2], + [, yl,Bz + y[B, Y]z, for all z,y,z € M and v, € T'. We
take an assumption (*) xyyfz = xfyyz for all x,y,2 € M and ~,5 € T'. Using
the assumption (*), identities [z8y, 2], = xf[y, 2], + [z, z],By and [z,yBz], =
yBz, 2]y + [x,y|,Bz for all x,y,z € M and ~, € I" are used extensively in our
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results. Let M be a I'-ring. M is said to be prime if xI'MT'y = 0 implies x = 0,
ory =0, for all x,y € M. M is said to be 2-torsion free if 2x = 0 implies x = 0,
for all x € M. Let M be a I'-ring. An additive mapping d : M — M is called a
derivation if

d(zyy) = d(x)yy + zyd(y)
for all z,y € M and v € T'.

3. «a-SEMIDERIVATION OF I'-RINGS

Throughout this paper, we assume that M is a I'-ring satisfying an assumption
().

Definition 3.1. Let M be a I'-ring and let o be an automorphism of M. An
additive mapping d : M — M is called a a-semiderivation associated with a
surjective function g : M — M if

(a) d(zvy) = d(x)vg(y) + a(x)vd(y) = d(z)yaly) + g(z)yd(y),
(b) d(g(x)) = g(d(z)), for all x,y € M and v € T.

Lemma 3.2. Let d be a a-semiderivation on I'-ring M and a € M be such that
ayd(z) =0 (or d(x)ya=0) for allz € M andy €. Thena=0 ord=0.

Proof. By hypothesis, we have ayd(xfy) = 0 for all z,y € M and v, 5 € I". Then
we have

ay(d(z)Bg(y) + a(x)Bd(y)) =
By the hypothesis, we have ayd(z)Bg(y) + avya(z)fd(y) = aya(x)pd(y) = 0,
which implies al'MT'd(y) = {0} Since M is prime, we have a = 0 or d = 0.
Similarly, if d(x)ya = 0 for all z € M and € T', then we can get a = 0 or
d=0. O

Lemma 3.3. Let M be a 2-torsion free prime I'-ring and d be a a-semiderivation
on M such that doa = aod. If d*> =0, then d = 0.

Proof. By hypothesis, we have, for all x,y € M and 3,v €T,
0= d*(2vyy) = d(d(zyy)) = d(d(z)v9(y) + a(z)yd(y))
= d*(x)79°(y) + a(d(2))1d(g(y)) + d(a(z))v9(d(y)) + a*(x)vd*(y)
= a(d(z))yd(g(y)) + d(a(x))vg(d(y))
= d(a(z))vd(g(y)) + d(e(z))yd(g(y))
= 2d(a(x))yd(g(y))

By the fact that M is 2-torsion free, we get d(a(z))yd(g(y)) = 0 for all z,y €
M and v € T. Again, replacing x by a~'(x) in the last relation, we have
d(x)yd(g(y)) = 0 for all z,y € R. Since g is onto, we obtain d(z)yd(y) = 0
for all x,y € M. Hence by Lemma 3.2, we have d = 0. 0

Lemma 3.4. Let d be a aq-semiderivation associated with g on M and let o
be an automorphism of M, which commute with d and g o aa = an o g. Then
(a1 0 az)(z)v(d o az)(y) = (az 0 ar)(z)y(az o d)(y) for allx,y € M andy €T.



ON «a-SEMIDERIVATIONS AND COMMUTATIVITY OF I'-RINGS 63

Proof. Let x,y € M and ~v € I'. Then we have
ag o d(zyy) = az(d(x)yg(y) + ar(x)rd(y))
= ap(d(z)yg(y)) + as(aa(z)vd(y))
= az(d(x))yaz(g(y)) + az(aa(z))yaa(d(y))
Also, we have

d o az(zvy) = d(az z)yos(y
(

O

Theorem 3.5. Let d be a nonzero a-semiderivation associated with g on a prime
I-ring M. If d([z,y],) =0 for all z,y € M and v € I, then M is commutative.

Proof. By hypothesis, we have
d([x7y]7)20) \V/ZE,yEM,’}/EF. (31)

Replacing y by yBz in (1), we have d([z,yfz],) = d([z,y],fz) = 0 for all
x,y € M and v, € I', which implies that d([z,y],)B9(z) + a([z,y],)Bd(x) =

for all z,y € M and 7,8 € I'. By (1), we have «a([z,y],)Bd(x) = 0 for all
x,y € M and v,8 € I'. Substituting yox for y in the last relation, we have
a([z, yox],)pd(z) = a([z,y],)da(z)Bd(z) = 0 or all z,y € M and ~,5,6 € T.
Since « is an automorphism of M, we have a([z, y],) [ MT'd(z) =0orallz,y € M
and v € I'. Since M is prime, we have d(z) = 0 for all v € M or o[z, 2],) =0
for all ,2 € M and v € I'. But d # 0, and so a([z, 2],) = 0 for all z,z € M and
v € I'. Replacing [z, 2], by a!([z, z],) in the last relation, we get [z, 2], = 0 for
all z,2 € M and ~ € I', which implies that M is commutative. Il

Theorem 3.6. Let d be a nonzero a-semiderivation associated with g on a prime
L-ring M. If d(x oy),) =0 for all z,y € M and v € ', then M is commutative.

Proof. By hypothesis, we have
dxoy)y) =0, Va,ye M~yel. (3.2)

Replacing y by yfx in (2), we have d(zoyfz)., = d((zoy),fx) = 0forall z,y € M
and v, f € I', which implies that d(zoy),8g(x) +a(xoy),Bd(x) =0 for all z,y €
M and v, 8 € I'. By (2), we have a(zoy),Sd(x) =0 forall z,y € M and v, € T.
Taking ydz instead of y in the last relation, we have a(z o y),da(x)pd(x) =

for all x,y € M and ~,5,0 € I'. Since « is an automorphism of M, we have
a(xoy), I'MT'd(z) = 0 for all z,y € M and v € I'. Since M is prime, we have
diz) = 0 for all z € M or a(xoy), = 0 for all z,y € M and v € I'. But
d # 0, and so a(x oy), = 0 for all z,y € M and v € I'. Replacing (z o y),
by a'((z o y),) in the last relation, we have (z oy), = 0 for all z,y € M and
~v € T', which implies that xyy = —yyx for all x,y € M and v € I'. Again,
replacing x by zfz in the last relation, we have zf8zvy = —yvyx(z = xyySz for
all z,y,z € M and §,v € I'. Hence we obtain zf[z,y], = 0 for all z,y,z € M
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and /3,7 € I'. This implies MT'[z,y|, = {0} for all y,z € M and v € I". Hence we
have [z,y],I'MT'[z,y], = {0} for all y,z € M and € I". Since M is prime, we

have [z,y], =0, for all y, z € M, which implies that M is commutative.
|

Theorem 3.7. Let d be a nonzero a-semiderivation associated with g on a prime
[-ring M. If [d(z),y]l, = 0 for all z,y € M and v € I, then M is commutative.

Proof. By hypothesis, we have
d(z),y]l, =0, Va,ye M,yeT. (3.3)
Replacing x by 2z in (3) and using (3), we have

= [d(zB2), yl

= [d(2)Bg(2) + a(r)Bd(2), Y]

= [d(x)Bg(2), yly + [a(x) Bd(2), yl,

d(2)Blg(2), yly + [a(x), yl, fd(2) (3.4)
)

Taking ¢g(z) instead of y in (4), we have [a(z 79(3)]75 (z2) =0forall xz,z € M
and v, € I'. Substituting tdx for x with ¢ € M in this relation, we obtain
[a(t), g(2)]y0a(x)Bd(y) = 0 for all xz,y,2,t € M and a,f,v,0 € I'. That is,
[a(t), g(2)],I'MT'd(y) = {0} for all t,y,z € M and v € I'. Since M is prime, we
have d(y) = 0 or [a(z), g(z)], =0 for all z,z € M and o,y € I'. But d # 0, and
so [a(t),g(z)], =0 for all t,z € M and v € I". Replacing ¢t by o~ '(¢) in the last
relation, we have [t, g(z)], = 0 for all ¢,z € M and v € I'. Since g is onto, we get
[t,z]y =0forall t,z € M and v € I', which implies that M is commutative.

O

Theorem 3.8. Let d be a nonzero a-semiderivation associated with g on a prime
I-ring M. If (d(z) oy)y =0 for all z,y € M and v € ', then M is commutative.

Proof. By hypothesis, we have
(d(z)oy)y, =0, Vao,ye M,yel. (3.5)
Replacing z by x,Bz in (5) and using (5), we have

(z
)
= (d(zpz) o y),

= (d(z)Bg(2) + a(z)Bd(z) o y),

= (d(z)Bg(2) 0 y)y + (e(x)Bd(2) 0 y),

= d(x)Bly(2), yly — [a(z), y],pd(2) (3.6)

Taking g(z) instead of y in (6), we have [a(x), g(2)],8d(z) = 0 for all x,2 € M
and v, € TI'. Substituting tdx for x with ¢ € M in this relation, we obtain
la(t), g(2)]y0a(x)Bd(y) = 0 for all z,y,2,t € M and «,f,v,0 € I'. That is,
la(t), g(2)],I'MT'd(y) = {0} for all t,y,z € M and v € I'. Since M is prime, we
have d(y) = 0 or [a(t),g(z)], = 0 for all z,z € M and o,y € I'. But d # 0,

and so [a(t), g(z)], = 0 for all t,z € M and v € I'. Replacing ¢ by o *(¢) in the
last relation, we have we have [t,g(z)], = 0 for all ¢,z € M and v € I'. Since ¢
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is onto, we get [t,z], = 0 for all £,z € M and v € I', which implies that M is
commutative.

O

Theorem 3.9. Let d be an a-semiderivation associated with g on a I'-ring M, If
d(zfy) = d(x)Bd(y) for all x,y € M, then d = 0.

Proof. By hypothesis, we have

d(zBy) = d(z)Bd(y), ¥V z,y € M, (3.7)

which implies that d(z)5g(y)+a(z)Bd(y) = d(z)Bd(y) for all x,y € M. Replacing
x by zdy in this relation, we have

d(z)0d(y)Bg(y) + a(x)da(y)Bd(y)

d(zdy)Bd(y)

d(z)od(y)Bd(y)

d(x)éd(yBy)

d(x)d(d(y)Bg(y) + aly)Bd(y))

= d(x)dd(y)Bg(y) + d(x)da(y)Bd(y)
aly

for every z,y € M and (5,0 € I'. Hence we have (a(z) — d(z))da(y)Bd(y) = 0
for all x,y € M and (5,0 € I'. Since a is an automorphism of M, we have
(a(x) — d(z))I'MTd(y) = {0} for all x,y € M. Using the fact that M is prime,
we get a(x) —d(x) = 0 or d(y) = 0 for all z,y € M. In the former case, we
have a(z) = d(z) for all x € M. Again, replacing x7yy in the last relation, we
get d(zyy) = a(zyy) for all x,y € M and v € I'. Hence we obtain d(x)yg(y) +
a(x)yd(y) = a(x)ya(y) for all z,y € M and v € I'. By the fact that d(z) = a(z)
for all x € M, we get d(x)vg(y) = 0 for all z,y € M and « € I'. Using the Lemma
3.2, we have d = 0. In the second case, d(y) = 0 for all y € M, that is, d = 0.

O

Theorem 3.10. Let d be an a-semiderivation associated with g on a I'-ring M,
If d(zBy) = d(y)pd(z) for all x,y € M and 5 € T, then d = 0.

Proof. By hypothesis, we have

d(zpy) = d(y)pBd(z), Vx,y € M,B €T, (3.8)
which implies that d(z)Bg(y) + a(z)Bd(y) = d(y)Bd(x) for all x,y € M and
B € I'. Replacing = by xdy in this relation, we have

d(y)od(x)Bg(y) + alz)da(y)Bd(y) = d(y)Bd(zdy)
= d(y)B(d(z)dg(y) + a(z)dd(y))
= d(y)Bd(x)og(y) + d(y)Ba(x)dd(y)  (3.9)
for every x,y € M and (3,0 € I'. Hence we get

a(z)Ba(y)dd(y) = d(y)Ba(x)dd(y), z,y € M,3,6 € T. (3.10)

Taking xoz instead of x in (10) and using (10), we have [a(x), d(y)]|goa(2)dd(y) =
0 for all z,y,z € M and §,6,0 € I'. Hence [a(x),d(y)]sI' MT'd(y) = {0} for all
xz,y € M and g € I'. Since M is prime, we have [a(x),d(y)]s = 0 or d(y) = 0
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for all z,y € M and 8 € I'. Let K = {y € M|d(y) = 0} and L = {y €
M|[a(x),d(y)] = 0,Yx € M}. Then K and L are both additive subgroups and
KUL= M, but (M +) is not union of two its proper subgroups, which implies
that either K = M or L = M. In the former case, we have d = 0. If L = M, then
[a(z),d(y)] = 0 for all z,y € M. Replacing x by o~ () in the last relation, we
have [z,d(y)] = 0 for all z,y € M. Thus we have d(y) € Z(M). Since d acts as
an endomorphism of M, it follows that d = 0 by Theorem 3.9.

O

Proposition 3.11. Let M be a prime I'-ring and let d be a a-semiderivation on
M. Ifd(M) C Z(M), then d =0 or M is commutative.

Proof. By hypothesis, we have d(zyy) € Z(M) for all z,y € M and v € T". That
is, d(z)vg(y) + a(x)yd(y) € Z(M) for all z,y € M and v € I'. Commuting this
term with x, we obtain

= [d(z)vg(y) + a(z)vd(y), =]
= [d(z)v9(y), z]s + [a(z)vd(y), 7]
= d(z)v[g9(y), 7] + [d(x), 2]p7g(y) + a(z)v[d(y), 7] + [a(), 2] g7d(y).

Since d(z) € Z (M), we have d(z)v[g(y), z]g+ [a(x), z]gyd(y) = 0 for all z,y € M
and 3,7 € I'. Replacing = by «(z) in this relation, we obtain

d(a(z))v[g(y), o(z)]g =0

for all z,y € M and v, 8 € I'. Since ¢ is onto, we have d(a(x))v[y, a(z)]z = 0 for
all z,y € M and v, § € T'. Taking ydz instead of y with z € M in the last relation,
we obtain d(a(z))yyd[z, a(x)]s = 0 for all z,y,z € M and ~, 5,0 € I'. Replacing
x by a™(z) in the last relation, we have d(z)I MT [z, z]z = {0} for all z,2 € M
and € I'. Since M is prime, we have d(z) = 0 or [z, 2|z = 0 for all z,y € M and
peTl. Let K={z € M|dlz) =0} and L = {z € M|[z,2] = 0,Vz € M}. Then
K and L are both additive subgroups and K U L = M, but (M, +) is not union
of two its proper subgroups, which implies that either K = M or L = M. In the
former case, we have d(z) = 0 for all x € M, that is, d = 0. If L = M, then we
get [z,z] =0 for all z,z € M, which implies that M is commutative.

]

Theorem 3.12. Let d be an a-semiderivation associated with g on a I'-ring M
such that g is an automorphism of M. If d([x,y],) = a([z,y],) for all x,y € M
and v € I', then d =0 or M is commutative.

Proof. By hypothesis, we have
d([z,y]y) = a(lz,yl],), Yo,y e M,y eT. (3.11)

Replacing y by 8y in (11), we have d([z, z8y|,) = a([z,zBy|,) for all x,y € M
and v, 8 € I', which implies that d(z)3g([z, y],)+a(z)Bd([z,y],) = a(z)Ba([z, y],)
for all z,y € M and v,8 € I'. Using (11), we get d(z)Bg([z,y],) = 0 for
all x;y € M and v, € I'. Taking ydx instead of x in this relation, we have
d(z)Bg(y)dg([x,yly) = 0 for all z,y € M and ~, 5,0 € I'. Since ¢ is an automor-
phism of M, we get d(z)['MTg([x,y],) = {0} for all z,y € M and € I'. Since
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M is prime, we have d(z) = 0 or ¢g([z,y],) = 0 for all z,y € M and v € T". Let
K = {x € M|d(z) = 0} and L = {z € M|g([z,y],) = 0,Vy € M}. Then K
and L are both additive subgroups and K U L = M, but (M, +) is not union of
two its proper subgroups, which implies that either K\ = M or L = M. In the
former case, we have d(z) = 0 for all x € M, that is, d = 0. If L = M, then
we get g([z,yl,) = 0 for all z,y € M. Since g is onto, we have [z,y], = 0 for all
x,y € M, which implies that M is commutative.

O

Theorem 3.13. Let d be an a-semiderivation associated with g on a I'-ring M
such that g is an automorphism of M. If d(z o y,) = a(x o y), for all x,y € M
and v € I', then d =0 or M is commutative.

Proof. By hypothesis, we have
dlzxoy,) =a(zroy),, YVe,ye M,yeTl. (3.12)

Replacing y by x4y in (12), we have d((zoxfy),) = a((zozfy),) forall z,y € M
and v, 8 € I', which implies that d(x)Bg(xoy),+a(x)Bd(zoy), = a(z)Ba(zoy),
forallz,y € M and v, § € I'. Using (12), we get d(x)Bg(xzoy), = 0forallz,y € M
and v, 8 € I'. Taking ydx instead of x in this relation, we have d(z)B¢(y)dg(z o
y)y = 0 for all z,y € M and ~, 3, € I'. Since g is an automorphism of M, we
get d(x)I'MT'g(x o y), = {0} for all z,y € M and v € I'. Since M is prime,
we have d(xz) =0 or g(zroy), =0 for all z,y € M and v € T. Let K = {x €
M|d(x) =0} and L = {z € M|g(x oy), =0,Vy € M}. Then K and L are both
additive subgroups and K U L = M, but (M, +) is not union of two its proper
subgroups, which implies that either K = M or L = M. In the former case, we
have d(z) = 0 for all x € M, that is, d = 0. If L = M, then we get g(zoy), =0
for all x,y € M. Since g is onto, we obtain (x oy), = 0 for all x,y € M and
v € T', which implies that xyy = —yyx for all x,y € M and v € I'. Again,
replacing x by zfz in the last relation, we have xfBzvy = —yvyxSz = xyyfSz for
all z,y,2z € M and §,v € I'. Hence we obtain zf[z,y], = 0 for all z,y,z € M
and /3,7 € I'. This implies MT'[z,y|, = {0} for all y,z € M and v € I". Hence we
have [z,y],I'MT'[z,y], = {0} for all y,z € M and v € I'. Since M is prime, we
have [z,y], = 0, for all y, z € M, which implies that M is commutative.

Il

Theorem 3.14. Let d be a nonzero a-semiderivation associated with g on a I'-
ring M such that g is an automorphism of M. If d([x,y],) = a(—xfy + ypz) for
all x,y € M and v, € I, then M is commutative.

Proof. By hypothesis, we have
d([z,y]y) = a(—xBy +ybz), ¥ x,y € M,y €T. (3.13)

Replacing y by zdy in (13), we have d([z,zdyl,) = a(—zfzdy + xdyPfx) for
all z,y € M and ~,3,§ € I'. Hence d(z6[z,y],) = a(z)a(—zBy + ypz) for all
zr,y € M and v, 3,0 € I', which means that d(z)dg([z,y],) + a(z)dd([z,y],) =
a(x)a(—zPy + yPx) for all z,y € M and 7,5,0 € I'. By using (13), we get
d(z)dg([x,y],) = 0 for all z,y € M and v,0 € I'. Taking yfBz instead of x in the
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last relation, we have d(x)dg(y)Bg([z,y],) = 0 for all x,y € M and ~v,5,6 € T.
Since g is an automorphism of M, we get d(z)I'MT'g([z,y],) = {0} forallz,y € M
and vy € I'. By the fact that M is prime, we get d(z) = 0 or g([z,y],) = 0 for all
xz,y € M and v € I'. But d # 0, and so g([z,y],) =0 for all z,y € M and y € I.
Since g is an automorphism of M, we have [z,y], =0, forall z,y € M and vy € T,
which implies that M is commutative.

O

Theorem 3.15. Let d be a nonzero a-semiderivation associated with g on a I'-
ring M. If [d(z), a(y)], = 0 for all z,y € M and v € I, then M is commutative.
Proof. By hypothesis, we have
[dx),a(y)ly =0, ¥V 2,y € M,y €T. (3.14)

Replacing = by yfz in (14) and using (14), we get
0 = [d(yBz), a(y)],

= [d(y)Bg(z) +

= [d(y)Bg(x), a(y)]

= d(y)Blg(x), ay)ly

= d(y)Blg(z), a(y)]y (3.15)
for all z,y € M and ~, 8 € I'. Taking yoz instead of y in (15), we have

d(y)Ba(y)dlg(z), a(z)ly =0

for all x,y,z € M and (3,0,y € I'. This implies that d(y)I'MT[g(z), a(2)], = {0}
for all z, 2 € M and vy € I'. Since M is prime, we get d(y) = 0 or [g(z), a(2)], =0
for all z,y,z € M. But d # 0, and so [g(z),a(2)], =0 forall z,z € M and y € I.
Replacing z by a™!(z) in the last relation, we have [g(z),z], =0 for all z,z € M

and v € I'. Since g is onto, we have [z, z], = 0 for all z,z € M and v € I', which
implies that M is commutative.

a(y)Bd(x), a(y)],
)y + [a(y)Bd(z), a(y)],
)y + [d(z), a(y)],Bg(z) + a(y)Bld(x), a(y)] + [(y), a(y)],Bd(x)

Q
=

fy+
+

0J

Theorem 3.16. Let d be a nonzero a-semiderivation associated with g on a I'-
ring M. If (d(z)oa(y))y =0 for allz,y € M and v € I, then M is commutative.

Proof. By hypothesis, we have
(d(z)oa(y))y =0, Va,ye M,yeT. (3.16)
Replacing z by yfx in (16) and using (16), we get
0 = (d(yBr), aly)),
= (d(y)By(z) + aly)fd(z), a(y)),
= (d(y)Bg(x) o a(y))y + (aly)Bd(y) o a(y)),
= (d(y) o a(y)),Bg(x) + d(y)Bly(x), a(y)ly + aly)B(d(y) o aly)) — [aly), a(y)],Ld(y)
= d(y)Blg(x), a(y)], (3.17)

forallz,y € M and v, 8 € T. Replacing y by o~ !(y) in (17), we have d(y)S[g(z), y], =
0 forall z,y € M and 3,7 € I'. Substituting ydz for y in the last relation, we have

+
+
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d(y)Sydlg(x), z], = 0forallz,y, 2 € M and 3,9, € I'. Hence d(y)I' MT'[g(z), 2], =
{0} for all z,y,z € M and y € I'. Since M is prime, we have d(y) = 0 or
lg(z), 2], =0 for all x,y,z € M and v € I'. But d # 0, and so [¢g(z), 2], = 0 for
all 2,z € M and v € I'. Since g is onto, we have [z, 2], = 0 for all x,z € M and

~v € I', which implies that M is commutative.
O
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