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ON MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF
A HOMOGENEOUS TREE

HERVE ATCHE MILAN 1* AND IBRAHIMA TOURE?

ABSTRACT. Let T,, be a homogeneous rooted tree, let K be a subgroup of
Aut(Ty ), the group of automorphisms of Ty ,,, and let 7, ¢ be a unitary irre-
ducible representation of K. In this paper, we construct some multiplicity-free
irreducible representations of Aut(T,,). We also give a necessary condition for
(Aut(Ty ), K) to be a strong Gelfand pair.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. Multiplicity-free representations appear in various contexts
of mathematics. A distinguishing feature of multiplicity-free representation is
that the representation space decomposes canonically into irreducibles. Also, the
multiplicity-free involves the commutativity of some group algebras. Indeed, if G
is a finite group and K a subgroup of G, the convolution algebra L(K\G/K) of
bi- K-invariant functions is commutative if only if the quasi-regular representation
Ind$ (1) is multiplicity-free. In this case, the pair (G, K) is called a Gelfand
pair [8]. The notion of the Gelfand pair has been extended to commutative
triples. A triple (G, K, 1) is commutative if the algebra L(G, K, T, 7) of 7-radial
functions on G is commutative for the convolution product. It is shown [10], in
this condition, that the induced representation Ind%r is multiplicity-free. We
can notice that the one-dimensional trivial representation of K is replaced by a
non-trivial unitary irreducible representation 7. The notion of commutative triple
has been studied by many authors for infinite groups [, 11, 22| and finite groups
[1, 10]. In this paper, our goal is to construct some multiplicity-free induced
representations or equivalently some commutative triples on a homogeneous tree.
From the work of Grigorchuck introduced in 1980 [17, 18], we can notice that
the study of trees has been extended to many areas of mathematics [21, 10].
The study of trees has many applications for instance in dynamical systems [3],
geometric groups [7], statistics and probability [¢]. When the action of the group
of automorphisms of a homogeneous tree Aut(T,,,) on the space of the leaves 3"
is 2-point homogeneous, the pair (Aut(T,,), Stabauyr,.,)(0")) is a Gelfand pair
[¢]. The main question is: ” can we obtain a subgroup K of Aut(7},,) and a
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unitary irreducible representation 7 of K such that 1 nd?}m(Tq’”)T is multiplicity-

free? 7 Our purpose is to investigate this question. The paper is organized as
follows. In the next subsection, we give definitions and notations useful for the
understanding of the paper. In section 2 we obtain some multiplicity-free induced
representations of Aut(Ty,).

1.2. Preliminaries. We use the notations and setup of this subsection in the rest
of the paper without mentioning it. Let G be a finite group, let K be a subgroup of
(G, and let 7 be a unitary irreducible representation of K on the finite-dimensional
vector space V. The induced representation of the representation 7 on G is the
G-representation generally denoted by Ind%r. Its space of realization is:

W={f:G—V/flgk)=7(k"")f(9), VgeG keK}
The action of G on W is given by:
(IndS7)(91)f)(g2) = f(97'92), Vagi,92 € G and f € W.

Let G denote the set of equivalence classes of unitary irreducible representations
of G. The triple (G, K, 7) is commutative if only if for each 7 € G, the multiplicity
of 7 in mk is at most one. The pair (G, K) is a strong Gelfand pair if, for any
7 € K, the triple (G, K,7) is commutative (see [12] ).

Let F be a finite group and let X be a finite set. We denote by F'X the set of
all maps f: X —F. Let us assume that G acts on X. This action induces an
action of G on FX. The set F'X x G equipped with the following multiplication:

(fo)f g) = (fgf 99), Y(f9):(f.9)€F =G
where (f.gf )(z) = f(z)f (97'2), VaeX,
is a group ( see [9]). The identity element is (1g,15) and the inverse of (f,g) is
given by (¢7'f~!, ¢ 1). This group is called the wreath product of F' by G with
respect to X and is denoted by FixG or by F ! G if there is no confusion on X.
The subgroup

FX ={(f1c) : f € F*}
is called the base group. It is naturally identified with FX. The subgroup
diagF'X := {f € FX : f is constant on X} is isomorphic to F' and called the
diagonal subgroup of the base group ( see [9]). When G is replaced by the per-
mutation group S, and we take X = {0, 1,...,¢ — 1} the wreath product F1 .5, is
defined by:
F1S,={(h;o)/ h{0,1,..q — 1} — F, 0 € 5,}.

The base group F := {(h;1g,)/ h :{0,1,...¢ — 1} — F} is a normal subgroup
of F'1.5, and is the direct product of ¢ copies of F'. It is denoted by F9. The
elements of diagF are of the form: (h;1g,) = (h(0),h(1),...,h(g — 1);1g,) =
(f, fs-s [31g,). We deduce that diagF is isomorphic to F' and we write:

diagF = {(f. . fi1s,) /| | € F}.

The complement of the base group is:

S, ={(e;0)/ o €8, Vie{0;1;..;9—1}, e(i) =1g,}.
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S; is isomorphic to S, and (diagf)xS; ={(f,f,...f;0)/f € F,o € S;}. So,
F1S, = F1x S, (for more details about F'?.S,, the reader can consult [19] ).

Let N be a normal subgroup of G and p € G/N. An inflation representation p of
p is the unitary representation of G defined by: p(g) = p(gN), for all g € G.
An extension of 7 € K is the representation of G denoted 7 such that the restric-
tion of 7 to K is equal to 7.

Let (o,V) and (p, W) be two representations of GG. The inner tensor product of
o and p is the representation of G on V ® W, defined by:

(c®@p)(g)(vew)=0(g)v @ p(g)w, forallge G,veV, weWV.

We denote it by o ® p.

Let (o,V) be a representation of Gy and (p, W) be a representation of Go. The
outer tensor product of o and p is the representation of (Gy x G3) on V@ W,
defined by:

(e X p)(g1,92)(v@w) = 0(g91)v @ p(ge)w, forall gy € Gi, go € G2, v €V,
w e W.

We denote it by o X p.

If p is an irreducible representation of F, then the tensor representation p¥? =
pXRpK...Kpof F?is irreducible (see [9],[23] ).

Let ¢ E N. A composition of ¢ of length ¢ is the t-uple A = (q¢1, g, ..., q;) such

that qu =q with ¢ € N. If ¢4 > ¢ > ... > ¢, then X is a partition of q.

We erte A q. It is well known that the irreducible representations of S, are
labelled by integer partitions of ¢ ( see [20] ). Therefore, we denote by SA the
irreducible representation associated with the partition A. Let (q1,¢2, ..., q) be a
composition of ¢. If ry F qq;...;7 F ¢, then (rq,...,7) is a multipartition of ¢.
We denote it by (rq,...,7¢) IF q.

If p1, ..., pt is the complete list of pairwise inequivalent irreducible representations
of F, (¢1,42, -, qt) & Composition of length t of ¢ and (r1,...,7) IF ¢ a multiparti-

tion of ¢, then ]nd s xSy )(p?q’1 X.. @pgqt) (SX...XS™) is an irreducible

representation of FZS (see [ 1,[13],[23]).

Let ¥ = {0;1;...;q — 1}7 where ¢ € N*. We call the set X the alphabet. A word
over ¥ of length £ is a sequence w = 0103...0; where g; € X fort = 1,....k. The set
of all the words of length n is denoted by ¥". A graph is a pair (X, F) consisting
of a set of vertices X and a family E of two-element subsets of X, called edges [2].
A tree is a connected graph without circuits. A tree is said to be rooted if it has
a fixed vertex called the root of the tree. The root is denoted by (). Two vertices
x,y are neighbours, and we write z~ y if they are connected by an edge. The
degree of a vertex x is the number of its neighbours. A leaf is a vertex of degree
one. On a tree, we define a distance from two vertices x and y as the length of
the shortest path joining x and y. The distance between x and y is denoted by
d(x,y). A homogeneous tree is a tree where all the vertices which are not leaves
have the same degree ( For more details about a homogeneous tree see [15, 8, 0]).
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In this paper, we are interested in finite the homogeneous rooted trees. We de-
note by T, ,, a finite homogeneous rooted tree whose root is of degree q and the
distance from the root to a leaf is n. We designate by Aut(T,,) the group of
automorphisms of the homogeneous rooted tree Ty ,,. We have

Aut(Tq,n) = Aut(Tq,Ln,l) X ..o X Aut(Tq,Ln,l) X Sq = (Aut(Tq,l,n,l))q X Sq

J

TV
qfactors

(see [11]). Also from ([9, 13]) we have for n > 2,
Aut(Tq,Ln,1> = Sqfl l Sqfl... ! Sq,L and Aut(Tq,n) = AUt(qul,nfl) l Sq .

(n—1) factors

2. MULTIPLICITY-FREE INDUCED REPRESENTATIONS

Using proposition 3.12 ([23], page 15), we have

Proposition 2.1. Let ¢ be an integer less than q and let o1, ...,00 be the com-
plete list of pairwise inequivalent irreducible representations of Aut(Ty_1,-1). Let
(q1,---,q¢) be a composition of q and let o = (ay, ..., ) be a multipartition of q.
A representation m, . of Aut(1,,) is defined by:

Aut(Ty,n) " ®a Tor " R Ta,
7Tq,o¢ = [ndAUt(TZ—I,n—l)l(Sql><-~~><Sqe) (0‘1 q1 ® S 1) &...&(0‘8 qe ® S Z).

Throughout the rest of the paper, we set (% = O'qui ®S%i for i € (1, 2,...,¢) and
G = oM@ST for j € (1, 2,....0).

Remark 2.2. The set {ng 4 / B is some integer composition of length ¢ of ¢, ¢
is a multipartition of ¢ } is a complete list of the irreducible representations of

Aut(T,, ) (see [23] ).

The following result is a special case of the Littlewood-Richardson rule for a
wreath product. Considering a certain partition of ¢, we obtain a multiplicity-free
representation of G 1.S,. In all that follows, we assume that ¢ is less than g.

Theorem 2.3. Let G be a finite group, let ({,q — {) be a composition of q, let
(1,...,1) F £ be a partition of €, let § = (q — €) be a partition of (q — {) and, let
0h. X OU" be a representation of G (Sy x Sy_g). Then:

S, oy
]ndGz(Sexsq,g) (@fl,...,l) Xoej ') = @@qﬁ

Brq

Proof. Let o be a unitary irreducible representation of G. We have

G1Sq ¢ AN G5, RE o Q1)

—_—

(7560 & 57))
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- Indgisgéxs é)((afg@ R 20 0) &
(5(1 ----- X 59))
—In d (Szxsq Z)((U&Q)@)(S(l 77777 )
@S‘S))

GiS, G1S,
=1In dstszqu [((Resezszxazsq_g(
7)) (ST & )
= 0% @ Indy, g (S0-D K S).

Moreover, thanks to corollary 3.7 ([20], page 105) if &, is a permutation represen-
tation then:

Se o1, _ Sq
IndS/ZXSq—/Z<S(1 g K Sd) - IndSzXSq—z (gf X Sé)

= ) 9%

Brq

Hence

-----

HROI) = oMY s
Brq

= ) (0% ® 5P)

Brq

= ) o

Brq

L
Ind ZXS Z)(G(l

In the following result, we obtain a multiplicity-free representation of

Aut( q—1n— 1)ZSq.

Theorem 2.4. Let o0, ...,04 be a set of all pairwise inequivalent irreducible repre-
sentations of Aut(T,—1,-1), let (1,...,1) ; (11, ...,7¢) and (1471, ..., 14+714) be some
compositions of respectively ¢, (¢ — ) and q, let (1,...,1) IF £ be a multipartition
of € and let & = (61, ...,0¢) IF (g — £) be a multipartition of ¢ — {. Then:

Aut(T, n—1)15 .
Ind gt s (O, B0 = P 6,

vikq
Aut(Ty 1.1 )15, , , ,
where O, IndAZt T in 32(élx xS1) ('R . R and
AUt q n )ZS T T T
O¢=In dAut T 1)(5 . s Gy BGG) B BAGs).

Proof. Let us set:

K = Aut(Tq 1n— 1) (Sg X Sq g) Aut(Tq,Ln,l) 1Sy ;

K2 A'U,t( g—1n— 1>2Sq ? F1 Aut( g—1n— 1) (Sl X ... X Sl) ;
AUt( q—1,n— 1) (STl XX SW) )

H Aut( q—1,n— 1) (Sl X S?“1) X ... X Aut( q—1,n— 1) (Sl X S""e) ;

H Aut( q—1n— 1) (Sl X S”) fOI' 1€ {]_, g} and
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E = Aut( q—1n— 1) (SI+T1 X ... X 51+T[).

Thanks to proposition 2, we have
Au Tq n Sq Aut qu n— Sq s
In dAui(Tq 1,1 1;§(Sg><5q Z)(@(l 1) &95) = Indy (ot (I”dﬁl(dl
MG?PR . KGR Indg? (GR
G M. G))
Aut(Ty—1,n—1 )15
— Ind" S (Indk g (
GTRGTRLCRGT)R(G
MG W RGG))
Aut(Ty—1,n—1)15g
= Indg (G R GH
5. B¢ ) B9 (¢! G2 ). B GG))
[ dA’u,t Tq 1,n— 1 ZS ((Cl ].IE
= 1

GHR..R(GTREG)

_[ dAUt i 1)2&;] dg1>< XH@(

(G'RGHR.LR(GREG).

.....

So,
Aut n—1)15q Aut(Tg—1,n—1)15 Aut(T n—1)S14r
IndAutETZ in 1;(S[><Sq,g)<®( ..... 1)&95) =1In d g—1,n-1) (I d a—1,n—1)0S1+ 1(
1 BIG) B. 8 I
N4 T
GIRGH)).
According to theorem 2.3, we have for any ¢ € {1,...,¢}
Aut(T, n—1)US14r, 1, i .
In dAut TZ 171 1)251;5' ( 1 &c&i) - @ .,
V1|—(1+Ti)
hence
IndpTamtn=1 0,,) K .. K ( 0
nd (D em."(H )= D - D
1/1F 1+T1) I/gF 1+T‘g) V1F(1+T‘1) UgF 1+7’g)
IndyTatn=10 g 1
.X0e,,)
- @e.
vikFq

As a consequence of theorem 2.4, we have the following remark.

Remark 2.5. Let Aut(T,,,) be the group of automorphisms of the homogeneous
rooted tree T, and let Aut(T,—1,-1) (S x S;—¢) be a subgroup of Aut(T,,,).
Considering the representation 7,0 = (O,..,1)XO¢) of Aut(T;—1,-1)2(Se X Sq—r),
the triple (Aut(T,.), Aut(Ty—1,-1) L(Se X Sy—s), Tqe) i commutative.
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Using Theorem 4.1 in [5], we deduce the following remark.

Remark 2.6. Let ¢ > 2, let Aut(T,,) be the group of automorphisms of the
homogeneous rooted tree Ty, and let Aut(T,—1.5-1)2(Se % Sy—¢) be a subgroup of
Aut(Ty,,). If ¢ = g—1 or £ = ¢—2 then the pair (Aut(T,,) , Aut(Ty—1,,-1)(Se X

Sq—r)) is a strong Gelfand pair. So, if ¢ =¢—1or ¢ = q—2 for cach representation 7
Aut(Tq,n)

of Aut(T,_1,,-1)2(Sr x Sy—¢), the induced representation ]ndAut (To e USexSq_e)T

is multiplicity-free.

According to [%], Aut(T,,) acts on each vertex x of T}, and the action is
defined by:

g(iL’) = g(xlexn) = g@(xl)gm1 ($2)-"gz1x2...xn_1 (In)7
for all g € Aut(T,,), © = v129....0, € Ty
Let us designate by Stabau(r, .)(v) the stabilizer of . We have the following
result.

Theorem 2.7. Let 3! be the first level of the homogeneous rooted tree T, and
zg € X' Then Stabauyr,,)(z0) = Aut(Ty—1,n-1)-

Proof. Suppose that x( is a vertex of X! and g € Stab Aut(T,.) (To). By definition
of the stabilizer, g(zo) = o, hence zy is the root of the subtree T}, of
the homogeneous rooted tree T,,. Hence g € Aut(T,_1,-1) and consequently
Stabaui(r, ) (®0) C Aut(Ty—1,—1). Conversely, assume that g € Aut(Ty_1,-1).
Any vertex xp € X! is the root of the subtree Ty—1n-1 therefore g(zg) = .
We deduce that g € StabAut(Tq_Ln_l)(xo). Moreover, any automorphism of a
subtree T;_; ,—1 is an automorphism of the tree T3, so g € Stabau(r, ) (7o) and
Aut(Ty—1n—1) C Stabauyr,,)(70). Consequently

St@bAut Tqﬂﬂ(l’o) Aut(Tq 1,n— 1) O

In the next result, we identify the stabilizer of a leaf of a homogeneous rooted
tree T, with some wreath product.

Theorem 2.8. Let z125...x, be a leaf of the homogeneous rooted tree Ty,. We
have Stabsuyr, ) (T172...70,) = (Aut(Ty_1 o) X Aut(Ty_1 5—3) X ... X Aut(Tf—1,1) X
S1) 0Sg-1.

Proof. By definition,
Stabaui(r, ) (0122..2n) = {g € Aut(T,) : g(@122...20) = T1T9...T }.
= {g € Aut(Tyn) : 90(21) 92, (2) - Grrwz.ns (Tn) =
T1To... Ty )
Therefore,

9@@1) = T1;
Gy (T2) = T3

gmlzg...mn,g («rn—l) = Tn-1;
gl‘l‘TQ...:En,l (xn) - I?’L'
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Moreover, gg is a permutation induced by ¢ on the first level of the rooted tree

T, n, hence gy is an automorphism of the subtree T;_;,_;. Similarly, g,, is a

permutation induced by g on the first level of the subtree rooted in gy(z;) that is
gz, is an automorphism of the tree T,_; ,,_2. So on and using the same reasoning,
Gz1as..z, o 18 an automorphism of Aut(7,_; ). Let us consider the map:

¢ : Stabawr,,)(T1.-.7n) — Aut(Ty_1p-1) X ... x Aut(Ti-1,1)
g = (905 921> s Grren.no)

¢ is injective.
Indeed, let g € Stabauyr, ) (2122...2,) and h € Stabayyr, ) (T122...2,) such that
¢(g) = ¢(h) Then (9@795017 '--7gx1x2...xn_2) = (h(ba hxla ) hx1x2...zn_2) hence

g0 = hy;

9r122.. 02 = hxwz---ﬂcn—z

soh =g.

Also, ¢ is surjective by construction. Thus ¢ is bijective. Therefore
StabAut(Tqyn)(xlxg...xn) = AUt(Tq—l,n—l) X AUt(Tq_Ln_Q) X ... X Aut(Tq_Ll). Since
Aut(Tq,Ln,l) = Sq,1 ... Sq,1 )

~—_—————

(n—1)

Aut(Tq_Ln_g): Sq_l L. ! Sq_l;
~—_————

(n—2)

Aut(Ty12) = Sq-108-1;
Aut(Tq_Ll) = Sq_l
then
StabAut(Tq’n)(fl?1$2...[En) = (§Q_1 L. Sq—l) X (?q—l ... Sq—l) X ...

/

-~ -~

(n—1) (n—2)
X (Sg-1154-1) X Sg1
= (Sg—1 0 1Sg-1 X Sg1 0o Vg1 X
(n—2) (n—3)
X Sg—1 %X S1) US4-1
= (Aut(Ty—1n—2) x Aut(Ty—1,-3) X ...X
Aut(T,—11) x S1) 1541
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Corollary 2.9. Let 000...0 = 0™ be the leftmost leaf of the homogeneous rooted
—

tree Tg. Then Stabauyr,,)(0™) = (Aut(Ty—1,n—2) X Aut(Ty_1 p—g) ¥...x Aut(T{_1,1) ¥
S1) 0Sg-1.

The following result proves that there exists a representation p of Stabau(r, ) (0™)

such that In dA“t Tan)

Stabaunr, ) (07) P is multiplicity free.
ut q,n

Theorem 2.10. Let Aut(1,,) be the group of automorphisms of the homogeneous
rooted tree Ty, let Stabaur, ) (0™) be a subgroup of Aut(T,y,), C; ;i=1,...,n—2
be a unitary irreducible representatwn of Aut(T,, —(i+1) ) L Sq—1 and let D be a

representation of S;_1. Then, Ind‘;gbfq;; M) (C’lﬁ...&C’n_Q&D) is multiplicity-
u q,n

free.

Proof. According to corollary 2.9, we have

StabAut(Tq,n) (On) = (Aut(Tq—l,n—Q) XAUt(Tq_Ln_g) X... XAUt(Tq_Ll) X Sl)ZSq_l. Let
us denote by o7, ..., 0y, a set of pairwise inequivalent irreducible representations
of Aut(Ty—1p—(i1)) fori=1,...,n — 2. We set:

Hl (A'th( q—1,n— 2) X AUt( q—1,n— 3) . X Aut( q— 11) X Sl) ! Sq 1
—Aut(qln 2)28 1><Aut(q1n 3)2Sq1>< X
Aut( g—1 1) l Sq,1 X Sqfl.

H2 = Aut(Tq,Ln,g) ! (Sgl X Sq,glfl) X ... X Aut(Tq,l,l) ! (Sgn_Q X Sq,gn_Qfl) X Sqfl.

Hy = Aut(Ty—1,n-2) U(S14ar X v X SH%) X oo X Aut(Ty-1,1) 1 (Syqn2 X .

XSH—& 7)XS‘11

Hy = Aut(Ty—1n—2) L (S X Sat X o X S X Sa% ) X oo X Aut(Ty—11) L (S Sa;‘—QX
. X Sl X Sazl72 ) X Sq—1~

We have,
Aut Ton Aut (T, n
In dStabAit(; )(on)(cl X..XC, 2 X D)= Indy, T )(Cl X..XC,,XD)
where
o Aut(T —1,n— )ZS — Aut(T —1,n—2)2S£ —_—
Cr = Ind gy e xSy ) UM, i(sixxsy (01 @S KK

—_——
—~—

Aut(Tg—1,n—2)08q—0; -1

Y ~1n-2)Sg—; - Mol _ T A —
(05 @ S1)) K Ind g,y (S xxs,, )01 ©ST) K. K (0, 1 ®Sh));
1 2
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Aut (T, 1Sy Aut(Tg—1,1)2S,, e
C. 5= Ind a—1,1)18¢—1 )(IndAut(TZ 11)2(Slx2 xsl)( 2K1 ®Sl)

Aut(Ty—1,1) (Szn_gxsqfln—Qfl
~ _ Aut(Ty_1.1 08 2Raf 2 T2
n—281 1 g- Lt/ etn 2=l A '
(o] e S ))&(]ndAuth NS, p 2 XS (0 ® 5K
en 2
n— 2&&2} 22

For j =1,...,n — 2, setting:

Aut(T, g—1ln—1— ])ZSZ

(T, gl /—\gll J—
Aut(Ty—1,n—1- ])2(S1>< ><51)( oy ®Sl)® ﬁ( ' ®Sl)
(T.
(T.

g—1ln—1— ])ZSZ /

B

qg—1ln—1— ])2(S1>< XSl) .77

Aj = Ind,

Aut(T,
=Ind,  r

—~——
—_—

e S E LR (3,

j@az J

S

Aut(Tg—1,n—1-j 1S, 21
A = Ind Ta 7
Aut(Tq 1,n—1— ])Z(S ] X.. XS

Tg—1,n—1-Sq— £j-1 "

Aut(T,
= Ind B

Aut(Ty—1,n—1— ])Z(S]X XS i)
.7

we obtain:

In dAut(an (C X.XC,_ Q&D) —In dAut(Tq 1,n—1)1Sq (I dAut Tg—1,n—2)1S¢—1

Aut(Ty—1,n—2) (S[leq,glfl)

(A, KA. K Ind Tt N

Aut(Tg—1,1)USe,,_o XSq—t,, _o—
A, , KA )R D)
_ Indg?t(nﬂ,m)zsqmdg;(A’l KA)K ... X(
A KA XD
_ Indgzt(Tq—mA)ZSq (A’l X A'l') X .. X(
A KA XD

Aut(Tq 1,n—1)05g Aut(Ty—1,n—2 ZSZI
= Indy (In dAut Ty 1m (S0 Bl

5 IndAut a—1,n—2)8g—e; -1 Bl) X..X (

Aut(Tg—1,n— z)Z(Sa%X...XSal )

4
AUt( q— 11)1 lp_o
Ind gy, sy Ba-2
AU‘t(Tq 11)2 q—Lp_o—1 "
I dAut( Ty— 11)3( n 9X.. XS? 5 )Bn,2>®D
n—2

Let us set:
E = Aut(Ty—1,-2) 1 (51 X .. x S X Sat X oo X Sg1 ) X o x Aut(T,—11) 1 (S1 X ..

4
51 X Sgn-2 X .. X Sgn- 22) X Sg-1.
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Then we have
Indy T (O ) .. R Cp_y B D) = Indy" """ %1(B R B]) K .. K (B,,_,X
B )X D.
= Indy "= gl (B R BY) K ..K
(B, ,®X B, ,)XD.

that is
Aut(Tg—1,n—2)U(S 1tal

Aut Tq 1,n— 2)2(S1><S 1>< ><51><S 1 )
£y

1X.. XSl+a )

Indy" " (Cy R ... R Cp_y ® D) = Indy 1= (Ing

Aut(Tq_1 1)2( n_2><...><51+ ? 2 )

Aut(Tq 11)2(S1><S n 2 X.. ><Sl><S n—2o )
)

B,XB))X..X (Ind
B _,XB _,)XD.
Moreover, if we set:
Fl Aut( g-1n-2) L(S1a1 X oo X SHQ%I) and
Aut( q—1,n— 2) (Sl X Sa% X ... X Sl X Sa% ) then,

Ind2 B, ® B} = Indf (6™ @ SHR ... ¥ (15 @ §1)) K (0] @ S1) ®

— Indf (6™ @ SN ® (0™ @ §T) K ... K (012! @ 51K

1
1X¥a,

(0, @ 8™))

which can be written as:

ATyt 201y 0) Gy < Tl
Indi By R B} = Ind s (017 @ ST R (0] @ 571)

ay

—_—

Aut(Tg—1,n—2)US,

1) J— 1Xal s
X .. B Ind g 2>z<slxs“1 )(a,gm ® S K (o, " ®@85™)

or

Aut(Ty 1,205, 4 01) P —
Indf By R BY = Ind,y,, " i )(amH 19 SITRST)R..K

Aut(Ty—1,n— 2)?(S1+a ) 1&1+O‘Z —
In dAUt( Tg—1,n—2) (S1><S 1 )(Uel '@ STX S 41)

« @ N14ab
= (o™ @ In dSﬁ;lSl@srl)g (o,

S+Zl 1 T‘l}
Indg, 5!, S'BIS™).

£

Also,
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s ) Siial 1 ;
IndSHal Sl S — @ SP1 and Indg e S'RS™ = @ §7

1xXS 1 1XS 1
1 “eq
I (1rad) 61 Hi+a)

1

S _
. Kl+al 14al 1 1K1+al 1
that is o, '@ Indg ¢ STRST =0 '® @ Sh1 and
“1

BiF(1+al)

S

1+al 1 1X1+al a1
Indg ¢ S'WSh =0 e @
“ B F(1+a})
Therefore:

/ " 1 — 1X1+ 1 1
mdgBRB = P (o MeshHR..8 P (0 resh)
BiF(1+al) B F(tag)

1 = 1K1+ap 3l
- @ @ (M PR LR (o, 0 ®S%h)
BiF(+ay) By F(teg )
- D A
(8,88 Fa—1
1 — 1K1+a} T
where A; = (oili@ SAYX ... X (0, ) 5P,
Using the same method, we obtain:
Aut(quLl)Z(Slea,fo X"'X81+a?7722) ) .
IndAut(quLl)Z(Sl XSan,Q x...xSlean,g )BW*Q g Bn*2 = @ An—2
1 Lp—2 (5?_2 ..... B?n—fz)wq_l
_ n-2 @ —— n—2K1+af 2 n—2
where A, 5 = (0} e " g8 KR K (o4, 2 S’B"n%).

Consequently, we have

Tnd e (Tan) (C;R..KC, , K D)= [ndf;ft(Tq’")(Cl X..XC, X D)

StabAut(Tqyn)(On)
TSy A
(8L Bl Fa—1

LK b A ® P SY

n—2 n—2 _ Ag—1
(B2 872 g1 q

S Y <> S <>

(BleBl)Fa=1 (872,872 g1 AFq—1

Indy ™m0 (0 KL KA, K SY).
O
We deduce from this result, that the induced representation of Stab gz, ) (0™)

on Aut(T,,) is multiplicity-free, so the triple (Aut(Ty,), Stabaur,,)(0"), C1 X
..X¥C,_o K D) is commutative.
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We are now interested in the triple (Aut(Ty,), Stabawyr, ) (X"), 7) where
7= (0¥ ®S)K.. KX (B g ).

Theorem 2.11. Let X' be the first level of the homogeneous rooted tree T,
Then, Stabauyr, ) (E") = (Aut(Ty—1,-1))"

Proof. The vertices of ¥! are 0;1;2; ...; g—1. Thanks to theorem 2.7, Stab gu(r,.,) (7o)
= Aut(T, 1,,1) for all xy € X'. Moreover, gy is the permutation induced by g
on the first level of the homogeneous tree T ,,. Hence gy is an automorphism of
the subtree T;_; ,_1. It is straightforward to see that the map

w . StabAut(Tq,n)<El) — Aut(Tq,l,n,l) X ... X Aut(Tq,Ln,l)

g — (90, 90, -+ 90)
is bijective. So, Stabaur, ) (E') = (Aut(Ty—1,-1))% O

Theorem 2.12. Let Aut(1,,,) be the group of automorphisms of the homogeneous

rooted tree Ty ,,, let Stabawyr, ,)(3 ) be a subgroup of Aut(T,,) and let T = (cffgi@)
SHK... X (0% @ ST) be a representation of Stabaur, ) (S). Then,

(1) ifg=1o0orq=2, In dngb;t(;n )1();‘915’)7- 18 multiplicity-free.

(2) ifq>2, In d A Ta1n- 1)28)7' is not multiplicity-free.

Sta‘bAut(Tq n) (

Proof. We have proved in theorem 2.11 that Stabauyr,,)(E") = (Aut(Tg—1,-1))%
Also, we have Aut(Ty_1,-1) = Aut(Ty—1,,-1) 1 S1. So it follows that
(Aut(Tq_l,n_l)) (Aut(Ty—1-1) ¢ S1)?. Therefore, we have
(AUt( qg—1,n— 1) Sl>q = Aut(Tq_Ln_l)le . X Aut( g—1,n— 1)251
= A'LLt(Tq 1,n— 1) (Sl . X Sl)

= Aut(T,—1,-1) HSI

q
In the following, we set K = Aut(Ty—1,-1) (H S1). Let o be an irreducible
i=1
representation of Aut(T,-1,-1). We have
Ind a1 (681 @ STY R K (681 @ §T) = Ind" et (g0 R

Mo¥l) @ (STK...KST)

T
SIK ... ST
fU&]@I dA"t q—1,n— 1)5q<
SIX...K ST

= 0% @ Ind, o S'K...KS!
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Moreover, Ind>?, S'X ... XS = Ind: 1uqy = C[S,] and

s {id}
C[S,] = @(dimS’\) S*. Therefore we have:
AFq
B Indy (SRS = oe ((Pdims)S)
a Akq
= P(dims*) (0% @ 3%).
Aq
Hence, Indy %181 @ STY R .. K (071 @ ST) = P (dimS*) (0% @ ).
Akq

Thus,
Aut qg—1,n— I)ZS

(1) if ¢ = 1 or ¢ = 2 then dimS* < 1 for any A I ¢, so]ndAuth Ty S1)

= EB qu ® S* ) and In d‘;:;b;t(;" ;()Zzslq)T is multiplicity-free.
Akq

(2) if ¢ > 2, then dimS* > 1 for some A F ¢, so Ind
multiplicity-free.

T

Aut(Tq, 1,n—1 )qu

T is not
Stabaut(1y ) (E1)

O
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