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ON MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF
A HOMOGENEOUS TREE

HERVÉ ATCHÉ MILAN 1∗ AND IBRAHIMA TOURE2

Abstract. Let Tq,n be a homogeneous rooted tree, let K be a subgroup of
Aut(Tq,n), the group of automorphisms of Tq,n, and let τq,ℓ be a unitary irre-
ducible representation of K. In this paper, we construct some multiplicity-free
irreducible representations of Aut(Tq,n). We also give a necessary condition for
(Aut(Tq,n),K) to be a strong Gelfand pair.

1. Introduction and preliminaries

1.1. Introduction. Multiplicity-free representations appear in various contexts
of mathematics. A distinguishing feature of multiplicity-free representation is
that the representation space decomposes canonically into irreducibles. Also, the
multiplicity-free involves the commutativity of some group algebras. Indeed, if G
is a finite group and K a subgroup of G, the convolution algebra L(K\G/K) of
bi-K-invariant functions is commutative if only if the quasi-regular representation
IndGK(1K) is multiplicity-free. In this case, the pair (G,K) is called a Gelfand
pair [8]. The notion of the Gelfand pair has been extended to commutative
triples. A triple (G,K, τ) is commutative if the algebra L(G,K, τ, τ) of τ -radial
functions on G is commutative for the convolution product. It is shown [10], in
this condition, that the induced representation IndGKτ is multiplicity-free. We
can notice that the one-dimensional trivial representation of K is replaced by a
non-trivial unitary irreducible representation τ . The notion of commutative triple
has been studied by many authors for infinite groups [4, 11, 22] and finite groups
[1, 10]. In this paper, our goal is to construct some multiplicity-free induced
representations or equivalently some commutative triples on a homogeneous tree.
From the work of Grigorchuck introduced in 1980 [17, 18], we can notice that
the study of trees has been extended to many areas of mathematics [21, 16].
The study of trees has many applications for instance in dynamical systems [3],
geometric groups [7], statistics and probability [8]. When the action of the group
of automorphisms of a homogeneous tree Aut(Tq,n) on the space of the leaves Σn

is 2-point homogeneous, the pair (Aut(Tq,n), StabAut(Tq,n)(0
n)) is a Gelfand pair

[8]. The main question is: ” can we obtain a subgroup K of Aut(Tq,n) and a
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unitary irreducible representation τ of K such that Ind
Aut(Tq,n)
K τ is multiplicity-

free? ” Our purpose is to investigate this question. The paper is organized as
follows. In the next subsection, we give definitions and notations useful for the
understanding of the paper. In section 2 we obtain some multiplicity-free induced
representations of Aut(Tq,n).

1.2. Preliminaries. We use the notations and setup of this subsection in the rest
of the paper without mentioning it. LetG be a finite group, letK be a subgroup of
G, and let τ be a unitary irreducible representation of K on the finite-dimensional
vector space V . The induced representation of the representation τ on G is the
G-representation generally denoted by IndGKτ . Its space of realization is:

W = {f : G −→ V / f(gk) = τ(k−1)f(g), ∀g ∈ G, k ∈ K}
The action of G on W is given by:

((IndGKτ)(g1)f)(g2) = f(g−1
1 g2), ∀g1, g2 ∈ G and f ∈ W .

Let Ĝ denote the set of equivalence classes of unitary irreducible representations

of G. The triple (G,K, τ) is commutative if only if for each π ∈ Ĝ, the multiplicity
of τ in π|K is at most one. The pair (G,K) is a strong Gelfand pair if, for any

τ ∈ K̂, the triple (G,K, τ) is commutative (see [12] ).
Let F be a finite group and let X be a finite set. We denote by FX the set of
all maps f : X −→F . Let us assume that G acts on X. This action induces an
action of G on FX . The set FX ×G equipped with the following multiplication:

(f, g)(f
′
, g

′
) = (f.gf

′
, gg

′
), ∀ (f, g) ; (f

′
, g

′
) ∈ FX ×G

where (f.gf
′
)(x) = f(x)f

′
(g−1x), ∀ x ∈ X,

is a group ( see [9]). The identity element is (1F ,1G) and the inverse of (f, g) is
given by (g−1f−1, g−1). This group is called the wreath product of F by G with
respect to X and is denoted by F ≀XG or by F ≀G if there is no confusion on X.
The subgroup

FX = {(f, 1G) : f ∈ FX}
is called the base group. It is naturally identified with FX . The subgroup
diagFX := {f ∈ FX : f is constant on X} is isomorphic to F and called the
diagonal subgroup of the base group ( see [9]). When G is replaced by the per-
mutation group Sq and we take X = {0, 1, ..., q− 1} the wreath product F ≀ Sq is
defined by:

F ≀ Sq = {(h;σ)/ h :{0, 1, ...q − 1} −→ F , σ ∈ Sq}.
The base group F := {(h;1Sq)/ h :{0, 1, ...q − 1} −→ F} is a normal subgroup
of F ≀ Sq and is the direct product of q copies of F . It is denoted by F q. The
elements of diagF are of the form: (h;1Sq) = (h(0), h(1), ..., h(q − 1);1Sq) =

(f, f, ..., f ;1Sq). We deduce that diagF is isomorphic to F and we write:

diagF = {(f, f, ..., f ;1Sq) / f ∈ F}.
The complement of the base group is:

S
′
q := {(e;σ)/ σ ∈ Sq, ∀ i ∈ {0; 1; ...; q − 1}, e(i) = 1Sq}.
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S
′
q is isomorphic to Sq and (diagF )×S ′

q = {(f, f, ..., f ;σ)/f ∈ F, σ ∈ Sq}. So,
F ≀ Sq = F q⋊ Sq (for more details about F ≀ Sq, the reader can consult [19] ).

Let N be a normal subgroup of G and ρ ∈ Ĝ/N . An inflation representation ρ of
ρ is the unitary representation of G defined by: ρ(g) = ρ(gN), for all g ∈ G.

An extension of τ ∈ K̂ is the representation of G denoted τ̃ such that the restric-
tion of τ̃ to K is equal to τ .
Let (σ, V ) and (ρ,W ) be two representations of G. The inner tensor product of
σ and ρ is the representation of G on V ⊗W , defined by:

(σ ⊗ ρ)(g)(v ⊗ w) = σ(g)v ⊗ ρ(g)w, for all g ∈ G, v ∈ V , w ∈ W .

We denote it by σ ⊗ ρ.
Let (σ, V ) be a representation of G1 and (ρ,W ) be a representation of G2. The
outer tensor product of σ and ρ is the representation of (G1 × G2) on V ⊗W ,
defined by:

(σ ⊠ ρ)(g1, g2)(v ⊗ w) = σ(g1)v ⊗ ρ(g2)w, for all g1 ∈ G1, g2 ∈ G2, v ∈ V ,
w ∈ W .

We denote it by σ ⊠ ρ.
If ρ is an irreducible representation of F , then the tensor representation ρ⊠q =
ρ⊠ ρ⊠ ...⊠ ρ of F q is irreducible (see [9],[23] ).
Let q ∈ N. A composition of q of length t is the t-uple λ = (q1, q2, ..., qt) such

that
t∑

i=1

qi = q with qi ∈ N. If q1 ≥ q2 ≥ ... ≥ qt, then λ is a partition of q.

We write λ ⊢ q. It is well known that the irreducible representations of Sq are
labelled by integer partitions of q ( see [20] ). Therefore, we denote by Sλ the
irreducible representation associated with the partition λ. Let (q1, q2, ..., qt) be a
composition of q. If r1 ⊢ q1; ...; rt ⊢ qt, then (r1, ..., rt) is a multipartition of q.
We denote it by (r1, ..., rt) ⊩ q.
If ρ1, ..., ρt is the complete list of pairwise inequivalent irreducible representations
of F , (q1, q2, ..., qt) a composition of length t of q and (r1, ..., rt) ⊩ q a multiparti-

tion of q, then Ind
F ≀Sq

F ≀(Sq1×...×Sqt )
(ρ̃⊠q1

1 ⊠ ...⊠ ρ̃⊠qt
t ) ⊗ (Sr1⊠ ...⊠Srt) is an irreducible

representation of F ≀ Sq (see [5],[13],[23]).
Let Σ = {0; 1; ...; q − 1}, where q ∈ N∗. We call the set Σ the alphabet. A word
over Σ of length k is a sequence ω = σ1σ2...σk where σi ∈ Σ for i = 1,...,k. The set
of all the words of length n is denoted by Σn. A graph is a pair (X,E) consisting
of a set of vertices X and a family E of two-element subsets of X, called edges [2].
A tree is a connected graph without circuits. A tree is said to be rooted if it has
a fixed vertex called the root of the tree. The root is denoted by ∅. Two vertices
x, y are neighbours, and we write x∼ y if they are connected by an edge. The
degree of a vertex x is the number of its neighbours. A leaf is a vertex of degree
one. On a tree, we define a distance from two vertices x and y as the length of
the shortest path joining x and y. The distance between x and y is denoted by
d(x, y). A homogeneous tree is a tree where all the vertices which are not leaves
have the same degree ( For more details about a homogeneous tree see [15, 8, 6]).
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In this paper, we are interested in finite the homogeneous rooted trees. We de-
note by Tq,n a finite homogeneous rooted tree whose root is of degree q and the
distance from the root to a leaf is n. We designate by Aut(Tq,n) the group of
automorphisms of the homogeneous rooted tree Tq,n. We have
Aut(Tq,n) ∼= Aut(Tq−1,n−1)× ...× Aut(Tq−1,n−1)︸ ︷︷ ︸

qfactors

⋊ Sq = (Aut(Tq−1,n−1))
q ⋊ Sq

(see [14]). Also from ([9, 13]) we have for n ⩾ 2,
Aut(Tq−1,n−1) = Sq−1 ≀ Sq−1... ≀ Sq−1︸ ︷︷ ︸

(n−1)factors

and Aut(Tq,n) = Aut(Tq−1,n−1) ≀ Sq .

2. multiplicity-free induced representations

Using proposition 3.12 ([23], page 15), we have

Proposition 2.1. Let ℓ be an integer less than q and let σ1, ..., σℓ be the com-
plete list of pairwise inequivalent irreducible representations of Aut(Tq−1,n−1). Let
(q1, ..., qℓ) be a composition of q and let α = (α1, ..., αℓ) be a multipartition of q.
A representation πq,α of Aut(Tq,n) is defined by:

πq,α = Ind
Aut(Tq,n)

Aut(Tq−1,n−1)≀(Sq1×...×Sqℓ
) (σ̃

⊠q1
1 ⊗ Sα1) ⊠...⊠(σ̃⊠qℓ

ℓ ⊗ Sαℓ).

Throughout the rest of the paper, we set ζqiαi
= σ̃⊠qi

i ⊗Sαi for i ∈ (1, 2,...,ℓ) and

ζ1,j1 = σ̃⊠1
j ⊗S1 for j ∈ (1, 2,...,ℓ).

Remark 2.2. The set {πβ,ϕ / β is some integer composition of length ℓ of q, ϕ
is a multipartition of q } is a complete list of the irreducible representations of
Aut(Tq,n) (see [23] ).

The following result is a special case of the Littlewood-Richardson rule for a
wreath product. Considering a certain partition of q, we obtain a multiplicity-free
representation of G ≀ Sq. In all that follows, we assume that ℓ is less than q.

Theorem 2.3. Let G be a finite group, let (ℓ, q − ℓ) be a composition of q, let
(1, ..., 1) ⊢ ℓ be a partition of ℓ, let δ ⊢ (q − ℓ) be a partition of (q − ℓ) and, let

Θℓ
(1,...,1) ⊠Θq−ℓ

δ be a representation of G ≀ (Sℓ × Sq−ℓ). Then:

Ind
G≀Sq

G≀(Sℓ×Sq−ℓ)
(Θℓ

(1,...,1) ⊠Θq−ℓ
δ ) =

⊕
β⊢q

Θq
β.

Proof. Let σ be a unitary irreducible representation of G. We have

Ind
G≀Sq

G≀(Sℓ×Sq−ℓ)
(Θℓ

(1,...,1) ⊠Θq−ℓ
δ ) = Ind

G≀Sq

G≀(Sℓ×Sq−ℓ)
((σ̃⊠ℓ ⊗ S(1,...,1))⊠

(σ̃⊠(q−ℓ) ⊗ Sδ))
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= Ind
G≀Sq

G≀(Sℓ×Sq−ℓ)
((σ̃⊠ℓ ⊠ σ̃⊠(q−ℓ))⊗

(S(1,...,1) ⊠ Sδ))

= Ind
G≀Sq

G≀(Sℓ×Sq−ℓ)
((σ̃⊠q)⊗ (S(1,...,1)

⊠Sδ))

= Ind
G≀Sq

G≀Sℓ×G≀Sq−ℓ
((Res

G≀Sq

G≀Sℓ×G≀Sq−ℓ
(

σ̃⊠q))⊗ (S(1,...,1) ⊠ Sδ))

= σ̃⊠q ⊗ Ind
Sq

Sℓ×Sq−ℓ
(S(1,...,1) ⊠ Sδ).

Moreover, thanks to corollary 3.7 ([20], page 105) if εℓ is a permutation represen-
tation then:

Ind
Sq

Sℓ×Sq−ℓ
(S(1,...,1) ⊠ Sδ) = Ind

Sq

Sℓ×Sq−ℓ
(εℓ ⊠ Sδ)

=
∑
β⊢q

Sβ.

Hence

Ind
G≀Sq

G≀(Sℓ×Sq−ℓ)
(Θℓ

(1,...,1) ⊠Θq−ℓ
δ ) = σ̃⊠q ⊗

∑
β⊢q

Sβ

=
∑
β⊢q

(σ̃⊠q ⊗ Sβ)

=
∑
β⊢q

Θq
β.

□

In the following result, we obtain a multiplicity-free representation of
Aut(Tq−1,n−1) ≀ Sq.

Theorem 2.4. Let σ1, ..., σℓ be a set of all pairwise inequivalent irreducible repre-
sentations of Aut(Tq−1,n−1), let (1, ..., 1) ; (r1, ..., rℓ) and (1+r1, ..., 1+rℓ) be some
compositions of respectively ℓ, (q − ℓ) and q, let (1, ..., 1) ⊩ ℓ be a multipartition
of ℓ and let ξ = (δ1, ..., δℓ) ⊩ (q − ℓ) be a multipartition of q − ℓ. Then:

Ind
Aut(Tq−1,n−1)≀Sq

Aut(Tq−1,n−1)≀(Sℓ×Sq−ℓ)
(Θ(1,...,1) ⊠Θξ) =

⊕
ν⊩q

Θν

where Θ(1,...,1)=Ind
Aut(Tq−1,n−1)≀Sℓ

Aut(Tq−1,n−1)≀(S1×...×S1)
(ζ1,11 ⊠ ζ1,21 ⊠ ...⊠ ζ1,ℓ1 ) and

Θξ=Ind
Aut(Tq−1,n−1)≀Sq−ℓ

Aut(Tq−1,n−1)≀(Sr1×...×Srℓ
)(ζ

r1
δ1

⊠ ζr2δ2 ⊠ ...⊠ ζrℓδℓ ).

Proof. Let us set:
K = Aut(Tq−1,n−1) ≀ (Sℓ × Sq−ℓ) ; K1 = Aut(Tq−1,n−1) ≀ Sℓ ;
K2 = Aut(Tq−1,n−1) ≀ Sq−ℓ ; F1 = Aut(Tq−1,n−1) ≀ (S1 × ...× S1) ;
F2 = Aut(Tq−1,n−1) ≀ (Sr1 × ...× Srℓ) ;
H = Aut(Tq−1,n−1) ≀ (S1 × Sr1) × ...× Aut(Tq−1,n−1) ≀ (S1 × Srℓ) ;
Hi = Aut(Tq−1,n−1) ≀ (S1 × Sri) for i ∈ {1, ..., ℓ} and
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E = Aut(Tq−1,n−1) ≀ (S1+r1 × ...× S1+rℓ).
Thanks to proposition 2, we have

Ind
Aut(Tq−1,n−1)≀Sq

Aut(Tq−1,n−1)≀(Sℓ×Sq−ℓ)
(Θ(1,...,1) ⊠Θξ) = Ind

Aut(Tq−1,n−1)≀Sq

K (IndK1
F1
(ζ1,11

⊠ ζ1,21 ⊠ ...⊠ ζ1,ℓ1 )⊠ IndK2
F2
(ζr1δ1⊠

ζr2δ2 ⊠ ...⊠ ζrℓδℓ ))

= Ind
Aut(Tq−1,n−1)≀Sq

K (IndKF1×F2
(

ζ1,11 ⊠ ζ1,21 ⊠ ...⊠ ζ1,ℓ1 )⊠ (ζr1δ1
⊠ ζr2δ2 ⊠ ...⊠ ζrℓδℓ ))

= Ind
Aut(Tq−1,n−1)≀Sq

F1×F2
((ζ1,11 ⊠ ζ1,21

⊠ ...⊠ ζ1,ℓ1 )⊠ (ζr1δ1 ⊠ ζr2δ2 ⊠ ...⊠ ζrℓδℓ ))

= Ind
Aut(Tq−1,n−1)≀Sq

H ((ζ1,11 ⊠

ζr1δ1 )⊠ ...⊠ (ζ1,ℓ1 ⊠ ζrℓδℓ ))

= Ind
Aut(Tq−1,n−1)≀Sq

H IndHH1×..×Hℓ
(

(ζ1,11 ⊠ ζr1δ1 )⊠ ...⊠ (ζ1,ℓ1 ⊠ ζrℓδℓ )).

So,

Ind
Aut(Tq−1,n−1)≀Sq

Aut(Tq−1,n−1)≀(Sℓ×Sq−ℓ)
(Θ(1,...,1) ⊠Θξ) = Ind

Aut(Tq−1,n−1)≀Sq

E (Ind
Aut(Tq−1,n−1)≀S1+r1
H1

(

(ζ1,11 ⊠ ζr1δ1 )⊠ ...⊠ Ind
Aut(Tq−1,n−1)≀S1+rℓ
Hℓ

(

ζ1,ℓ1 ⊠ ζrℓδℓ ))).

According to theorem 2.3, we have for any i ∈ {1, ..., ℓ}

Ind
Aut(Tq−1,n−1)≀S1+ri

Aut(Tq−1,n−1)≀S1×Sri
(ζ1,i1 ⊠ ζriδi ) =

⊕
ν1⊢(1+ri)

Θνi

hence

Ind
Aut(Tq−1,n−1)≀Sq

E ((
⊕

ν1⊢(1+r1)

Θν1)⊠ ...⊠ (
⊕

νℓ⊢(1+rℓ)

Θνℓ)) =
⊕

ν1⊢(1+r1)

...
⊕

νℓ⊢(1+rℓ)

Ind
Aut(Tq−1,n−1)≀Sq

E (Θν1⊠

...⊠Θνℓ)

=
⊕
ν⊩q

Θν .

□

As a consequence of theorem 2.4, we have the following remark.

Remark 2.5. Let Aut(Tq,n) be the group of automorphisms of the homogeneous
rooted tree Tq,n and let Aut(Tq−1,n−1) ≀ (Sℓ × Sq−ℓ) be a subgroup of Aut(Tq,n).
Considering the representation τq,ℓ = (Θ(1,...,1)⊠Θξ) of Aut(Tq−1,n−1) ≀(Sℓ × Sq−ℓ),
the triple (Aut(Tq,n), Aut(Tq−1,n−1) ≀ (Sℓ × Sq−ℓ), τq,ℓ) is commutative.
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Using Theorem 4.1 in [5], we deduce the following remark.

Remark 2.6. Let q ⩾ 2, let Aut(Tq,n) be the group of automorphisms of the
homogeneous rooted tree Tq,n, and let Aut(Tq−1,n−1) ≀ (Sℓ×Sq−ℓ) be a subgroup of
Aut(Tq,n). If ℓ = q−1 or ℓ = q−2 then the pair (Aut(Tq,n) , Aut(Tq−1,n−1) ≀ (Sℓ×
Sq−ℓ)) is a strong Gelfand pair. So, if ℓ= q−1 or ℓ= q−2, for each representation τ

of Aut(Tq−1,n−1) ≀(Sℓ×Sq−ℓ), the induced representation Ind
Aut(Tq,n)

Aut(Tq−1,n−1)≀(Sℓ×Sq−ℓ)
τ

is multiplicity-free.

According to [8], Aut(Tq,n) acts on each vertex x of Tq,n and the action is
defined by:

g(x) = g(x1x2....xn) = g∅(x1)gx1(x2)...gx1x2...xn−1(xn),
for all g ∈ Aut(Tq,n), x = x1x2....xn ∈ Tq,n.

Let us designate by StabAut(Tq,n)(x) the stabilizer of x. We have the following
result.

Theorem 2.7. Let Σ1 be the first level of the homogeneous rooted tree Tq,n and
x0 ∈ Σ1. Then StabAut(Tq,n)(x0) = Aut(Tq−1,n−1).

Proof. Suppose that x0 is a vertex of Σ1 and g ∈ StabAut(Tq,n)(x0). By definition
of the stabilizer, g(x0) = x0, hence x0 is the root of the subtree Tq−1,n−1 of
the homogeneous rooted tree Tq,n. Hence g ∈ Aut(Tq−1,n−1) and consequently
StabAut(Tq,n)(x0) ⊂ Aut(Tq−1,n−1). Conversely, assume that g ∈ Aut(Tq−1,n−1).
Any vertex x0 ∈ Σ1 is the root of the subtree Tq−1,n−1 therefore g(x0) = x0.
We deduce that g ∈ StabAut(Tq−1,n−1)(x0). Moreover, any automorphism of a
subtree Tq−1,n−1 is an automorphism of the tree Tq,n, so g ∈ StabAut(Tq,n)(x0) and
Aut(Tq−1,n−1) ⊂ StabAut(Tq,n)(x0). Consequently
StabAut(Tq,n)(x0) = Aut(Tq−1,n−1). □

In the next result, we identify the stabilizer of a leaf of a homogeneous rooted
tree Tq,n with some wreath product.

Theorem 2.8. Let x1x2...xn be a leaf of the homogeneous rooted tree Tq,n. We
have StabAut(Tq,n)(x1x2...xn)

∼= (Aut(Tq−1,n−2)×Aut(Tq−1,n−3)×...×Aut(Tq−1,1)×
S1) ≀ Sq−1.

Proof. By definition,

StabAut(Tq,n)(x1x2...xn) = {g ∈ Aut(Tq,n) : g(x1x2...xn) = x1x2...xn}.
= {g ∈ Aut(Tq,n) : g∅(x1)gx1(x2)...gx1x2...xn−1(xn) =

x1x2...xn}.
Therefore,

g∅(x1) = x1;
gx1(x2) = x2;

.

.

.
gx1x2...xn−2(xn−1) = xn−1;
gx1x2...xn−1(xn) = xn.
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Moreover, g∅ is a permutation induced by g on the first level of the rooted tree
Tq,n, hence g∅ is an automorphism of the subtree Tq−1,n−1. Similarly, gx1 is a
permutation induced by g on the first level of the subtree rooted in g∅(x1) that is
gx1 is an automorphism of the tree Tq−1,n−2. So on and using the same reasoning,
gx1x2...xn−1 is an automorphism of Aut(Tq−1,1). Let us consider the map:

ϕ : StabAut(Tq,n)(x1...xn) → Aut(Tq−1,n−1)× ...× Aut(Tq−1,1)
g 7→ (g∅, gx1 , ..., gx1x2...xn−2)

ϕ is injective.
Indeed, let g ∈ StabAut(Tq,n)(x1x2...xn) and h ∈ StabAut(Tq,n)(x1x2...xn) such that
ϕ(g) = ϕ(h). Then (g∅, gx1 , ..., gx1x2...xn−2) = (h∅, hx1 , ..., hx1x2...xn−2) hence

g∅ = h∅;
.
.
.

gx1x2...xn−2 = hx1x2...xn−2

so h = g.
Also, ϕ is surjective by construction. Thus ϕ is bijective. Therefore
StabAut(Tq,n)(x1x2...xn)

∼= Aut(Tq−1,n−1)×Aut(Tq−1,n−2)× ...×Aut(Tq−1,1). Since

Aut(Tq−1,n−1) = Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸
(n−1)

;

Aut(Tq−1,n−2)= Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸
(n−2)

;

.

.

.
Aut(Tq−1,2) = Sq−1 ≀ Sq−1;

Aut(Tq−1,1) = Sq−1

then

StabAut(Tq,n)(x1x2...xn)
∼= (Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸

(n−1)

)× (Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸
(n−2)

)× ...

× (Sq−1 ≀ Sq−1)× Sq−1

∼= (Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸
(n−2)

×Sq−1 ≀ ... ≀ Sq−1︸ ︷︷ ︸
(n−3)

×...

× Sq−1 × S1) ≀ Sq−1

∼= (Aut(Tq−1,n−2)× Aut(Tq−1,n−3)× ...×
Aut(Tq−1,1)× S1) ≀ Sq−1

□
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Corollary 2.9. Let 000...0︸ ︷︷ ︸
n

= 0n be the leftmost leaf of the homogeneous rooted

tree Tq,n. Then StabAut(Tq,n)(0
n) ∼= (Aut(Tq−1,n−2)×Aut(Tq−1,n−3)×...×Aut(Tq−1,1)×

S1) ≀ Sq−1.

The following result proves that there exists a representation ρ of StabAut(Tq,n)(0
n)

such that Ind
Aut(Tq,n)

StabAut(Tq,n)(0
n) ρ is multiplicity free.

Theorem 2.10. Let Aut(Tq,n) be the group of automorphisms of the homogeneous
rooted tree Tq,n, let StabAut(Tq,n)(0

n) be a subgroup of Aut(Tq,n), Ci ; i = 1, ..., n−2
be a unitary irreducible representation of Aut(Tq−1,n−(i+1)) ≀ Sq−1 and let D be a

representation of Sq−1. Then, Ind
Aut(Tq,n)

StabAut(Tq,n)(0
n)(C1⊠...⊠Cn−2⊠D) is multiplicity-

free.

Proof. According to corollary 2.9, we have
StabAut(Tq,n)(0

n)∼= (Aut(Tq−1,n−2)×Aut(Tq−1,n−3)×...×Aut(Tq−1,1)×S1)≀Sq−1. Let
us denote by σi

1, ..., σ
i
ℓi
, a set of pairwise inequivalent irreducible representations

of Aut(Tq−1,n−(i+1)) for i = 1, ..., n− 2. We set:

H1 = (Aut(Tq−1,n−2)× Aut(Tq−1,n−3)× ...× Aut(Tq−1,1)× S1) ≀ Sq−1

= Aut(Tq−1,n−2) ≀ Sq−1 × Aut(Tq−1,n−3) ≀ Sq−1 × ...×
Aut(Tq−1,1) ≀ Sq−1 × Sq−1.

H2 = Aut(Tq−1,n−2) ≀ (Sℓ1 ×Sq−ℓ1−1)× ...×Aut(Tq−1,1) ≀ (Sℓn−2 ×Sq−ℓn−2−1)×Sq−1.

H3 = Aut(Tq−1,n−2) ≀ (S1+α1
1
× ...× S1+α1

ℓ1
)× ...× Aut(Tq−1,1) ≀ (S1+αn−2

1
× ...

× S1+αn−2
ℓn−2

)× Sq−1.

H4 = Aut(Tq−1,n−2) ≀ (S1 × Sα1
1
× ...× S1 × Sα1

ℓ1
)× ...× Aut(Tq−1,1) ≀ (S1 × Sαn−2

1
×

...× S1 × Sαn−2
ℓn−2

)× Sq−1.

We have,

Ind
Aut(Tq,n)

StabAut(Tq,n)(0
n)(C1 ⊠ ...⊠ Cn−2 ⊠D) = Ind

Aut(Tq,n)
H1

(C1 ⊠ ...⊠ Cn−2 ⊠D)

where

C1 = Ind
Aut(Tq−1,n−2)≀Sq−1

Aut(Tq−1,n−2)≀(Sℓ1
×Sq−ℓ1−1)

(Ind
Aut(Tq−1,n−2)≀Sℓ1

Aut(Tq−1,n−2)≀(S1×...×S1)
(σ̃1⊠1

1 ⊗ S1)⊠ ...⊠

(σ̃1⊠1
ℓ1

⊗ S1))⊠ (Ind
Aut(Tq−1,n−2)≀Sq−ℓ1−1

Aut(Tq−1,n−2)≀(Sα1
1
×...×S

α1
ℓ1

)(σ̃
1⊠α1

1
1 ⊗ Sr11)⊠ ...⊠ (

˜
σ
1⊠α1

ℓ1
ℓ1

⊗ Sr1ℓ1 ));

.

.

.
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Cn−2 = Ind
Aut(Tq−1,1)≀Sq−1

Aut(Tq−1,1)≀(Sℓn−2
×Sq−ℓn−2−1)

(Ind
Aut(Tq−1,1)≀Sℓn−2

Aut(Tq−1,1)≀(S1×...×S1)
(σ̃n−2⊠1

1 ⊗ S1)⊠

...⊠ (σ̃n−2⊠1
ℓn−2

⊗ S1))⊠ (Ind
Aut(Tq−1,1)≀Sq−ℓn−2−1

Aut(Tq−1,1)≀(Sαn−2
1

×...×S
αn−2
ℓn−2

)(
˜

σ
n−2⊠αn−2

1
1 ⊗ Srn−2

1 )⊠

...⊠ (
˜

σ
n−2⊠αn−2

ℓn−2

ℓn−2
⊗ S

rn−2
ℓn−2 )).

For j = 1, ..., n− 2, setting:

A
′

j = Ind
Aut(Tq−1,n−1−j)≀Sℓj

Aut(Tq−1,n−1−j)≀(S1×...×S1)
(σ̃j⊠1

1 ⊗ S1)⊠ ...⊠ (σ̃j⊠1
ℓj

⊗ S1)

= Ind
Aut(Tq−1,n−1−j)≀Sℓj

Aut(Tq−1,n−1−j)≀(S1×...×S1)
B

′

j;

A
′′

j = Ind
Aut(Tq−1,n−1−j)≀Sq−ℓj−1

Aut(Tq−1,n−1−j)≀(S
α
j
1
×...×S

α
j
ℓj

)(
˜
σ
j⊠αj

1
1 ⊗ Srj1)⊠ ...⊠ (

˜
σ
j⊠αj

ℓj

ℓj
⊗ S

rjℓj )

= Ind
Aut(Tq−1,n−1−j)≀Sq−ℓj−1

Aut(Tq−1,n−1−j)≀(S
α
j
1
×...×S

α
j
ℓj

)B
′′

j ,

we obtain:

Ind
Aut(Tq,n)
H1

(C1 ⊠ ...⊠ Cn−2 ⊠D) = Ind
Aut(Tq−1,n−1)≀Sq

H1
(Ind

Aut(Tq−1,n−2)≀Sq−1

Aut(Tq−1,n−2)≀(Sℓ1
×Sq−ℓ1−1)

(A
′

1 ⊠ A
′′

1)⊠ ...⊠ Ind
Aut(Tq−1,1)≀Sq−1

Aut(Tq−1,1)≀(Sℓn−2
×Sq−ℓn−2−1)

(

A
′

n−2 ⊠ A
′′

n−2)⊠D)

= Ind
Aut(Tq−1,n−1)≀Sq

H1
IndH1

H2
(A

′

1 ⊠ A
′′

1)⊠ ...⊠ (

A
′

n−2 ⊠ A
′′

n−2)⊠D

= Ind
Aut(Tq−1,n−1)≀Sq

H2
(A

′

1 ⊠ A
′′

1)⊠ ...⊠ (

A
′

n−2 ⊠ A
′′

n−2)⊠D

= Ind
Aut(Tq−1,n−1)≀Sq

H2
(Ind

Aut(Tq−1,n−2)≀Sℓ1

Aut(Tq−1,n−2)≀(S1)ℓ
B

′

1

⊠ Ind
Aut(Tq−1,n−2)≀Sq−ℓ1−1

Aut(Tq−1,n−2)≀(Sα1
1
×...×S

α1
ℓ1

)B
′′

1 )⊠ ...⊠ (

Ind
Aut(Tq−1,1)≀Sℓn−2

Aut(Tq−1,1)≀(S1)ℓ
B

′

n−2⊠

Ind
Aut(Tq−1,1)≀Sq−ℓn−2−1

Aut(Tq−1,1)≀(Sαn−2
1

×...×S
αn−2
ℓn−2

)B
′′

n−2)⊠D.

Let us set:

E = Aut(Tq−1,n−2) ≀ (S1 × ..× S1 × Sα1
1
× ..× Sα1

ℓ1
)× ..× Aut(Tq−1,1) ≀ (S1 × ..×

S1 × Sαn−2
1

× ..× Sαn−2
ℓn−2

)× Sq−1.
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Then we have

Ind
Aut(Tq,n)
H1

(C1 ⊠ ...⊠ Cn−2 ⊠D) = Ind
Aut(Tq−1,n−1)≀Sq

E (B
′

1 ⊠B
′′

1 )⊠ ..⊠ (B
′

n−2⊠

B
′′

n−2)⊠D.

= Ind
Aut(Tq−1,n−1)≀Sq

H3
IndH3

H4
(B

′

1 ⊠B
′′

1 )⊠ ...⊠

(B
′

n−2 ⊠B
′′

n−2)⊠D.

that is

Ind
Aut(Tq,n)
H1

(C1 ⊠ ...⊠ Cn−2 ⊠D) = Ind
Aut(Tq−1,n−1)≀Sq

H3
(Ind

Aut(Tq−1,n−2)≀(S1+α1
1
×...×S

1+α1
ℓ1

)

Aut(Tq−1,n−2)≀(S1×S
α1
1
×...×S1×S

α1
ℓ1

)

B
′

1 ⊠B
′′

1 )⊠ ...⊠ (Ind
Aut(Tq−1,1)≀(S1+αn−2

1
×...×S

1+αn−2
ℓn−2

)

Aut(Tq−1,1)≀(S1×S
αn−2
1

×...×S1×S
αn−2
ℓn−2

)

B
′

n−2 ⊠B
′′

n−2)⊠D.

Moreover, if we set:
F1 = Aut(Tq−1,n−2) ≀ (S1+α1

1
× ...× S1+α1

ℓ1
) and

F2 = Aut(Tq−1,n−2) ≀ (S1 × Sα1
1
× ...× S1 × Sα1

ℓ1
) then,

IndF1
F2
B

′

1 ⊠B
′′

1 = IndF1
F2
((σ̃1⊠1

1 ⊗ S1)⊠ ...⊠ (σ̃1⊠1
ℓ1

⊗ S1))⊠ ((σ̃
1⊠α1

1
1 ⊗ Sr11)⊠ ...

⊠ (
˜
σ
1⊠α1

ℓ1
ℓ1

⊗ Sr1ℓ1 ))

= IndF1
F2
((σ̃1⊠1

1 ⊗ S1)⊠ (σ̃
1⊠α1

1
1 ⊗ Sr11)⊠ ...⊠ (σ̃1⊠1

ℓ1
⊗ S1)⊠

(
˜
σ
1⊠α1

ℓ1
ℓ1

⊗ Sr1ℓ1 ))

which can be written as:

IndF1
F2
B

′

1 ⊠B
′′

1 = Ind
Aut(Tq−1,n−2)≀(S1+α1

1
)

Aut(Tq−1,n−2)≀(S1×S
α1
1
)(σ̃

1⊠1
1 ⊗ S1)⊠ (σ̃

1⊠α1
1

1 ⊗ Sr11)

⊠ ...⊠ Ind
Aut(Tq−1,n−2)≀(S1+α1

ℓ1
)

Aut(Tq−1,n−2)≀(S1×S
α1
ℓ1

)(σ̃
1⊠1
ℓ1

⊗ S1)⊠ (
˜
σ
1⊠α1

ℓ1
ℓ1

⊗ Sr1ℓ1 )

or

IndF1
F2
B

′

1 ⊠B
′′

1 = Ind
Aut(Tq−1,n−2)≀(S1+α1

1
)

Aut(Tq−1,n−2)≀(S1×S
α1
1
)(σ̃

1⊠1+α1
1

1 ⊗ S1 ⊠ Sr11)⊠ ...⊠

Ind
Aut(Tq−1,n−2)≀(S1+α1

ℓ1

)

Aut(Tq−1,n−2)≀(S1×S
α1
ℓ1

)(
˜
σ
1⊠1+α1

ℓ1
ℓ1

⊗ S1 ⊠ Sr1ℓ1 )

= (σ̃
1⊠1+α1

1
1 ⊗ Ind

S
1+α1

1
S1×S

α1
1

S1 ⊠ Sr11)⊠ ...⊠ (
˜
σ
1⊠1+α1

ℓ1
1 ⊗

Ind
S
1+α1

ℓ1
S1×S

α1
ℓ1

S1 ⊠ Sr1ℓ1 ).

Also,
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Ind
S
1+α1

1
S1×S

α1
1

S1 ⊠ Sr11 =
⊕

β1
1⊢(1+α1

1)

Sβ1
1 and Ind

S
1+α1

ℓ1
S1×S

α1
ℓ1

S1 ⊠ Sr1ℓ1 =
⊕

β1
ℓ1
⊢(1+α1

ℓ1
)

Sβ1
ℓ1

that is σ̃
1⊠1+α1

1
1 ⊗ Ind

S
1+α1

1
S1×S

α1
1

S1 ⊠ Sr11 = σ̃
1⊠1+α1

1
1 ⊗

⊕
β1
1⊢(1+α1

1)

Sβ1
1 and

Ind
S
1+α1

ℓ1
S1×S

α1
ℓ1

S1 ⊠ Sr1ℓ1 =
˜
σ
1⊠1+α1

ℓ1
1 ⊗

⊕
β1
ℓ1
⊢(1+α1

ℓ1
)

Sβ1
ℓ1 .

Therefore:

IndF1
F2
B

′

1 ⊠B
′′

1 =
⊕

β1
1⊢(1+α1

1)

(σ̃
1⊠1+α1

1
1 ⊗ Sβ1

1 )⊠ ...⊠
⊕

β1
ℓ1
⊢(1+α1

ℓ1
)

(
˜
σ
1⊠1+α1

ℓ1
1 ⊗ Sβ1

ℓ1 )

=
⊕

β1
1⊢(1+α1

1)

...
⊕

β1
ℓ1
⊢(1+α1

ℓ1
)

(σ̃
1⊠1+α1

1
1 ⊗ Sβ1

1 )⊠ ...⊠ (
˜
σ
1⊠1+α1

ℓ1
1 ⊗ Sβ1

ℓ1 )

=
⊕

(β1
1 ,...,β

1
ℓ1
)⊩q−1

Λ1

where Λ1 = (σ̃
1⊠1+α1

1
1 ⊗ Sβ1

1 )⊠ ...⊠ (
˜
σ
1⊠1+α1

ℓ1
1 ⊗ Sβ1

ℓ1 ).

Using the same method, we obtain:

Ind
Aut(Tq−1,1)≀(S1+αn−2

1
×...×S

1+αn−2
ℓn−2

)

Aut(Tq−1,1)≀(S1×S
αn−2
1

×...×S1×S
αn−2
ℓn−2

)B
′
n−2 ⊠B

′′
n−2 =

⊕
(βn−2

1 ,...,βn−2
ℓn−2

)⊩q−1

Λn−2

where Λn−2 = (
˜

σ
n−2⊠1+αn−2

1
1 ⊗ Sβn−2

1 )⊠ ...⊠ (
˜

σ
n−2⊠1+αn−2

ℓn−2

ℓn−2
⊗ S

βn−2
ℓn−2 ).

Consequently, we have

Ind
Aut(Tq,n)

StabAut(Tq,n)(0
n)(C1 ⊠ ...⊠ Cn−2 ⊠D) = Ind

Aut(Tq,n)
H1

(C1 ⊠ ...⊠ Cn−2 ⊠D)

= Ind
Aut(Tq−1,n−1)≀Sq

H3
(

⊕
(β1

1 ,...,β
1
ℓ1
)⊩q−1

Λ1⊠

...⊠
⊕

(βn−2
1 ,...,βn−2

ℓn−2
)⊩q−1

Λn−2 ⊠
⊕
λ⊢q−1

Sλ)

=
⊕

(β1
1 ,...,β

1
ℓ1
)⊩q−1

...
⊕

(βn−2
1 ,...,βn−2

ℓn−2
)⊩q−1

⊕
λ⊢q−1

Ind
Aut(Tq−1,n−1)≀Sq

H3
(Λ1 ⊠ ...⊠ Λn−2 ⊠ Sλ).

□

We deduce from this result, that the induced representation of StabAut(Tq,n)(0
n)

on Aut(Tq,n) is multiplicity-free, so the triple (Aut(Tq,n), StabAut(Tq,n)(0
n), C1 ⊠

...⊠ Cn−2 ⊠D) is commutative.
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We are now interested in the triple (Aut(Tq,n), StabAut(Tq,n)(Σ
1), τ) where

τ = (σ̃⊠1 ⊗ S1)⊠ ...⊠ (σ̃⊠1 ⊗ S1).

Theorem 2.11. Let Σ1 be the first level of the homogeneous rooted tree Tq,n.
Then, StabAut(Tq,n)(Σ

1) ∼= (Aut(Tq−1,n−1))
q.

Proof. The vertices of Σ1 are 0; 1; 2; ...; q−1. Thanks to theorem 2.7, StabAut(Tq,n)(x0)
= Aut(Tq−1,n−1) for all x0 ∈ Σ1. Moreover, g∅ is the permutation induced by g
on the first level of the homogeneous tree Tq,n. Hence g∅ is an automorphism of
the subtree Tq−1,n−1. It is straightforward to see that the map
ψ : StabAut(Tq,n)(Σ

1) → Aut(Tq−1,n−1)× ...× Aut(Tq−1,n−1)
g 7→ (g∅, g∅, ..., g∅)

is bijective. So, StabAut(Tq,n)(Σ
1) ∼= (Aut(Tq−1,n−1))

q. □

Theorem 2.12. Let Aut(Tq,n) be the group of automorphisms of the homogeneous

rooted tree Tq,n, let StabAut(Tq,n)(Σ
1) be a subgroup of Aut(Tq,n) and let τ = (σ̃⊠1⊗

S1)⊠ ...⊠ (σ̃⊠1 ⊗ S1) be a representation of StabAut(Tq,n)(Σ
1). Then,

(1) if q = 1 or q = 2, Ind
Aut(Tq−1,n−1)≀Sq

StabAut(Tq,n)(Σ
1)τ is multiplicity-free.

(2) if q > 2, Ind
Aut(Tq−1,n−1)≀Sq

StabAut(Tq,n)(Σ
1)τ is not multiplicity-free.

Proof. We have proved in theorem 2.11 that StabAut(Tq,n)(Σ
1) ∼= (Aut(Tq−1,n−1))

q.
Also, we have Aut(Tq−1,n−1) = Aut(Tq−1,n−1) ≀ S1. So it follows that
(Aut(Tq−1,n−1))

q = (Aut(Tq−1,n−1) ≀ S1)
q. Therefore, we have

(Aut(Tq−1,n−1) ≀ S1)
q = Aut(Tq−1,n−1) ≀ S1 × ...× Aut(Tq−1,n−1) ≀ S1

= Aut(Tq−1,n−1) ≀ (S1 × ...× S1)

= Aut(Tq−1,n−1) ≀ (
q∏

i=1

S1).

In the following, we set K = Aut(Tq−1,n−1) ≀ (
q∏

i=1

S1). Let σ be an irreducible

representation of Aut(Tq−1,n−1). We have

Ind
Aut(Tq−1,n−1)≀Sq

K (σ̃⊠1 ⊗ S1)⊠ ...⊠ (σ̃⊠1 ⊗ S1) = Ind
Aut(Tq−1,n−1)≀Sq

K (σ̃⊠1 ⊠ ...

⊠ σ̃⊠1)⊗ (S1 ⊠ ...⊠ S1)

= Ind
Aut(Tq−1,n−1)≀Sq

K σ̃⊠q ⊗ (

S1 ⊠ ...⊠ S1)

= σ̃⊠q ⊗ Ind
Aut(Tq−1,n−1)≀Sq

K (

S1 ⊠ ...⊠ S1)

= σ̃⊠q ⊗ Ind
Sq∏q

i=1 S1
S1 ⊠ ...⊠ S1
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Moreover, Ind
Sq∏q

i=1 S1
S1 ⊠ ...⊠ S1 = Ind

Sq

{id} 1{id} ∼= C[Sq] and

C[Sq] =
⊕
λ⊢q

(dimSλ) Sλ. Therefore we have:

σ̃⊠q ⊗ Ind
Sq∏q

i=1 S1
S1 ⊠ ...⊠ S1 = σ̃⊠q ⊗

(⊕
λ⊢q

(dimSλ)Sλ
)

=
⊕
λ⊢q

(dimSλ)(σ̃⊠q ⊗ Sλ).

Hence, Ind
Aut(Tq−1,n−1)≀Sq

K (σ̃⊠1 ⊗ S1) ⊠ ... ⊠ (σ̃⊠1 ⊗ S1) =
⊕
λ⊢q

(dimSλ)(σ̃⊠q ⊗ Sλ).

Thus,

(1) if q = 1 or q = 2 then dimSλ ≤ 1 for any λ ⊢ q, so IndAut(Tq−1,n−1)≀Sq

Aut(Tq−1,n−1)≀(
∏q

i=1 S1)
τ

=
⊕
λ⊢q

(σ̃⊠q ⊗ Sλ ) and Ind
Aut(Tq−1,n−1)≀Sq

StabAut(Tq,n)(Σ
1)τ is multiplicity-free.

(2) if q > 2, then dimSλ > 1 for some λ ⊢ q, so Ind
Aut(Tq−1,n−1)≀Sq

StabAut(Tq,n)(Σ
1)τ is not

multiplicity-free.

□
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20. P. L. Méliot, Representation Theory of Symmetric Groups, Chapman and Hall/CRC, March
2017. https://doi.org/10.1201/9781315371016

21. H. M. Nagesh, On pathos block line graph of a tree, Gulf J. Math., 6(1), 2018. https:
//doi.org/10.56947/gjom.v6i1.124

22. F. Ricci and A. Samata, Spherical Analysis on Homogeneous Vector Bundles, Advances in
Mathematics 338, (2018), 953-990. https://doi.org/10.1016/j.aim.2018.09.016

23. I. Stein, The Littlewood-Richardson Rule for Wreath Products with Symmetric Groups and
the Quiver of the Category F ≀ FIn, arXiv:1512.02170 [math.FA] November 2016.
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