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INITIAL COEFFICIENT BOUNDS AND SECOND HANKEL
DETERMINANT FOR A CERTAIN CLASS OF BI-UNIVALENT
FUNCTIONS USING CHEBYSHEV POLYNOMIALS

RASHEED O. AYINLA'* AND TIMOTHY O. OPOOLA?

ABSTRACT. In this work, we define a new subclass Cx;(3, 7, n, t) of analytic and
bi-univalent functions in the open unit disk. Thereafter, we investigated the
coefficient bounds and the second Hankel determinant by means of Chebyshev
polynomials.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions
f(Z) =Z~|—a222—|—a323—|—a4z4~|—--- (11)

which are analytic in the open unit disk 4 = {z : |z] < 1} and satisfy the
condition f(0) = 0 and f/(0) = 1. Let S denote the subclass of A that are
univalent in U.

Let D" : A — A be defined by
Df(2) = f(2), D' f(2) = 2f'(2),.... D" f(2) =2[D" ' f()]  (12)

which is equivalent to saying

D'f(z) =2+ Zk”akzk, n=140,1,2,...}, z € U.
k=2
The operator D" is known as Salagean differential operator (see [10]).

A function f(z) is subordinate to g(z) in U written as f(z) < g(z), z € U, if
there exists a Schwarz function w(z), analytic in & with w(0) = 0 and |w(z)| < 1
for z € U such that f(z) = g(w(z)), z € U. If g is univalent, then f(z) <
9(z) = F(0) = g(0) and F@) C g(th).

Every function f € S has inverse function f—!, which is defined by

fHf() =2 2€U

and

PO () = w (rwr <rlf): nlf) > }1)
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The inverse function is given by
fH(w) = w — aw® + (243 — az)w® — (5aj — bagaz + as)w* + - - - . (1.3)

A function f € A is said to be bi-univalent in ¢/ if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions defined in the unit disk U.

Lewin [12] introduced the class ¥ and showed that |as| < 1.51 for every f € X.
Later, Brannan and Clunie [1] conjectured that |as| < \/2 for bi-starlike functions
and |as| < 1 for bi-convex functions. Also, Brannan and Taha [5] introduced
certain subclasses of bi-univalent functions called bi-starlike function of order «
and bi-convex function of order «. For example see [1, 4, 10, 15, 18] for more
background details.

Fekete and Szego [3] introduced the generalised the functional |az — Aa3|, where
A is a real number. Some works on this functional can be found in [2, 3, 10, 17, 18].

Noonan and Thomas [11] defined the ¢* Hankel determinant of f € A for
q¢,n € N by
(7% Ap+1 - Qpig-1
Apt1 any2 ... Aptq
Hy(n) = . . . :
Untg—1 Qntq -+ OGny2g-2
where a; = 1 for f(z) € S. The Hankel determinant |Hy(1)| = |az — a3| and
|H2(2)| = |asays — a3] are respectively well-known as Fekete-Szego functional (A =

1) and second Hankel determinant. The upper estimates of |Hz(2)| of various
subclasses of ¥ have been obtained by researchers such as in [2, 11, 15].

It is well-known that the Chebyshev polynomials are of four kinds but we are
only interested in making use of the second kinds in this paper. For any real
variable ¢ € [—1, 1] the first and second kinds of the Chebyshev polynomials are
defined by

T, (t) = cos(ncos™ ' t) (1.4)

and
_ sin(n+1)cos™'t

Un(t) = : 1.5
®) sin(cos™1 ) (15)
Examples of Chebyshev polynomials of the second kind are
Up(t) =1, Uy(t) = 2t, Us(t) = 4> —1,... (1.6)
while the generating function for U, (t) is given by
1 2 3
F(Z,t) = m = Uo(t)-i‘Ul(t)Z—i‘Ug(t)Z +U3(t)2 + - (17)

2. LEMMAS

Now, we state the following lemmas necessary for proving our results.
Let P denote the class of analytic functions p(z) € P which are analytic in the
unit disk ¢ such that p(0) =1 and Rep(z) > 0.

Lemma 2.1. [7]. Let p € P, then |px] <2, k € N.
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Lemma 2.2. [13]. Letp € P, then
2p2 = pi + (4 - 1)
dps = pi +2p1(4 = pH)z — pi(4 — pi)a® +2(4 = p)(1 — []*)z
for some x, z; |x| <1 and |z| < 1.

In this paper, we considered a subclass of bi-univalent functions and obtained
its coefficient bounds and the second Hankel determinant for functions belonging
to subclass Cx (5,7, n,t) using the Chebyshev polynomial expansion.

3. THE MAIN RESULTS

Definition 3.1. For 8 € [0,1], v € (5%, %), n € Ny and ¢ € (3,1), a function

f(z) € X given by (1.1) is said to be in the class Cx(3,7,n,t) if the following
subordination conditions hold for all z,w € U.

o D) I
1 — e 2322 F 1
( ¢ Bz) < Flzt) = 1— 2tz + 22 (3.1)
and D g ()
2y 2,2 "glw 1
(1—e?pw )—w < F(w,t) = T— (3.2)
where g = f~! is defined by (1.3).
If ¢ = cos A where A € (=%, %), then from (3.1) we have
sin(n + 1)A
F 1-2 =1 .
(2,t) = (1 — 2cos Az + 22) +Z " z€U (3.3)
hence,
F(z,t) =1+ Ui(t)z + Ua(t)2* + Us(t)2® + -+ - . (3.4)
Also in the same way, (3.2) becomes
F(w,t) =1+ U (t)w + Usy(t)w® + Us(t)w® + - - - . (3.5)

In what follows are the main results in this paper.

Theorem 3.2. Let f(z) € Cs(B,7,n,t), B € [0,1], v € (F£,2), n € Ny and
t€(3,1). Then

2¢3 ﬂth
3.6
laz] < \/y3n+1 t2+22”(2t—4t2+1)| (3:6)

(3.7)

|as| < 22n 3n+1

Proof. Let the function f(z) € ¥ given by (1.1) be in the class Cx(5,v,n,t)
where 8 € [0,1], v € (F£,%), n €Ny, t € (% 1) and g = f~!, then there exists an
analytic functions w,w : U — U with w(0) = 0 = @(0), |w(2)| < 1,|w(w)| <1

and satisfying the following conditions

(1—e3%2?) w =F(w(2),t), zel (3.8)
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and
(1— e 278%0?) Dg(w) _ F(w(w),t), weD (3.9)
where i
F(w(2),t) =1+ Ui(Hw(2) + Uz ()w(2)? + Us(t)w(z)® + - - - (3.10)
and
F(w(w),t) =1+ Uh{t)w(w) + t)w(w)* + Us()w(w)® +--- . (3.11)

Simplifying the LHS of (3.8) we obtain

) Dl .
(1 - 6—27/yﬁ2z2) f(Z) -1+ 2n+1a22 + (3n+1a3 o 6—217/82)22
Z

+ (4", — 2 e P Bay) P 4 (312)

Similarly, simplifying the LHS of (3.9) gives

) prtl )
(1- 6—21762102) wg(w) — 1+ 2" gow + (3n+1a3 _ 6_2"’52)102
+ (4"ay — 2" e B2a)wd 4. (3.13)
Let p,q € P be define as
1+ w(z) 2 3 p(z) —
_ —1 cee = = U (3.14
p(2) 1—w(2) +p12+p22”+p3z”+ w(z) NEESE z€eU (3.14)
and
1+ w(w w) —
q(w):$:1+qlw+q2w2+q3w3+ :w(w):q< ) ’weu
1 — w(w) q(w)
(3.15)
Now by simplifying (3.14) and (3.15) we obtain
1 2 3
w(z) = B [plz + (P2 - %) 2+ (p3 — Pip2 + %) 24 } (3.16)
and
1 % 2 ¢ 3
w(w):§ Qw + @y w” + Q3—Q1QQ+Z wo 4 (3.17)
Also note that
W(Z)Q = ZﬁZQ + wzs — %2«'3 + . (3 18)
w(z)® =83 B2 4 .
and similarly,
w(w)? =L’ 4. ' S
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Using (3.18) and taking F(w(z),t) and F(w(w),t) as given in (3.10) and (3.11)
we obtain

Pl = 1+ Al |20 (3 - 1) 4 B0 2

2 2 2 4
Ui(t) P Ua(t) Vi Us(t) 5| 5
‘f‘[ 5 (p3 p1p2+z +Tp1 P2 5 + 3 pi| 20+ (3.20)
and
Ui(t Ui (t 2 Us(t
F(w(w),t) = 1+£q1w—|— hit) qQ—q—l —|—£q% w?
2 2 2 4
Ui (t) q) Ua(t) 4 Us(t) 5| 3
Z1\Y _ kil _ 4 ... (321
+{2(Q3 Q192+4+QQ1Q22+8611U)+ (3.21)
From (3.12) and (3.13) we can easily obtain
2"y = UlT(t)p1 (3.22)
: Ui(t i Us(t
3n+1a3 . €—2z'yﬂ2 _ 1( ) Dy — & + 2( )p% (323)
2 2 4
. t 3
4" ay — 2" e 0, = U12< ! (p3 —pip2 + %)
Us(1) Vi Us(t) 5
- = — 24
+ 9 Y4 (p2 9 + 3 P1 (3 )
and also from (3.13) and (3.21) we obtain
Uy (t
_ontlg, — 12( ) (3.25)
2
3n+1(2a3 —ay) — Al . Ui(?) (q2 . C]_1) i Us(1) q% (3.26)
2 2 4
: Ui (t 3
— 4" (5a3 — Sagaz + ag) + 2" e B2a, = 12( ) (CIs — Qg2+ %)
Us(1) 4 Us(t) 5
- = —=q;. 2
+ 2Q1<Q2 9 + g @ (3.27)
Adding (3.22) and (3.25) give
Uy (t Up(t
12( i + 12( L =0 = p=—aq, B=¢ ad F=—g (329

Squaring (3.22) and (3.25) and adding the results give

22n+2a§ _ 1(4)]71 and 22n+2a§ = % — a% = 1< ;(ZZ:-: ql) (329)

Also, adding (3.23) and (3.26) and using (3.28) give
4-3"a3 — 4?37 = Ui (t)(p2 + q2) — ai (UL (1) — Ua(2)). (3.30)
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Substituting for ¢7 in (3.30) and simplifying give
o () (p2 + g2) +4e > B°UR (1)

= . 3.31
“ T A3 TR + 20 (UL (1) — Us(8)) (3:51)
Applying (1.6) and Lemma 2.1 we obtain (3.6).
Subtracting (3.26) from (3.23) and considering (3.29) give
2 _
a3 _ Ul (t) 2 Ul (t) (p2 q2) . (332)

T 92n44tl 22 . 3n+l

Using (1.6) and Lemma 2.1 we obtain (3.7).
Also, subtracting (3.27) from (3.24) and considering (3.28) give

_5 2"UL(t)(p2 — @2)pr  Un(t)(ps — q3)  [U2(t) — Ur(t)]p1(p2 + @2)

aq 92n+5 , nt1 92n+4 92n-+4
[Ur(t) — 2Us(t) + Us(t)]p} e 2 [2Us ()ps
+ Sonts + 5o T3 : (3.33)
L]

Theorem 3.3. Let f(z) € Cx(B,7,n,t) where B € [0,1], v € (_T“,g), n € Ny
and t € (3,1), then

M(2,t) N1 >0,Ny >0
4t? .
Hs(2)| < max{—32n+22,M(2,t)} N1 >0,Ny <0
ez :N; <0,N, <0
max {M(ro,t), M(2,t)} : Ny <0,Ny >0
where
Up () |UL(t) — 2Us(t) + Us(t)|
M(2,t) = 93n+3
Ui(t)|Uy = Ui (1) | UR(t) | U) | BPUR()
23n+2 23n+2 24n+4 23n—|—3 )
Ui(t) Ny N3
M(ro, t) :32n+2 24 . 32n+2N13 + on+3 32n+2N12
N, =U(t) {2”“ S3ERUL () — 2Us(t) + Us(t)| + U3 (¢)3*+2
o 2n+2 X 3271+2U1 (t) + 24n+4U1 (t) _ 22n+1 3 37H-1U12 (t)},rA
and

Ui(t)

Ne =U1(t) 55055 30mr2

{2 -3\ Uy(t) — Uy ()] + 323U (t)

— 27U (8) + 27 - 3"TIUR(t) + 52322 UL (1) }7“2.
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Proof. From (3.22), (3.32) and (3.33) we obtain

2 U?(t)(m — (2)

U(t)(ps —q3) | [Ua(t) = Ur($)]UL(¢)(p2 + q2)
_ 2, Y1 2
A204—0a3 = 92n+7 . gn+1 11 93n+6 1+ 93n+6 D
N [Ui(t) = 2Us(t) + Us(t)] , | e B°UR() » UNt) 4, UF()(p2 — q2)
03n+7 P 93n+5 17 SanssP1 o4 . 32n+2
(3.34)
From Lemma 2.2 we get
4-p?
P2 = 22 (z =) (3.35)
P2t =pi+F(r+y)
and
3 4 — 2 4 — 2
D3 —q3 = % + 2p1p1(f’5 +y) — 4plpl(5€2 + 97
4— p% 2 2
+ 25T ( faf2) — (L= [y (3:36)

for some z,y, z,w with |z| <1, |y| <1, |z| <1, |w| < 1 and |p1] € [0, 2].
Now, putting (3.35) and (3.36) into (3.34), we obtain

, _UPOME—px—y) o Ui()[Ua(t) — Ui(1)] i UP(t) 4

a204 — a3 = 92n+8 . 3+l D 931+ 93nt7 1
N Up(t) [Ua(t) = Us(t)] (4 = pi)(x +y) o N U (t)(4 —pl)(x +y) 5
93n+7 P1 23n+7 1
CROUE =)+ N UF(t)(4 — p)[(1 = [2)z — (1 = |y[*)w]
93n+8 P 23n+7 P

UNt)(4 —pl)*(x —y)? e ?7a?UR(t) , UL) 4

o 96 . 32n+2 93n+5 1 9ant8 1
Ui(t) U (t) — 2U5(t) + Us(t

GO 200+ U0 o

For p(z) € P,|pi| < 2, let r = py, assume without any restriction that r €
0,2], Y1 = |z| <1 and ¥y = |y| < 1, then by triangle inequality,

o - ) < { A~ 200+ D)o, SO0~ U101,
- 23n+7 23n+6
PL0 0 BOU), | U0 4 R )
23n+7 93n+6 24n+8 923n+5
LI R TLICE R UES R U P .
23n+7 23n+7 22n+8 | 3n+1
U(t)(4 —r? U2(t)(4 — r?
I e - B )

UR (1 - ) 2
96 . 32n+2 (Y1 +12)" (3.38)
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and equivalently

|azay — a3| < Q1(t,7) + Qa(t, r) (V1 + ¥2) + Qs(t, r) (V] + 13)
+ Qalt, ) (Y1 + 12)* = G(¢1,42)  (3.39)

where
Or(tr) = {Ul(t)|U1(t) ;33572(?5) +Us®)] 4, Ul(t)|U;§i)+6— Ui(t)] 4
U2(t U(t)(4 —r? Uit BEUE(t
23171(-1-2 ! 1(2)3(n+6 : ) + 241n(+£ T4 23n1+<5)r2} Z 0
_ 2 2 2 U3 4 — 2
Quttr) - { DD GO =1 o D) o VA1 1)
2 2 2 .2
Qs(t,r) = {Ul (2:53% L )7’2 _G (2:5:1” A >7“} <0
and

Up(t)(4 —r?)?
Qu(t,r) = 26 . 32n+2 =0

Where%<t<1,0§r§2.
Next is to maximize the function G(t1, ) in the closed square
T= {(¢17w2) : ,QZ)1 € [Oa 1]a¢2 € [Oa 1]} fO’I" S [072]

The coefficients in (3.39) depend on r for a fixed value of t. We now investigate
the maximum of G(11, 1) with respect to r taking into consideration the cases
when r =0, r =2 and r € (0, 2).

When r = 0,
U (t) 2
G, ¢2) = Qu(t,0) = 5o (Yn + ¢2) (3.40)
The maximum of the function G(v,9) occurs at (i1, 1) and
2
masx (G, ) v, € 0,1} = G(1,1) = G20, (3.41)
When r = 2,
G0 = @2 - { L0 200 L
Ur(t)|Us(t) — Uy (t U2(t) UNt) P2U(t

When r € (0,2), in this case let ¢; + 99 = u and ¢, X ¥y = v then (3.39) can be
written as

G(¢la ¢2) = Ql(tv T) +Q2 (t7 T)’LL—{— (Q3(t> T) +Q4(t7 T))UQ _2Q3(t> T)U = K(“? U)
(3.43)
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where u € [0,2] and v € [0, 1]. Next is to investigate the maximum of

K(u,v) e V= {(u,v):ue0,2,ve 0,1} (3.44)
so that

%—[5 = Qa(t, ) +2(Qs(t, ) + Qu(t,r)u=0 (3.45)
and

%—f = —2Q;(t,r) =0 (3.46)

With this, K (u,v) has no critical point in V, hence, G(v1,1,) has no critical
point in the square T. Thus, the function G(t1, 1) can not have maximum value
in the interior of T. Next is to investigate the maximum of G(v,1) on the
boundary of the square T.

For ¢, = 0, 19 € [0, 1] (similarly, for ¢, = 0,1, € [0,1]) and

G(Ov ¢2) = Ql(t7 T) + Q2(tv T)¢2 + (Q?)(t? T) + Q4(t7 7“))1/)3 = J(¢2) (347)
Since Qs(t,7) + Q4(t,r) > 0, then
J'(1ha) = Qa(t, 1) + 2[Qs(t, 1) + Qult, m)]1h > 0

implies that J(1)9) is an increasing function. Therefore, for a fixed r € [0,2) and
t € (3,1), the maximum occurs at 1, = 1. From (3.47),

max{G(0,12) : 9 € [0,1]} = G(0,1)
=Q1(t,r) + Q2(t,r) + Q3(t,r) + Qu(t, 7). (3.48)
Also, for ¢y =1, 19 € [0, 1] (similarly, for ¢, =1, ¢; € [0, 1]) and
G(1,42) = Qu(t,7) + Qa(t,7) + Qs(t,7) + Qu(t, 1) + [Qa(t, 1)
+2Qu(t,7)]Y2 + [Qa(t,7) + Qult, 7)]Y5 = T(v2) (3.49)
T'(ha) = [Q2(t, ) + 2Qu(t, )] + 2[Qs(t, 7) + Qa(t, )]t (3.50)
and since Q3(t,r) + Q4(t,r) > 0, then
T (¢2) = [Qa2(t, r) + 2Qu(t, r)] + 2[Q3(t, ) + Qa(t,7)]1he > 0.

Therefore, the function 7'(¢5) is an increasing function and the maximum occurs
at vy = 1. From (3.49),

max {G(1,19) : 19 € [0,1]} = G(1,1)
= Q1(t,r) +2[Qa(t,7) + Qs(t, 7)) +4Qu4(t,r) (3.51)
Hence, for every r € (0,2), it is clear that

Q1(t,m)+2[Qa(t, 1)+ Q3(t, )| +4Q4(t, 1) > Q1(t,r)+Q2(t,r) +Qs(t, 1)+ Qu(t, ).

Therefore,

maX{G(le, ¢2) . ¢1 - [0, 1],1/12 - [0, 1]}
=Qi(t,r) +2[Q2(t, ) + Qs(t, )] +4Qu4(t, 7). (3.52)
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Since
J(1) <T(1) for r € [0,2] and t € (%, 1),
then
max{G(Y1,92)} = G(1,1)
occurs on the boundary of square T.
Let M : (0,2) — R defined by

M(r,t) = max{G (¢, 1)}

=G(1,1) = Qi(t,7) +2Q2(t, 1) + 2Q5(t, ) +4Q4(t,7) (3.53)

for fixed value of t. Substituting the values of @)1, Qs, @3 and )4 in the function
M (r,t) we obtain

U(t) N,

N:
M(r,t) = + 4 =’

o 32n+2 24n+8 . 32n+2 23n+5 . 32n+2r (3'54)

where

Ny = Uy (t) {2”*1 - 3P2|UL(t) — 2Us(t) + Us(t)] + Up (1) 3°"+?

o 2n+2 . 32n+2Ul (t) 4 24714—4(]1 (t) _ 22n+1 X 3n+1U12 (t)}’l“4

and

Ui (t)

N2 - Ul (t) 23n+5 . 32n+2

{2 3P UL () — Ui ()| + 323U (¢)

. 23n+4U1 (t) + on . 3n+1U12(t) 4 5232n+2U1(t)}7’2.

Suppose M (r) has a maximum value in the interior of r € [0, 2], then by elemen-
tary calculus we obtain

4N, 5
M/(Ta t) = 24n+8 . 32n+27° +

2N,

23n+6 . 32n+2 T (355)

Now, we will examine the sign of the function M’(r,t) depending on the signs of
Ny and N, as follows.

(i) Let Ny > 0 and Ny > 0, then M’(r,t) > 0. This shows that M (r,t) is an
increasing function. Therefore,

max {M(r,t):r € (0,2)} = Ui(t)|Ur(t) — 2Us(t) + Us(t)|

23n+3
LUl - (O] | Ui | Ui | Ui | U)o o
923n+2 923n+3 923n+3 94n+4 923n+3 : ’ )
(ii) Let N3 > 0 and Ny < 0, then
N1 N2 N1T3 -+ 2n+1N2T‘
/ _ 3 _ _
M (r, t> T 94n+6 32n+2r + 93n+5 . 32n+2T T 94n+46 32n+2 =0. (3'57)

At critical point
(N2 +2"IN,) =0 = rg=0or
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/ _2n+1N2

—N, Ny
M (ro) = 93n+5 . 32n+1 - 93nt5 . g2nt2 0. (3.59)
Therefore, ¢ is the minimum point of the function M (r,t). Hence, M(r,t) can
not have a maximum.
(iii) Let Ny < 0 and Ny < 0 then, M'(r,t) < 0. So, M(r,t) is a decreasing
function on the interval (0,2). Therefore,

Thus,

U (t)
(iv) Let Ny < 0 and Ny > 0
3N, Ny
MU(T’ t) = 24n+6 . 32n+2T + 23n+5 . 32n+2 (361)
—N. N-
M" (7o, 1) 2___ 4 2 <0 (3.62)

T 9315 . 3201 | 93nt5 . g2nt2

Therefore, M"(rg,t) < 0. Hence, 1 is the maximum point of the function M(r, )
and the maximum value occurs at r = ry. Thus,

max {M(r,t) :r € (0,2)} = M(ro,t) (3.63)
where U2) i \2
i(t 2 P
M(To, t) - 32n+2 + 24 . 32n+2N13 oan+3 . 32n+2N12' (3'64)
O
Corollary 3.4. Let f(z) € Cx(f,v,n,t) of the form (3.8) be in Cx(B,t), then
M(2,t) Ny >0,N, >0
42 .
1a2) < max{34,2]\4(2,t)} . Ny > 0, Ny <0
% : N3 S 07N4 S 0
max { M (ro,t), M(2,t)} : N3 <0,Ny,>0
where
t t) — 2U5(t t t — t
M(2,1) _Ui(@)[UL(1) 26U2( )+ U] Uil )|U225 Ui(1))]
OO
+ 95 + 98 + 26
U (t) N} N
Mo t) =20 4 4
(ro ) ===+ i 3ivg T 27 32

N3 =U(t){2% - 31| U, (t) — 2Us(t) + Us(t)| + U (t)3*
— 233U, (t) + 28U, (¢) — 2° - 3PUE ()}t

Ny =U,(t) 221.(?4{2 S3HUL(t) — Uy ()| + 3°UL (1) — 27U (t) + 2 - 32U (1)

+ 5234U1 (t)}?"Q.
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