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INITIAL COEFFICIENT BOUNDS AND SECOND HANKEL
DETERMINANT FOR A CERTAIN CLASS OF BI-UNIVALENT

FUNCTIONS USING CHEBYSHEV POLYNOMIALS

RASHEED O. AYINLA1∗ AND TIMOTHY O. OPOOLA2

Abstract. In this work, we define a new subclass CΣ(β, γ, n, t) of analytic and
bi-univalent functions in the open unit disk. Thereafter, we investigated the
coefficient bounds and the second Hankel determinant by means of Chebyshev
polynomials.

1. Introduction and preliminaries

Let A denote the class of functions

f(z) = z + a2z
2 + a3z

3 + a4z
4 + · · · (1.1)

which are analytic in the open unit disk U = {z : |z| < 1} and satisfy the
condition f(0) = 0 and f ′(0) = 1. Let S denote the subclass of A that are
univalent in U .

Let Dn : A → A be defined by

D0f(z) = f(z), D1f(z) = zf ′(z), . . . ,Dnf(z) = z[Dn−1f(z)]′ (1.2)

which is equivalent to saying

Dnf(z) = z +
∞∑
k=2

knakz
k, n = {0, 1, 2, . . .}, z ∈ U .

The operator Dn is known as Sǎlǎgean differential operator (see [16]).
A function f(z) is subordinate to g(z) in U written as f(z) ≺ g(z), z ∈ U , if

there exists a Schwarz function ω(z), analytic in U with ω(0) = 0 and |ω(z)| < 1
for z ∈ U such that f(z) = g(ω(z)), z ∈ U . If g is univalent, then f(z) ≺
g(z) =⇒ f(0) = g(0) and f(U) ⊂ g(U).

Every function f ∈ S has inverse function f−1, which is defined by

f−1(f(z)) = z, z ∈ U
and

f(f−1(w)) = w

(
|w| < r0(f) : r0(f) ≥ 1

4

)
.
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The inverse function is given by

f−1(w) = w − a2w
2 + (2a2

2 − a3)w3 − (5a3
2 − 5a2a3 + a4)w4 + · · · . (1.3)

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent
in U . Let Σ denote the class of bi-univalent functions defined in the unit disk U .

Lewin [12] introduced the class Σ and showed that |a2| < 1.51 for every f ∈ Σ.
Later, Brannan and Clunie [4] conjectured that |a2| ≤

√
2 for bi-starlike functions

and |a2| ≤ 1 for bi-convex functions. Also, Brannan and Taha [5] introduced
certain subclasses of bi-univalent functions called bi-starlike function of order α
and bi-convex function of order α. For example see [1, 4, 10, 15, 18] for more
background details.

Fekete and Szegö [8] introduced the generalised the functional |a3 − λa2
2|, where

λ is a real number. Some works on this functional can be found in [2, 3, 10, 17, 18].
Noonan and Thomas [14] defined the qth Hankel determinant of f ∈ A for

q, n ∈ N by

Hq(n) =

∣∣∣∣∣∣∣∣
an an+1 ... an+q−1

an+1 an+2 ... an+q
...

...
...

...
an+q−1 an+q ... an+2q−2

∣∣∣∣∣∣∣∣
where a1 = 1 for f(z) ∈ S. The Hankel determinant |H2(1)| = |a3 − a2

2| and
|H2(2)| = |a2a4−a3

2| are respectively well-known as Fekete-Szegö functional (λ =
1) and second Hankel determinant. The upper estimates of |H2(2)| of various
subclasses of Σ have been obtained by researchers such as in [2, 11, 15].

It is well-known that the Chebyshev polynomials are of four kinds but we are
only interested in making use of the second kinds in this paper. For any real
variable t ∈ [−1, 1] the first and second kinds of the Chebyshev polynomials are
defined by

Tn(t) = cos(n cos−1 t) (1.4)

and

Un(t) =
sin(n+ 1) cos−1 t

sin(cos−1 t)
(1.5)

Examples of Chebyshev polynomials of the second kind are

U0(t) = 1, U1(t) = 2t, U2(t) = 4t2 − 1, . . . (1.6)

while the generating function for Un(t) is given by

F (z, t) =
1

1− 2tz + z2
= U0(t) + U1(t)z + U2(t)z2 + U3(t)z3 + · · · . (1.7)

2. Lemmas

Now, we state the following lemmas necessary for proving our results.
Let P denote the class of analytic functions p(z) ∈ P which are analytic in the

unit disk U such that p(0) = 1 and Rep(z) > 0.

Lemma 2.1. [7]. Let p ∈ P, then |pk| ≤ 2, k ∈ N.
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Lemma 2.2. [13]. Let p ∈ P, then
2p2 = p2

1 + x
(
4− p2

1

)
4p3 = p3

1 + 2p1(4− p2
1)x− p1(4− p2

1)x2 + 2(4− p2
1)(1− |x|2)z

for some x, z; |x| ≤ 1 and |z| ≤ 1.

In this paper, we considered a subclass of bi-univalent functions and obtained
its coefficient bounds and the second Hankel determinant for functions belonging
to subclass CΣ(β, γ, n, t) using the Chebyshev polynomial expansion.

3. The Main Results

Definition 3.1. For β ∈ [0, 1], γ ∈
(−π

2
, π

2

)
, n ∈ N0 and t ∈ (1

2
, 1), a function

f(z) ∈ Σ given by (1.1) is said to be in the class CΣ(β, γ, n, t) if the following
subordination conditions hold for all z, ω ∈ U .(

1− e−2iγβ2z2
) Dn+1f(z)

z
≺ F (z, t) =

1

1− 2tz + z2
(3.1)

and (
1− e−2iγβ2w2

) Dn+1g(w)

w
≺ F (w, t) =

1

1− 2tw + w2
(3.2)

where g = f−1 is defined by (1.3).

If t = cosλ where λ ∈
(
−π

3
, π

3

)
, then from (3.1) we have

F (z, t) = (1− 2 cosλz + z2)−1 = 1 +
∞∑
n=1

sin(n+ 1)λ

sinλ
zn, z ∈ U (3.3)

hence,
F (z, t) = 1 + U1(t)z + U2(t)z2 + U3(t)z3 + · · · . (3.4)

Also in the same way, (3.2) becomes

F (w, t) = 1 + U1(t)w + U2(t)w2 + U3(t)w3 + · · · . (3.5)

In what follows are the main results in this paper.

Theorem 3.2. Let f(z) ∈ CΣ(β, γ, n, t), β ∈ [0, 1], γ ∈
(−π

2
, π

2

)
, n ∈ N0 and

t ∈ (1
2
, 1). Then

|a2| ≤

√
2t3 + β2t2

|3n+1 · t2 + 22n(2t− 4t2 + 1)|
(3.6)

|a3| ≤
t2

22n
+

2t

3n+1
(3.7)

Proof. Let the function f(z) ∈ Σ given by (1.1) be in the class CΣ(β, γ, n, t)
where β ∈ [0, 1], γ ∈

(−π
2
, π

2

)
, n ∈ N0, t ∈ (1

2
, 1) and g = f−1, then there exists an

analytic functions ω,$ : U → U with ω(0) = 0 = $(0), |ω(z)| < 1, |$(ω)| < 1
and satisfying the following conditions(

1− e−2iγβ2z2
) Dn+1f(z)

z
= F (ω(z), t), z ∈ U (3.8)
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and (
1− e−2iγβ2w2

) Dn+1g(w)

ω
= F ($(w), t), w ∈ D (3.9)

where

F (ω(z), t) = 1 + U1(t)ω(z) + U2(t)ω(z)2 + U3(t)ω(z)3 + · · · (3.10)

and

F ($(ω), t) = 1 + U1(t)$(ω) + U2(t)$(ω)2 + U3(t)$(ω)3 + · · · . (3.11)

Simplifying the LHS of (3.8) we obtain

(1− e−2iγβ2z2)
Dn+1f(z)

z
= 1 + 2n+1a2z + (3n+1a3 − e−2iγβ2)z2

+ (4n+1a4 − 2n+1e−2iγβ2a2)z3 + · · · . (3.12)

Similarly, simplifying the LHS of (3.9) gives

(1− e−2iγβ2w2)
Dn+1g(w)

w
= 1 + 2n+1a2w + (3n+1a3 − e−2iγβ2)w2

+ (4n+1a4 − 2n+1e−2iγβ2a2)w3 + · · · . (3.13)

Let p, q ∈ P be define as

p(z) =
1 + ω(z)

1− ω(z)
= 1+p1z+p2z

2+p3z
3+· · · =⇒ ω(z) =

p(z)− 1

p(z) + 1
, z ∈ U (3.14)

and

q(w) =
1 +$(w)

1−$(w)
= 1 + q1w+ q2w

2 + q3w
3 + · · · =⇒ $(w) =

q(w)− 1

q(w) + 1
, w ∈ U .

(3.15)
Now by simplifying (3.14) and (3.15) we obtain

ω(z) =
1

2

[
p1z +

(
p2 −

p2
1

2

)
z2 +

(
p3 − p1p2 +

p3
1

4

)
z3 + · · ·

]
(3.16)

and

$(w) =
1

2

[
q1w +

(
q2 −

q2
1

2

)
w2 +

(
q3 − q1q2 +

q3
1

4

)
w3 + · · ·

]
. (3.17)

Also note that

ω(z)2 =
p21
4
z2 + p1p2

2
z3 − p31

4
z3 + · · ·

ω(z)3 =
p31
8
z3 +

p21p2
4
z4 + · · ·

}
(3.18)

and similarly,

$(w)2 =
q21
4
w2 + q1q2

2
w3 − q31

4
w3 + · · ·

$(w)3 =
q31
8
w3 + · · ·

}
. (3.19)
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Using (3.18) and taking F (ω(z), t) and F ($(w), t) as given in (3.10) and (3.11)
we obtain

F (ω(z), t) = 1 +
U1(t)

2
p1z +

[
U1(t)

2

(
p2 −

p2
1

2

)
+
U2(t)

4
p2

1

]
z2

+

[
U1(t)

2

(
p3 − p1p2 +

p3
1

4

)
+
U2(t)

2
p1

(
p2 −

p2
1

2

)
+
U3(t)

8
p3

1

]
z3 + · · · (3.20)

and

F ($(w), t) = 1 +
U1(t)

2
q1w +

[
U1(t)

2

(
q2 −

q2
1

2

)
+
U2(t)

4
q2

1

]
w2

+

[
U1(t)

2

(
q3 − q1q2 +

q3
1

4

)
+
U2(t)

2
q1

(
q2 −

q2
1

2

)
+
U3(t)

8
q3

1

]
w3 + · · · (3.21)

From (3.12) and (3.13) we can easily obtain

2n+1a2 =
U1(t)

2
p1 (3.22)

3n+1a3 − e−2iγβ2 =
U1(t)

2

(
p2 −

p2
1

2

)
+
U2(t)

4
p2

1 (3.23)

4n+1a4 − 2n+1e−2iγβ2a2 =
U1(t)

2

(
p3 − p1p2 +

p3
1

4

)
+
U2(t)

2
p1

(
p2 −

p2
1

2

)
+
U3(t)

8
p3

1 (3.24)

and also from (3.13) and (3.21) we obtain

−2n+1a2 =
U1(t)

2
q1 (3.25)

3n+1(2a2
2 − a3)− e−2iγβ2 =

U1(t)

2

(
q2 −

q2
1

2

)
+
U2(t)

4
q2

1 (3.26)

− 4n+1(5a3
2 − 5a2a3 + a4) + 2n+1e−2iγβ2a2 =

U1(t)

2

(
q3 − q1q2 +

q3
1

4

)
+
U2(t)

2
q1

(
q2 −

q2
1

2

)
+
U3(t)

8
q3

1. (3.27)

Adding (3.22) and (3.25) give

U1(t)

2
p1 +

U1(t)

2
q1 = 0 =⇒ p1 = −q1, p2

1 = q2
1 and p3

1 = −q3
1. (3.28)

Squaring (3.22) and (3.25) and adding the results give

22n+2a2
2 =

U1(t)p2
1

4
and 22n+2a2

2 =
U1(t)q2

1

4
=⇒ a2

2 =
U2

1 (t)(p2
1 + q2

1)

22n+5
. (3.29)

Also, adding (3.23) and (3.26) and using (3.28) give

4 · 3n+1a2
2 − 4e−2iγβ2 = U1(t)(p2 + q2)− q2

1(U1(t)− U2(t)). (3.30)
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Substituting for q2
1 in (3.30) and simplifying give

a2
2 =

U3
1 (t)(p2 + q2) + 4e−2iγβ2U2

1 (t)

4 · 3n+1U2
1 (t) + 22n+4(U1(t)− U2(t))

. (3.31)

Applying (1.6) and Lemma 2.1 we obtain (3.6).
Subtracting (3.26) from (3.23) and considering (3.29) give

a3 =
U2

1 (t)

22n+4
p2

1 +
U1(t)(p2 − q2)

22 · 3n+1
. (3.32)

Using (1.6) and Lemma 2.1 we obtain (3.7).
Also, subtracting (3.27) from (3.24) and considering (3.28) give

a4 =
5 · 2nU2

1 (t)(p2 − q2)p1

22n+5 · 3n+1
+
U1(t)(p3 − q3)

22n+4
+

[U2(t)− U1(t)]p1(p2 + q2)

22n+4

+
[U1(t)− 2U2(t) + U3(t)]p3

1

22n+5
+
e−2iσβ2U1(t)p1

22n+3
. (3.33)

�

Theorem 3.3. Let f(z) ∈ CΣ(β, γ, n, t) where β ∈ [0, 1], γ ∈
(−π

2
, π

2

)
, n ∈ N0

and t ∈ (1
2
, 1), then

|H2(2)| ≤


M(2, t) : N1 ≥ 0, N2 ≥ 0

max
{

4t2

32n+2 ,M(2, t)
}

: N1 > 0, N2 < 0
4t2

32n+2 : N1 ≤ 0, N2 ≤ 0
max {M(r0, t),M(2, t)} : N1 < 0, N2 > 0

where

M(2, t) =
U1(t)|U1(t)− 2U2(t) + U3(t)|

23n+3

+
U1(t)|U2 − U1(t)|

23n+2
+
U2

1 (t)

23n+2
+
U4

1 (t)

24n+4
+
β2U2

1 (t)

23n+3
,

M(r0, t) =
U2

1 (t)

32n+2
+

N4
2

24 · 32n+2N3
1

+
N2

2

2n+3 · 32n+2N2
1

N1 =U1(t)

{
2n+1 · 32n+2|U1(t)− 2U2(t) + U3(t)|+ U3

1 (t)32n+2

− 2n+2 · 32n+2U1(t) + 24n+4U1(t)− 22n+1 · 3n+1U2
1 (t)

}
r4

and

N2 =U1(t)
U1(t)

23n+5 · 32n+2

{
2 · 32n+2|U2(t)− U1(t)|+ 32n+3U1(t)

− 23n+4U1(t) + 2n · 3n+1U2
1 (t) + β232n+2U1(t)

}
r2.
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Proof. From (3.22), (3.32) and (3.33) we obtain

a2a4−a2
3 =

U3
1 (t)(p2 − q2)

22n+7 · 3n+1
p2

1+
U2

1 (t)(p3 − q3)

23n+6
p1+

[U2(t)− U1(t)]U1(t)(p2 + q2)

23n+6
p2

1

+
[U1(t)− 2U2(t) + U3(t)]

23n+7
p4

1 +
e−2iγβ2U2

1 (t)

23n+5
p2

1 −
U4

1 (t)

24n+8
p4

1 −
U2

1 (t)(p2 − q2)

24 · 32n+2
.

(3.34)

From Lemma 2.2 we get

p2 − q2 =
4−p21

2
(x− y)

p2 + q2 = p2
1 +

4−p21
2

(x+ y)

}
(3.35)

and

p3 − q3 =
p3

1

2
+

4− p2
1

2
p1(x+ y)− 4− p2

1

4
p1(x2 + y2)

+
4− p2

1

2

[
(1− |x|2z)− (1− |y|2)w

]
(3.36)

for some x, y, z, w with |x| ≤ 1, |y| ≤ 1, |z| ≤ 1, |w| ≤ 1 and |p1| ∈ [0, 2].
Now, putting (3.35) and (3.36) into (3.34), we obtain

a2a4 − a2
3 =

U3
1 (t)(4− p2

1)(x− y)

22n+8 · 3n+1
p2

1 +
U1(t)[U2(t)− U1(t)]

23n+6
p4

1 +
U2

1 (t)

23n+7
p4

1

+
U1(t) [U2(t)− U1(t)] (4− p2

1)(x+ y)

23n+7
p2

1 +
U2

1 (t)(4− p2
1)(x+ y)

23n+7
p2

1

− U2
1 (t)(4− p2

1)(x2 + y2)

23n+8
p2

1 +
U2

1 (t)(4− p2
1)[(1− |x|2)z − (1− |y|2)w]

23n+7
p1

− U2
1 (t)(4− p2

1)2(x− y)2

26 · 32n+2
+
e−2iσα2U2

1 (t)

23n+5
p2

1 −
U4

1 (t)

24n+8
p4

1

+
U1(t) [U1(t)− 2U2(t) + U3(t)]

23n+7
p4

1. (3.37)

For p(z) ∈ P , |p1| ≤ 2, let r = p1, assume without any restriction that r ∈
[0, 2], ψ1 = |x| ≤ 1 and ψ2 = |y| ≤ 1, then by triangle inequality,

|a2a4 − a2
3| ≤

{
U1(t)|U1(t)− 2U2(t) + U3(t)|

23n+7
r4 +

U1(t)|U2(t)− U1(t)|
23n+6

r4

+
U2

1 (t)

23n+7
r4 +

U2
1 (t)(4− r2)

23n+6
r +

U4
1 (t)

24n+8
r4 +

α2U2
1 (t)

23n+5
r2

}
+

{
U1(t)|U2(t)− U1(t)|(4− r2)

23n+7
r2 +

U2
1 (t)(4− r2)

23n+7
r2 +

U3
1 (t)(4− r2)

22n+8 · 3n+1
r2

}
(ψ1+ψ2)

+

{
U2

1 (t)(4− r2)

23n+8
r2 − U2

1 (t)(4− r2)

23n+7
r

}
(ψ2

1 + ψ2
2)

+
U2

1 (t)(4− r2)2

26 · 32n+2
(ψ1 + ψ2)2 (3.38)



167

and equivalently

|a2a4 − a2
3| ≤ Q1(t, r) +Q2(t, r)(ψ1 + ψ2) +Q3(t, r)(ψ2

1 + ψ2
2)

+Q4(t, r)(ψ1 + ψ2)2 = G(ψ1, ψ2) (3.39)

where

Q1(t, r) =

{
U1(t)|U1(t)− 2U2(t) + U3(t)|

23n+7
r4 +

U1(t)|U2(t)− U1(t)|
23n+6

r4

+
U2

1 (t)

23n+7
r4 +

U2
1 (t)(4− r2)

23n+6
r +

U4
1 (t)

24n+8
r4 +

β2U2
1 (t)

23n+5
r2

}
≥ 0

Q2(t, r) =

{
U1(t)|U2(t)− U1(t)|(4− r2)

23n+7
r2+

U2
1 (t)(4− r2)

23n+7
r2+

U3
1 (t)(4− r2)

22n+8 · 3n+1
r2

}
≥ 0

Q3(t, r) =

{
U2

1 (t)(4− r2)

23n+8
r2 − U2

1 (t)(4− r2)

23n+7
r

}
≤ 0

and

Q4(t, r) =
U2

1 (t)(4− r2)2

26 · 32n+2
≥ 0

where 1
2
< t < 1, 0 ≤ r ≤ 2.

Next is to maximize the function G(ψ1, ψ2) in the closed square

T = {(ψ1, ψ2) : ψ1 ∈ [0, 1], ψ2 ∈ [0, 1]} for r ∈ [0, 2].

The coefficients in (3.39) depend on r for a fixed value of t. We now investigate
the maximum of G(ψ1, ψ2) with respect to r taking into consideration the cases
when r = 0, r = 2 and r ∈ (0, 2).

When r = 0,

G(ψ1, ψ2) = Q4(t, 0) =
U2

1 (t)

22 · 32n+2
(ψ1 + ψ2)2 (3.40)

The maximum of the function G(ψ1, ψ2) occurs at (ψ1, ψ2) and

max {G(ψ1, ψ2) : ψ1, ψ2 ∈ [0, 1]} = G(1, 1) =
U2

1 (t)

32n+2
. (3.41)

When r = 2,

G(ψ1, ψ2) = Q1(t, 2) =

{
U1(t)|U1(t)− 2U2(t) + U3(t)|

23n+3

+
U1(t)|U2(t)− U1(t)|

23n+2
+
U2

1 (t)

23n+3
+
U4

1 (t)

24n+4
+
β2U2

1 (t)

23n+3

}
. (3.42)

When r ∈ (0, 2), in this case let ψ1 + ψ2 = u and ψ1 × ψ2 = v then (3.39) can be
written as

G(ψ1, ψ2) = Q1(t, r)+Q2(t, r)u+(Q3(t, r)+Q4(t, r))u2−2Q3(t, r)v = K(u, v)
(3.43)
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where u ∈ [0, 2] and v ∈ [0, 1]. Next is to investigate the maximum of

K(u, v) ∈ V = {(u, v) : u ∈ [0, 2], v ∈ [0, 1]} (3.44)

so that
∂K

∂u
= Q2(t, r) + 2(Q3(t, r) +Q4(t, r))u = 0 (3.45)

and

∂K

∂v
= −2Q3(t, r) = 0 (3.46)

With this, K(u, v) has no critical point in V, hence, G(ψ1, ψ2) has no critical
point in the square T. Thus, the function G(ψ1, ψ2) can not have maximum value
in the interior of T. Next is to investigate the maximum of G(ψ1, ψ2) on the
boundary of the square T.

For ψ1 = 0, ψ2 ∈ [0, 1] (similarly, for ψ2 = 0, ψ1 ∈ [0, 1]) and

G(0, ψ2) = Q1(t, r) +Q2(t, r)ψ2 + (Q3(t, r) +Q4(t, r))ψ2
2 = J(ψ2). (3.47)

Since Q3(t, r) +Q4(t, r) ≥ 0, then

J ′(ψ2) = Q2(t, r) + 2[Q3(t, r) +Q4(t, r)]ψ2 > 0

implies that J(ψ2) is an increasing function. Therefore, for a fixed r ∈ [0, 2) and
t ∈ (1

2
, 1), the maximum occurs at ψ2 = 1. From (3.47),

max{G(0, ψ2) : ψ2 ∈ [0, 1]} = G(0, 1)

= Q1(t, r) +Q2(t, r) +Q3(t, r) +Q4(t, r). (3.48)

Also, for ψ1 = 1, ψ2 ∈ [0, 1] (similarly, for ψ2 = 1, ψ1 ∈ [0, 1]) and

G(1, ψ2) = Q1(t, r) +Q2(t, r) +Q3(t, r) +Q4(t, r) + [Q2(t, r)

+ 2Q4(t, r)]ψ2 + [Q3(t, r) +Q4(t, r)]ψ2
2 = T (ψ2) (3.49)

T ′(ψ2) = [Q2(t, r) + 2Q4(t, r)] + 2[Q3(t, r) +Q4(t, r)]ψ2 (3.50)

and since Q3(t, r) +Q4(t, r) ≥ 0, then

T ′(ψ2) = [Q2(t, r) + 2Q4(t, r)] + 2[Q3(t, r) +Q4(t, r)]ψ2 > 0.

Therefore, the function T (ψ2) is an increasing function and the maximum occurs
at ψ2 = 1. From (3.49),

max {G(1, ψ2) : ψ2 ∈ [0, 1]} = G(1, 1)

= Q1(t, r) + 2[Q2(t, r) +Q3(t, r)] + 4Q4(t, r) (3.51)

Hence, for every r ∈ (0, 2), it is clear that

Q1(t, r)+2[Q2(t, r)+Q3(t, r)]+4Q4(t, r) > Q1(t, r)+Q2(t, r)+Q3(t, r)+Q4(t, r).

Therefore,

max{G(ψ1, ψ2) : ψ1 ∈ [0, 1], ψ2 ∈ [0, 1]}
= Q1(t, r) + 2[Q2(t, r) +Q3(t, r)] + 4Q4(t, r). (3.52)
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Since

J(1) ≤ T (1) for r ∈ [0, 2] and t ∈ (
1

2
, 1),

then
max{G(ψ1, ψ2)} = G(1, 1)

occurs on the boundary of square T.
Let M : (0, 2)→ R defined by

M(r, t) = max{G(ψ1, ψ2)}
= G(1, 1) = Q1(t, r) + 2Q2(t, r) + 2Q3(t, r) + 4Q4(t, r) (3.53)

for fixed value of t. Substituting the values of Q1, Q2, Q3 and Q4 in the function
M(r, t) we obtain

M(r, t) =
U2

1 (t)

32n+2
+

N1

24n+8 · 32n+2
r4 +

N2

23n+5 · 32n+2
r2 (3.54)

where

N1 = U1(t)

{
2n+1 · 32n+2|U1(t)− 2U2(t) + U3(t)|+ U3

1 (t)32n+2

− 2n+2 · 32n+2U1(t) + 24n+4U1(t)− 22n+1 · 3n+1U2
1 (t)

}
r4

and

N2 = U1(t)
U1(t)

23n+5 · 32n+2

{
2 · 32n+2|U2(t)− U1(t)|+ 32n+3U1(t)

− 23n+4U1(t) + 2n · 3n+1U2
1 (t) + β232n+2U1(t)

}
r2.

Suppose M(r) has a maximum value in the interior of r ∈ [0, 2], then by elemen-
tary calculus we obtain

M ′(r, t) =
4N1

24n+8 · 32n+2
r3 +

2N2

23n+6 · 32n+2
r. (3.55)

Now, we will examine the sign of the function M ′(r, t) depending on the signs of
N1 and N2 as follows.
(i) Let N1 ≥ 0 and N2 ≥ 0, then M ′(r, t) ≥ 0. This shows that M(r, t) is an
increasing function. Therefore,

max {M(r, t) : r ∈ (0, 2)} =
U1(t)|U1(t)− 2U2(t) + U3(t)|

23n+3

+
U1(t)|U2 − U1(t)|

23n+2
+
U2

1 (t)

23n+3
+
U2

1 (t)

23n+3
+
U4

1 (t)

24n+4
+
β2U2

1 (t)

23n+3
. (3.56)

(ii) Let N1 > 0 and N2 < 0, then

M ′(r, t) =
N1

24n+6 · 32n+2
r3 +

N2

23n+5 · 32n+2
r =

N1r
3 + 2n+1N2r

24n+6 · 32n+2
= 0. (3.57)

At critical point
r(N1r

2 + 2n+1N2) = 0 =⇒ r0 = 0 or
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r1 =

√
−2n+1N2

N1

. (3.58)

Thus,

M ′′(r0) =
−N2

23n+5 · 32n+1
+

N2

23n+5 · 32n+2
> 0. (3.59)

Therefore, r0 is the minimum point of the function M(r, t). Hence, M(r, t) can
not have a maximum.
(iii) Let N1 ≤ 0 and N2 ≤ 0 then, M ′(r, t) ≤ 0. So, M(r, t) is a decreasing
function on the interval (0, 2). Therefore,

max {M(r, t) : r ∈ (0, 2)} = M(0) =
U2

1 (t)

32n+2
(3.60)

(iv) LetN1 < 0 and N2 > 0

M ′′(r, t) =
3N1

24n+6 · 32n+2
r2 +

N2

23n+5 · 32n+2
(3.61)

M ′′(r0, t) =
−N2

23n+5 · 32n+1
+

N2

23n+5 · 32n+2
< 0 (3.62)

Therefore, M ′′(r0, t) < 0. Hence, r0 is the maximum point of the function M(r, t)
and the maximum value occurs at r = r0. Thus,

max {M(r, t) : r ∈ (0, 2)} = M(r0, t) (3.63)

where

M(r0, t) =
U2

1 (t)

32n+2
+

N4
2

24 · 32n+2N3
1

+
N2

2

2n+3 · 32n+2N2
1

. (3.64)

�

Corollary 3.4. Let f(z) ∈ CΣ(β, γ, n, t) of the form (3.8) be in CΣ(β, t), then

H2(2) ≤


M(2, t) : N3 ≥ 0, N4 ≥ 0

max
{

4t2

34
,M(2, t)

}
: N3 > 0, N4 < 0

4t2

34
: N3 ≤ 0, N4 ≤ 0

max {M(r0, t),M(2, t)} : N3 < 0, N4 > 0

where

M(2, t) =
U1(t)|U1(t)− 2U2(t) + U3(t)|

26
+
U1(t)|U2 − U1(t)|

25

+
U2

1 (t)

25
+
U4

1 (t)

28
+
β2U2

1 (t)

26

M(r0, t) =
U2

1 (t)

34
+

N4
4

24 · 34N3
3

+
N2

4

24 · 34N2
3

N3 =U1(t){22 · 34|U1(t)− 2U2(t) + U3(t)|+ U3
1 (t)34

− 23 · 34U1(t) + 28U1(t)− 23 · 32U2
1 (t)}r4

N4 =U1(t)
U1(t)

28 · 34
{2 · 34|U2(t)− U1(t)|+ 35U1(t)− 27U1(t) + 2 · 32U2

1 (t)

+ β234U1(t)}r2.
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10. A.O. Lasode and T.O. Opoola, Fekete-Szegö estimates and second Hankel determinant for
a generalized subfamily of analytic functions defined by q-differential operator, Gulf Journal
of Mathematics 11(2) (2021), 36–43. https://doi.org/10.56947/gjom.v11i2.583

11. A.O. Lasode and T.O. Opoola, On a generalized class of bi-univalent functions defined
by subordination and q-derivative operator, Open Journal of Mathematical Analysis 5(2)
(2021), 46–52. https://doi.org/10.30538/psrp-oma2021.0092

12. M. Lewin, On a coefficient problem for bi-univalent functions, Proceedings of
the American Mathematical Society 18 (1967), 63–68. https://doi.org/10.1090/

S0002-9939-1967-0206255-1

13. R.J. Libera and E.J. Zlotkiewicz, Coefficient bounds for the inverse of a function with
derivative in P, Proceedings of American Mathematical Society 87(2) (1983), 251–257.
https://doi.org/10.1090/S0002-9939-1983-0681830-8

14. J.W. Noonan and D.K. Thomas, On the second Hankel determinant of areally mean p-
valent functions, Transactions of the American Mathematical Society 223 (1976), 337–346.
https://doi.org/10.1090/S0002-9947-1976-0422607-9

15. H. Orhan, N. Magesh and V.K. Balaji, Second Hankel determinant for certain class of
bi-univalent functions defined by Chebyshev polynomials, Asian European Journal of Math-
ematics 12(1) (2018), 1–16. https://doi.org/10.1142/S1793557119500177
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