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STUDY OF ELLIPTIC CURVE OVER A FINITE RING
Fgale], et = &3

BILEL SELIKH!*

ABSTRACT. Let Fsa be a finite field of order 3¢ with d € N*. In this paper, we

study the elliptic curve over the finite ring Fsale] := F34[X]/(X* — X3), where

et = &3 of characteristic 3 given by the homogeneous Weierstrass equation of

the form

Y2Z = X3+ aX?Z +bZ3, where a,b € Fgale].
Such that we study the arithmetic operations of this ring and define the elliptic
curve over it. Next, we show that Er(a)m, ) (F3e) and Erp, (q),m, ) (F3a) are
two elliptic curves over the finite field F3a, such that Il is a canonical projection
and II; is a sum projection of coordinate of element in Fsa[e] and we conclude
by given a classification of elements in elliptic curve over the finite ring Fsa[e].

1. INTRODUCTION

Elliptic curves play an important role in many areas of mathematics (geome-
try, algebra and numbers theory...etc). The study of elliptic curves by algebraists,
algebraic geometers and number theorists dates back to the middle of the nine-
teenth century. They are the basis of the demonstration of fermat’s great theorem
by Andrew Wiles, it was proposed for the asymmetrical cryptography by Neal
Koblitz [6] and Victor Miller [7] in 1985 separately.

In 2016, A. Boulbot et al. published their article [2] were constructed a non
local ring F,[e] = F [X]/(X? — X?), € = €2, defined an elliptic curve over F,e]
and they had given the classification of elements in E,;(F,[e]), and in 2018 [1]
they studied elements classification and the group law of an elliptic curve over
Faale], e? = e.

In 2021, B. Selikh et al. published their article [8] were introduced the classifica-
tion of elements in elliptic curve over the ring F[e] := F,[X]/(X* — X3),e* =¢&3
with ¢ = p” where r be a positive integer and p > 5 is a prime number.

Our goal of this work is to study the elliptic curve over the ring Fiile] :=
Faa[X]/(X* — X3), we start this work by studying the arithmetic of the ring
Faale], e* = €, in particular we show that Fsa[e] is not a local ring. In section 3,
the study of the discriminant and the homogeneous Weierstrass equation of the
elliptic curve E, ;(Fs4[e]), allow us to define the two elliptic curves E () 110(5) (F3¢)
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and Ei, (0,11, (5) (F34) over the finite field Fsa, where Iy and I1; two surjective mor-
phisms of rings. In the last section, we classify the elements of the elliptic curve
E,p(Fsa[e]) into three types.

2. THE FINITE RING Fafe], et = &3

We will follow the approach in [3, 4, &]. The ring Fsa[e], where * = &3 can be
constructed by using the quotient ring of Fs4[X] by the polynomial X* — X3, Fsa
is a finite field of order 3¢ where d be a positive integer. Every element X € Fsa[e]
written in the form X = xg + 216 + 29e® 4 x36® where (g, 21, 22, x3) € Fi,.

2.1. Arithmetic operations. The arithmetic operations in Fsa[e] can be de-
composed into operations in Fss and they are computed as follows:
X 4+Y = (20 +vo) + (w1 +y1)e + (z2 + yo)e® + (23 + y3)e® and
X Y = (zoyo) + (o1 + 2190)e + (Toye + 131 + T2yo)e”
+ ((mo + @1 + @2 + 3)ys + (z1 + @2 + 23)yo + (T2 + @3)y1 + T3y0)e”,

where X = xg+ 216+ 296? +236% and Y = yy +y16 + y222 + y3e® with z;,1; € Fsa
and 0 <7 < 3.

Example 2.1. Let X = 1+e+&?+2¢% and Y = 2 + &2 + % are two elements
in F3[e], we have:
X+Y=c+2%and XY =242+ &>

Lemma 2.2. (Fyale], +,-) is a finite unitary commutative ring isomorphic to the
quotient ring Fsa[X]/(X* — X3).

Lemma 2.3. The ring Fsale] is a vector space over Fsa of dimension 4. And
have {1,¢,e%, &%} as basis, then: Fgale] = Faa + Faae + Fgac? + Fguc®.
Proof. Let X and Y in Fs4¢] and k in the ring Fsa, we have:

@ X+Y = (x+ yo)‘-l— (1 +y1)e + (2 + y2)e? + (x5 + y3)e>.
S k-X=k Z?:o T;e' = Z?:o kx,et = kg + kxie + kxoe? + kased.

Proposition 2.4. The product law in Fsale] can be written as:
X Y = zoyo + Oxye + Qxye

+ ((wo 4+ 21 + T2 + 23) (Yo + Y1 + ¥2 + Y3) — Toyo — Oxy — Nxy)e’,
where:
Oxy = (zo + 1) (Yo + ¥1) — Toyo — T1y1 = Toy1 + T1Yo and

Qxy = (w0 + 71+ 22) (Yo + Y1 + ¥2) — To(Yo + y1) — 21(Yo + v2) — T2(y1 + 12)
= ZToY2 + T1Y1 + T2Yo-
Proof. We have:

(o + @1 + 22 + 23) (Yo + ¥1 + Y2 + y3) — Toyo — Oxy — Oxy
= (o + x1 + 22+ x3)y3 + (¥1 + T2 + x3)y2 + (2 + 23)y1 + T3Y0. O]

Corollary 2.5. Let X = x¢ + @16 + 298> + x38% € Fsale], we have:
X? =22 + Ox2e + Qx2e? + ((wo + x1 + T2 + 3)? — 72 — 2% + 271 + TOT2)E,
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X7 = g + (27 + 23 +a3)e”,
where: Ox2 = (xo+x1)?—x3—2% and Qx2 = (vo+21+72)? — 23 — 25+ T0T1 +T173.

The next proposition characterize the set (Fsa[e])”of invertible elements in

]ng [8] .

Proposition 2.6. Let X = xg + 716 + 196 + w38 € Fgale]. The element X is
wwvertible if and only if xo and xo—+ x1+ x2+ x3 are invertible in Fsa. The inverse
of X is given by:

-1 _ -1 —2 2,.—3

Y o
+ ((xo + o1 + 29 + 23) " + 1125 + 202y — 2325 — x5 t)E>.
Proof. Let X = xg + o1 + 296 + 2382 and Y = yo + yie + 1262 + y3e® be two
elements of Fa[e], we have:
XY = ToYo + @XyeE + Qxy€2
+ (o421 + 22+ x3) (Yo + Y1 + Y2 + ¥3) — Toyo — Oxy — Uxy)e?,
where O xy = xoy1 + 1y and Qxy = Toys + T1y1 + x2yo. Then:

(2oyo = 1;
Oxy = 0;
X V=1 < XY=
Qxy = 0;
L (Zf:o %’)(Z?:O Yi) — Toyo — Oxy — Qxy = 0.
(2oyo = 1;
T T =0
oY1 + 1Yo ;
ToY2 + T1y1 + Tayo = 0;
3 3
. (Zi:o xi)(zi:o yi) =1
(yo =y, and x0 # 0[3);
—2
= —T175
(51 1 (12 ) s
Yo = —TaZy  + 1T,
(s = (Cigmi) ™" + a1ag” + morg” — afag® — g, and 31 @ # 0[3].

So, X € (Fsu[e])* if and only if xy # 0[3] and zg + z1 + 22 + 3 Z 0[3].
In this case, we have:
Xt =ayt —may’e + (virg® — moxy?)e?

O

3 3

+ ((mo + @1 + 32 + 3) " + 2135 + 2oxy” — 2fag” — 2y ')’

Corollary 2.7. Let X € Fsale|, then is not invertible if and only if xo = 0[3] or
To + 1 + 2o + 23 = 0[3], where (xg, 1, T2, x3) € F3,.

Example 2.8. Let X = 1+ 2¢ + &* € F3[¢], we have 7o = 1 # 0[3] and zq +
x1 + 2y + 23 = 1 # 0[3] then X is invertible in F3[e]. The inverse of X is
X '=l4e+e*+¢%

Lemma 2.9. Fsi[e] is a non local ring.

Proof. Let X € Faa[e], then the element X is not invertible if and only if X =
T1e+02+ 2383 or X = wo+w16+06% — (2o+21+12)e3, such that (zg, x1, 12, 23) €
F3.. Now, we consider Iy, I; be two ideals of Faa[e] defined by:
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Iy = {z1e + w9e% + 238° | (21, w2, 73) € Fi,} and
I = {xo + z18 + 298% — (w0 + @1 + 32)° | (w0, 21, 22) € Fiy},

it’s clear that Iy U I; is the set of non invertible elements in Fsai[c], and for all
Zo, X1, T2, a,b and c in Fsqa, we have:

To + 1€ + 126? — (9 + T1 + T2)e = ae + be? + &3

= 2o+ (11 — a)e + (2 — b)e? — (wo + 21 + 22 +¢)e® =0

Ty = O, Ty = O,
1 —a=0; T = a;
— —
ro—b=0; To =b;
To+ a1+ a0+ c=0. T+ x9 = —c.
We have Iy NI, = {ae +be* —ce® | (a,b,c) € F3,} then Iy and I; are two distinct
ideals of Fsale], so Iy U I; is not ideal. Finally, the ring Fsa[e] is not local. O

Definition 2.10. Let I be a canonical projection and II; be a sum projection
of coordinate of element in Fsa[e] defined as given below:

]F3d [5] — ]F3d
X = Z?:O Iiéi — Z?:O Z;
Lemma 2.11. The mappings Iy and 11, are two surjective morphisms of rings.
Proof. Let X = xg + w16 + 296 + 2382 and Y = yo + yie + 1262 + y3e® be two
elements of Fza[e]. From the definition of the sum and product law in Faa[e], we
have:

. - ng [8] — ]ng

: 3 - and II; :
0 X = Zi:o $i61 > Xy

My(X +Y) =m0+ yo = o(X) + (YY), and
Mo(X - Y) =20 yo = o(X) - Tp(Y).
So, Iy is morphism of rings.
(X +Y)=zg+yo+a1+y1 + T2+ y2+ 23+ Y3
=11, (X) + II,(Y), and

(X -Y) = (w0 + 21 + 22+ 23) - (Yo + 91 + Y2 + ys)
=TI (X) - TI(Y).

So, II; is morphism of rings.
Finally, for all z € Fsa C Fsa[e], we have IIy(z) = I1;(z) = x, so Il and II; are
two surjective morphisms. 0
Lemma 2.12. Let X = xg + 716 + 29e? + x36® € Faale]. If X s invertible in
Fsale], then:

(X ™) = (o(X)) ™" and I (X™') = (IL (X))~
Proof. Let X = g+ 1€ + x9e% + 236 € Faa[e]. By using the Proposition 2.6, we
have:

HO(Xfl) — xal o Hl(Xil) — (370 + a1 + 29 —|—ZC3)71
= (Io(X)) ™, = (IL,(X))~".
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3. ELLIPTIC CURVE OVER Fgalg],e? = &3

In this section, we consider X, Y, Z, a and b are elements of the ring Fsq[e] fixed
by X = zo+zi1e+a06”+236%, Y = yo+ipe+ipe®+yse® | Z = 2o+ 216+ 208° + 236,
a = ap + a1e + ase? + ase® and b = by + by + bae? + bz, with d be a positive
integer.

The discriminant of elliptic curve over the ring Fgale] is A := —a3b, and we
denoted by A and A} the images of the discriminant A by Il and II; the
morphisms respectively,

Ny = o(A) = Ho(—a’b) = Ty(—a®)y(b) = —aghy, and

N =TI (A) = i (—a’b) = I (—a®)IT(b) = —(ag + ay + az + az)?(by + by + by + b3)
= —(ag + a3 + a3 + a3)(bo + by + by + b3).

The j-invariant of elliptic curve over the ring Fsale] is j := _Tag, and we denoted

by ji and 7} the images of the j-invariant j by Il and II; the morphisms respec-

tively. By using the Lemma 2.12, we have:

Jo = o(j) = Tho (_T) = Mo~ ") = Ty(~a*)TTy(b") = (~Tho(a))*(To(b)) "

3
—%

by and

_ 3p—1 __
= —aobo =

=10 = 10 (55 ) = (a7 = (=)0 (07) = (~Ta(a) (10 (0)
—(ag + a} + a3 + a3)

= —(ag + a1 + as + as)®(bo + by + by + by) ' =
(ap + ay + as + asz)”(by 1 2+ b3) (bo + by + by + b3)

Definition 3.1. We define an elliptic curve over the ring Fsa|¢], as a curve in the
projective space P?(Fs4[e]), which is given by the homogeneous equation of degree
3, Y2Z = X3+ aX?Z + bZ3, where a and b in Fya[g] such that the discriminant
A is invertible in the ring Faa[e]. In this case, we denote the elliptic curve over
Fsale] by Eqp(Fsale]), and we write:

Eouy(Fyale]) = {[X : YV : Z] € PA(Faule]) | Y?Z = X* + aX?Z + bZ°}.

Proposition 3.2. The discriminant A\ is invertible in Fsae] if and only if ANj #
0[3] and A # 0[3].

Proof. We show easily that A = A+ Ae+ Be?+ (A} — Ay — A— B)e® where A =
—agby and B = —ajby, then from the Proposition 2.6 we deduce the result. [

Corollary 3.3. If the discriminant A is invertible in Faale|, then we can talk
about the elliptic curves Eriy(a) o) (Fse) and i, (a)m @) (Fse) defined over the
finite field Fqa by:
Enig(aymio)(Fsa) = {[z : y : 2] € P*(F3a)| y°2 = 2° + apz®z + boz"}, and
3 3
Ennya,m0)(Fs0) = {[z 1y 2] € PP(Faa)| 2 = 2® + (Q_a)a®z + (D bi)2").
i=0

1=0
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Proposition 3.4. Let X,Y and Z be three elements in the ring Fsale], then
(X 1Y : Z] is a point of P*(Fsale]) if and only if [II;(X) : IL(Y) : I;(Z)] is a
point of P?(Fsa), where i € {0,1}.

Proof. Suppose that [X : Y : Z] € P?(FF4a(e]), then there exist the triple (o, i, a3) €
(Fsa[g])? such that a; X + asY + a3Z = 1. Hence, we have:

1o (01 )Ho (X) + Ho(a2)Io(Y) + Ho(as)Ilo(Z)

1, and
Hl(Oél)Hl(X) + Hl(OéQ)Hl(Y) + Hl(Oég)Hl(Z> 1.

So, (HO(X)7 HO(Y)7 HO(Z)) 7é (Oa 0, 0) and (HI(X)7 Hl(Y)7 Hl(Z)) 7é (Oa 0, 0)7
which proves that [IL;(X) : I;(Y) : I1;(Z)] € P*(Fs) for i € {0,1}.

Reciprocally, let [IL;(X) : T;(Y) : T;(Z)] € P?(Fsa) where i € {0,1}. Suppose
that xy #Z 0[3], then we distinguish between two cases of I1; (X)) = zg+x1+xo+23:

(1) TI;(X) # 0[3]: then X is invertible in Fs4[e], so the projective point
(X Y : Z] € P2(Fsale]).
(2) II1(X) = 0[3]: then II,(Y) # 0[3] or II;(Z) # 0[3].
(i) If I, (Y") # 0[3] then:
To + 216 + 2% + (Yo + Y1 + Y2 + Y3 — To — 1 — T2)E”
= 20 + 116 + T26% — (To + 1 + T2)E> + (Yo + Y1 + Y2 + y3)E>
X 16 € (Fyle)”.
so there exist ® € Fgale]: ®X + &3®Y = 1, hence [X : YV : 7] €
PQ(]ng [6])
(i) If I1,(Z) # 0[3] then:
To + 16 + T2e? + (20 + 21 + 20 + 23 — To — T — Xo)E>
=T+ 216 + T26? — (29 + 1 + T2)e3 + (20 + 21 + 22 + 23)€3
=X +&Z € (Fule])™,
so there exist @ € Fsule]: X +&3®'Z = 1, hence [X : YV : Z] €
P?(Fgale]).

In the case where IIy(Y) # 0[3] or I1y(Z) # 0[3], we follow the same proof. [

Example 3.5. Let X = 1+e+&2+2e3 Y = 14+2e+¢% and Z = 2+e+¢? in F3[¢],
then [X : Y : Z] is a point of P?(F3[e]) <= [IIo(X) : Io(Y) : Ip(Z)] = [1:1: 2]
and [TI;(X) : TI,(Y) : T[,(Z)] = [2 : 1 : 1] are two points of P?(F3).

Proposition 3.6. Let X,Y and Z in Fsale], if the point [X : Y : Z] is a solution
of the Weierstrass equation in E,p(Fzale]) then [IL;(X) : IL(Y) : IL;(Z)] is a
solution of the same equation in E,(q) m,@»)(Fse), where i € {0, 1}.

Proof. From the Proposition 2.4 and the Corollary 2.5, we have:
3

Y2 = 5 + Oyae + Qy2e® + ((Z Yi)? — ya — Oy — Qy2)e?,
=0
3
Z2 = Zg + ®Z2€ + Qz2€2 + ((Z Zi)2 — Zg — ®Z2 — Qz2)€3,
=0
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3 3
aX? = aoxy + Oux26 + Qux2e” + ((Z ai)(z i)? — apxg — Oaxz — Qax2)e’,
i—0 =0

3 3
aX?7Z = agrazg + Oux2z6 + Quxoz8> + ((Z ai)(z x,)Q(Z 2;) — apTaz0 — Oux2z — Qax2z)e>,

3
=0 =0 =0

3 3
bZ® = by + biZje + baZge® + (O _b)(D_ =) — boziy — b1 Z§ — by Z3)
=0

i=0
Hence,
(Y220 = 2 + a2 + boz;
Oy2z = Oyx27 + blZg’;
QY2Z = QaX2Z + 52237
3 3 3
Y27 = X34+aX? 74073 «—
Z% ZZz = Zx +(Q_a)(Q_ =) () =)
i=0 i=0 i=0
3 3
+ (Z bz)(z ).
=0

— i=0
Which proves that for i € {0:1}, [IL;(X) : I;(y) : IL;(Z)] is a solution of the
Weierstrass equation in Er, () 11, b) (F3a[€]). O
Example 3.7. Let E,; : Y2Z = X? +aX?Z + bZ3, where a = 2 + ¢ + % and
b=1+2e?+¢&? in F3e], the discriminant A = —a3b = 1 + 2 4 23 is invertible
in Fs[e], because IIo(A) =1 # 0[3] and II;(A) = 2 # 0[3] then E, ;(F3[¢]) is an
elliptic curve.
Let X =1+4¢,Y =1+¢and Z =1 in Fs[e], the point [X : Y : Z] is a solution
of the Weierstrass equation E,;, then [IIo(X) : [Io(Y) : p(Z)] = [z,y,2] = [1 :
1 : 1] is a solution of equation:
Eng o) : ¥z = 2° + Ip(a)z’z + o (b)2° = 2° + 2272 + 2°
and [TI(X) : TI,(Y) : II1(Z)] = [x,y,2] = [2: 2 : 1] is a solution of equation:
Emnwme : ¥z =2° + i(a)z’z + I (b)2° = 2° + 22 + 2°
From the propositions 3.2, 3.4 and 3.6, we deduce the following theorem:

Theorem 3.8. Let X,Y and Z in Faale]. If [X 1 Y : Z] € E,p(Fsale]) then
[IL(X) : IL(Y) : 1(Z)] € Er,(a),m,)(F3a), where i € {0,1}.
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Corollary 3.9. The mappings Iy and 11, are well defined, where II; fori € {0,1}
15 given by:

i . | Bap(Fsele])

0, EHi‘(a)uni(b) (F3d)

_>
X Y:Z] — [L(X): () IL(Z)]

Proof. Let [X 1Y : Z] € E,4(Fsale]). From the previous Theorem 3.8, we have
[HZ(X) . HZ(Y) . HZ(Z)] c EHi(a),Hz‘(b)(Ffﬂd) where 7 € {O, ]_}
X :Y:Z]=[X":Y":Z then there exist ¥ € (F34[¢])* such that: X' = VX,
Y'=UY and Z' = V7, then:
(XY Z') = [IL(X") - (Y : T,(Z27)]
= [[L;(VX) : [L;(VY) : [1;(V2)]
= [L(W)IL(X) « IL(W)IL(Y) - Hi(\p)Hi<Z)l
Hi(\Ij)re]F;d
=IL([X:Y : Z)]).

So, the mapping II; is well defined with i € {0,1}. O

Corollary 3.10. The mapping I is a surjective.

Proof. Let [z :y : 2] € Ery(a),m,)(Fsa), then:
% Ify#£0[3] then [z:y:z] ~[r:1:2] hence
[2(1+2e4+2e?+€%) : 1: 2(142e+2e%+¢%)] is an antecedent of [z : 1 : 2].
% If y=0[3| then 2 # 03] and [z :y : 2] ~ [z : 0: 1] hence
[2(1+2e+2e2 4+ &%)t e+ &%+ % : 1+ 2 + 2e% + &3] is an antecedent of
[z:0:1].
0J

Corollary 3.11. The mapping I1; is a surjective.

Proof. Let [z :y : 2] € En,a),m,5)(Fsa) then:
% Ify#0[3] then [z:y:z] ~[r:1:2] hence
[#(e + 26+ &%) 1 1: z(e + 2¢® + &°)] is an antecedent of [z : 1 : z].
% If y=0[3] then 2 Z0[3] and [z : y : 2] ~ [x : 0 : 1] hence
[2(e+2e2+&3) : 1+e+2e%—e® : e+ 2e?+&%] is an antecedent of [z : 0 : 1].
0J

4. CLASSIFICATION OF ELEMENTS IN E, ,(Fsa[¢])

In this section, we will classify the elements of the elliptic curve E, ;(F3q[¢]) into
three types, depending on whether the third projective coordinate Z is invertible
or not. The result is in the following proposition.

Proposition 4.1. Every element of the elliptic curve E,,(IF3a[e]) has one of the
forms:

(1) [X : Y : 1], where X|Y € Fsale].



190 B. SELIKH

(2) [w16+moe® +w3e® 1 11 216+298%+2383], such that [v1+xa+13 : 11 21+29+23]
in El'h(a),l'[l(b) (ng).

(3) [w18 + 2082 + 2383 1 1+ y16 + 4222 — (1 + y1 + 4o)e® 1 216 + 2082 + 23¢3],
such that [x1 + xo + 23 : 01 2 + 20 + 23] 1 By, (a),11, () (F3a).

(4) [wo + @16 + moe? = S0 13?1 12 29 + 216 + 206% — S0 2], such that
[0 0 12 2] in Erg(a),mov) (Faq)-

(5) [wo+z1e+m9e® =37 g 2ie® : e+ yac?+ ygs?’.: 20+ 216+ 2062 — 32 26,
such that yi1 +y2 +y3 Z 0[3] and [xo : 0 : 1] in Erya),m, ) (F3q)-

Proof. Let T = [X : Y : Z] be a point in E, ;(Fs4[¢]), we have three cases of third
projective coordinate Z:

(1) If Z is invertibe, then: [X : Y : Z] ~ [X : Y : 1].
(2) If Z = 216 + 2962 + 236 where (21, 29, 23) € (Fs4)3, then:
o([X : Y : Z]) = [Hp(X) : Hp(Y) : Ho(Z2)] = [x0 : yo : 0], so zg = 0[3]
and yo # 0[3], hence
(X 1Y : Z] = [m16 4+ 208? + 2383 1 1+ 416 + 12?4+ y36> 1 216 + 2082 + 2367,
and there are two sub-cases of y; + yo + y3 € Fga:
(i) y1 +yo +y3 Z —1[3], then 1+ y16 + 1262 + y3e? is invertible in Fgale],
so we have:
(X 1Y : Z] ~ w16 + 296 + 383 : 1 : 216 + 2962 + 23¢3], where
[581 +axo4+x3: 121+ 29+ 23] € El_Il(a),Hl(b)(IFSd)~
(ii) y1+yo+ys = 1[3], then 1+y1e+yoe? — (1 +y1 +12)e? is not invertible
in Fsa[e], so we have:
(XY : Z] = [v1e + 20e® + w383 1 1+ 16 +1pe? — (1 +y1 + y2)e3
zie+2062+238°], where (21420425 : 01 214+22+23] € B, (0),m1, ) (F3a),
then necessary z; + zo + 23 Z 0[3].
(3) I Z =2+ ze+ 2962 — (20 + 21 + 22)€% where (29, 21, 22) € (Fs4)?, then:
(X Y : Z]) = [Iy(X) : TI(Y) : 11 (2)] = [0+ 21 + 22 + 23 :
Yo +y1 +ya +ys: 0],
SO To + o1 + x5 + x3 = 0[3] and yo + y1 + y2 + y3 # 0[3], hence
(X 2 Y Z] = w0+ 216 + w98® — S0 wie® 1 yo + e + yoe® + ype®
20 + 216 + 2987 — Zfzo ze?],
so we have two sub-cases of yg € F3a:
(i) yo # 0[3], then yo + y1& + yoe? + y3e® is invertible in Fga[e], then:
(X 1Y : Z] ~ [1g + @16 + 328? — Z?ZOIBZE?’ c 1t 29+ 216 + 2962 —
Z?:o ze®], where (29 : 1 : 29] € Eng(a)m1o(0) (F34)-
(i) yo = 0[3], then yi& +y2e? + y3e® is not invertible in Fsa[e], so we have:
(X 1Y : Z] = [xg + 116 + @982 — Z?:o 23 1 yi1e + yoe? + ysed -
20 + 216 + 2% — 307 zie®], where [zg : 0 : 2] € Eitoa).mmo(s)(Fsa),
then necessary 2o # 0[3] and [X : Y : Z] = [xg + 716 + 226 —
S22 mied s e+ ye® Fyse® 1 14+ ae + B2 — (14 a + B)e?], where
y1+y2+ys Z0[3] and [ : 0: 1] € Eno(a)ﬂo(b)(Fg)d).

Which proves the proposition. O
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