Gulf Journal of Mathematics ISSN: 2309-4966
Vol 14, Tssue 2 (2023) 89-100 https://doi.org/10.56947 /gjom.v14i2.1178

CRITICAL POINT EQUATION WITHIN THE FRAMEWORK
OF VARIOUS CONTACT METRIC MANIFOLDS

SUMANJIT SARKAR!*, SAMPA PAHAN? AND ARINDAM BHATTACHARYYA?

ABSTRACT. The aim of the present paper is to study the critical point equa-
tion (shortly CPE) conjecture within the framework of various contact metric
manifolds. First we establish that Kenmotsu manifold satisfying the CPE
either becomes an Einstein manifold or the derivative of potential function
along characteristic vector field satisfy a certain relation on the distribution
of n. Next we study CPE on (k, u)’-almost Kenmotsu manifold and obtain
that the manifold is Einstein. Later in case of 3-dimensional trans-Sasakian
manifold, we get that either the manifold becomes a-Sasakian or it becomes
Einstein. Finally we give examples of 3-dimensional trans-Sasakian manifold
and (k, 1)’ -almost Kenmotsu manifold to verify our outcomes.

1. INTRODUCTION

Throughout the paper we consider M as (2n+1)-dimensional compact (without
boundary) orientable Riemannian manifold with dimension > 3. Let M denote
the set of all Riemannian metrics on M of unit volume. For given metric g € M
let v, : M — R and dv, be respectively its scalar curvature and volume deter-
mined by its metric and orientation, then the total scalar curvature functional

S : M — R is defined by,
S(g) = / reduvg.
M

Einstein and Hilbert proved that the critical points of the functional S are Ein-
stein metrics i.e., the critical points satisfy the Euler-Lagrange equation,

r
S0 —g _ g =0 1.1
g g 277/ + 19 Y ( )
where Sg, S,y are traceless Ricci tensor and Ricci tensor of g respectively.

As Yamabe stated that any compact manifold carries many smooth Riemannian
metrics with constant scalar curvature, we define the set of metrices with constant
scalar curvature as C = {g € M|r, = constant}. Now, (1.1) restricted to C on M
can be written as,

L;(\) =5, (1.2)
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where £}()) is the formal L*-adjoint of the linearized scalar curvature operator

L,(X\) and is defined as,
L3(N) = —(Ag\)g + Hessgh — ASy, (1.3)

where A \ and Hess, are Laplacian and hessian of the smooth function A.

The function A in (1.2) is known as the potential function. Interestingly, if A
is constant in equation (1.3), then the manifold becomes Einstein. So, now we
always consider a non-constant potential function X as a solution of (1.2). With
the help of (1.1) and (1.3) we can rewrite (1.2) as,

r r
Sy — an—l ﬁg—Sg))\—l—Hessg)\. (1.4)

Now we consider the following definition of critical point equation (shortly CPE),

9=

Definition 1.1. A compact oriented (without boundary) Riemannian metric
manifold (M, g) of unit volume and dimension > 3 with constant scalar curvature
together with non-constant smooth potential function A satisfying the equation
(1.4) is called a critical point metric manifold.

In [3], Besse conjectured that a Critical Point Equation metric is always Ein-
stein. Since then proving the conjecture has become the motivation for many
mathematicians. Still date no one can prove it but some partial results are devel-
oped under some particular curvature assumptions. Lafontaine [12] proved that
the conjecture is true for a locally conformally flat manifold. Then some math-
ematicians have improved the result, for example, Barros and Ribeiro [2] under
half conformally flat assumption. In [10], Hwang concluded that the conjecture
is true under the assumption f > —1, where f is a smooth function defined on
M satistying the critical point equation. Then he was able to prove that, if the
second homology group of a 3-dimensional manifold vanishes, then it is diffeomor-
phic to S3. Again he with the help of Yun and Chang [5] provided a result stated
as if (g, ) is a non-trivial solution of the CPE on an n-dimensional compact
Riemannian manifold M and satisfies the following conditions (a) Ricci tensor
of g is parallel, (b) g has harmonic curvature (c) (M, g) is conformally flat, then
(M, g) is isometric to a standard sphere. Then Neto [11] provided a necessary
and sufficient condition on the norm of the gradient of potential function for a
CPE metric to be Einstein. Most recently, Patra and Ghosh [16] has established
(a) a complete K-contact metric satisfying the CPE is Einstein and is isometric
to a unit sphere S*"*! (b) if a non-Sasakian (, j1)-contact metric satisfies the
CPE, then M?3 is flat and M?"*! is locally isometric to E"*! x S™ if n > 1.

In this paper we consider the critical point equation (shortly CPE) conjecture
within the framework of various contact metric manifolds. First we establish that
a Kenmotsu manifold satisfying CPE is of constant scalar curvature and either
the manifold is Einstein or it satisfies a particular relation on the distribution of
n. Next we conclude that (k, —2)-almost Kenmotsu manifold with k < —1 ad-
mitting CPE becomes Einstein manifold. Later we establish that a 3-dimensional
trans-Sasakian manifold with constant structure functions becomes a-Sasakian or
Einstein manifold, if it satisfies CPE. Finally we have constructed examples of
3-dimensional trans-Sasakian manifold and (x, —2)’-almost Kenmotsu manifold.
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2. PRELIMINARIES

By [1], a differentiable manifold M of dimension 2n+1 is said to has an almost
contact structure or (¢, &, n) structure if M admits a (1, 1)-tensor field ¢, a vector
field &, and an 1-form 7 satisfying,

P =—-IT4+n®E, (2.1)
n(§) =1, (2.2)

where [ is the identity mapping. A Riemannian metric g is said to be compatible
metric if it satisfies,

9(0X,9Y) = g(X,Y) = n(X)n(Y), (2.3)

for arbitrary vector fields X and Y on M. A manifold having almost contact
structure along with compatible Riemannian metric is called almost contact met-
ric manifold.

In a almost contact metric manifold the following conditions are satisfied,

o€ =0, (2.4)
no¢=0, (2.5)
9(X, &) = n(X), (2.6)
9(¢X,Y) = —g(X, 9Y), (2.7)
for arbitrary X,Y € y(M).
2.1. Kenmotsu manifold: By [!] and [], if in an almost contact metric mani-
fold M the following condition holds for arbitrary X,Y € x (M),
(Vx6)Y = —n(Y)$(X) — g(X, oY e, (2.8)

where V denotes the Levi-Civita connection of g, then the manifold M is called
a Kenmotsu manifold.
In Kenmotsu manifold of dimension (2n + 1) the following relations hold,

Vx{ =X —n(X)¢, (2.9)
R(X, V) =n(X)Y —n(Y)X, (2.10)
S(pX,0Y) = S(X,Y) 4+ 2nn(X)n(Y), (2.11)
S(X, &) = =2nn(X) & Q¢ = —2n¢, (2.12)

for arbitrary vector fields X,Y, Z, W on M, where R is Riemannian curvature
tensor, S is Ricci operator and @ is Ricci tensor, defined by S(X,Y) = g(QX,Y).

2.2. (k,p) almost Kenmotsu manifold: Let M be a (2n + 1)-dimensional
almost contact manifold. An almost complex structure J is defined on M x R by
J(X, f4) = (¢X — f&,n(X)<L), where X is a tangent to M, ¢ is the coordinate
on R and f a C* function on M xR. Clearly J? = —I. If J is integrable then the
almost contact structure is said to be normal. The normality of an almost contact
metric manifold is equivalent with vanishing of the tensor field [¢, ¢] + 2dn ® &,
where [¢, @] is the Nijenhuis torsion tensor of ¢ (for more details see [1]).
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The fundamental 2-form ® on an almost contact metric manifold M is defined
by ®(X,Y) = g(X, ¢Y) for arbitrary X,Y € x(M). We recall from [7] and [17],
an almost Kenmotsu manifold is an almost contact metric manifold where 7 is
closed and d® = 2n A ®. Now consider two (1,1)-type tensor fields h = %quﬁ and
h' = ho¢ and an operator £ = R(., &), where L¢¢ is the Lie derivative of ¢ along
the direction £. In an almost Kenmotsu manifold M the following relations are
satisfied VX, Y € x(M),

hé = ¢ =0, (2.13)
tr(h) = tr(h') =0, (2.14)
hé = —oh, (2.15)
Vié =X —n(X)E+HX, (2.16)

RX,Y)E = n(X)(Y + 1Y) —n(Y)(X + I'X) + (Vxh)Y — (Vy )X,

By (k, p)'-almost Kenmotsu manifold we mean almost Kenmotsu manifold where
the vector field £ satisfies the (k, u)’ nullity distribution (for details see [7]), i.e.,

R(X,Y)§ = s(n(Y)X —n(X)Y) + p(n(Y)h'X —n(X)h'Y), (2.17)

for any vector fields X and Y on M. On a (k, u)’-almost Kenmotsu manifold M
we have [7],
h? = —(k+ DX — n(X)g], (2.18)

for X € x(M). From previous relation it follows that ' = 0 if and only if kK = —1
and h’' # 0 otherwise. Let X € Ker(n) be an eigenvector field of A’ orthogonal to
€ w.r.t. the eigenvalue a. Then, from (2.18) we get a? = —(x + 1) which implies
rk < —1. Dileo and Pastore proved that on a (x, u)’-almost Kenmotsu manifold
with k < —1, we have u = —2 (Proposition 4.1 of [7]).

We recall from [17] and [7] that the following relations hold on a (2n + 1)-
dimensional (k, —2)"-almost Kenmotsu manifold M, with x < —1,

(Vi)Y = —g(W'X + B2X,Y)E — n(Y)(W'X + K2 X), (2.19)
QX = —2nX + 2n(k + 1)n(X)E — 2nh' (X), (2.20)
2n(k —2n) =, (2.21)

where X, Y € x(M).

2.3. Trans-Sasakian manifold: A almost contact metric manifold M is called
a trans-Sasakian manifold if (M x R, J, G) [defined in section 2.2], where G is the
product metric on M x R, belongs to the class Wy (see [9]). If there are smooth
functions «, 5 on an almost contact metric manifold (M, ¢, &, n, g) satisfying,

(Vx@)Y = alg(X, V)& —n(Y)X] + Blg(oX, Y)E —n(Y)eX], (2.22)
where XY € x(M) are arbitrary, then the manifold is called trans-Sasakian
manifold of type («a, 5) [I1]. «, are called structure functions of the manifold.
Trans-Sasakian manifolds of type (0,0), (a,0), (0, 8) are called cosymplectic, a-

Sasakian, -Kenmotsu manifolds respectively. Then form (2.22), we can deduce
that,

Vx€ = —a(¢X) + (X = n(X)). (2.23)
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Marrero [13] showed that a trans-Sasakian manifold of dimension > 5 is either
cosymplectic or a-Sasakian or S-Kenmotsu. So proper trans-Sasakian manifold
exists for dimension 3. In a 3-dimensional trans-Sasakian manifold the following
relations hold,

R(X.Y)Z =(5 + 268 = 2(a” = ) (9(Y. 2)X — (X, 2)Y) ~ g(V. 2)
(5 +€8 = 3(a* = B)n(X)€ = n(X)(¢Da — DB) + (X8
+ (6X)a)¢] + g(X, Z)[(5 + 8 = 3(a” = B)m(Y)¢ = n(Y)
(6D~ DB) + (Y B+ (6Y)a)é)] ~ [(Z6 + (6Z)an(Y)
+ (VB + (0¥ )a)n(Z) + (5 + €8 = 3(a® = #)n(Y )n(Z)] X
+[(Z8+ (62)2)n(X) + (X5 + (9X)a)n(Z) + (5 + €8
- 3(a” = )M )Y,

S(X,Y) =(5 + 68 = (0 = B)g(X.Y) = (5 +68 = 3(e” = F)n(X)

1Y) = (VA + (@Y )a)n(X) — (X8 + (6X)a)n(¥),

where Df denotes the gradient of the smooth function f and «, are smooth

functions on the manifold (for details see [15]).
Here in this paper we restricted the smooth functions «, 5 to be constant
functions [3]. Then we got some special relations compatible to our restrictions,
R(X,Y)¢ = (o = B)(n(Y)X = n(X)Y), (2.24)
r r
S(X,Y) = (5 = (@2 = F))g(X,Y) = (5 =3(” = B)m(X)n(Y). (225

3. MAIN RESULTS

Lemma 3.1. Let (g,\) be a non-constant solution of the critical point equation
on an (2n + 1)-dimensional Riemannian manifold M. Then the Riemannian
curvature tensor R can be expressed as,

R(X,Y)DX = (XA\)QY —(YNQX+(A D [(VxQ)Y —(VyQ) XX )Y —(Y f)X
(3.1)
for any vector fields X, Y € x(M) and f = —r(2 + =),

2n ' 2n+1

Proof. Since (g, \) is a non-constant solution of the critical point equation, so,
S — 559 = (5.9 — S)A — Hess()). Tracing this equation we get, Aj\ = —rg2.

Thus the above mentioned equation can be exhibited as,
VxDX=(A+1)QX + fX,

for an arbitrary vector field X, where f = —7’(% + anﬂ). Now taking covariant
derivative of the above equation with respect to an arbitrary vector field Y, we

obtain

Vy(VxDX) = (YA)QX + A+ 1)[(VyQ)X + Q(Vy X))+ (Y )X + fVyX.
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Then we apply the expression for curvature tensor R(X,Y)Z = VxVyZ —
VyVxZ — Vxy)Z to get our required result. O

Theorem 3.2. Let M(¢,&,n,9) be a (2n + 1)-dimensional Kenmotsu manifold.
If (g, A) is a non-constant solution of the CPE, then

(1) the scalar curvature of the manifold is —2n(2n + 1), and

(2) either the manifold is Einstein or EX =14 X in kernel of 1.
Proof. Plugging Y = £ in equation (3.1) and using (2.12), we acquire

R(X,)DA = [(X[) =2n(X N+ A+ D[(VxQ)E = (VeQ) X] = (N QX — () X.

(3.2)
for an arbitrary vector field X on M. From Lemma 3.1 of [0], we obtain the
two relations on Kenmotsu manifold as follows, (VxQ){ = —QX — 2nX and

(Ve@Q)X = —2QX — 4nX, VX € x(M). Using (2.10) along with the foregoing
two relations in (3.2), we achieve
[(X )= Cn+1)(XN]E+(EN)[X —QX] = (/)X +(A+1)[@X +2nX] = 0, (3.3)
for any vector field X in y(M). Considering inner product of (3.3) along ¢ and
taking (2.12) into account, we get
X[ = @n+1(XA) + 20+ 1)(EN)n(X) — (£f)n(X) = 0, (3.4)

VX € x(M). Since (g, A) is a non-constant solution of CPE, the scalar curvature r
is constant and therefore df = —3-dA, where d is the exterior derivative operator.
As n # 0, using this in (3.4), we obtain

[r+2n(2n + D](XA — (EAN)n(X)) = 0. (3.5)
As, X is an arbitrary vector field in the above relation, from here two cases arise,
either 7 = —2n(2n + 1) or DX = (EXN)E.

Let us consider the case DA = (£A)€. Covariant derivative along an arbitrary
vector field X, yields

VxDA = (X(EA))§ + (€)X — (EN)n(X)E, (3.6)
where we have used (2.9). From critical point equation (1.4), using (3.6), we
acquire

L+ NQX = 22X 4 1 X 4 (X(EN)E+ (ENX — (EN(XE.

2n 2n+1
Considering X = ¢ in the last equation and using (2.2) and (2.12), we have
r rA
A — +2n(1+ ) =0. .
£(§)+2n+1+2n+ n(l+A) =0 (3.7)

Contracting X in (3.6), we get AN = &(EN) + 2n(EN). Again, in the proof of

Lemma 3.1 we have A\ = —r%. Combining these last two relations we get
A
§(EN) + 5 +2n(EN) =0, (3.8)
Since n # 0, manipulating (3.7) using (3.8), yields
= 114N (3.9)

2n(2n + 1)



CPE ON VARIOUS CONTACT METRIC MANIFOLDS 95

Differentiating (3.9) along &, as r is constant, we have £(§A) = {A. Using this
relation in (3.8), we obtain (1 + \)[r+ 2n(2n+ 1)] = 0. Since A is a non-constant
function, we can conclude that r = —2n(2n + 1).

Considering (3.3) along an arbitrary vector field Y and the replacing X and Y
by ¢X and ¢Y, respectively, we have

(1+ A= EN[S(X,Y) + 2ng(X,Y)] = 0.

VX,Y € x(M), where we have used (2.3), (2.5), (2.11) and r = —2n(2n+1). So,
either the manifold is Einstein with Einstein constant —2n, or A =1+ A.

Let us consider the case where €A = 1 + A. Differentiating this relation along
an arbitrary vector field X and using (2.9), we get Hessy(X, &) = (ENn(X).
Replacing Y by £ in (1.4) and using (2.9) and the expression of hessian we get
n(X) = 0. From here we can easily obtain our desired result. O

Remark 3.3. Now if we consider a ¢-basis {e;, pe;, &}, =1,2,3,....,n of M such
that Qe; = p;e;. Then we have ¢pQe; = p;pe;. Using the ¢-basis and (2.12) we
can conclude that the scalar curvature r of the manifold is

r=g(Q& &) + Z[Q(Q€i>€i) + 9(Qde;, pe;)| = —2n + 2sz’-
i=1 i=1

Let us suppose > ., p; = k. Then from the critical point equation we have,

A 1
f==rg, * o)
n—K 2n — 2K
n omn+1"

Theorem 3.4. Let M(p,&,m,g) be an (2n+1)-dimensional (k, —2) -almost Ken-
motsu manifold with k < —1. If (g, A\) is a non-constant solution of the critical
point equation, then M is an Finstein manifold.

Proof. From (2.17), we have
R(§,Y)DA = k[(YA)§ = (EN)Y] = 2[(MY)N)E — (EMR'YT], (3.10)
for an arbitrary vector field Y of x(M). Differentiating (2.20) and using (2.13),
(2.16), (2.18) and (2.19), we obtain the following two relations
(VxQ)¢ =2n(k+ 2)h' X, (3.11)
(VeQ)X =0, (3.12)
for any vector field X on M. Using these above two relations along with (2.20)
in (3.1), we acquire
R(&,Y)DX = (ENQY —2nk(YN)E—2n(A+1)(k+2)R'Y +(£f)Y —(Y )€, (3.13)
VY € x(M). As the scalar curvature r is constant in critical point equation,
comparing (3.10) with (3.13) and using f = —r(£ + 2n1+1), (2.20) and (2.21), we
achieve
n(r+DENNY)E = (VAL + (RY)ANE = [(n+1)(EA) +n(A +1)(k + 2)}((’1’3/)),
3.14
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for any Y € x(M). Considering scalar product with the Reeb vector field &, the
foregoing equation reduces to

(KY)A = n(k+DIYA) = (E)n(Y)], (3.15)
where we have used (2.13). Taking (3.15) into account, from (3.14) we have,
n
5)\:—(n+1)(/\+1)(/1+2). (3.16)

Differentiating the above equation along the direction of the characteristic vector
field &, we get

Hessy(&,€) = — (k4 2)(EN).

n
(n+1)
Using this relation in the critical point equation (1.4) and considering (2.20),
(2.21) and (3.16), we obtain

4n*(n+1)(k + 1)+ (2n + 1)(2n*k — k + 2n*)\ = 0.

Since k is a constant, we get A\ is a constant. So, we can conclude that the
manifold is Einstein. O

Theorem 3.5. Let M(¢,&,n,g) be a 3-dimensional trans-Sasakian manifold where
the structure functions «, 8 are constant. If (g, \) is a non-constant solution of
the critical point equation then either the manifold becomes a-Sasakian manifold
or the manifold becomes Finstein.

Proof. From (2.24), we deduce

R(§,Y)DX = (o® = B*)[(Y N — (EN)Y], (3.17)
for an arbitrary vector field Y on M. Again, setting X = ¢ in (3.1), we obtain
R(&Y)DA = (EAN)QY — (YA)QE+ (A+ D[(VeQ)Y — (Vy Q)] + (£)Y = (Y [)E,

(3.18)

From (2.25) we have these following two relations,
QY = (5 — (&2 = )Y = (5 - 3(a> = ) (Y ), (3.19)
Q¢ = 2(a” - )¢, (3.20)

for any vector field Y of x(M). As the scalar curvature r is constant in a critical
point equation, taking covariant derivative of (2.25) along an arbitrary vector
field X, we get

(VxQ)Y = —(% —3(a” = B)I(VxmY )¢ +n(Y)(VxE)].

2
Making use of (2.23) in the above equation, yields
(VQ)Y =0, (3.21)

(VyQ)€ = (5 —3(a® = 89)[agY — BY + (Y )¢, (3.22)



CPE ON VARIOUS CONTACT METRIC MANIFOLDS 97

VY € x(M). Using (3.19)-(3.22) in (3.18), we acquire

R(E,Y)DA =[5 — (a? = B) + BO+1)(5 = 3(a” = %) + (€)Y -
(5 =30 = B))(EN) + BO+ D)n(Y) +2(a” = B)(¥ )
— (V)I§ — a(r + 1)(5 - 3(a = £)8(Y), (3.23)
for any vector field Y on M. As we know f = —r(3 +1) and the scalar curvature

r is constant in a critical point equation, comparing (3.17) with (3.23), we get

(g =3(a” = ) [BA+ DY = n(Y)E) = (EMn(Y)E + (YA)E —a(A+1)gY] = 0.

Taking scalar product of the aforementioned equation with arbitraty vector field
X, we get
r
(5 = 3(e® = BD[BA+ D{g(X, V) = n(X)n(Y)} = (EN)n(X)n(Y)
+ (Y M)n(X) —a(X + 1)g(X, ¢Y)] =0.

Interchange of X and Y in the last equation, yields
(g =3(a® = ) [BON+ D{g(X,Y) = n(X)n(Y)} = (ENn(X)n(Y)
+ (XM)n(Y) —a(A+1)g(¢X,Y)] = 0.

Adding the above two equations and using (2.7), we obtain
(5 = 3(e” = B2) [2800 + D{g(X.Y) = n(X)n(Y)} = 2(eNn(X)n(Y)
+ (YA)n(X) + (X\)n(Y)] = 0. (3.24)

Tracing (3.24) we have
B+ 1)[r —6(a® — 5%)] = 0.

Since A is a non-constant function, from here two cases arise. If g = 0, the
manifold becomes a-Sasakian. If r = 6(a? — 8?), from (2.25) we can conclude
that the manifold is Einstein with Einstein constant 2(a? — 5?). O

Remark 3.6. If we further assume o = [ where «, § are constant functions. If
(g9,A) is a non-constant solution of the critical point equation then either the
manifold becomes a-Sasakian manifold or the manifold is scalar flat.

4. EXAMPLE OF 3-DIMENSIONAL TRANS-SASAKIAN MANIFOLD

In this section we provide an example of trans-Sasakian manifold of dimension
3. To construct the example we consider M = {(z,y,z) € R® : y # 0}, where
(7,vy, z) are the standard coordinates in R?. The vector fields defined as

0 0 0 0

61:6y(—+8—y), €y = — 63:6y£,

ox
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are linearly independent at each point on M. Now we define a metric g on M as,
gler,e1) = g(ea, e2) = gles, e3) = 1,
9(617 62) - 9(627 63) - 9(637 61) - 0

Let 1 be a 1-form defined by 1n(X) = g(X, e2), for arbitrary X € x(M), then we
have the following relations

n(er) =0, n(e2) =1, n(es) = 0.
Let us define a (1,1)-tensor field ¢ as
p(e1) = es, ¢(e2) =0, P(es) = —eu,

then it satisfies (2.1) and (2.3). Thus for £ = es, (¢,£,n,g) defines an almost
contact metric structure on M. We can now easily conclude

[617 62] = —é€q, [62, 63] = €3, [61, 63] = zele3 — 62y€2-

Let V be the Levi-Civita connection of M. Then from Koszul’s formula for
arbitrary X,Y, Z € x(M) given by

QQ(VXY> Z) :Xg(Y7 Z) +Yg<27X) - Zg(Xv Y) - g<X7 [Yv Z])

we can have,
L, L,
Ve, €1 = ey, Ve €2 = 56 Yes — ey, Ve, €3 = —56 Yey,
1 1
Ve,€1 = §€2y€3, Ve,e0 =0, Ve,€3 = —562y61,
1 1
Ves€1 = §€2y62 —ze¥es,  Ve,ea = —5623’61 —e3, Ve,es=zele; + ey
Finally from Vx¢ = —a¢X + (X — n(X)&) we can conclude that a = —1e?
and f = —1 and M is a 3-dimensional trans-Sasakian Manifold.

5. EXAMPLE OF 5-DIMENSIONAL (&, ¢t)'- ALMOST KENMOTSU MANIFOLD

In this section we construct an example of (k, )"~ almost Kenmotsu manifold
of dimension 5. For this we consider the manifold as M = {(z,y,z,u,v) € R},
where (z,¥, z,u,v) are the standard coordinates in R®. Let ey, ey, €3, €4, €5 are
5 vector fields which satisfy,

[e1,e9] =0, [e1, e3] = —2es, le1, ea] = —2ey, [e1,e5] =0,
lei, e;] = 0 where i, j = 2,3,4,5.
Now we define a metric g on M as,

1, ifi=j
g<€i>ej) :{ J

0, otherwise.
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Let 1 be a 1-form defined by n(X) = ¢g(X, e1) for arbitrary X € x (M), then we
have the following relations,
nle)) =1, n(e;) = 0;where i = 2,3,4,5.
Let us define a (1, 1)-tensor field ¢ as,
¢ler) =0,  dle2) =e3,  oles) = —ea,  dlea) = €5, @(es) = —eu.

Then the relations (2.1) and (2.3) are satisfied. Thus for e; = &, (¢, &, 1, g) defines
an almost contact structure on M. Moreover,

neE =0, Ney = ey, hes = es, hey =0, hes = 0.

Let V be the Levi-Civita connection of M. Then from Koszul’s formula (4.1), we
have,

V€ =0, Vees =0, Vees =0, Vees =0, Vees =0,
Ve, & =0, Ve,e2=0, V,e3=0, Ve,e4 =0, Ve,e5 =0,
Ve, & =2e3, Ve =0, Vges=-2 Ve =0, Veses =0,
Ve k =2e4, Ve =0, V,e;=0, Vees = -2 V5 =0,
Ve =0, Veea =0, Ves=0, Ve.eq =0, Ve.e5 =0.

From the above relations we can easily conclude that the relation V¢ = —¢?X +

h' X holds for arbitrary X € x(M). So M is an almost Kenmotsu manifold.
By the above results, we can easily calculate the components of the curvature
tensor R as follows

R(§7 63)5 - 4637 R(§7 64)§ = 4647 R(§7 63)63 = _45)
R(, eq)eq = —4E, R(es, eq)es = dey, R(es, eq)ey = —4es.

From here we can conclude that the characteristic vector field £ belongs to the
(K, pv)/-nullity distribution with kK = —2 and g = —2. So the manifold is a (k, p)'-
almost Kenmotsu manifold.
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