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A CONVEXITY IN R? WITH RIVER METRIC
NERMIN OKICIC! AND AMRA REKIC-VUKOVIC2*

ABSTRACT. In this paper we consider the space R? with the river metric d*
and different types of convexity of this space. We define W-convex structure
in (R?,d*) and we give the complete characterization of the convex sets in this
space. We consider some measures of noncompactness and we give the moduli
of noncompactness for considered measures on this space.

1. INTRODUCTION

The space R? with the river metric d* is not normed space. It is not even a
linear metric space. This can cause certain difficulties in observing spaces like
this, because the definitions of many terms must be adapted to these spaces. The
concept of the convexity structures is not limited on the linear vector spaces, but
also can be extended for some interesting notions of the convex structures for
the metric spaces, even for the topological spaces. Takahashi [20] introduced the
notion of the convex structure on the metric spaces which is known as W-convex
structure and it is generalization of the convexity, which give us the standard
term of the convex sets in normed spaces. Menger [11] defined the concept of the
convexity in metric spaces called Menger convexity which is the generalization of
Takahashi convex structure. Bryant [5] considered the notion of the (metrically)
convex metric space and (metric) segment space, pointing that every segment
space is metrically convex, but in complete metric spaces these two concepts
coincide, [1]. On the other hand, Foertsch [7] compares two different notions
of convexity of geodesic metric spaces namely (strict/uniform) ball convexity
and (strict/uniform) distance convexity. Strict convexity is usually one of the
main subjects in studying Banach spaces and it is known that metric lines are
unique in Banach spaces, [10]. But, this doesn’t have to hold in the pure metric
spaces. There are complete convex metric spaces, externally convex metric spaces
in which these concepts of unique metric lines and strict convexity, defined in
terms of metric spaces, are not equivalent. It was shown that unique metric lines
(metric segments have unique prolongations) and strict convexity are equivalent
in a larger class of spaces, [12], [¢]. Narang and Tejpal [15] considered spaces in
which metric segments have unique prolongations and gave results on the best
approximation in such metric spaces, also considering M-spaces introduced by
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Khalil [12] and their relations with strict convexity. Khamsi [13] considered nearly
uniformly convexity in metric spaces and Takahashi [19] introduced a notion of
uniform convexity in convex metric spaces.

In the following, we will observe the set R? with so-called river metric defined by

d* , — ’yl_y2’ , X1 = To,
(01, 02) {ry1|+|y2\+|x1—xzr oA

where v; = (z1,y1), v2 = (T2,42) € R%  We will denote the open ball by
B((wo,40),7) = {(z,y) € R? | d*((x,y), (x0,40)) < r}, where v = (z0,4) € R?
is the center of the ball, and r > 0 is the radius. With B((z,v),r) we denote
closed ball and generally with A the closure of the set A.

Following lemma describes the metric segment in (R?, d*).

Lemma 1.1 (Lemma 2.1, [10]). The metric segment between points vy = (x1,y1), V2 =
(m2,12) € R? with the river metric d* is the set

[v1,v2) ={(z1,a) € R® | a € [0,51] (o7 a € [1n,0])}
U{(x2,a) €R? | a €1[0,12] (ora € [y2,0))} U{(b,0) € R? | 21 < b < my},
for x1 < x5, or the set
[v1,v2] = {(21,0) €R® | yn < a < g},

Jor x1 = xy and y1 < yo.
2. CONVEX SETS IN THE SPACE (R?, d*)

In [20] Takahashi defines a convex structure on a metric space which allows the
definition of term of convex sets in this space.

Definition 2.1 ([20]). A mapping W : X? x [0,1] — X is said to be a convex
structure on X if for all x,y,u € X and X € [0, 1]
We call a metric space with a convex structure W, a W -convexr metric space.

The mapping W : X x X x [0,1] — X given by

W(z,y. ) = Az + (1 Ay
defines convex structure on arbitrary normed space X. Therefore, any normed
space is WW-convex space.

According to the previous definition we will describe the convex structure on
(R%* d*). Let us define the function W : R? x R? x [0,1] — R? such that for
v1,v2 € R? and X € [0, 1]

W(vi,v2,A) = 2 = (24, ),
where
d*(Z',Ul) = (1_)\)d*(U1,U2), (2
d*(z,v2) = A" (v, v2). (3

We will prove that W is the convex structure. Indeed, let v; = (x1,¥1), vo

(x2,y2) be arbitrary and, without loss of generality, 0 < x; < x3. The point

— —
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z = W(vy,v9, \) has three different positions in R?, depending on A € [0,1], as
follows.
(a) Since

d*(v1,2) < || <= (1 = A)d"(v1,v2) < |y

|y
d*(Ul, UQ) ’

we conclude that z = (21, %,). Using (2) and (3) we have Ad*(z,v1) = (1 —
AN)d*(z,v9), i.e.

Mo = 2] = (1= Wzl + (1= Algal + (1= Nfas — sl @
If yy > 0, then 0 < z, <y, and using (4) we get
zg = Ay — (L= Nye| = (L= A)fwr — 22 .
If yy <0, then y; < 2z, <0, and using (4) gives us
zy = Ay1 + (L= A)ya| + (1 = A)z1 — 22].

= A>1 -

(b) Since
1| < d*(vi,2) < |yi] + |21 — 22| <= 1| < (1= A)d"(v1,02) < |y1] + |21 — 22

[yl + |21 — 2o v
<A<l ————,
d*(vl,’Ug) - d*(vl,vg)
we have z = (2,,0). Using conditions (2) and (3) we have Ad*(vy,2) = (1 —
N)d*(vg, 2), 1.e. Myr|+A|ze—21| = (1=N)|ya] + (1= N) |z —2|. Since 21 < z, < x9
we conclude

—1-

Ze = =Ny + (1 = N|y2| + Az + (1 — N)za.
(¢) From
1] + |21 — 2] < d¥(v1,2) < d(v1,v2) = |y1| + |21 — 22| < (1= N)d"(v1,0v2) < d"(v1,v2)
[y1| + |21 — 29

= 0< <1 -

d*(vq,v2)
we have z = (9, z,). The equality Ad*(vy, z) = (1 — X\)d*(vq, 2) is equivalent with
Alyil + Alzy| + Azy = o] = (1= Ay = |- (5)

If yo > 0 and 0 < 2, < y, then form the equality (5) we have
2y = —AMya| + (1 = Ny2 — A|zg — x4

If y, < 0 and y, < 2z, <0 and using (5) we have
zy = M| + (1 = Nya + Moy — a2

Now, let us check the accuracy of the inequality (1) for our defined function W.
Let v = (z,y) be arbitrary and we denote

A=d(v,2) = |yl + |z] + |2 = 2],
B = Ad"(v,01) + (1 = N)d*(v1,v2) = |y[ + Alya| + (1 = Ayo| + Az — a1 + (1 = N[z — 2.
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Depending on A € [0, 1], we will consider the following cases.
(a) Let 1 — 1 < XA < 1. This means that z = (z1,2,). If z, =
d*(’Ul,Ug
Ayr = (1= A)ya| = (1 = A)|z1 — 22|, then
A=yl 4+ Ay — (1= Nlyo| = (1 = A|z1 — o] + |2 — 21
<yl + Mgl + (1= Mgz = (1= Afzr — 22| + [z — 2.

Since |z — x1| — (1 — A)|z1 — 22| < Az — 21| + (1 — A)|z — a2/, it holds A < B.
If 2z, = Ayr + (1 = A)[ya| 4+ (1 = A)|z1 — 22|, then

A=yl =y = (1= Nly2| = 1 = A)|z1 — 22| + [z — 4]

<yl + A+ (1= Mlya| = (1= Ay — 2] + [z — 2]
Since |z — x1| — (1 = N) |z — 23] < Mz — 21| + (1 — )|z — x3], we have
A<yl + M|+ (1 = N)]y2| + Az — 21| + (1 — N)|z — 23] = B.
1] + |21 — 2o

d* (v, vg)

A=yl + |z — 2. If £ > 2, we have

A=yl + 2+ Nyr| = (1= N)[ga] = Azy = (1= N
< Iyl + Mgl + (1= Nl + 2 = Ay — (1= Ny

|y1|

b) Let 1-— —
( ) d*(Ul,U2>

<A<1-—

, that is z = (z;,0). Then

Since
r=Ar;— (1 =Nzg= ANz —z1) + (1 = A)(x —x2) < ANz —z1| + (1 — \)|x — 29,

we have A < B.
Let © < z,. Then A = |y| + 2z, — z and

A=yl + Myl + (1T =Ny + (1 = Nag + Az —
< |yl + Alya| + (1 = N |ye| + Az — ) + (1 — A) (29 — ),
ie. A< |yl + Myl + (1= N|ya| + Az — 2] + (1 = )|y — 2| = B.

(C) Let0<)\<1_|y1|+|1‘1—;{;2|
- d*('l)17’l)2)

, that is z = (29, 2y). If 2, = =My | + (1 —
A)ya — A|z1 — x2|, then
A=yl = Ay + (1 = Nya = A|z1 — 2| + |z — 22
<yl + Alya| + (1 = A)fye| = Azr — 22 + |2 — 22].
Since —A|z1 — xo| + | — z2| < Mz — 21| + (1 — A)|x — 23], it holds
A<yl + Al + (1= Mlye| + Az — 21| + (1 = M|z — 22| = B.
If z, = Mya| + (1 — N)yz2 + A|zq — x5, then
A=yl = Alyi| = (1 = ANyo — Alz1 — 22| + |2 — 22|
< [yl + Alya| + (1 = A)[ya| = Alzr — 22 + |2 — 22].

This means that A < B. Indeed, the function W is convex structure defined
on R*. Therefore, by the Definition 2.1, (R?,d*) is W-convex metric space.
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Definition 2.2 ([20]). A nonempty subset K of a W-convex metric space (X,d)
is said to be convex if W(x,y,\) € K for every x,y € K and X € [0, 1].

For any two points x,y € X the set
{zeX: dz,y) =d(z,2)+d(z,9)},
is called a metric segment and is denoted by [x,y], i.e.
[z,yl ={z€ X : d(z,y) =d(x,z) +d(z,9)}.
Since for z,y € X and X € [0, 1] we have
d(z,y) = d(x, W(z,y,\)) + d(W(z,y, ), y),

we can think about the metric segment [z,y| as of the set of the values of the
mapping W, for all A € [0,1] and fixed x,y € X, that is, for any two points
x,y € X, metric segment is the set

[z,y] = {W(z,y,\) : X €][0,1]}.

Remark 2.3. A nonempty subset K of a W-convex metric space (X, d) is convez
set if [z,y] C K for all x,y € K.

With the following statement, we give the complete characterization of convex
sets in the space R? with the river metric.

Theorem 2.4. Let D be a set that is not a ball in (R* d*). The set D is convex
if and only if for every point (x,y) in D, the metric segment [(x,0), (x,y)], is
a subset of D and [a,b] x {0} C D, where a = inf{z | v = (z,y) € D} and
b=sup{z | v=(z,y) € D}.

Proof. Let D be a convex set in (R? d*) that is not a ball and let (x,y) be an
arbitrary point in D. Suppose D = {(z,a) | y1 < a < yo}. If it were y; > 0, then
the set D would be the ball B [ %2 ; e
set D is not. Therefore, y; < 0. Then the point (z,0) belongs to the set D, and
because of the convexity of the set D, [(x,0), (z,y)] € D holds.

Suppose that the set D also contains the point (x1,y;), where x; # z. Due to
the convexity of the set D, [(x,y), (z1,y1)] € D holds. According to Lemma
L1 [(zy), (x1,11)] = My U My U Ms, where My = [(x1,0), (z1,21)], My =
[(x2,0), (x2,y2)] and M3 = [(x1,0), (z2,0)] are metric segments and it is obvi-
ous that M; C D, that is [(x,0), (z,y)] C D.

Now let D be a set that is not a ball and let for every point (z,y) in D be
[(z,0),(z,y)] € D. Let vy = (x1,y1) and vy = (x2,y) be arbitrary points in
D and let 1 < xy. By assumption M; = [(21,0), (z1,91)] € D and My =
[(22,0), (z2,9y2)] C D. As x1,29 € [a,b], where a = inf{z | v = (z,y) € D} and
b=sup{x | v = (z,y) € D}, it is clear that M3 = [(21,0), (z2,0)] C [a,b] x {0}
holds , that is M3 C D. So M; U My U M3 = [vy,vs] C D, and the set D is
convex. 0J

, which we assumed that the

The next statement is a direct consequence of the above statement, and it gives
us a special class of convex sets.
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Corollary 2.5. Sets of the form K = [a,b] X [c,d], where a,b,c,d € R, ¢ < 0
and d > 0 are conver.

Special forms of convex sets according to the above corollary are sets of the
form [a,b] x {0} and {a} X [¢,d] (a,b,c,d € R).
In the general case, the intersection of convex sets is again a convex set, while
this is not the case for the union.

Theorem 2.6. Let A, B C R? be convex sets such that AN B # &. Then AU B
15 a conver set.

Proof. Let A and B be convex sets in R? with river metric and let AN B # &.
Let v; = (z1,y1) and vy = (x9,92) be arbitrary elements from AU B C R2 If
v1, U9 € A or vy,v9 € B, it is clear due to the convexity of the sets that it will be
[v1,v2] C AU B. So, suppose that v; € A and vy € B. Based on Lemma 1.1 we
have [vy, v9] = M;UM;U M3, where are My = {(x1,a) | a € [0, y1](or a € [y1,0])},
My = {(z2,a) | a € [0,y2](or a € [y2,0])} and M3z = {(b,0) | z1 < b < x5}
Because of the convexity of the set A that is M; C A, and analogously because
of the convexity of the set B that is My C B. Let now v* = (2*,y*) € AN B
arbitrary. Again, due to the convexity of the set A, {(b,0) | 21 <b<z*} C A
and {(b,0) | z* <b <z} C B. Now we have

{(0,0) | 21 <O < 2" }U{(b,0) | 2" <b<x} = M3 C AUB.
Thus, [v1,v3] € AU B, and AU B is a convex set. O

There are other ways haw to define the notion of the convexity on a metric
space. For example, Menger in [11] introduced so-called Menger convexity of a
metric space.

Definition 2.7 ([11]). A metric space (X, d) is said to be Menger conver metric
space if for all x,y € X, x # vy, there is a point z € X, z # x, z # vy, such that

d(z,y) =d(x,z) + d(z,y).

Menger convexity is also defined by the following definition which is equivalent
to the Definition 2.7.

Definition 2.8 ([2]). A metric space (X,d) is said to be a Menger conver metric
space if for all x,y € X, x #y, 0 <r < d(z,y) it holds

Blz,r] N Bly,d(x,y) — r] # 2.

W-convex metric spaces are Menger convex ([9]), which in our case means that
the metric space (R?,d*) is Menger convex metric space.

3. DIFFERENT TYPES OF CONVEXITY OF THE SPACE (R? d*)

Definition 3.1 ([5]). A metric space (X,d) is called metrically convex if for any
two distinct points vi,vy € X and for some positive real numbers a,b such that
d(v1,v2) = a+b there exists a point v € X such that d(vy,v) = a and d(v,ve) = b.
If such a point exists for any decomposition d(vi,v2) = a+b, a,b > 0, then X is
called totally convew.
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It is not difficult to see that the above definition of metrically convexity of the
space is equivalent to the fact that for every two dissimilar points x,y € X, there
is a point z € X, z # x,y, such that d(z,y) = d(z, z)+d(z,y) ([5]). In a complete
metric space, the concepts of metric convexity and segment space are equivalent,
and (R?,d*) is a metrically convex space.

Theorem 3.2. (R? d*) is totally convex metric space.

Proof. Let vi = (x1,9;) and vy = (29, y2) be different points in R? and let a,b > 0
be arbitrary, such that d*(vy,v9) = a + b. This means that 0 < a,b < d*(vy, v9).
We consider three cases.

Let 0 < a < |y1]. Let us choose v = (x1,51 —a) if y; > 0 or v = (x1,y1 + a) if
y1 < 0. Then

d*(v,v) = ly1 — (1 —a)| = a = |y — (y1 + a)|.

Since v is the point of the metric segment [vy,vs], i.e. d*(vy,v) + d*(v,v2) =
d*(v1, va), it is clear that d*(v,vs) = b.

Now let |y1| < a < |y1| + |1 — 22]. Let us choose the point v = (a — |y;| + 21, 0).
Therefore

d*(vi,v) = lyi| + (@ = |y1| + 21) — 21| =[] + |a = |wil| = ly| +a = |y1| = a,

and again due to the fact that v is the point of the metric segment, we have
d*(v,v9) = .

At the end, let |y1| + |x1 — 22| < a < |n1| + |y2| + |x1 — 22|. If we choose
v = (z9,y2 — b), if yo > 0 or v = (x9,ys + b), if yo < 0, we have

d*(va,v) = |y2 — (Y2 = b)| = b = |y2 — (y2 + D)|.
Since v € [vy, vg], it remains that d*(vy,v) = a. O

Definition 3.3 ([7]). Let (X,d) be a metric space admitting a midpoint map.
(X, d) is called ball convez if and only if

d(m(z,y), z) < max{d(z, 2), d(y, 2)}. (6)

for all x,y,z € X and for any midpoint m of (X,d). It is called strictly ball
convex if the inequality in (6) is strict whenever x # y.

Lemma 3.4 ([7]). In geodesic metric space the condition (6) holds for arbitrary
x,y,z € X if and only if it holds for arbitrary x,y,z € X for which d(z,z) =

d(y, 2).
Theorem 3.5. The space (R? d*) is strictly ball convez.

Proof. We have already established that (R?, d*) is a geodesic metric space ([16]),
so we will use condition of Lemma 3.4 for the proof. Let vy = (z1,y1),v2 =
(w2,92), (z,y) € R?, x1 # 1y, such that (x,y) € A, where A is the set of all points
that are equidistant from points v; and vy, i.e.

d*((xlv yl)? ({L‘, y)) = d*((x% y2)7 (‘Ta y))
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(|y2| + 29 — |yl| + 1

The point (Z,7) ,0) is the middle of the metric segment

[v1,v5] (Theorem 2.1 | hence m(vy,v2) = (T,7). Since (z,y) € A, we have
d*(z,79), (z,y) = |y — \ |y| and from the definition of distance we have

d*(<xlay1)7 (ZE,y)) - |y1| + |y| + |ZL' — $1|,
d*((z2,92), (z,9)) = |ya| + |y| + |z — 22].
It is obvious that following holds
d*((fw Zj), (:E7y)) = |y| S max{d*((xhyl)? ($,y))7d*((l‘2,y2), (ZL‘,y))},

and because of the assumption z; < xs the strict inequality also holds.
Y1+

In the case that x; = x5, the point (Z,7) = (xl, ) is the only point of

the set A (Theorem 2.2 , [10]), and thus the middle of the metric segment, and
the condition (6) is trivially satisfied. Assuming that v; # ve we have

d*((@,9), (z,y)) = 0 < [y—y1| = ly—y2| = max{d"((z1,11), (z,9)), d" (22, y2), (z,9)) },
which proves the theorem. O

Definition 3.6 ([7]). Let (X,d) be a metric space admitting a midpoint map.
(X,d) is called distance conver if and only if

dm(,9), 2) < 5(d(x, 2) + d(y, 2)). (7

for all z,y,z € X and for any midpoint m of (X,d). It is called strictly distance
convex if and only if the inequality (7) is strict for all x,y,z € X satisfying

d(z,y) > |d(z, 2) — d(y, 2)|.

Distance convexity implies ball convexity (Proposition 3. [7]) and in the general
case, the converse is not valid. Under certain assumptions, the converse of the
statement will hold. For example, in complete Riemannian manifolds this two
convexity are equivalent.

Definition 3.7 ([7]). A geodesic metric space (X,d) is said to be globally non
positively Busemann curved (NPBC) if for any three points x,y,z € X and mid-
points m(x, z) and m(y, z) it holds

d(m(z, z),m(y, 2)) < Sd(z,y). (8)

Theorem 3.8 ([7]). A global non positively Busemann curved geodesic metric
space is (strictly) ball convez if and only if it is (strictly) distance conver.

Theorem 3.9. The space (R?,d*) is NPBC metric space.

N | —

Proof. Let vi = (x1,41), va = (T2,y2) and v = (x,y) be arbitrary points in R
By m(vy,v) and m(vq, v) we denote the midpoints of the metric segments [vq, V]
and [vg, v] respectively. Because of the characteristics of the middle of the metric
segment (Theorem 2.1 and Theorem 2.2, [16]) we know that the first coordinates
of the points m(vy,v) and m(vs, v) are either equal to the first coordinates of the
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oints v; and wvs respectively, or their second coordinates are 0. Therefore, we
) )
have,

d*(vy, m(vy,v)) + d*(m(vy,v), m(ve,v)) + d*(m(ve, v),v9) = d*(vy, v2).
Therefore,
d*(m(vy,v), m(vq,v)) = d*(vy,v2) — (d* (v, m(vy,v)) + d*(Mm(ve,v),vq))

1 1
= d*<U1, 1)2) — <§d*(U1,U) + Ed*(vg,l}))

1 1
S d*(Ul,UQ) — éd*(vl,ﬂg) = §d*<U1,U2).

Because of the arbitrariness of the points vy, v, and v, according to Definition
3.7, we conclude that (R? d*) is NPBC space. O

Based on the Theorem 3.8, as a direct consequence we have the following
statement.

Corollary 3.10. The space (R?, d*) is distance convex metric space.

Definition 3.11 ([8]). We say that the metric space (X,d) is strictly convex if
and only if for any three points x,y,z € X, for which d(z,y) = d(z,z), and for
an arbitrary point t that is metrically between the points y and z, d(z,t) < d(x,y)
holds.

Theorem 3.12. The space (R?,d*) is a strictly convex metric space.

Proof. Let v1 = (x1,y1), v2 = (22,%2) and v3 = (x3,y3) be arbitrary from R? such
that d*(vy, ve) = d*(vy,v3). Assume, without loss of generality, that x; < xo < 3.
Now let v = (x,y) € [vq,v3] be arbitrary. According to Lemma 1.1, we will
consider three cases.
I: Let v € My = {(23,a) | a € [0,y2]( or a € [y2,0])}. Then we have,

d* (v, v) = [ia] + |o1r — o + |al <|ya| + w1 — 22| + [y2] = d"(v1, v2).
IT: Let v € My = {(x3,a) | a € [0,y2]( or a € [y2,0])}. Then
d*(v1,v) = |yi| + |ws — 21| + [a] <|p| + |25 — 1] + |ya2| = d"(v1,v3) = d"(v1, v2).
IIL: If v € M3 = {(b,0) | x2 < b < a3}, then
d*(v1,v) = |ya| + |z = 0] + [0] < |ya| + |z — @3] + [ys| = d"(v1,v3) = d"(v1, v2).
So, if v € [vg, v3], then d*(vy,v) < d*(vy,vq). According to the Definition 3.11 we
conclude that (R?, d*) is a strictly convex metric space. O

Definition 3.13 ([12]). A metric space (X, d) is called an M-space if and only
if for all x,y € X with d(x,y) = X and for all v € [0,\] there exists a unique
zr € X such that

Blz,r] N Bly, A\ —r| ={z} ,
ie. d(z,y) =d(x,z) + d(z, ).

The strict convexity of the space (R?, d*) additionally means that it is also an
M-space (Remarks 1. [15], [3]).
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Definition 3.14 ([8]). Let (X, d) be an M-space. We say that a metric segment
i X has a unique prolongations if and only if for any four points x,y,z,t € X
that satisfy the conditions

z =t holds.

Definition 3.15 ([3]). An M-space is said to be externally convex if and only if
Ve,ye X, x£y)(Fz € X)(z £y Nd(z,y) +d(y, z) = d(z, 2)).

An M-space is said to be strongly externally convez if and only if

Ve,y € X, z #y, dlz,y) =N (Vk > N)(F12 € X)d(z,y) +d(y, z) = d(x, 2) = k.

Now, we will analyze the property of externally convexity, and show that R? is
externally convex but is not strongly externally convex.
Let vy = (z1,y1) and vy = (x9,y2) be arbitrary points in R? such that v; # vs.
According to the definition of the metric, d*(vi,ve) = |y1| + |va — 21| + |2
Without loss of generality, let yo > 0. Let us observe the point v = (x9,y), for
arbitrary y > yo. Then v # vy and it is

d*(v1,v) = |ly1|+|za—z1|+|y| = |y1|+|re—21|F|y2|+|y—y2| = d* (v1, v2)+d" (v, v).

Therefore, the space (R?,d*) is externally convex.

Let v; = (21, 1) and vy = (29, 92) be arbitrary points in R?, such that vy # v,.
We denote by A = d*(vy,v9). Now let k& > A. Without loss of generality, let
y2 > 0. Let us observe the points v = (29,92 + k — \) and v" = (29,92 — k + A).
It is valid for them

d* (v, V") = || + |z — 21| 2 + k= A= || + |22 — 21| + 2| + k= A =k,
d*(v1,v") = || + w2 — 21| + |2 — K+ AL

For d*(vy,v") = k, it would have to be |yo—k+A| = yo+k— A, and this will only be
the case if yo = 0. This gives us an idea for the next example. Let v; = (1,1) and
ve = (3,0). Then d*(vy,v2) = 3. Let k = 4. Let us consider the points v = (3,1)
and v = (3,—1). Now we have d* = (v1,v) = 4 and d*(vy,v2) + d*(va,0") =
341 =4. Also, d*(vy,v") = 4 and d*(vy, v2) + d*(ve,v") = 3+ 1 = 4. So, there is
no unique point v € R? such that d*(vy,vs) + d*(ve,v') = d*(vy,v) = k, and the
space (R?, d*) is not strongly externally convex.

In normed linear spaces strict convexity implies that metric segments have unique
prolongations (Proposition 2, [15]). In a strictly convex metric spaces, metric
segment need not to have unique prolongations. One of the examples is obviously
the space (R?, d*) which is strictly convex M-space whose metric segments don’t
have unique prolongations.

In the notation and terminology from [I1], the results of Theorem 3.5 and
Corollary 3.10 mean that (R?, d*) is co-convex, respectively 1-convex metric space.
This again, due to the fact that our observed space is NPBC, means that (R?, d*)
p-convex for all p € [1,00] (Corollary 5, [11]).
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4. NUC anD UC OF THE SPACE (R?,d*)

Let D C R? be a bounded set. Kuratowski measure of noncompactness o
is defined as the infimum of all positive numbers ¢ such that the set D can be
covered by finitely many sets of diameter not larger than e, and Hausdorff measure
of noncompactness x is the infimum of all positive numbers € such that the set
D can be covered by finitely many balls of radius not larger than ¢, [1], [17], [3].

Definition 4.1 ([0]). Let D be an arbitrary bounded subset in R?. We say that
Yy € R satisfies:
(1) condition A*(D), if for each y <y’ there is at least countably many (not
finitely many) points v, = (x,,yn) € D such that
Tp # Tm, (n#Em), y<y. <y, (REN).
(2) condition A.(D) if for each y > y' there is at least countably many (not
finitely many) points v, = (Tn,yn) € D such that
Tp# T, (M#Em), y>y,>y, (neN).

Let us denote that y*(D) = sup{y/'|y’ satisfies A*(D) or A.(D) }. If there is any
number y' that does not satisfy either the condition A*(D) or the condition A.(D),
we assume that y*(D) = 0.

D. Bugajewski and E. Grzelaczyk have calculated the measure of noncompact-
ness of Kuratowski a on the space (R? d*).

Theorem 4.2 (Theorem 2., [6]). For an arbitrary bounded set D C R* with the
river metric, it holds that

a(D) = 2y*(D) and X(D) = y'(D).

In addition to these two measures of noncompactness of the set, we also consider
the Istratescue measure 3, which is defined by

(D) =inf{r > 0 | D does not have an infinite r-separation}
= sup{r > 0 | D has an infinite r-separation},
where for the set D we say that it is an r-separation (in the complete metric
space) if d(x,y) > r, for all x,y € D, = # y.

Let D C R? with the river metric d* and let v/ € R? satisfies the condition
A*(D). This means that there is a sequence (v,)nen = ((Zn, Yn) )nenn C D, such
that x,, # x,, for n #m and y <y, <9 for arbitrary y < y’. Now we have,

d*(Vn, vm) = [Yn| + |Ym| + |20 — 2| > max{|yn|, [ym|} = inf{|ya| | n € N} = 1.

This means that we have r-separation and

B(D)= sup inf |y,|=y"(D)=x(D).

(zn»yn)eD neN

Some properties of the Kuratowski and Istratescue measure on the space R? with
the river metric were given in [18].



36 N. OKICIC, A. REKIC-VUKOVIC

The modulus of noncompact convexity in relation to the measure of noncompact-
ness «, on the metric space (R?, d*) is defined by

Ageo(e) = inf{l —d*(0,A) | AC B((0,0),1), A=coA= A, a(A)>¢e}.

Let A C R? be an arbitrary closed, convex subset of the unit ball, for which
a(A) = 2y*(A) > € holds. Hence

d*((0,0),4) = inf{d*((0,0), (z,y)) | (z,y) € A} = inf{[z| + |y| | (z,y) € A}.
Now we have
1—d*((0,0), A) = 1 —inf{|z| + |y | (z,y) € A} =sup{l — |z| — [y| | (z,y) € A}.

Therefore,

A — inf 1— |zl — [y]).
R2,0(€) a(%zms,;)&( lz] — |y])

Due to Theorem 2.4 we will consider two different cases, considering the fact that
the set A is convex.

I: Let A = B((«*,y*),r), where |y*| < (if |y*| > r then the set A is relatively
compact, so «(A) = 0). Then the point 7 = (Z,0) € A is the closest to the point
(0,0), satisfying the condition

Y| +|a" =z =
Hence
_ Jrr=r+y| ; 2F>7T
v +r—lyt| 5 <7
Without loss of generality, let the set A be "to the right of (0,0)”, that is, let
T =2"—r+ |y*|. Then
d*((0,0), A) = d*((0,0), (z,0)) =Z.

Therefore

Dweale) = inf (1-7)

Since y*(A) = y* + r, then a(A) = 2(y* + r), so the problem of determining the
modulus of noncompact convexity is reduced to solving the problem of minimizing
the function 1 — 7 = 1 — 2* +r — |y*|, under the condition 2(y* + r) > . Since
A C B((0,0),1), without loss of generality we can assume that y* < 0. Now, the
problem of minimization is defined by

l—z"+r+y"— inf

Obviously, the infimum is achieved for y* = — —r and 2* = 1, and we have
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IT: If A = [a,b] X [¢,d] (a,b,c,d € R, ¢ < 0 and d > 0), then the point (a,0) is
the closest to the point (0,0), i.e.

d*((0,0), 4) = d*((0,0), (a,0)) = |al.

Now, determining the modulus of noncompact convexity is reduced to the min-
imization of the function 1 — d*((0,0), A) = 1 — |a|, provided that a(A4) > e.

Since y*(A) = d, we conclude that a(A) = 2d > ¢. So, d > g holds. Therefore,
agbgl—g. Hence

: € £

Bizole) = inf (1—al) =1~ (1 - 5) =<

Knowing the connections between modulus of the noncompactness for different
measures of noncompactness, we conclude that

ARQ’X(Zf) =& = ARQﬁ(ZE).

According to the definition of the characteristic of nearly uniform convexity
(shortly NUC) ([!]), we have

£a(R?) = sup{e > 0 | Agz(c) =0} = 0.

Obviously, &, (R?) = e5(R?) = 0 also holds. Therefore, (R?, d*) is a NUC space.
At the end, we recall the definition of the uniformly convex W-convex metric
space and we prove this property for the space (R?, d*).

Definition 4.3 ([19]). A W-convex metric space is said to be uniformly convex
(shortly UC) if for each € > 0 there is a §(¢) > 0 such that for ¢ >0, x,y,z € X
with d(z,z) < ¢, d(z,y) < ¢ and d(z,y) > ce, we have

1
Theorem 4.4. The space (R?, d*) is uniformly convex space.
Proof. Let ¢ > 0 and ¢ > 0 be arbitrary, and let v; = (x1,11),v2 = (22,¥2),2 =
(22, 2y) € R? such that
d*(v1, 2) = || + |2y + |21 — 2| < ¢,
d*(v2, 2) = [y2] + |2y + |22 — 22| < € 1
d*(vy,v9) > ce.

Let

5:min{ |yl elya| }
d*(vy,vq)" d*(vy, v2)

If

w . 1| |+1| |+1 2,0
U1, V2, 9 - 9 U1 9 Y2 2$1 2$27 )
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[yo| — y1] + 20 — 11

2
1 _

(2, W (v1,09,= ) ) = |2 + |22 — y2| + 20 — 1] + 71
2 2
2 T 2

d*(vl, Z) d*(’l)g, Z)
< R
= B + 9 |y2|

§0—|y2|20<1—@)
C

Sc(l—d*gﬂ) < c(1-Y9),

(v1, v2)

and if z, > then

Zx

i.e. (R? d*)is uniformly convex. The proof is analogous when z, < vl = v |2+ o

If
1 1 1 1
44 (01,02, 5) = (9€1> 591 - 5@2‘ - 5‘551 - 1’2’) )

where y; > 0, then let 6 = ¢. It holds

1 1 1 1
d’ (Z»W (vl,vg, 5)) = |Zy| + |§yl - §|y2| - §|901 — To|| + |2p — $1|

Y1 — ‘92’ - |5751 - 352‘
2

= [z + +lze — 2

1
= |zy| +y1 — §(y1 + yo| + |z1 — @2]) + |22 — 11

=d*(vy,2) — d*(vy,v9)
<c—ce=c(l—¢)=c(l-Y9),

i.e. (R? d*) is uniformly convex. Analogously, we prove other cases, depending
on the value of W (vl, Vo, %) O
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