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MULTIVALUED ANISOTROPIC PROBLEM WITH ROBIN
BOUNDARY CONDITION INVOLVING DIFFUSE RADON
MEASURE DATA AND VARIABLE EXPONENTS

IBRAHIME KONATE! AND STANISLAS OUARO?*

ABSTRACT. In this paper we study a nonlinear anisotropic elliptic problem
under Robin type boundary condition governed by a general anisotropic oper-
ator with variable exponents and diffuse Radon measure data which does not
charge the sets of zero p(.)-capacity. We prove an existence and uniqueness
result of entropy or renormalized solution.

1. INTRODUCTION AND PRELIMINARIES

Let Q be an open bounded domain of RY (N > 3) with smooth boundary 9.
In the last years, the study of mathematical problems in the anisotropic variable
exponent Sobolev space W 7() )(Q2) has received considerable attention of many
researchers due to the fact that they arise in many applications as the reaction-
diffusion systems, modelling of propagation of epidemic disease (see |2|), elastic
mechanics, electrorheological fluids or image restoration [1, 12, 14, 28|.

The goal of this paper is to establish the existence and uniqueness of entropy
solution for the following nonlinear multivalued elliptic anisotropic problem.

—Za )+5()9uin9
(1.1)

al ou
Zai(m, 8_xz)m = |u|"® 2y on 02,

\ =1

where [ is a maximal monotone graph on R such that 0 € 5(0), x a bounded
Radon diffuse measure, |u|(2)(the total variation of 1) a bounded positive mea-
sure on 2 and 7/ = (91, ...,ny) the outward unit normal to 0.

We set dom(f) = [m, M| with m <0 < M and denote by
py(x) == max(py(z),...,pn(z)) and p,(z) := min (p1(z), ...,py(x)) .
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In the classical Lebesgue and Sobolev spaces with constant exponent, many au-
thors have studied problems with a maximal monotone graph and measure data
(see |1, 5, 6, 13, 15, 20]). These problems have been extended to the Sobolev
spaces with variable exponent in the context of isotropic operators (see |25, 26, 27].
In this paper, we extend the study of problems with maximal monotone graph
and measure data to the Sobolev spaces with variable exponent in the context of
anisotropic operators.

This paper is focused on the anisotropic elliptic strongly nonlinear equation with
variable exponent in which the ?(.)—Laplacian is general. Note that there are
many previous works treating problems with the same operator, to give some
examples, we refer the reader to the papers [7, 9, 18, 21].

In this paper, we rely our ideas on the decomposition theorem of measure done by
the authors in [26], and following them we prove the existence and uniqueness of
entropy solution of the nonlinear multivalued elliptic anisotropic problem (1.1).
We denote by £V the N-dimensional Lebesgue measure of RY and by M (X)
the space of bounded Radon measures in X, equipped with its standard norm
[y (x)- Given p € My(X), we say that p is diffuse with respect to the ca-
pacity W0 (X) (p(.)-capacity for short) if u(A) = 0, for every set A such that
Capyy(A, X) = 0, where the Sobolev p(.)-capacity of A with respect to X is
defined by

Cano(d ) = [ (1P 4 [oup
(.

with
Sp)(A) ={u e Wol’p(')(X) :u > 1 in an open set containing A and v > 0 in X}.

In the case Sp()(A) =0, we set Cap,()(A4,X) = +oo.

The set of bounded Radon diffuse measure in the variable exponent setting is
denoted by MPY(X).

Note that, since we are dealing with the Robin boundary condition, we can-
not work with the common space Wolj(')(Q). However, the common space is
le(')(Q), so we cannot use directly the argument of decomposition of measure,
since the second part of the measure is in W~=17=()(Q) (the dual of Wol’pm(')(Q)).
To overcome this difficulty, we use the same ideas as authors in [26]. We consider
a smooth domain (2 in order to work with the space Wol’i’"”(')(UQ), where p,(.) :
Ua — (1,00) is a continuous function such that p,,(z) = p,(z) for all x € Q,
and return after to the space WPm()(Q). More precisely, € is assumed to be a
bounded domain in RY with a boundary 9 of class C*. Then, € is an extension
domain (see [10]), so we can fix an open bounded subset Ug of RY such that
Q C Ug, and there exists a bounded linear operator

E : WhrmO(Q) = WO (Uy),
for which

i): BE(u) = u a.e. in Q for each u € W'P=0)(Q),
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ii): ||E(u )||W1 O gy S Cllully1ome) (), Where Cis a constant depending
only on 2.
We define
Dﬁim(')(Q) ={pe Mf’"(')(Ug) : i is concentrated on Q}.

This definition is independent of the open set Ug. Note that for u € WP (Q)N
L*(€) and 1 € M"Y (Q), we have

(B = | wie

On the other hand, as yu is diffuse, there exist (see [25, 26]) f € L'(Ug) and
F € (LP»O)(Uq))N such that u = f — div(F) in D'(Ug). Therefore, we can also
write

(u, E(u)) = fE(u)dar—i—/ FVE(u)dx.
Uq Uq
Before presentmg our main result, we first give the following hypotheses.
Let 7(.) ),...,pn(.)) be such that for any i = 1,.... N, p;(.): Q@ — Ris a
contlnuous functlon with
1 <p; = inf p;(z) < p :=suppi(x) < oo. (1.2)
zef z€Q

For any i = 1,..., N, let operator a; : 2 X R — R be a Caratheodory function (i.e.
a;(x, &) is continuous in £ for a.e. x € Q and measurable in x for every £ € R)

satisfying:
e There exists a positive constant C; such that

e € < €1 (3o + 160 (13
for almost every x E Q and for every £ € R, where j; is a non-negative function
in L70)(Q), with = + ,( =1

eforé&, n eR Wlth & # n and for every x € €, there exists a positive constant
(5 such that

Col& — @ if |¢ —n| > 1

(ai(x, &) — ai(z,n))(§ —n) = i (1.4)
Cy if [€—n<1

and,
e There exists a positive constant C'3 such that
for £ € R and almost every x € ().
The hypotheses on a; are classical in the study of nonlinear PDEs (see |3, 7, 18]).
Throughout this paper, we assume that

p(N —1 p(N —1 fop—1 p—N

pPN-1)  _ B( ) P P _ P (1.6)

<p < R — —
No-1) P SN=p »; p(N —1)
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and
N o
Y —>1, (1.7)
im1 Pi
N
N 1
where — = Z —, and for all z € 01,
p i=1 Pi

; ) if p(ar) < N
p(x) =

+00 if p(z) > N.
We make the following assumption
re CQ) with 1 <~ < 7™ <min{p?(z), ..., p% (z)}. (1.8)

prototype example that is covered by our assumption is the following anisotropic
(

A
7 (.)-harmonic problem: set

a;(z, &) = |E|P @2, where p;(z) >2for anyi=1,...,N.
Then, we obtain the problem
( N i(x)—2
a 8 pi() au
_ in O
(1.9)
N (z)—2
0 "% ou
2 = —yr@)—2 o0

| = aIZ 8([1‘1 T]l |U| u on Y

which, in the particular case when p; = p for any ¢« = 1,..., N, is the p-Laplace
problem.
For any [y > 0, we consider a function hg such that.

(i) ho € CL(R), ho(r) >0, for all r € R,

(ii) ho(r) =1if |r| <y and ho(r) =0 if |r| > lp + 1.
If v is a maximal monotone operator defined on R, we denote by =, the main
section of v; i.e.,

minimal absolute value of ~(s) if v(s) # 0
vo(s) = 4 +oo if [s,+00) N D(7) =0
o0 if (—o0,s] N D(y) = 0.

We give a useful convergence result (see [20]).

Lemma 1.1. Let (B3,)n,>1 be a sequence of mazimal monotone graphs such that
Bn — B in the sense of the graph (for (x,y) € B, there exists (xn,yn) € B, such
that T, — = and y, — y). We consider two sequences (z,)n>1 C L'(Q) and
(Wn)n>1 C LHQ).
We suppose that: Yn > 1,w, € B,(2n), (Wn)n>1 @8 bounded in L*(Q) and z, — 2
in LY(Q). Then,

z € dom(p).
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The rest of the paper is organized as follows. In Section 2, we introduce some
fundamental preliminary results which are useful in this work. Then, we study
the existence and uniqueness of entropy or renormalized solution in Section 3. We
recall in this section some definitions and basic properties of anisotropic Lebesgue
and Sobolev spaces with variable exponents.

Set
C.(@) = {p € O s minpla) > 1}

€]

For any p € C, (), the variable exponent Lebesgue space is defined by

LPY(Q) == {u : 2 = R a measurable real valued function such that / uP®dx < oo},
endowed with the so-called Luxemburg norm

Q
p(x)
Ulyy :=inf <A >0 w de <15;.
p(-) 0

A
The p(.)-modular of the space LPU)(() is the mapping p,) : LPU(Q) — R

defined by
()= | Jalr e

For any u € LPV)(Q), the following inequality (see [16], [17]) will be used later.

. - + - +
min {[ull); Julf } < ooy () < max { Julfs )b (110)

For any u € LPM)(Q) and v € LI0)(Q), with L) ﬁ =1 for any = € Q, we have
the Holder type inequality

1
’/’lwdx < (—_ —_> [ulp) [0]g()- (1.11)

If 2 is bounded and p, ¢ € C(Q) such that p(x) < ¢(z) for any x € €, then the
embedding LP®)(Q) < L20)(Q) is continuous (see [23], Theorem 2.8).

Herein, we need the following anisotropic Sobolev space with variable exponent.

0
WhFO(Q) = {u e LPO(Q) a“ € LPY(Q), i =1, N}
T
which is a separable and reflexive Banach space (see [24]) under the norm
au
lullz ) =
Tilpi()

We need the following embedding and trace results.
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Theorem 1.2. ([16], Corollary 2.1). Let Q@ C RYN(N > 3) be a bounded open
set and for alli = 1,....,N,p; € L>®(Q),p;(x) > 1 a.e. x € Q. Then, for any
q € L>®(Q) with q(z) > 1 a.e. x € Q such that

ess nf (par(2) — q(w)) > 0,
we have the compact embedding
WEPO(Q) — L1O(Q). (1.12)

Theorem 1.3. (|9] , Theorem 6). Let @ C RN(N > 3) be a bounded open set
with smooth boundary and let T (.) € (C4(Q))N,r € C(Q) satisfy the condition

1 <7r(z) <min{pd(x),....,p%(x)}, V€ o0 (1.13)
Then, there exists a compact boundary trace embedding
WhPO(Q) = L'O(09).
In particular,
WhPO(Q) < LY (09).

We introduce now the numbers

Np-1 N{p-1 N
.= (P )andq*: (P-1) _ Ng
N -1 N—Dp N —q
The following result is due to Troisi (see [30]).

q= )" if ()" <N,
g€ll,00) if (B)* = N.
Then, there exists a constant Cy > 0 depending on N,p1,....,pn if D < N and also
on q and meas(2) if p > N such that
N dg
lollowey < €T [gllanwior + | 32

i=1

%
] . (1.14)
LPi (Q)

In this paper, we will use the Marcinkiewicz space M?(Q)(1 < ¢ < +o0) as the
set of measurable function g : 2 — R for which the distribution

Ag(k) :==meas({z € Q: |g(x)] > k}), k>0 (1.15)
satisfies an estimate of the form
Ag(k) < Ck™?, for some finite constant C' > 0. (1.16)
We will use the following pseudo norm in M9(€2).
9]l pma) = 1nf{C > 0: \j(k) < CE™4, Vk > 0}. (1.17)

Finally, we will use through the paper, the truncation function Ty, (k > 0) defined
by
Ti(s) = max{—k, min{k; s}}. (1.18)
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It is clear that lim Ty(s) = s and |Tx(s)| = min{|s|; k}.
k—+o00

For any v € WL-70(Q), we use v instead of v|aq for the trace of v on 9.
Set Tl’?(')(ﬂ) as the set of the measurable functions u : 2 — R such that for
any k > 0, Tp(u) € WH7O(Q). We define the space ﬁi’?(')(Q) as the set of
functions v € T-7()(Q) such that there exists a sequence (uy)peny C WH7O(Q)
satisfying

i): u, — wa.e. in Q as n — 400,

ji): 2kn) o O 4y 11(Q)), for all k> 0 as n — +oo,

iii): there exists a measurable function v on 9 such that u, —» v a.e. on

082 as n — +oo0.
We need the following lemma proved in [7].

Lemma 1.5. Let g be a nonnegative function in WL?(')(Q). Assumep < N and
there exists a constant C' > 0 such that

0
‘Tk |7’de + /
/ Z {lol<k} | OTi

i=

g "
dr < C(k+1), (1.19)

for every k > 0.
Then, there exists a constant D, depending on C such that

gl a2 < D,

2. MAIN RESULTS

We first define the concept of solution to the problem (1.1).

Definition 2.1. For i € M"Y (Q), a renormalized solution of the problem (1.1)
is a triplet (u, w, v) € T,» (')(Q) x L) x Mfm(')(Q) such that
(i) u € dom(B)LN- a.e. in Q, |u|" @2y € L}(Q);
(i) w € B(u)LN- a.e. in
(iii) » L LY, v is concentrated on [u = M], v~ is concentrated on [u = m];
(iv) for any £ € WEPO(Q) N L=(9),

N
/ ( “) S dx+/w§d:c+/§du+/ |u]”(“)2u£da:/§du. (2.1)
" Ox; ) Ox; Q Q o0 Q
Moreover,
pi(w)
lim Ou dx = 0. (2.2)
k=400 Jip<iul<kt1] | OTi

Theorem 2.2. Assume that (1.2)-(1.8) hold true; for any p € ‘J)?]Zm(')(ﬂ), the
Robin boundary problem (1.1) admit at least one renormalized solution (u,w,v).

The connexion between our notion of solution and the entropic formulation is
given in the following theorem (see [25]).
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Theorem 2.3. If (u,w) is a solution of (1.1) in the sense of Theorem (2.2),
then (u,w) is a solution in the following sense : for any & € le(')(Q) N L>(Q)
such that & € domp,

N
o 0 r(x)—
; /Q K <x7 8_@) d; Tilw = + / wlhi(u—&)de + [ |ul" *uT}(u~ €)do

Q o0

< / Ty(u — )dp, (2.3)
Q
for any k > 0.
The uniqueness of solution is given in the following theorem (see [27]).

Theorem 2.4. Let (uy,wy,v1) and (ug, ws, v3) be two solutions of (1.1). Then,

(U1 = Uy a.e. in ),
Uy = ug a.e. on OS2,

w, = wy a.e. in €2,

\ V1 = V2.

Proof of Theorem 2.2

For any n € N*, we consider the Yosida regularization (3, of § given by

Lo
B =l — (I + -5)7).
Thanks to [11], there exists a non negative, convex and l.s.c. function j defined
on R such that
p = 0j.
To regularise 3, we consider

Jn(s) = min{g|s—r|2+j(r)}, VseR, Vn>0.

reR
By Proposition 2.11 in [11] we have
dom(B) C dom(j) C dom(j) = dom(p),

. 1 .

Jn(s) = %\ﬂn(s)\z + j(J,) where J,, := (I + %B)_l,

jn 1s a convex, Frechet-differentiable function and 5, = 0j,,

JnTJjasnl oo
Moreover, for any n > 0, 3, is a nondecreasing and Lipschitz-continuous function.
Since p1 € MP™O(Uy), recall that p = f — div(F) in D'(Ug) with f € L'(Ug)
and I € (LP»0)(Ug))N where Uy, is the open subset of R which extends © via
the operator F.
To regularize u, for any n > 0 and z € Ug, we define the function

ful@) = To(f (2))xa(2).
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Let (F,)n>1 C C5°(Uq) be a sequence such that F;, — F strongly in (LP= O (Ug))N.
For any n > 0, we set I, = xoF, and p, = f, — dw(F ). For any n > 0, one
has:

® i, € imfjm(')(Q), fn — pin My(Uq) and p, € L®(Q).

e (fu)n>0 is a sequence of bounded functions which converges to f € L'().

We have the following lemma (see [26], Lemma 4.1).
Lemma 2.5. The Yosida reqularization (B, is a surjective operator.

Now, we consider the following approximating scheme problem.

Otin ) 1 _ )
_Za 2, D) 4 Bulot) P = i

N ou
S s, 22 g = — [T 90
a;(x, oz, )i | | Uy, on ,

(2.4)
for any n > 0.

Theorem 2.6. The problem (2.4) admits at least one weak solution u, in the
sense that u, € WPO(Q), Bu(uy) € L=(Q) and

Z /  got / B (tn)Eda+— / [ |72, Eda+ / | 2 do
8% 8951 a0
:/,ungdx, (2.5)
Q

for all & € WEPO(Q) N L=(Q).
Proof. We define the reflexive space

E =W P0(Q) x L0 (9Q).
Let X, be the subspace of E defined by

Xo={(u,v) € E:v=r1(u)},

where 7(u) is the trace of u € ﬁim((l) in the usual sense, since u € le(')(Q).
In the sequel, we will identify an element (u,v) € X, with its representative
ue WhPO(Q).
Since b is a surjective, continuous and nondecreasing function with 5(0) = 0 and
T € L*>(Q), for any n > 0, the following problem

—Z 9. ——) + T, (b(u)) + %|u|PM(”)_2u =T in Q

=1

P(T,(b),T)

al 8u
Zal —) i = T (—|u| @ ~2u) on 0N

\ =1
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admits at least one solution u, € W570(Q) such that V¢ € WEPO(Q)NL>(Q),

Z/ ( aun)aaid —i—/QTn(b(un))fd:B—l—%/Q|un|PM(w)—2un§dx

+ /8 Ty ) = /Q Teda. (2.6)

Furthermore,
V> | ||sos  |0(un)] < || T]]oo a.e. in £ (2.7)

Indeed, We define the operator A,, as follows.

(Anu, &) = (Au, )+ /Q n(b(u ))éd~T+/Q T (fu™ ) 2u)edo, Vu, & € WHTO(Q),

(Au, v) /Zaz( au)axl /| | P (@)=2y

According to [18], the operator A, is of type M, bounded and coercive from
Xo C E into its dual X§j C E’. Thus, A, is surjective (see [29], Corollary 2.2).

By setting F' = /gTdL we have F' € E' C X{[. Then, we can deduce the

where

Q
existence of a function u, € X, such that
(Au(un),&) = (F.€), forall € € X,

Namely, u,, is a weak solution of problem P(T,(b),T).

Let us fix n > || T]|o+1; we get the existence of a solution of the problem P(b, T).
The proof of (2.7) is detailed in [8]. Then, by setting b = 5, and p, = T, we get
the proof of the Theorem 2.6. O

We need the following a priori estimates.

Proposition 2.7. Let u,, be a weak solution of (2.4). Then, there ezists a positive
constant C(u, Q) such that for any k > 0,

N pi(z)
3 / To(un)|  de < kC(, ), (2.8)
i1 Q (9@
[ Butun) Tutun)do < KC (.9, (2.9
Q
1
a2, T ) < kO, 2.10)
et 220300y = etal 100y < O, ) (2.11)

and

1B (un) |1 < C(p, ). (2.12)
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Proof. We start by the proof of (2.8). By Taking £ = Ty (u,) as a test function

(2.5), we get
N
Ouy, \ 0T (uy,) 1 Py (z)—2

> [a (x axi)a—xidaﬂr [ utwn T+ [ fun P20, )
=1

+ ]un]r(x)’zunTk(un)do = / Ty (wp)dy,. (2.13)

o9 Q

On the other hand, we have

/Tk(un)dun < /Tk(un)dun < kC(p, Q). (2.14)

Q Q

Then, we use (1.5) and (2.14) in (2.13) to obtain

N pi(

z)
3 / 9w do+ / Bo(un) T )z + [ [un] =20, T (1) dor
im1 J {lunl|<k} O; Q Fsl9)
1
+ ;/ || 721 @) =200, T () dz < kC (11, Q). (2.15)
0
Since Ty, Bn,s — |s|"~%s are nondecreasing and 3,(0) = T(0) = 0, all the
integrals in (2.15) are nonnegative. Therefore, we deduce from (2.15) that
N P pi(z)
Z/ o Ti(wn)| do < KC(1,9),
i=1 /o0
/ B (tn) Ty (up)de < kC(u, ),
Q
1
o 20T ) < kO, 2),
nJa
|t |" 20, Ty (1) do < kC(p1, Q). (2.16)

G)
Dividing (2.16) by k, passing to the limit as & — 0 and using the Lebesgue
dominated convergence Theorem, we obtain (2.11).
We end by proving (2.12). We deduce from (2.9) that

1
/ 5n(un)ETk(un)dx < C(p, Q).
Q
Then, passing to limit as k — +o00, we get
/ B (un)signe(uy,)dz < C(u, Q)
Q

Hence,

[ 1utunlde < €
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Proposition 2.8. Let u,, be a weak solution of (2.4). Then, for all k > 0,

N =
- ou,, [Pi
| T (1 ) [PM do + / 2 de < Cy(1+ k), (2.17)
/ﬂ z:; {junl<k} | O%i
o0
Proof. We have
N = N = N
Au,, |V Au, |V du,, |?
ST le dx=2/ ol ey :
= Juni<ky | i {\un|<k|@“n\<1} 0z; = <k Gen 21y | O
pi(x)
< N.meas() / Oun dx
{unl <k Zen 21} | OFi
pi(z)
< N.meas(f / Dun dx
al<ky | 0T
< N.meas + k:C’( 1).

Moreover, we have

/\Tk \pde—/ | Ty (u )|pde+/ | Ty () [P dix
Tk (un)|<1} Tk (un)|>1}

< meas( / Ty () |PM de

< meas(Q2) + / kPum dz
Q
< meas(Q)(1 + kPa).
By adding the two last inequalities, we get
ou,, |

|Tk ’pM dx + /
/ Z (lun|<k} | O

=1

"dr < (meas(Q)(N + 1+ k) + kC(u, )

< Cy(1+ k),

where C; = max{(meas(Q)(N + 1+ kP»), C(u, Q)}.
For the inequality (2.18), according to (2.16), we deduce the following

/ T (un) [ dz = / T ()™ dor + / T ()| do
o0 390{\Tk(un)|§1} 890{\Tk(un)|>1}

< meas(0N) + T (u,)|" @ do
G)

< meas(0N2) + |t |" 20, T (w1 ) dor
20

< meas(09Q) + kC(u, Q)
<C5(1+k)

ld:c
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where C5 = max{meas(0), C(u,2)}. O
We have the following result (see [19, 21]).

Lemma 2.9. Let u,, be a weak solution of (2.4). Then, there exists a constant
D which depends on p and 2 such that

D
min (3, (k), | Bn(=F)])

and a constant D' which depends on p and 2 such that

meas Ou
0

X

meas{|u,| >k} < Yk >0 (2.19)

/
> k} <P st (2.20)
k@)’

Proposition 2.10. For any k > 0, the sequences (B, (un))n>0 and (Bn(Tk(un)))n>o
are uniformly bounded in L*(Q).

For the proof of the Proposition 2.10, we refer the to (|27], Proposition 3.9).
We also have the following lemma (see [7]).

Lemma 2.11. For any k > 0, there exists some positive constants Cg, Cy such
that.

(1) [lunllpmer @) < Cs;

ou,,
3@»

. <0y Vi=1,.,N.

MPi B (Q)

i |

2.1. Convergence results. We have the following results (see |7], [22]).

Lemma 2.12. Fori=1,...,N, as n — 400, we have
ou, 0
a; (x, aixl) — ay (x, 0_5) in LY() a.e. x € Q. (2.21)

Proposition 2.13. There ezists u € WS7O(Q) € TEPO(Q) such that u €
dom(B) a.e. in 2 and

Uy, — u in measure and a.e. in ) as n — +oo. (2.22)

Proof. For the proof of (2.22), we refer to [7] (see also [22]).

As for k > 0, T} is continuous, then Tj(u,) — Ti(u) a.e. in Q. Finally, using
Lemma 1.1 we deduce that for all k& > 0, Tj(u) € dom(B) a.e. in §. Since
Ti(u) € dom(B), we get u € dom(f) a.e. in Q and as dom(S) is bounded, then
ue WLPO(Q). 0

Proposition 2.14. Let u, € WP O(Q) be a weak solution of (2.4). Then,
(i) foralli=1,..., N, # converges in measure to the weak partial gradient
x

i
of u;
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(ii) foralli=1,..,N andk >0, q; (x, aiTk(un)> converges to a; <x, aiTk(u)>
L L

in LY(Q) strongly and in LP<O)(Q) weakly.
(iii) w, converges to some function v a.e. on OS).

(iv) For any h € CHR), |un|" ™ 2u,h(uy) — [u]"®~2uh(u) in L'(09).

. ou,, \ Ou, ou\ ou .
(v) Fori=1,..,N,a; <x7a—% oz, — ay (x,a—x) . in L'(Q?) and a.e.x €

Proof. e For the proof of (i), (i) and (iii) we refer to [7] (see also [22]).
e For the proof of (iv) see (|27], Proposition 3.14).

e We end by proving (v).

The continuity of a;(x, &) with respect to & € R gives us

a;| x, Iz, a; | z, oz, a.e. T )

(o Oun\Oun o Ou) Ou cQ

a;| x, o, ) oz, a;| x, oz, ) oz, a.e. x .

. O \ gu., ou\ Ju
Setting vy, = a; <x, )%Ti and y = a; (:r; o ) 9z,

8%
Yn > 0,y = y ae. in Q, y € L(Q),

/ynd:c—>/ydx
Q Q

and as / g — ylde = 2 / (v = ya) das + / (4o — y)dz and (y — y)* < g, it

follows by using Lebesgue dominated convergence Theorem, that

lim / |y, — yldz =0,

n—-4o0o Q

Therefore,

fori=1,...,N, we have

which means that

ou,, \ Ou, ou '\ Ou . . 1
a; (x, 3_$z> o, — q (x, 8_%> o in strongly in L™ ().

For the proof of the following result we refer to the paper [25].
Lemma 2.15. For any h € CYR) and ¢ € WEPO(Q) N L=(Q), for any i =
1,...,N,
O (o)) —
uTL
Lemma 2.16. For any h € C1(R) and £ € WEPO(Q) N L2(Q),

lim [ B(u)edp, — /Q h(u)édp (2.23)

n—-+0o Q

(h(u)y) strongly in L*(Q) as n — +o0.



NONLINEAR MULTIVALUED ANISOTROPIC PROBLEMS AND MEASURE DATA 47

and

1
lim — / |t [P =20, B, ) Ed = 0. (2.24)
Q

n—4+oo N

Proof. e For the proof of (2.23) we refer to [27].
e For (2.24) we have

/ | [PM 20, () €| <

N OIS

< —||£||oo/ | [P B (wy,) | dae
n Q
1
< C(h [elle) [ fual e — 0
n Q
Since |un|pM(x)—1 c LP/J\/I(x)(Q)7 (2.24) follows as n — +oo. .

Lemma 2.17. (See [27]) For any h € CLR) and & € WHPO(Q) N L2(K),

lim |t | 200 gy (1) Edo = lu|"® =2 hy, (u)édo. (2.25)

n—+00 J50 a0

Since, for any k > 0, (hg(uy)Bn)ns0 is bounded in L(Q), there exists z, € M;(£2)
such that

b () Br(upn) — 2z in M,(€2) as n — 0.

Moreover, for any £ € WHP0(Q) N L*°(€2), we have

[ et = [ ehuturdn— [ ure b ueds— | Zaz ) (el

which implies that z;, € M’g"”(')(ﬂ) and, for any k <,

zr =2z on [|Ti(u)| < K.
Let us consider the Radon measure defined by
z =z, on [|Tg(u)| < k] for k € N*,
(2.26)
=0 on [)[|Te(u) = k]

keN*

For any h € C.(R), h(u) € L*>(£,d|z|) and

w)édz = — Na-x% 0 w)éldr— ul"®2uh(u)édo u
J et == [ a5 g | tuntogiss | e
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for any & € le(‘)(Q) N L>*(Q). Indeed, let kg > 0 be such that supp(h) C
[_k07 kO];

ou,, . 0

= — | . ___ — _ pu(
- nl_lgloo/Q;:l a;(z, axi)a%[h( n)&ldx nl_lgloon/ |t “uph(uy)édx
Y r(@)-2 I

e o || unh(un)gda‘i‘n_lffw Qh(un>£dﬂn

N

—— i [ >, g gl — - [ a2
— lim |t |20y b (uy ) Edo + lim h(un)Edpy,

n—o00 Ja0 n—-+00 Q

= du ., 0
- / > ai(z, ) a—[hw)gldr — | |u" @ Puh(u)édo + / h(uw)édp.
Qi Ox;” Ox; o0 Q
Moereover, we have the following lemma (see [27], Lemma 3.18).

Lemma 2.18. The Radon-Nikodym decomposition of the measure z given by
(2.26) with respect to LV,

z=wlN +v with, v L £V
satisfies the following properties.
we Bu)LY —ae inQ, we LY(Q), v e MO(Q),
vt is concentrated on [u = M],

v~ is concentrated on [u = m].

To finish the proof of the Theorem 2.2, we consider £ € WHPO(Q) N L (Q) and
h € C(2). Then, we take h(u,){ as test function in (2.5). We get

2 o 5 ) g thtwdelaes [ Suwntunedes | funl b, s

—i—/m || " 20, B () Edo = /Qh(un)fdun. (2.27)

The first term of (2.27) can be written as

Z Lo 25) 2 pturgte =3 [ o o)) D g e,

=1
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for some [y > 0 so that, by Proposition 2.14 and Lemma 2.15, we have

ou,, a1, n)\ O
tim 3 (e 5) ntueiir = i 3 [ o Z2000) 2
Y T, 0
=3 [l T ) gt

:g / ( m) a‘ii [h(w)€]da.

Thanks to the convergences of Lemmas 2.15, 2.16, 2.17 and Proposition 2.14, we
obtain from (2.27),

nl_i)l}rloo/ﬂn U )h(uy)éde = — Z/az< axz)f)xz [h(u)€]dx — lu|" @~ 2yh(u)édo

oN

+ /Q h(u)édp

:/Qh )edz
_ /Q h(u)wedz + /Q h(u)edv.

Letting n go to +oo in (2.27), it follows that

Z / az< &BZ) 5 n(w)ldot /Q h(u)wedz+ /Q hwédv | " 2ub(u)edo

o0N

_ /Q h(u)édp. (2.28)

In (2.28), we take h € C}(R) such that [m, M| C supp(h) C [~1,1] and h(s) =
for all s € [m, M]. As u € domf, we get h(u) = 1 and it yields that (u,w) is a
solution of the problem (1.1).

To end the proof of Theorem 2.2, we prove (2.2). We take & = T1(u, — Tx(un))
as a test function in (2.5) to get

Z / al( ZZ") . (Tt = Ti(wa)) i + /Q B (1) T (tt, — T (1)) ez

+= / || P27 =200, Ty (1, — T (1) )di + |t | " 20, Ty (1, — The (1) )dor
nJja o0

_ /Q Ty (y — To(tn))djin. (2.29)

Since

1
/ B ()T (. — T (1))l + / [P @200 Ty (1, — T (1))
Q nJjo
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—I—/ |un|’"(x)_2unT1(un — Ti(uy))do >0
o9

and a%i(Tl(“” — T (un))) = %X[kqunkkﬂ]a we get from (2.29),

N

i\ % o ) o de s [ Tin = Tilun))dpn. 2.30
/[k<un|<k+1} < Oz; ) Ox; 0 it k(un)) (2.30)

i=1

We have (see [25])

lim lim Ty (uy, — Ti(uy))dp, = 0.

k—+o0o0 n—+o0 Q

Then, using (1.5), and letting n — 400, k — +o0 respectively in (2.30), we

obtain
N i (@) N pi(z)
1 Ouy, |* 1 0
lim lim — g / Y dr = lim — g / el dr < 0.
k—+o00 n——+oco C' 1 Y k<|un|<k+1] 8$Z k—+o00 C 1 k<|u|<k+1] 81’2
(2.31)

Therefore, we get (2.2).
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