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SITT-RING PROPERTIES IN BI-AMALGAMATED RINGS
ALONG IDEALS

A. ARULDOSS! AND C. SELVARAJ?*

ABSTRACT. Let f: A — Band g: A — C be two ring homomorphisms and
let J and J’ be two ideals of B and C, respectively, such that f=1(J) = g=(J').
In this paper, we give a characterization for the amalgamation of A with B
along J with respect to f (denoted by A >4/ J) to be a SITT-ring and also we
give a characterization for the bi-amalgamation of A with (B, C) along (J, J')
with respect to (f,g) (denoted by A >af9 (J, J")) to be a SITT-ring. We also
give some characterizations for strong weakly SIT-rings.

1. INTRODUCTION AND PRELIMINARIES

Throughout the paper, R denotes an associative ring with identity. An element
a in a ring is an idempotent if a®> = a. Idempotents are key elements in under-
standing the structure of a ring. When a ring has a rich supply of idempotents,
one would usually expect something nice about the structure of the ring. An
extreme case is the notion of Boolean rings, in which every element is an idempo-
tent. Boolean rings are impotant in algebra and have applications in other areas.
A ring R is weakly Boolean if for any a € R, either a or —a is an idempotent.

In 2016, Zhiling Ying, Tamer Kosan and Yigiang Zhou [19] investigated that
rings for which every element is a sum of an idempotent and a tripotent that
commute and proved that every element of a ring R is a sum of an idempotent
and a tripotent that commute and 2 € J(R) if and only if R has the idetity
2% = 2% and 2 € J(R) if and only if R/J(R) is Boolean and j? = 2j for all
j € J(R) if and only if R/J(R) is Boolean and U(R) is a group of exponent 2.
It can be shown that every element of a ring is a sum of an idempotent and a
tripotent that commute iff R = A x B, where A/J(A) is Boolean with U(A) a
group of exponent 2, and B is a subdirect product of Zjs. For any idempotent
e, both e and —e are tripotents, i.e., the elements equal to their cubes.

Let A and B be two commutative rings with unity, let J be an ideal of B and
let f: A — B be a ring homomorphism. In this setting, we can consider the
following subring of A x B:

Al J:={(a, f(a)+j) |a€ A je J}
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called the amalgamation of A with B along J with respect to f (introduced and

studied by D’Anna, Finocchiaro, and Fontana in [5, (]). This construction is a
generalization of the amalgamated duplication of a ring along an ideal (introduced
and studied by D’Anna and Fontana in [2, 3, 1]). Moreover, other classical

constructions (such as the A+X B[X], A+ X B[[X]], and the D+M constructions)
can be studied as particular cases of the amalgamation ([5, Examples 2.5 and
2.6]) and other classical constructions, such as the Nagata’s idealization (cf. [106,
page 2|), and the CPI extensions (in the sense of Boisen and Sheldon [3]) are
strictly related to it ([0, Example 2.7 and Remark 2.8]). On the other hand,
the amalgamation A >/ J is related to a construction proposed by Anderson
in [1] and motivated by a classical construction due to Dorroh [10], concerning
the embedding of a ring without identity in a ring with identity. An ample
introduction on the genesis of the notion of amalgamation is given in [5, Section
2]. Also, the authors consider the iteration of the amalgamation process, giving
some geometrical applications of it.

One of the key tools for studying A >/ J is based on the fact that the amal-
gamation can be studied in the frame of pullback constructions [5, Section 4].
This point of view allows the authors in [5, 6] to provide an ample description
of various properties of A >/ J, in connection with the properties of A, J and
f. Namely, in [5], the authors studied the basic properties of this construction
(e.g., characterizations for A </ J to be a Noetherian ring, an integral domain,
a reduced ring) and they characterized those distinguished pullbacks that can be
expressed as an amalgamation. Moreover, in [0], they pursue the investigation
on the structure of the rings of the form A >/ J, with particular attention to the
prime spectrum, to the chain properties and to the Krull dimension.

Let a: A—C,f:A— Cand f: A — B be ring homomorphisms.
In the aforementioned papers [, 0], the authors studied amalgamated algebras
within the frame of pullback o x 8 such that o = S o f [5, Proposition 4.2 and
4.4]. In this motivation, the authors created the new constructions, called bi-
amalgamated algebras which arise as pullbacks a x [ such that the following
diagram of ring homomorphims

¢ —— D

is commutative with a o mg(ar X ) = a o f(A), where 7 denotes the canonical
projection of B x C over B. Namely, let f: A — B and g: A — C be two
ring homomorphisms and let J and J' be two ideals of B and C, respectively,
such that f~(J) = g~ (J’). The bi-amalgamation of A with (B, C) along (J, J')
with respect to (f, g) is the subring of B x C given by

A (1,0") = {(f(a) + j, g(a) + 5)la € A, (j.5') € T x J'}

In this paper, the second section we introduce a class of rings which generalizes
the so-called SIT-rings namely, weakly SIT-rings and SITT-rings. A ring R is
called (strongly) weakly SIT-ring if every element of R is a sum or difference of
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an idempotent and a tripotent (that commute) and a ring R is called a SITT-
ring if every element is a sum of an idempotent and two tripotents. Clearly,
SIT-rings are weakly SIT-rings and SITT-rings, but the converse is not true in
general. We give some characterizations of strongly weakly SIT-rings. Finally,
we give some properties of a SITT-rings are presented. The third section, we
give a characterization for A </ J to be (uniquely) SIT-ring. The fourth section
investigates the characterization for A >/ (J, J') to be (uniquely) SITT-ring.

In what follows, Z denote the ring of integers and for a positive integer n, Z,
is the ring of integers modulo n. We write M, (R) and T,,(R) stands for the n x n
matrix ring and n X n upper triangular matrix ring, respectively, over R. In
addition, we write I[d(R), Tr(R), Nil(R) and J(R) for the set of all idempotent
elements, set of all tripotent elements of R, set of all nilpotent elements and the
Jacobson radical of R, respectively.

2. SIT-RING AND WEAKLY SIT-RING

We start with a definition.

Definition 2.1. A ring is said to be a (strong) SIT-ring if every element is a sum
of an idempotent and a tripotent (that commute).

Theorem 2.2. Let R be a ring with 2 € J(R) and U(R) forms a group of
exponent 2. Then R s strong SIT-ring if and only if R is strongly nil clean.

Proof. = In view of [19, Theorem 3.6], R/J(R) is Boolean. For j € J(R), we
have (1 — j)* = 1 by hypothesis, and j? = 2j. Replacing j by j(j + 1), we have
(G(1+ )2 = 2j(1 + j). We infer that j(1 + j)j = 2j; that is, j2 + j° = 2j.
It follows that j2 = 0. Hence, J(R) is nil. In view of [12, Theorem 2.7], R is
strongly nil clean.

< For any a € R, there exist b € Nil(R) and e¢* = e such that eb = be and
a—1=e+b. By hypothesis, we have (1+0)?> = 1, so 1+ b is a tripotent. Hence,
a=e+ (1+40b) is a sum of an idempotent and a tripotent that commute. So R
is a strong SIT-ring. O

If U(R) does not form a group of exponent 2, the converse need not be true.
We consider the following example.

Example 2.3. Let Z4[i] = Z4[z]/(2? — 1) = {a + bi|a,b € Z4,7* = —1} and the
Jacobson radical J(Z4[i]) = {a + bila,b € Zy,a® — b* € J(Z4),7* = —1}. Thus
J(Z4[i]) = {0,2i,1 + 4,1+ 34,2,2 + 20,3 + 4,3 + 3i}. It is easy to check that
J(Z4i]) is nil. Hence, N(Z4[i]) = J(Z4]1]) and Z4i)/ J(Z4]1]) is Boolean. In view
of [12, Theorem 2.7], Z4[i] is strongly nil clean. In light of Theorem 2.2, Z,[i] is
not a SIT-ring because U(Z4[i]) is not a group of exponent 2.

Example 2.4. Let R = Zy[z]/(2*) = {a + bz|a,b € Z4}. Then set of all idem-
potents of R are {0,1} and set of all tripotents of R are {0,1,3,1 + 22,3 + 2z}.
According to the definition 2.1, R is not a SIT-ring because the element 1+x € R
is not a sum of an idempotent and a tripotent.
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Example 2.5. Let Z3) = {™|m,n € Z3,3 1 n}. Then Zs) is a local ring with the
Jacobson radical J(Z)) = 3Z). Clearly, 2 € Z) satisfies (2)2—2 = 2 ¢ J(Z));
hence Zs)/J(Zs)) is not Boolean. In view of [19, Theorem 3.6], Zs) is not a SIT-
ring.

We now introduce the following definition.

Definition 2.6. A ring is said to be (strong) weakly SIT-ring if every element is
a sum or difference of an idempotent and a tripotent (that commute).

Proposition 2.7. The class of (strong) weakly SIT-rings are closed under homo-
morphic images and finite direct products . Any factor ring of a (strong) weakly
SIT-ring is a (strongly) weakly SIT-ring.

Lemma 2.8. If R is a ring for which5 = e+ f or 5= e — f where e = e and
2= f, then 120 = 0.

Proof. From 5 = e + f, we see ef = fe, s0 25 = (e + f)? = e + 2ef + f2
Thus, 4(e + f) = 20 = 25 —5 = (e + 2ef + f?) — (e + f) = 2ef + f2 — f.
It follows that 4e +5f — 2ef — f2 = 0. Thus, 0 = (de + 5f — 2ef — f?)ef?
= def? + bef — 2ef —ef? = 3ef? + 3ef. So, 120 =53 -5 = (e+ f)> =5
= (e+3ef +3ef?+ f)—5=[le+ [f)—5]+[3ef +3ef?] =0.

From 5 =e—f,5025 = (e— f)> = e—2ef+ f2. Thus, 4(e—f) =20=25—-5 =
(e—2ef + f3) —(e— f) = —2ef + f?+ f. It follows that 4e —5f +2ef — f2 = 0.
Thus, 0 = (de —5f +2ef — f2)ef? = 3ef? —3ef. So,120=5>~5 = (e— )3 =5
=(e—3ef +3ef?—f)—5=[(e—f) = 5]+ [3ef* — 3ef] = 0. O

We now decompose (strong) weakly SIT-ring into product of (strong) weakly
SIT-rings.

Lemma 2.9. A ring R is a (strong) weakly SIT-ring if and only if R = Ry X
Ry X R where Ry, Ry and Rz are (strong) weakly SIT-rings, 2 =0 in Ry, 3 =10
m Ry and 5 =0 in Rs.

Proof. The sufficiency is clear by Proposition 2.7. For the necessity, assume
that R is a (strong) weakly SIT-ring. Then, by Lemma 2.8 , 23.3.5 = 0. Thus,
22RMN3RN3R = 0and R = 22 R+3R+5R. By the Chinese Remainder Theorem,
R~ R/22R x R/3R x R/5R. Let Ry = R/2*R, Ry = R/3R and Rz = R/5R.
Then Ry, Ry and R3 are (strong) weakly SIT-rings by Proposition 2.7 with 23 = 0
in Ri,3=0in Ry and 5=01in R3, and R = R; X Ry X Rs. O
Theorem 2.10. Let R be a ring. Then the following statements are equivalent.

(1) R is strongly weakly nil-clean;

(2) For any a € R, a + a® is nilpotent;

(3) For any a € R, there exists an idempotent e € Z[x]| such that a £ e is

nilpotent;

Proof. This was proved in [9, Theorem 2.1] . O

Theorem 2.11. Let R be a ring. Then R is strongly weakly nil-clean iff R/ J(R)
is weakly Boolean and J(R) is nil.
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Proof. This was proved in [9, Theorem 3.2]. O

Following [9], an element of a ring is called (strongly) weakly nil clean if it
is the sum or difference of a nilpotent and an idempotent (that commute), and
the ring is called (strongly) weakly nil clean if each of its elements is (strongly)
weakly nil clean.

Theorem 2.12. Let R be a ring with 2 € J(R). Then the following statements

are equivalent.

) R is a strong weakly SIT-ring;
2) R is a strong weakly SIT-ring with 23 = 0;
3) R has the identity 25 = z*;
4) R/J(R) is weakly Boolean and j* = +2j for all j € J(R);
5) R/J(R) is weakly Boolean and U(R) is a group of exponent 2;

(1
(
(
(
(

Proof. (1) = (2). This is clear by Lemma 2.9.
(2) = (3). Fora € R, writea=¢c¢+ f ora=¢c— f where e = ¢, f3 = f, and
ef = fe. Then

at = (e+ ) =et +4’f +6e2f% +def? + 4
= e+ def +6ef? +def + f2
= e+8ef +6ef*+ f*
= e+6€f+f2
a° = a'a® = (e+6ef’ + f*)(e+2ef + f?)
= (e+6ef*+ef?) + (2ef + 12ef +2¢f) + (ef* + 6ef* + f?)
= e+6ef? + f?

at = (e—f)t=et —4e’f +6e*f* —def + f*
= e—def +6ef? —4def + f*
= e—8ef +6ef?+ f?
= e+6ef + f?
a® = a*a® = (e +6ef? + fH(e—2ef + f?)
= (e+6ef?+ef?) + (—2ef —12ef — 2ef) + (ef? + 6ef? + f?)
= e+ 6ef?+ f?

So a® = a*. Hence, R has the identity 2° = 2%

(3) = (4). For j € J(R) , we have (1 —75)% = (1 —j)* so (1 —j)> =1 as
(1—7)* € U(R). Tt follows that j? = 2j. Hence, we have proved that j2 = 25 for
all j € J(R) and we have (1+7)° = (14j)* so (14+j)>=1as (1+j)* € U(R).
It follows that j2 = —2j. Hence, we have proved that j2 = —2j for all j € J(R).
From 2¢ = 2% we obtain 23 = 0. As 2 € J(R), 3 € U(R), so we infer 2 = 0. For
a € R, we have a® = a*, so (a —a*)* = a*(1 —a)* = a*(1 — 4a + 6a* — 4a® + a*) =
at—4a’+6a° —4a"+a® = a' —4a® 4+ 6a* — 4a® +a* = 8(a* —a®), which is nilpotent
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as 2 is nilpotent. Thus, a—a? is nilpotent and (a+a?)* = a*(1+a)* = a*(1+4a+
6a?+4a®+a') = a' +4a® +6a° +4a” + a® = a* +4a® + 6a* + 4a’ + a* = 8(a* +aP),
which is nilpotent as 2 is nilpotent. Thus, a + a? is nilpotent. By Theorem 2.10,
there exists €2 = e such that ea = ae and a =+ e is nilpotent. This shows that
a=e+ (a—e)or —a=e— (a+e)is strongly weakly nil clean. Therefore, R is
strongly weakly nil clean. In light of Theorem 2.11, R/J(R) is weakly Boolean.

(4) = (5). For u € U(R) , we have u? £ u € J(R) since R/J(R) is weakly
Boolean. Then u € 1+ J(R); hence, U(R) = 1 £ J(R). Write u = 1+ j
for j € J(R). Then v*> = (1 —4)> =1-2j+ 352 =1, as j2 = 2j and
uw?> = (1472 =1+2j+7% =1, as j2 = —2j. Hence, U(R) is a group of
exponent 2.

(5) = (1). For j € J(R), we have (1 — j)*> = 1, so j2 = 2j. Replacing j
by 7(1 + j), we have (j(1 4 5))® = 2j(1 + j). We infer that j(1 + j)j = 2j;
that is j2 + j2 = 2j. It follows that j2 = 0 and we have (1 + j)?> = 1, so
j% = —2j. Replacing j by j(1—j), we have (j(1—j))? = 2j(1 —j). We infer that
j(1 —4)j = 27; that is 52 + 52 = 2j. It follows that j3 = 0. Hence, J(R) is nil.
Since R/J(R) is weakly Boolean, R is strongly weakly nil clean by Theorem 2.11.
Therefore, for any a € R, there exist b € Nil(R) and e? = e such that eb = be
anda—1=c+band a+1=e—b. By (5), (1+b)>=1,s01+bis a tripotent.
So, R is a strong weakly SIT-ring. Moreover, since R/.J(R) is weakly Boolean,
2 € J(R) as required. O

Proposition 2.13. If R is a strong weakly SIT-ring with 3 = 0 then R is a
subdirect product of Zjs.

Proof. Let a € R, and write a = e + f or a = e — f where €2 = ¢, f2 = f,
and ef = fe. Then a® = (e + f)? = €3 +3e*f +3ef? + f=e+ f =aor
a®=(e— f)? =e3—3e’f +3ef?— f3 = e— f =a. Hence, R has the identity
23 = x. Since 3 =0 in R, R is s subdirect product of Zjs. O

Proposition 2.14. If R is a strong weakly SIT-ring with 5 = 0 then R is a
subdirect product of Z%s.

Proof. Let a € R, andwrltea—6+f0ra—e—fwheree =e, f3=f, and
ef = fe. Thena® = (e+f)> =e —i—5e4f+1Oe3f2+1()e2f3+5ef4+f5 =et+f=a
ora® = (e— f)> =% —belf +10e3f2 — 10e*f3 + bef — f5 = e — f = a. Hence,
R has the identity 2° = z. Since 5 = 0 in R, R is s subdirect product of Z.s. [

Proposition 2.15. Fvery SIT-ring is a weakly SIT-ring but the converse is not
true.

Example 2.16. Consider the group ring ZsCy = {Xycc,ay9la, € Zo}

=1{0,1,2,3,4,5,2, 2,3z, 42,52, 14+ 2,2+ 2,34+ 2,4+ 2,5+ 2,1+ 22,2+ 22,3 +
2x,4 + 2z, 5—1—2:(; 14+32,2+32,3+ 32,4+ 32,54+ 32,1 +4x,2 + 42,3 +4x,4 +

42,5+ 42,1+ 52,2 4 52,3 + 5x,4 + 5x,5 + Sz} Here,

[d(ZﬁOQ) {0,1,2,3,4,2+22, 2+4x, 5+4x, 5+2z} and Tr(ZsCs) = {0,

1,2, 3,
4,5, x,2x, 3z, 42, 52,2 + v, 4+ 2,1+ 22,2 + 22,4 + 22,5 + 22,2 + 3x,4 + 32,2 +
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4r,3 + 4w, 4+ 42,5+ 4x,2 + 52,4 + br}. Every element of ZgCy is a sum of an
idempotent and a tripotent except 5+ 5z. But the element 5+ 5z is the difference
of an idempotent and a tripotent i.e 5 + 5z = 1 — (2 + z). Therefore, the group
ring ZgCy is a weakly SIT-ring.

3. SIT-RING PROPERTIES IN AMALGAMATED ALGEBRAS ALONG AN IDEAL
We begin with the following examples:

Lo Zo

0 Zs
0 Zs

} be the rings and J = [O 7,

Example 3.1. Let A = Zy and B = [

the ideal of B and f : A — B defined by f(a) = [a 2] where a € Zs. Then

0
e N R R R R R A
Hence, A and f(A) + J are SIT-rings. Also, A saf .J — {(0, [8 8} )0, [8 (1)] )
ofp iofs Pafs Paf ol Pl iph
whme[d@hme)::{UL[g ﬂ)xo,g ?]L(Q[g } %(L{é ?}L

|
(LB ﬂ%ﬂ{ééb}mﬂTﬂAmﬂD:{w,g8bJQB ﬂ%

01 10 10 11 11 ) )
(07 |:O 1:| )7 (17 |:O 1:| )7 (1, |:O O:| )7 (17 |:O 1:| )a (1, |:0 0:| )} 1S a SIT—rmg.
Lo O Zo
Example 3.2. Let A=7Zyand B= | 0 Z; 0 | be the rings and
0 0 Z

0 00
where a € Zs. Thenf(A)—l—J:{ 00 0],
0 00
0
1
0

1 00
000 } Hence, A and f(A) + J are SIT-rings.
0 01
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000 010 100
Also,Ame:{(0,000),(0,0 1 0[),(1, o 1 o),
000 000 00 1

[1 0 0 000 010

(1, {0 0 0 )},where]d(Amf J):{(O, 0 0 0]),(0,0 1 0f),
001 000 00 0
[1 0 0] 100

(1,10 1 0]),(1,]0 0 O )}:TT(ADQf J). Hence, A/ J is a SIT-ring.
001 001

Definition 3.3. A ring is called uniquely SIT-ring if each element in R can be
written uniquely as the sum of an idempotent and a tripotent.

Proposition 3.4. Let f : A — B be a ring homomorphism and J an ideal of B.
If A</ J is a uniquely SIT-ring then A is a uniquely SIT-ring.

Proof. The case J = (0). In view of [5, Proposition 5.1 (3)], A is a SIT-ring.
Otherwise, by the same reference, the ring A is a proper homomorphic image of
A<l J. Since the class of SIT-rings is closed under homomorphic images, the ring
A'is SIT-ring. Since A </ J is uniquely SIT-ring and consider e+t = €/ +t' where
e,e € Id(A) and t,t' € Tr(A). Then, (e, f(e)) + (¢, f(t)) = (¢/, f(e") + (¢, f(t'))
and clearly (e, f(e)), (¢, f(¢')) € Id(A >/ J) and (¢, f(t)), (t', f(t')) € Tr(A >/
J). Then, (e, f(e)) = (¢/, f(¢)) and (¢, f(t)) = (¥, f(t')). Hence, e = ¢’ and
t = t'. Consequently, A is uniquely SIT-ring. O

Proposition 3.5. Let f : A — B be a ring homomorphism and J an ideal of B.
If Asa/ J is a SIT-ring then A and f(A) + J are SIT-rings.

Proof. The cases J = (0) and f~!(J) = (0) follow easily from [5, Proposition
5.1 (3)]. Otherwise, by the same reference, the rings A and f(A) + J are proper
homomorphic images of A >/ J and so they are SIT-rings.

A
LJ_FJ is uniquely SIT-ring. Then A<l J is
a SIT-ring if and only if A and f(A) + J are SIT-rings.

Proof. If A</ J is a SIT-ring, then so A and f(A)+ J. Conversely, assume that
A and f(A) + J are SIT-rings and consider (a,j) € A x J. Since A is SIT-ring,
we can write a = e + ¢, where e € Id(A) and t € Tr(A). On the other hand,
since f(A) + J is SIT-ring, f(a) +j = f(x) + j1 + f(y) + jo with f(x) + j; and
f(y) + jo are respectively an idempotent and a tripotent element of f(A) + J. It

is clear that f(z) = f(x) + j1 (resp. f(e)) and f(y) = f(y) + j2 (resp. f(t)) are
f(A)+J

Proposition 3.6. Assume that

respectively an idempotent and a tripotent element of , and we have

f(CX = fle) + f(t) = f(z) + f(y). Thus, f(e) = f(z) and f({) = f(y) since
fA)+J is uniquely SIT-ring. Consider ji,j5 € J such that f(x) = f(e) + 7}
and f(y) = f(t)+7j;. We have, (a, f(a)+7) = (e, f(e)+j1+71) +(t, f(1)+J5+72),
and it is clear that (e, f(e) + j; + j1) is an idempotent and (¢, f(¢t) + j5 + j2) a
tripotent element of A >/ J. O
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Remark 3.7. Let f: A — B be a ring homomorphism and J an ideal of B.

(1) If B = J then, A >/ B is SIT-ring if and only if A and B are SIT-ring
since A</ B= A x B.

(2) If f75J) = {0} then, A >/ J is SIT-ring if and only if f(A) + J is
SIT-ring (by [, Proposition 5.1(3)]).

Definition 3.8. Let A and B be two rings with unity. Let J be an ideal of B
and let f: A — B be a ring homomorphism. In this setting, we can consider the
following subring of A x B:

At J:={(a, f(a)+j) |a€ A je J}

called the amalgamation of A with B along J with respect to f. When A = B
and f = id,, the amalgamated A ‘@4 J is called amalgamated duplication of a
ring A along the ideal J, and denoted by A > J.

Corollary 3.9. Let A be a ring and I an ideal such that A/l is a uniquely
SIT-ring. Then, A< I is SIT-ring if and only if A is a SIT-ring.

Proposition 3.10. Let f : A — B be a ring homomorphism and let (e) be an
ideal of B generated by the idempotent element e. Then A >/ (e) is SIT-ring if
and only if A and f(A) + (e) are SIT-ring.

In particular, if e is an idempotent element of A then, A< (e) is SIT-ring if and
only if A is a SIT-ring.

Proof. In light of Proposition 3.5, we have only to show that A >/ (e) is SIT-ring
provided A and f(A) + (e) are SIT-ring. Let (a, f(a) + re) be an element of
A/ (e) (with a € A and r € B). Since A and f(A) + (e) are SIT-ring, there
exists s and ¢ (resp. s and #') in A (resp. f(A) + (e)) which are respectively
idempotent and tripotent such that a = s+t and f(a) +re = s’ + . We have

(a, f(a) +re) = (s, f(s) + (' = f(s))e) + (¢, f(t) + (' — f(t))e)
On the other hand,

[f(s)+ (s = f(s)e]* = [f(s)(1—e)+s'e]?
= f(s)(1—e)+se
= f(s)+(s' = f(s))e

and

[f)+ (= f@)e]” = [fO(L—e)+ t’€]3

ft)
= )+ = f(t)e

Then, (s, f(s)+ (s"— f(s))e) and (¢, f(t) + (' — f(t))e) are respectively idem-
potent and tripotent in A >/ (e). Consequently, A >4/ (e) is SIT-ring, as desired.
Finally, if A = B and f = id4 then A</ (e) = A > (e) and f(A) + (e) = A.
Thus, the particular case is a direct consequence of what is above. O]

Proposition 3.11. Let f : A — B be a ring homomorphism and let J be an
ideal of B.
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(1) If J C Id(B) and 3 = 0 then, A <! J is SIT-ring if and only if A is
SIT-ring.

(2) The ring A</ J is tripotent if and only if A is tripotent and J C Tr(B)
and 3 =0 in B.

Proof. Note first that if J C Id(B) then 2J = (0). Indeed, let j € J. Clearly,
2j € JCId(B). Then, j+j=(j+J)* =742+ 7%= j+2j+j. Hence,
2j = 0.

(1) Let (a, f(a)+7) be an element of A >/ J (with a € A and j € J). We have
a = e+t where e and t are respectively an idempotent and a tripotent in A. We
have (f(e)+7)? = f(e)*+j2+2f(e)j = f(e)+j since 25 = 0 and also J C Tr(B)
and 3 = 0 in B then, we have (f(t)+7)® = f(£)3+3f ()% +3f(t)j*+5> = f(t)+].
Hence, (e, f(e)+j) and (¢, f(t) + j) are respectively an idempotent and tripotent
in A</ J, and we have (a, f(a)+j) = ((e, f(e) +j)+ (¢, f(t)+ 7). Consequently,
A<l J is SIT-ring.

The converse implication is clear.

(2) If A</ J is tripotent, for each a € A, (a, f(a)) = (a, f(a))? = (a3, f(a)?).
Then, a = a® . Hence, A is tripotent. Moreover, for each j € J, (0,7) = (0,5)% =
(0,7%). Thus, j = j3. Hence, J C Tr(B).

Now, assume that A is tripotent and J C T'r(B) and 3 = 0 in B. Hence, for each
a€ Aandj € J, (a, f(a)+))’ = (¢, f(a)’ +3f(j)*j+3f(a)j*+5°) = (a, f(a)+]).
Thus, A >/ J is tripotent. O

4. SITT-RING PROPERTIES IN BI-AMALGAMATED RINGS ALONG IDEALS
The matrix ring M(Zs) is not a SIT-ring. Because every element of My(Zs)
: : . 0 1Y.
is sum of an idempotent and a tripotent except the element ((i) 6) in My(Zs)

. : . 1
is not a sum of an idempotent and a tripotent. But, the element 1 o) can

be written as sum of an idempotent and two tripotents. In this situation, we
introduce the following definition and some properties of SITT-ring.

Definition 4.1. A ring is called a (strong) SITT-ring if every element is a sum
of an idempotent and two tripotents (that commute with one another).

Example 4.2. The matrix ring M(Z,) is a SITT-ring but not a SIT-ring.

Proposition 4.3. The class of SITT-rings is closed under direct product and
homomorphic images.

Proposition 4.4. If R is a strong SITT-ring and 2 € Nil(R), then a®> — a is
nilpotent for all a € R

Proof. Let a € R and write a = e + f + g, where e € Id(R), f,g € Tr(R). Then
a’> = e+ f2+ g*(mod 2R). Thus a*> — a = (f> — f) + (¢°> — g)(mod 2R), with
(f* =12 =2(f*—f), and (¢° — 9)* = 2(¢° — g). So (f* — f) and (¢ — g) are
nilpotent. Hence, a®> — a is nilpotent. O

Proposition 4.5. If R is a strong SITT-ring and 3 € Nil(R), then a® — a is
nilpotent for all a € R.
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Proof. Let a € R and write a = e + f + g, where e € Id(R), f,g € Tr(R). Then

a® = (e+ f+g)+3ef +3eqg +3ef? +3f%g + 3eg® + 3fg* + 6efy.

Soa®—a=3ef+3eg+3ef?+3f2g+3eg®+3fg*+6efg. Since 3 € Nil(R),a’>—a
is nilpotent. O

Proposition 4.6. ([13, Theorem 2.1]) Let R be a ring with J(R) = 0 such that
every nonzero right ideal contains a nonzero idempotent. If a® = 0 but a™ ' # 0,

then there exists e = e € RaR such that eRe = M, (T) for some nontrivial ring
T.

Theorem 4.7. If R is a strong SITT-ring and 3 € Nil(R), then J(R) is nil and
R/J(R) is a subdirect product of Z3’s.

Proof. By Proposition 4.5, a® — a is nilpotent for all @ € R. Then for j €
J(R), j(j> — 1) = j3 — j is nilpotent. So j is nilpotent as j*> — 1 € U(R). Thus,
J(R) is nil. For any a € R, (a —a®)" = 0 for some n > 1. Then a™(1 — a?)" = 0,
and it follows that a® € a""'R N Ra"™. So R, and hence R := R/J(R) are
strongly 7-regular. We next show that R is reduced. Assume that a*> = 0 for
some 0 # a € R. Then, by Proposition 4.6, there exists 0 # 4> = y € RjR

such that §Ry = My(T), where T is a nontrivial ring. Let s = (1 (1) € My(T).
3 2 0 2 1 -1
3 _ _ B3
We have s° = <2 1> = (2 1). So s —s° = (_1 _1). We calculate that
(s —s3)?% = g g , which is not nilpotent. Therfore, s — s® is not nilpotent, a
contradiction. This shows that R is reduced. So s3> = s for all s € R. Hence, R
is a subdirect product of Z3’s (see [11, Ex. 12.11, p200]). O

Theorem 4.8. Let R be a strongly clean ring and 2 € Nil(R), If R is a strong
SITT-ring, then R/J(R) is Boolean with J(R) is Nil.

Proof. By Proposition 4.4, a*> — a is nilpotent. Then, by [12, Theorem 2.1], R
is srongly nil-clean, so R/J(R) is Boolean with J(R) is Nil, by [12, Theorem
2.7). 0

Definition 4.9. If « : A — C, f : B — (' are two ring homomorphisms.
Then the subring D := a x¢ 5 := {(a,b) € A x B | a(a) = B(b)} is called the
pullback of a and f.(see[6])

Definition 4.10. Let f: A — B and g : A — C' be two ring homomorphisms
and let J and J’ be two ideals of B and C, respectively, such that Iy := f~1.J =
g~'J'. The bi-amalgamation of A with (B,C) along (J,J') with respect to (f,g)
is the subring of (B x C) given by A <9 (J,J) = {(f(a) + j,9(a) + j')|a €
A (5,7)edxJ}.

Following [! 1], the above definition was introduced by and studied by Kabbaj,
Louartiti and Tamekkante in 2013.
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Theorem 4.11. Let f : A — B and g : A — C' be ring homomorphisms and
J, J' be two ideals of B and C, respectively, such that [ :== f~Y(J) = g~ *(J'). Let
u: f(A)+J — A/l defined by u(f(a)+j)=a+1 andu: g(A)+J — A/l
defind by v(g(a)+j') = a+1, wherea € A, j € J and j' € J'. Then A</9 (J, J')
1s the pullback of the maps v and v.

Proof. Consider the following diagram with a(f(a)+ j,g(a) 4+ j') = f(a) + j and
v(f(a)+3,9(a) + ') = g(a) + j" where (f(a) +j.g(a) +j') € A" (J,J').

g A+ —L A/l
Fig. 1

Then ua = vf. For if (f(a) + j,g(a) + j') € A <xf9 (J,J'), then ua(f(a) +
j,9(@)+ ) = u(f(a)+7) = a+T and vB(f(a)+], g(a)+7) = v(g(a) +7') = a+1.
Let X be any ring and v and § ring homomorphisms such that vé = uy. For any
r € X,sety(x) = f(a)+j € Aand §(x) = g(a)+ 7. Then vé(z) = v(f(a)+j) =
a+ I and ué(z) = u(g(a) +j') = a+ I. Define 6§ : X — A /9 (J, J') by
0(x) = (£(a)+J, g(a) + 7). Then ab(x) = a(f(a)+j, g(a)+ ') = f(a)+j = 2(x)
and p0(x) = B(f(a) + j,g(a) + j') = gla) + 7/ = d(x). On the other hand,
0 is unique, for if ( satisfies a( = v and ¢ = §, then ( = 6 since [ is a

monomorphism. This completes the proof. O
7. 7 Zo 0 Zo
Example 4.12. Let A = Zy and B = 22 and 0= |0 Zy 0] be
0 Zs
0 0 Zs
07 0 0 O
the rings and J = 2| the ideal of B and J = |0 Zy 0| the ideal
00 0 0 O

of C. Let f: A — B defined by f(a) = {g 2] where a € Zy and ¢ :

0 0
O] where a € Zs. Then f(A) + J =

o O R

a
0 a

(BB B R omower- {3 23]

A — C defined by g(a) = [
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o0 |29 0|00 00
000 000
000 000 100 100
o10),({83},000),({3?},010 ,[31,000),
000 000 00 1 001
Lol [roo] g froo
(|:O 1:|7 000 ),(|:0 1:|, 010 )},Whereld(ANf’g (J,J’)):
00 1 00 1
000 000 100
{({8 8},000)({8 8} 010),({(1) ‘1)],010),
000 000 00 1
_10_'100' 00 0 0O
(lg 1]:10 0 0 )} andTT(ANf’g(J,J’))={({O o}’ 00 0]),
L 110 0 1] 0 00
-~ 2[00 o] [ 4 [t 0 0]
o oo 1 oply 3] fo 1o
2 oo o) L 0 0 1
. |1 0 0] [1 0 0] 100
((1)(1),000),((1)},000),({(1) 1],010)}isaSITT—ring.
S ool U oo 00 1
Proposition 4.13. If Aw</9 (J,J') is a SITT-ring then f(A)+J and g(A)+J'

are a SITT-rings.
Proof. Clearly, homomorphic image of a SITT-ring is a SITT-ring. Thus, in view

... . . . Ax9(1 )~
of [I1, Proposwlo? 4.1], we have the following isomorphism of rings MOX—J, =
f(A) + J and AM%&‘]”) = g(A) + J'. Hence, f(A) + J and g(A) + J' are SITT-
rings. 0

Definition 4.14. A ring is called uniquely SITT-ring if each element in R can
be written uniquely as the sum of an idempotent and two tripotents.
(A)+J'
JI

A+ J
Proposition 4.15. Assume that A is SITT-ring and % and 4

are uniquely SITT-rings. Then A /9 (J,J") is a SITT-ring if and only if f(A)+
J and g(A) + J" are SITT-rings.

Proof. If A 9 (J,J') is a SITT-ring, then so f(A4) + J and g(A) + J' by
Proposition 4.13. Conversely, assume that f(A) + J and g(A) + J' are SITT-
rings. Since A is SITT-ring, we can write a = e + t; + t3, where e € [d(A) and
t1,to € Tr(A). On the other hand, since f(A) + J is SITT-ring, f(a) +j =
f(@) + g1+ f(y) + jo + f(2) + js with f(z) + ji and f(y) + j2, f(2) + Jjs are
respectively an idempotent and a tripotent elements of f(A) + J. It is clear
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that f(z) = f(z) +ji (resp. f(e)) and f(y) = f(y) +jo (resp. f(1)), f(2) =
f(z) + js (vesp. f(t2)) are respectively an idempotent and a tripotent elements

of HALE and e have 7@y = (o) + F(60) + (0 = @) + 70) + 72
Thus, (6] = (2), 70) = J0) and (%) = 7(2) sinee 7227
SITT-ring. Consider ji,j5, 75 € J such that f(x) = f(e) +ji, f(y) = f(t1) + j;
and f(z) = f(t2) + ji and also since g(A) + J' is SITT-ring, g(a) + j' = g(x) +
71+ 9() +Js+9(2) + 75 with g(2) +ji and g(y) + ja, 9(2) + j3 are respectively an
idempotent and a tripotent elements of g(A)+.J'. It is clear that g(z) = g(z) + j;
(resp. g(e)) and g(y) = g(y) +J5 (resp. g(t1)), 9(2) = g(z) + j3 (resp. g(t2)) are
A)+J'
J/

g(a) = g(e) + g(tr) + g(t2) = g(x) + g(y) + g(2). Thus, g(e) = g(x), g(t1) = g(y)

g(A)+J

is uniquely

respectively an idempotent and a tripotent elements of g , and we have

and g(t2) = g(z) since is uniquely SITT-ring. Consider j;*, j,*, js* € J'

such that g(z) = g(e) + ji* , g(y) = g(t1) + j5* and g(z) = g(t2) + j5*. We have,
(f(a)+4, g(a)+5") = (f(e)+ii+i1, g(e)+i"+i1)+(f (t) 475 +j2, g(t) +5 +75)+
(f(ta)+ji+7s, g(ta) 475 +74), and it is clear that (f(e)+ji 471, g(e) -+, +71) is an
idempotent and (f(t1)+j3 + 2, 9(t1) + " +jb) and (f (t2) +J5 +js, g(t2) + 5" +J4)
are tripotent elements of A p</9 (J,J"). O

Proposition 4.16. Let f : A — B and f : A — C be a ring homomorphisms
and let (e1) be an ideal of B generated by the idempotent element e; and (es)
be an ideal of C' generated by the idempotent element es. Assume that A is a
SITT-ring. Then A /9 ((e1), (e2)) is SITT-ring if and only if f(A) + (e1) and
g(A) + (e2) are SITT-ring.

Proof. In light of Proposition 4.13, we have only to show that A /9 ((e1), (e))
is SITT-ring provided f(A) + (e1) and g(A) + (e2) are SITT-rings. Let (f(a) +
rie1, g(a) + raes) be an element of A /9 ((ey), (e2)) (with @ € A, r; € B and
ro € C'). Since A is SITT-ring, we can write a = s + t; + to, where s € Id(A)
and t1,ty € Tr(A) and also since f(A) + (e1) and g(A) + (e2) are SITT-rings,
we can write f(a) 4+ rie; = § +t) +t,, where s’ € Id(f(A) + (e1)) and ¢}, t, €
Tr(f(A) + (e1)) and g(a) + roee = " + ] + 3, where s” € Id(g(A) + (e2))
and t7,t5 € Tr(g(A) + (e2)). We have (f(a) + rie1, g(a) + rea) = (f(s) + (' —
f(s))er,g(s) + (s" = g(s))ea) + (f(tr) + (81 = f(t2))er, g(ta) + (1 — g(t1))e2) +
(f(ta) + (th — f(t2))e1, g(t2) + (t5 — g(t2))e2). On the other hand,

[f(s)+ (" = f(s)ea]® = [f(s)(1 —e1) + seq]”
= f(s)(1 —61) +s'es

f(5) + ("= f(s))ea

f(t) + () = f(t)e]® = [f(t1)(A —er) + ties]
flt)(1 - 61) +ther
f(t) + (8 — f(t1))ex
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and

[f(t2) + (th — f(L))ea]® = [f(t2)(1 = e1) + thea]’
= f(tg)(l — 61) + t,261
= [f(ta) + (t5 — f(t2))ex

Similarly, g(s) + (s” — g(s))ez is an idempotent of g(A) + (e2) and g(t1) + (] —
g(t1))es, g(t2) + (t5 — g(t2))es are tripotents of g(A) + (ez). Then, (f(s) + (s’ —
f(s))er, g(s) + (8" — g(s))e2) and (f(t2) + (1 — f(t2))ex, g(tr) + (#7 — g(t1))e2),
(f(ta)+ (th— f(t2))er, g(ta) + (th — g(t2))e2) respectively an idempotent and tripo-
tents in A >/ ((e1), (e2)) . Consequently, A >/9 ((e1), (e3)) is SITT-ring, as
desired. O]

Acknowledgement. The first author is supported by Periyar University Re-
search Fellowship (Letter No: PU/AD-3/URF/015723/2020 dated 16th Novem-
ber 2020). The second author is supported by DST FIST (Letter No: SR/FST /MSI-
115/2016 dated 10th November 2017).

REFERENCES

1. Anderson, D. D. (2006). Commutative rings, in: Jim Brewer, Sarah Glaz, William Heinzer,
Bruce Olberding (Eds.), Multiplicative Ideal Theory in Commutative Algebra: A tribute
to the work of Robert Gilmer, Springer, New York, pp. 1-20.

2. D’Anna, M. (2006). A construction of Gorenstein rings, J. Algebra, 306(2) , 507-519. https:
//doi.org/10.1016/j.jalgebra.2005.12.023

3. D’Anna, M., & Fontana, M. (2007). The amalgamated duplication of a ring along a
multiplicative-canonical ideal, Ark. Mat, 45(2) , 241-252. https://doi.org/10.1007/
s11512-006-0038-1

4. D’Anna, M., & Fontana, M. (2007). An amalgamated duplication of a ring along an
ideal: The basic properties, J. Algebra Appl, 6(3), 443-459. https://doi.org/10.1142/
S50219498807002326

5. D’Anna,M., Finocchiaro,C. A., & Fontana, M. (2009). Amalgamated algebras along an
ideal, Commutative Algebra and Applications, Walter De Gruyter, Berlin, 241-252. https:
//doi.org/10.1515/9783110213188.155

6. D’Anna, M., Finocchiaro, C. A., & Fontana, M. (2010). Properties of chains of prime
ideals in amalgamated algebras along an ideal, J. Pure Appl. Algebra, 214(9), 1633-1641.
https://doi.org/10.1016/j. jpaa.2009.12.008

7. Aruldoss, A., Selvaraj, C., & Bijan Davvaz. Coherence properties in bi-amalgamated mod-
ules to appear in Gulf Journal of Mathematics.

8. Boisen, M. B., & Sheldon, P. B. (1977). CPI-extension, Over rings of integral domains with
special prime spectrum, Canad. J. Math, 29(4) , 722-737. https://doi.org/10.4153/
CIM-1977-076-6

9. Chen, H., & Sheibani, M. (2017). Strongly weakly nil-clean rings, J. Algebra Appl, 16(12)
, 1750233. https://doi.org/10.1142/50219498817502334

10. Dorroh, J. L. (1932). Concerning adjunctions to algebras, Bull. Amer. Math. Soc, 38(2),
85-88.

11. Kabbayj, S., Louartiti, K., & Tamekkente, M. (2017). Bi-amalgmeted algebras along ideals,
J. Commut. Algebra, 9(1), 65-87. https://doi.org/10.1216/JCA-2017-9-1-65

12. Kosan, M. T., Wang, Z., & Zhou, Y. (2016). Nil-clean and strongly nil-clean rings, J. Pure
Appl. Algebra, 220(2) , 633-646. https://doi.org/10.1016/j.jpaa.2015.07.009

13. Levitzki, J. (1953). On the structure of algebraic algebras and related rings, Trans. Amer.
Math. Soc, 74(3) , 384-409. https://doi.org/10.2307/1990809


https://doi.org/10.1016/j.jalgebra.2005.12.023
https://doi.org/10.1016/j.jalgebra.2005.12.023
https://doi.org/10.1007/s11512-006-0038-1
https://doi.org/10.1007/s11512-006-0038-1
https://doi.org/10.1142/S0219498807002326
https://doi.org/10.1142/S0219498807002326
https://doi.org/10.1515/9783110213188.155
https://doi.org/10.1515/9783110213188.155
https://doi.org/10.1016/j.jpaa.2009.12.008
https://doi.org/10.4153/CJM-1977-076-6
https://doi.org/10.4153/CJM-1977-076-6
https://doi.org/10.1142/S0219498817502334
https://doi.org/10.1216/JCA-2017-9-1-65
https://doi.org/10.1016/j.jpaa.2015.07.009
https://doi.org/10.2307/1990809

108 A. ARULDOSS AND C. SELVARAJ

14. Lam, T. Y. (1991). A First Course in Noncommutative Rings, Graduate Text in Mathe-
matics, Vol. 131, Springer-Verlag, New York.

15. Mahdou, N., & Louartiti, K. (2013). Amalgamated algebra extensions defined by von
Neumann regular and SFT conditions, Gulf Journal of Mathematics, 1(2) , 105-113.
https://doi.org/10.56947/gjom.v1i2.214

16. Nagata, M. (1962). Local Rings, Interscience, New York.

17. Ouarrachi, M. El. (2015). Bezout-like properties in amalgamated algebra, Gulf Journal of
Mathematics, 3(2), 54-60. https://doi.org/10.56947/gjom.v3i2.163

18. Vijayanand, V., & Selvaraj, C. Amalgamated Rings with semi nil-clean properties to appear
in Gulf Journal of Mathematics.

19. Ying, Z., Kosan, T., & Zhou,Y. (2016). Rings in which every element is a sum of two tripo-
tents, Canad. Math. Bull, 59(3), 661-672. https://doi.org/10.4153/CMB-2016-009-0

'DEPARTMENT OF MATHEMATICS, PERIYAR UNIVERSITY, SALEM - 636 011, TAMILNADU,
INDIA.
Email address: aruldossa529@gmail . com

2 DEPARTMENT OF MATHEMATICS, PERIYAR UNIVERSITY, SALEM - 636 011, TAMILNADU,
INDIA.
Email address: selvavlr@yahoo.com


https://doi.org/10.56947/gjom.v1i2.214
https://doi.org/10.56947/gjom.v3i2.163
https://doi.org/10.4153/CMB-2016-009-0

	1. Introduction and preliminaries
	2. SIT-ring and Weakly SIT-ring
	3. SIT-ring properties in Amalgamated algebras along an ideal
	4. SITT-ring properties in bi-amalgamated rings along ideals
	References

