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ON LIE-RINEHART-POISSON ALGEBRAS STRUCTURES

NORBERT MAHOUNGOU MOUKALA1 AND BASILE GUY RICHARD BOSSOTO2∗

Abstract. We define the Schouten-Nijenhuis bracket on the algebra of the
module of Kähler differentials. We give the main features of Poisson mani-
folds by using the universal property of derivation. We prove the equivalence
between a Lie-Rinehart algebra structure and a Poisson structure and we re-
cover Lichnerowicz’s notion of Poisson manifold. We show that a symplectic
Lie-Rinehart algebra structure induce a nondegenerate Poisson structure and
conversely.

1. Introduction

The concept of a Poisson structure is currently of much interest and is being
studied by Lichnerowicz, Weinstein and others (see [9, 14, 14]). The Poisson
bracket is a derivation of the underlying commutative algebra.

A Lie-Rinehart algebra is a generalization of Lie algebras. The term Lie-
Rinehart algebra was coined by Huebschmann [4]. However, this algebraic struc-
ture, which was introduced by Herz [3] under the name Lie pseudo-algebra, also
known as Lie algebroid [12] in a differential geometric context.

Let A be a commutative algebra with unit 1A over a commutative field K
with characteristic zero and let E be an A-module. We denote by DerK (A,E)
the A-module of derivations on A with coeffcients in E and DerK (A) the A-
module of derivations of A, that is d ∈ DerK (A) if d is a linear mapping and
d(ab) = d(a)b+ad(a), for all a, b ∈ A, (see [6, Definition 2.5]) and for more details
see [1, 5].

The bracket [, ] : DerK (A)×DerK (A) −→ DerK (A), such that, for any d1, d2 ∈
DerK (A), [d1, d2] = d1 ◦ d2 − d2 ◦ d1 is a Lie bracket.

We recall that a Lie-Rinehart algebra is a triple (G, ρ, [, ]) where G is simul-
taneously an A-module and a Lie algebra over K, which Lie algebra bracket [, ],
and ρ : G −→ DerK (A) is simultaneously a morphism of A-modules and K-Lie
algebras satisfying

[x, a · y] = [ρ(x)(a)] · y + a · [x, y]
for any a ∈ A and x , y ∈ G (see [4, 13]).
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Let (G, ρ) be a Lie-Rinehart algebra and Lsks(G, A) =
⊕
p∈N

Lp
sks(G, A), where

Lp
sks(G, A) is the module of skew-symmetric A-multilinear maps of degree p from

G into A and let

dρ : Lsks(G, A) −→ Lsks(G, A)
be the cohomology operator associated to the representation ρ, given by

dρη(x1, x2, ..., xp+1) =

p+1∑
i=1

(−1)i−1ρ(xi) [η(x1, x2, ..., x̂i, ..., xp+1)] (1.1)

+
∑

1≤i<j≤p+1

(−1)i+jη([xi, xj] , x1, x2, ..., x̂i, ..., x̂j, ..., xp+1).

for any η ∈ Lp
alt(G, A) and x1, x2, ...., xp+1 ∈ G. The pair (Lsks(G, A), dρ) is a

differential algebra.
The goal of this paper is to characterize the notion of Poisson structures in

terms of Lie-Rinehart algebras with use the Schouten-Nijenhuis bracket on the
module of Kähler differentials.

The paper is organized as follows. In Section 2, we briefly recall the universal
property of derivation and we focus on the Schouten bracket over module of
Kähler differentials. In Section 3, We define the Koszul bracket, compute the
Jacobiator of this bracket and with the use of the Schouten-Nijenhuis bracket,
we give the condition of the existence of the Lie-Rinehart algebra structure. In
Section 4, we recall the notion of Poisson structure and we establish, for a Poisson
algebra, the existence of a Lie-Rinehart algebra structure on the module of Kähler
differentials. We prove the equivalence between a Lie-Rinehart algebra structure
and a Poisson structure. Finally, in Section 5, we study the relation between
Poisson structures and symplectic Lie-Rinehart algebra structures. We describe
its relation with the Schouten-Nijenhuis bracket and we show that it is equivalent
to give a symplectic Lie-Rinehart algebra structure and to give a nondegenerate
Poisson structure.

2. Preliminaries

Throughout this paper, K will be a field and A will be a unital, commutative
K-algebra; we assume K to have characteristic zero. We denote by ΩK (A) the
module of Kähler differentials of commutative algebra A, that is, the quotient
space ΩK (A) = I/I2, where I is the A-submodule of A

⊗
K
A generated by the

elements of the form a ⊗ 1A − 1A ⊗ a with a ∈ A (see [2, 11]). The linear map
dA/K : A −→ ΩK (A) defined, for a ∈ A, by

dA/K (a) = a⊗ 1A − 1A ⊗ a

is the canonical derivation which the image of dA/K generates the A-module
ΩK (A), that is, for x ∈ ΩK (A), x =

∑
i∈I:finite

ai · dA/K(bi), with ai, bi ∈ A.
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Theorem 2.1. [2] The pair (ΩK (A) , dA/K) satisfies the following universal prop-
erty: for every A-module E and for every derivation D : A −→ E, there exists a

unique A-linear map D̃ : ΩK (A) −→ E such that

D̃ ◦ dA/K = D. (2.1)

Moreover, the linear mapping

HomA(ΩK (A) , E) −→ DerK(A,E), ψ 7−→ ψ ◦ dA/K

is an isomorphism of A-modules. In particular, (ΩK (A))∗ ≃ DerK(A).

For each integer p ≥ 1, let us denote by Λp (ΩK (A)) the space of multilinear
skew-symmetric mappings from [ΩK (A)]p into A. Also, we set Λ0 (ΩK (A)) =
A and Λ (ΩK (A)) =

⊕
n∈N

Λn (ΩK (A)) be the exterior algebra of the A-module

ΩK (A). The elements of Λp (ΩK (A)), with p > 0, are called Kähler p-forms, or
simply Kähler forms [2]. The set Λp (ΩK (A)) is generated by elements of the form
dA/K (a1) ∧ dA/K (a2) ∧ · · · ∧ dA/K (ap), for any a1, ..., ap ∈ A. The K-linear map
d1A/K : ΩK (A) −→ Λ2 [ΩK (A)] defined by

d1A/K(x) =
∑

i∈I:finite

[
dA/K(ai) ∧ dA/K(bi)

]
satisfies,

d1A/K (a · x) = dA/K (a) ∧ x+ a · d1A/K (x) ; d1A/K ◦ dA/K = 0,

for any x =
∑

i∈I:finite
ai · dA/K(bi) ∈ ΩK (A) and a ∈ A.

For D ∈ DerK(A), the map σD : ΩK (A)× ΩK (A) −→ ΩK (A) defined by

σD(x, y) = D̃(x)y − D̃(y)x

is skew-symmetric A-bilinear, for any x, y ∈ ΩK (A). Therefore, according the
universal property of exterior algebra [1], there exists a unique A-linear map

iD : Λ2 (ΩK (A)) −→ ΩK (A)

such that, for any x, y ∈ ΩK (A),

iD(x ∧ y) = σD(x, y) = D̃(x)y − D̃(y)x.

We define the Lie derivative with respect to a derivation D ∈ DerK(A) by the
K-linear map

LD : iD ◦ d1A/K + dA/K ◦ D̃ : ΩK (A) −→ ΩK (A) .

For any D ∈ DerK(A), a ∈ A and for any x =
∑

i∈I:finite
aidA/K(bi) ∈ ΩK (A), we

get

LD(x) =
∑

i∈I:finite

[
D(ai)dA/K(bi) + aidA/K(D(bi))

]
; (2.2)

(La·D)(x) = a · LD(x) + D̃(x)dA/K(a); (2.3)

LD(a · x) = [D(a))]x+ a · LD(x); (2.4)

LD

[
dA/K(a)

]
= dA/K [D(a)] . (2.5)
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Denote by Derpsks (A) the A-module of the skew-symmetric p-derivations of A,
that is, D ∈ Derpsks (A) if

Di = D (a1, ..., âi, ..., ap) : A −→ A, ai 7−→ D (a1, a2, ..., ai−1, ai, ai+1, ..., ap)

is a derivation, for any a1, ..., ap ∈ A (see [11]).

Theorem 2.2. [11] For any D ∈ Derpsks (A), there exists a unique skew-symmetric

A-multilinear map of degree p, D̃ : [ΩK (A)]p −→ A such that

D̃
(
dA/K (a1) , ..., dA/K (ap)

)
= D (a1, ..., ap) (2.6)

and there exists a unique A-linear map D : Λp (ΩK (A)) −→ E such that

D
(
dA/K (a1) ∧ dA/K (a2) ∧ ... ∧ dA/K (ap)

)
= D (a1, ..., ap) , (2.7)

for any a1, ..., ap ∈ A.

When we denote D̃ = P ∈ Λp (ΩK (A)) and iP = D̄, then for any a1, ..., ap ∈ A,

iP
(
dA/K (a1) ∧ dA/K (a2) ∧ ... ∧ dA/K (ap)

)
= P

(
dA/K(a1), dA/K(a2), ..., dA/K(ap)

)
= D (a1, ..., ap) .

For π ∈ Λ2 (ΩK (A)) and a, b, c ∈ A, we have

iπ
(
dA/K(a) ∧ dA/K(b) ∧ dA/K(c)

)
= iπ

(
dA/K(a) ∧ dA/K(b)

)
· dA/K(c)

−iπ
(
dA/K(a) ∧ dA/K(c)

)
· dA/K(b)

+iπ
(
dA/K(b) ∧ dA/K(c)

)
· dA/K(a),

that is,

iπ
(
dA/K(a) ∧ dA/K(b) ∧ dA/K(c)

)
=

∮
π
(
dA/K

(
π
(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
(2.8)

where the symbol
∮
means the cyclic sum in a, b, c.

Let P ∈ Λp (ΩK (A)) and Q ∈ Λq (ΩK (A)) be the Kähler forms. We define the
Schouten-Nijenhuis bracket of P and Q by the mapping

[., .]S : Λp (ΩK (A))× Λq (ΩK (A)) −→ Λp+q−1 (ΩK (A))

such that

[P,Q]S = P ◦Q− (−1)(p−1)(q−1)Q ◦ P (2.9)

where

(Q ◦ P )
(
dA/K(a1), dA/K(a2), ..., dA/K(ap+q−1)

)
=

∑
σ∈Sp,q−1

(−1)σ Q̃
[
P̃
(
aσ(1), aσ(2), ...aσ(p)

)
, aσ(p+1), ..., aσ(p+q−1)

]
and P̃ = D ∈ Derpsks (A) is a unique p-derivation such that

D (a1, ..., ap) = P
(
dA/K(a1), dA/K(a2), ..., dA/K(ap)

)
.

Throughout this section, we denote [., .]S by an unadorned bracket [, ]. The de-
scription of interior pruduct P ∈ Λ (ΩK (A)) with the Schouten-Nijenhuis bracket
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is similar to the interior pruduct defined in [8, 10]. Then if P and Q are two
elements of the Λ (ΩK (A)), then

i[P,Q] =
[[
iP , dA/K

]
, iQ
]
. (2.10)

If P ∈ Λp (ΩK (A)), then iP is of degree −p. So[
iP , dA/K

]
= iP ◦ dA/K − (−1)−p dA/K ◦ iP . (2.11)

Now, assuming Q ∈ Λq (ΩK (A)), we have[[
iP , dA/K

]
, iQ
]

=
[
iP , dA/K

]
◦ iQ − (−1)−q(1−p) iQ ◦

[
iP , dA/K

]
= iP ◦ dA/K ◦ iQ − (−1)−p dA/K ◦ iP∧Q

− (−1)−q(1−p) iP∧Q ◦ dA/K + (−1)−q(1−p)−p iQ ◦ dA/K ◦ iP(2.12)

For any P = Q = π ∈ Λ2 (ΩK (A)) and η ∈ [ΩK (A)]p, we get

i[π,π]η = 2iπdA/Kiπη. (2.13)

Proposition 2.3. If π ∈ Λ2 (ΩK (A)) and a, b, c ∈ A, then

1

2
[π, π]

(
dA/K(a), dA/K(b), dA/K(c)

)
=

∮
π
(
dA/K

(
π
(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
(2.14)

where the symbol
∮

means the cyclic sum in a, b, c.

Proof. For η = dA/K(a) ∧ dA/K(b) ∧ dA/K(c), we have

iπη = π
(
dA/K(a), dA/K(b)

)
· dA/K(c)− π

(
dA/K(a), dA/K(c)

)
· dA/K(b)

+π
(
dA/K(b), dA/K(c)

)
· dA/K(a),

dA/Kiπη = dA/K
(
π
(
dA/K(a), dA/K(b)

))
∧ dA/K(c)

−dA/K
(
π
(
dA/K(a), dA/K(c)

))
∧ dA/K(b)

+dA/K
(
π
(
dA/K(b), dA/K(c)

))
∧ dA/K(a)

and

iπδM iπη =

∮
π
(
dA/K

(
π
(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
.

According to (2.13), we obtain (2.14). □

3. Lie-Rinehart algebra structure on ΩK (A)

If x ∈ ΩK (A) and ω0 ∈ Λ2(ΩK (A)), then the map ρω0 (x) : A −→ A such that

ρω0 (x) (a) = ω0

(
x, dA/K (a)

)
(3.1)

is a derivation, for any a ∈ A. Moreover, the map

ρω0 : ΩK (A) −→ DerK (A) , x 7−→ ρω0 (x)

is a morphism of A-modudes. Let ρω0 (x) be the unique A-linear map such that

ρω0 (x) ◦ dA/K = ρω0 (x) . (3.2)
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Proposition 3.1. For any x, y ∈ ΩK (A), we have

ω0 (x, y) = ρω0 (x) (y) . (3.3)

Proof. For y =
∑
i∈I
ai · dA/K(bi) ∈ ΩK (A),

ω0 (x, y) =
∑
i∈I

ai · ω0

(
x, dA/K(bi)

)
By (3.1) and (3.3)

ω0 (x, y) = ρω0 (x)

(∑
i∈I

fi · dA/K(bi)

)
,

that is, ω0 (x, y) = ρω0 (x) (y). □

The 2-form ω0 ∈ Λ2(ΩK (A)) induces on ΩK (A) a bracket [., .]π called the Koszul
bracket defined by

[x, y]ω0 = Lρω0 (x)
y − Lρω0 (y)

x− dA/K(ω0 (x, y)). (3.4)

Proposition 3.2. For any ω0 ∈ ΩK (A), x, y ∈ ΩK (A) and a ∈ A. Then,

[x, a · y]ω0 = a · [x, y]ω0 + [ρω0 (x) (a)] · y. (3.5)

Proof. From the relations (2.3) and (2.4), we have

[x, a · y]ω0 = Lρω0 (x))
(a · y)− Lρω0 (a·y)x− dA/K(ω0 (x, a · y))

= [ρω0 (x) (a)] · y + a · Lρω0 (x)
(y)

−a · Lρω0 (y)
x− a · dA/K(ω0 (x, y))

= a · [x, y]ω0 + [ρω0 (x) (a)] · y.
□

For k ≥ 0 and x ∈ ΩK (A), we define the Lie derivative with respect to ρω0 (x) ∈
DerK (A) to be the unique graded endomorphism Lρω0 (x)

of degree 0 of the graded
algebra Λ (ΩK (A)) such that(

Lρω0 (x)
η
)
(x1, x2, ..., xk) = ρω0 (x) · η(x1, x2, ..., xk)

−
k∑

i=1

η(x1, ..., xi−1, [x, xi]ω0 , xi+1, ..., xk)

for any η ∈ Λk (ΩK (A)) and x1, x2, ..., xk ∈ ΩK (A). For a ∈ A, we have

Lρω0 (x)
(a) = ρω0 (x) (a) = ω0

(
x, dA/K (a)

)
.

We define the operator dρω0
associated with the pair (ρω0 , [, ]ω0) as follows: for

any x1, ..., xk+1 ∈ ΩK (A) and P ∈ Λk(ΩK (A)),

dρω0
P (x1, ..., xk+1) =

k+1∑
i=1

(−1)i−1ρω0(xi) · P (x1, ..., x̂i, ..., xk+1) (3.6)

+
∑

1≤i<j≤k+1

(−1)i+jP ([xi, xj]ω0 , x1, ..., x̂i, ..., x̂j, ..., xk+1).
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For a ∈ A,

dρω0
(a) = ρω0 (x) (a) = ω0

(
x, dA/K (a)

)
= Lρω0 (x)

(a) .

For any ω0 ∈ Λ2(ΩK (A)) and P ∈ Λk(ΩK (A)). Then,

dρω0
P = −[ω0, P ]S. (3.7)

In particular, if P = ω0, then for any x, y, z ∈ ΩK (A),

[ω0, ω0]S(x, y, z) = −
∮
ρω0(x) · ω0(y, z) +

∮
ω0([x, y]ω0 , z) (3.8)

where the symbol
∮
means the cyclic sum in x, y, z.

For any x, y, z ∈ ΩK (A), we have

ω0

(
dA/K(ω0(x, y)), z

)
= −ρω0(z) · ω0(x, y) (3.9)

ω0

(
Lρω0 (x)

y, z
)
= ρω0(x) · ω0(y, z)−

(
[ρω0(z), ρω0(x)]

)
(y) (3.10)

Proposition 3.3. For any x, y, z ∈ ΩK (A),

ω0([x, y]ω0 , z)−
(
[ρω0(x), ρω0(y)]

)
(z) =

1

2
[ω0, ω0]S(x, y, z). (3.11)

Proof. For x, y, z ∈ ΩK (A), by (3.4), we have

ω0([x, y]ω0 , z) = ω0

(
Lρω0 (x)

y, z
)
− ω0

(
Lρω0 (y)

x, z
)
− ω0

(
dA/K(ω0(x, y)), z

)
.

Put

Φ(x, y, z) =
(
ρω0 ([x, y]ω0)−

(
[ρω0(x), ρω0(y)]

))
(z), (3.12)

for x, y, z ∈ ΩK (A). From (3.9) and (3.10), the formula (3.12) becomes

Φ(x, y, z) = ω0([x, y]ω0 , z)−
(
[ρω0(x), ρω0(y)]

)
(z)

=

∮
ρω0(x) · ω0(y, z)−

∮ (
[ρω0(y), ρω0(z)]

)
(x)

A straightforward computation, using (3.8), shows that

Φ(x, y, z) = −[ω0, ω0]S(x, y, z) +

∮
ω0([x, y]ω0 , z)−

∮ (
[ρω0(y), ρω0(z)]

)
(x)

that is

Φ(x, y, z) = −[ω0, ω0]S(x, y, z) + Φ(x, y, z) + Φ(y, z, x) + Φ(z, x, y).

Hence, since Φ is an alternating map, then

[ω0, ω0]S(x, y, z) = 2Φ(x, y, z).

Thus,

ω0([x, y]ω0 , z)−
(
[ρω0(x), ρω0(y)]

)
(z) =

1

2
[ω0, ω0]S(x, y, z).

□

Proposition 3.4. For any x, y, z ∈ ΩK (A),

[dA/K(ω0(x, y)), z]ω0 = Lρω0 (dA/K(ω0(x,y)))z. (3.13)
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Proof. From (3.4), for x, y, z ∈ ΩK (A), we have

[dA/K(ω0(x, y)), z]ω0 = Lρω0 (dA/K(ω0(x,y)))z − Lρω0 (z)
dA/K(ω0(x, y))

−dA/K(ω0(dA/K(ω0(x, y)), z).

Since

Lρω0 (z)
dA/K (ω0(x, y)) = dA/KLρω0 (z)

(ω0(x, y)) = dA/K (ρω0 (z)) (ω0(x, y)),

then

[dA/K(ω0(x, y)), z]ω0 = Lρω0 (dA/K(ω0(x,y)))z.

□

Proposition 3.5. For any x, y, z ∈ ΩK (A),

[[x, y]ω0 , z]ω0
= Lρω0([x,y]ω0

))z − Lρω0 (z)
(Lρω0 (x)

y − Lρω0 (y)
x) (3.14)

−dA/K(ω0(Lρω0 (x)
y, z) + ω0(z,Lρω0 (y)

x)).

Proof. From (3.4), for x, y, z ∈ ΩK (A),

Lρω0 (z)
dA/K(ω0(x, y))− dA/K(ω0([x, y]ω0

, z) = −dA/K
[
(ω0(Lρω0 (x)

y − Lρω0 (y)
x, z)

]
,

and

[[x, y]ω0 , z]ω0
= Lρω0([x,y]ω0

))z − Lρω0 (z)

(
Lρω0 (x)

y − Lρω0 (y)
x− dA/K (ω0(x, y))

)
−Lρω0 (z)

dA/K(ω0(x, y))− dA/K
[
(ω0(Lρω0 (x)

y − Lρω0 (y)
x, z)

]
,

that is

[[x, y]ω0 , z]ω0
= Lρω0([x,y]ω0

))z − Lρω0 (z)

(
Lρω0 (x)

y − Lρω0 (y)
x
)

−dA/K
[
(ω0(Lρω0 (x)

y − Lρω0 (y)
x, z)

]
.

□

Denote by Jω0 the Jacobiator of the triple (ΩK (A) , ρω0 , [, ]ω0), that is,

Jω0(x, y, z) =

∮
([[x, y]ω0 , z]ω0

) = [[x, y]ω0 , z]ω0 + [[y, z]ω0 , x]ω0 + [[z, x]ω0 , y]ω0

for x, y, z ∈ ΩK (A) and
∮
the cyclic sum in x, y, z.

Proposition 3.6. For any x, y, z ∈ ΩK (A), we have

Jω0(x, y, z) =

∮ [
Lρω0 (z)

(Lρω0 (x)
y)− Lρω0 (x)

(Lρω0 (z)
y)− L[ρω0 (z),ρω0 (x)]

y
]
(3.15)

−
∮
dA/K

(
ω0(Lρω0 (x)

y, z) + ω0(y,Lρω0 (x)
z)
)
.
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Proof. By straightforward calculations taking the cyclic sum in x, y, z on the two
sides of the equality (3.14), we have

Jω0(x, y, z) = Lρω0 ([x,y]ω0 )
z − Lρω0 (z)

(Lρω0 (x)
y) + Lρω0 (z)

(Lρω0 (y)
x)

−dA/K(ω0(Lρω0 (x)
y, z) + ω0(z,Lρω0 (y)

x)).

+Lρω0 ([y,z]ω0 )
x− Lρω0 (x)

(Lρω0 (y)
z) + Lρω0 (x)

(Lρω0 (z)
y)

−dA/K(ω0(Lρω0 (y)
z, x) + ω0(x,Lρω0 (z)

y))

+Lρω0 ([z,x]ω0 )
y − Lρω0 (y)

(Lρω0 (z)
x) + Lρω0 (y)

(Lρω0 (x)
z)

−dA/K(ω0(Lρω0 (z)
x, y) + ω0(y,Lρω0 (x)

z)).

It is follows that,

Jω0(x, y, z) =

∮ [
Lρω0 (z)

(Lρω0 (x)
y)− Lρω0 (x)

(Lρω0 (z)
y)− L[ρω0 (z),ρω0 (x)]

y
]

−
∮
dA/K

(
ω0(Lρω0 (x)

y, z) + ω0(y,Lρω0 (x)
z)
)
.

□

Lemma 3.7. If [ω0, ω0]S = 0, then

ρω0 : (ΩK (A) , [, ]ω0) −→ (DerK (A) , [, ])

is a Lie algebras morphism.

Proof. Since the image of dA/K generates ΩK (A), then for any z ∈ ΩK (A), z =
dA/K (a) with a ∈ A. When [ω0, ω0]S = 0, then the equation (3.11) becomes(

ρω0 ([x, y]ω0)
)
◦ dA/K (a)−

(
[ρω0(x), ρω0(y)]

)
◦ dA/K (a) = 0

for all a ∈ A, that is, by the Theorem 2.1,

ρω0 ([x, y]ω0) = [ρω0(x), ρω0(y)]

for all x, y ∈ ΩK (A). □

Theorem 3.8. The triple (ΩK (A) , ρω0 , [, ]ω0) has a Lie-Rinehart algebra struc-
ture if and only if [ω0, ω0]S = 0.

Proof. If the triple (ΩK (A) , ρω0 , [, ]ω0) is a Lie-Rinehart algebra structure, then

ρω0([x, y]ω0) = [ρω0(x), ρω0(y)]

and by the equation (3.11), [ω0, ω0]S(x, y, z) = 0, for any x, y, z ∈ ΩK (A). There-
fore, [ω0, ω0]S = 0.

Conversely, if [ω0, ω0]S = 0, the equations (3.8) and (3.11) becomes∮
ρω0(x) · ω0(y, z) =

∮
ω0([x, y]ω0 , z),

ρω0([x, y]ω0) = [ρω0(x), ρω0(y)]

and
Lρω0 (z)

(Lρω0 (x)
y)− Lρω0 (x)

(Lρω0 (z)
y) = L[ρω0 (z),ρω0 (x)]

y.
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Then, the equation

Jω0(x, y, z) =

∮
Lρω0 ([x,y]ω0 )−[ρω0 (x),ρω0 (y)]

z−
∮
dA/K(ω0(Lρω0 (x)

y, z)+ω0(y,Lρω0 (x)
z).

becomes

Jω0 (x, y, z) = −2dA/K[

∮
([[x, y]ω0 , z]ω0

)−
∮
([[x, y]ω0 , z]ω0

)]

= 0,

that is,
[[x, y]ω0 , z]ω0 + [[y, z]ω0 , x]ω0 + [[z, x]ω0 , y]ω0 = 0

Since
[x, a · y]ω0 = a · [x, y]ω0 + [ρω0 (x) (a)] · y.

then, the triple (ΩK (A) , ρω0 , [, ]ω0) has a Lie-Rinehart algebra structure. □

4. Poisson structures on Lie-Rinehart algebra

We recall that a Poisson bracket is a Lie bracket {, } on a commutative algebra
A satisfying the Leibniz identity

{a, b · c} = {a, b} · c+ b · {a, c} (4.1)

for any a, b, c ∈ A (see[7, 9]). The Leibniz identity means that, for a given
function a ∈ A, the inner derivation ad(a) : A −→ A, b 7−→ {a, b} is a derivation
of a commutative algebra A. For any element a ∈ A, the derivation ad(a) is
called the Hamiltonian derivation corresponding to the element a.
If A is a Poisson algebra, the bracket {, } is a skew-symmetric 2-derivation. By

the Theorem 2.2, there exists π ∈ Λ2 (ΩK (A)) such that

{a, b} = π(dA/K(a), dA/K(b)), (4.2)

for any a, b ∈ A.
Consider the Jacobiator J (., ., .) defined as

J (a, b, c) = {{a, b}, c}+ {{b, c}, a}+ {{c, a}, b}
for a, b, c ∈ A.

Lemma 4.1. For any a, b ∈ A, we have

J (a, b, c) =

(
1

2
[π, π]

)(
dA/K(a), dA/K(b), dA/K(c)

)
.

Proof. Using the equation (4.2), for any a, b, c ∈ A, we have

{{a, b}, c} = π(dA/K({a, b}), dA/K(c)).

Using the skew-symmetry of π and grouping relevant terms together, we get

J (a, b, c) =

∮
π
(
dA/K

(
π
(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
=

(
1

2
[π, π]

)(
dA/K(a), dA/K(b), dA/K(c)

)
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□

Theorem 4.2. For any a, b ∈ A, the bracket

{a, b} = π(dA/K(a), dA/K(b))

satisfies the Jacobi identity if and only if

[π, π] = 0. (4.3)

Proof. Assume that the bracket {, } satisfies the Jacobi identity, then from the
Lemma 4.1, [π, π] = 0.

Conversely, assume the equation (4.3), then from the Lemma 4.1, we have,

{{a, b}, c}+ {{b, c}, a}+ {{c, a}, b}.
□

The skew-symmetric 2-form π on ΩK (A) is called Poisson 2-form of the Poisson
algebra A. If A = C∞(M) then pair (M,π) is called Poisson manifold.

If (A, {, }) Poisson algebra, then the map ad : A −→ DerK (A) , a 7−→ ad(a)
is a derivation. Thus, by the Theorem 2.1, there exists a unique A-linear map
ad : ΩK (A)] −→ DerK (A) such that

ad ◦ dA/K = ad. (4.4)

Then, from (4.2), we have, for any a ∈ A and x, y ∈ ΩK (A)[
ad (x)

]
(a) = π

(
x, dA/K (a)

)
, (4.5)[

ad (x)
]
(y) = π (x, y) . (4.6)

Theorem 4.3. [11]If π is the Poisson 2-form of a Poisson algebra A, then the
bracket [, ]π on ΩK (A) defined by

[x, y]π = Lad(x)y − Lad(y)x− dA/K(π (x, y))

is a Lie algebra bracket, for any x, y ∈ ΩK (A).
Moreover the triple

(
ΩK (A) , ad, [, ]π

)
is a Lie-Rinehart algebra.

Theorem 4.4. The following statements are equivalent:
(i) A is a Poisson algebra.
(ii) There exists a skew-symmetric 2-form

ω0 : ΩK (A)× ΩK (A)) −→ A

such that the triple (ΩK (A) , ρω0 , [, ]ω0) is a Lie-Rinehart algebra.
(iii) The skew-symmetric 2-form ω0 ∈ Λ2 (ΩK (A)) satisfies

[ω0, ω0]S = 0,

where [, ]S denotes the Schouten-Nijenhuis bracket.

Proof. (i)⇒(ii) If A is a Poisson algebra, from the Theorem 4.3 and by putting
ρω0 = ad, then the triple (ΩK (A) , ρω0 , [, ]ω0) is a Lie-Rinehart algebra.

(ii)⇒(iii) From the Theorem 3.8, the proof is obvious
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(iii)⇒(i) If ω0 ∈ Λ2 (ΩK (A)), then from the universal Theorem 2.2, there exists
a skew-symmetric 2-derivation {, } : A× A −→ A such that

{a, b} = ω0(dA/K(a), dA/K(b))

for any a, b, c ∈ A. Then

{{a, b}, c} = ω0(dA/K({a, b}), dA/K(c))

= ω0

(
dA/K

(
ω0

(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
and

J (a, b, c) =

∮
ω0

(
dA/K

(
ω0

(
dA/K(a), dA/K(b)

))
, dA/K(c)

)
=

1

2
[ω0, ω0]S

(
dA/K(a), dA/K(b), dA/K(c)

)
.

Since ρω0 is a morphim of Lie algebras, then from the Theorem 3.8, we have
[ω0, ω0]S = 0 and we deduce that {{a, b}, c}+ {{b, c}, a}+ {{c, a}, b}. Therefore
A is a Poisson algebra. □

If A is a Poisson algebra, then dρω0
ω0 = −[ω0, ω0]S = 0. In this case, We say

that (ΩK (A) , ρω0 , [, ]ω0 , ω0) is called Lie-Rinehart-Poisson algebra

5. Poisson structures on a symplectic Lie-Rinehart algebra

When (G, ρ, [, ]) is a Lie-Rinehart algebra, for any x ∈ G, the map
ix : Lsks(G, A) −→ Lsks(G, A) defined by

(ixη)(x1, x2, ..., xp−1) = η(x, x1, x2, ..., xp−1),

for x1, x2, ..., xp−1 elements of G and for any η ∈ Lp
sks(G, A), is a derivation of

degree −1. The map

Lx = [ix, dρ] : Lsks(G, A) −→ Lsks(G, A)
is a derivation and of degree zero satisfying, for any y ∈ G, a ∈ A,

[Lx, iy] = i[x,y]; Lx ◦ dρ = dρ ◦ Lx and Lx (a) = [ρ(x)] (a).

Let (G, ρ, [, ]) be a Lie-Rinehart algebra. A symplectic form on (G, ρ, [, ]) is a
nondegenerate 2-form η ∈ L2

sks(G, A) such that dρη = 0. In this case, (G, ρ, [, ], η)
is called symplectic Lie-Rinehart algebra.

Example 5.1. When (M,ω) is symplectic manifold, then (X(M), idX(M), [, ], ω)
is a symplectic Lie-Rinehart algebra. A nondegenerate and closed 2-form ω is
called a symplectic form and the pair (C∞(M), ω) is called the corresponding
symplectic structure, or symplectic algebra.

When (G, ρ, [, ], η) is a symplectic Lie-Rinehart algebra, for a ∈ A, we denote
xa the unique element of G such that ixaη = dρ (a).
The map φ : A −→ G, a 7−→ xa is derivation. According to the Theorem 2.1,

there exists a unique A-linear map φ̃ : ΩK (A) −→ G such that φ̃ ◦ dA/K = φ that
is,

φ̃
[
dA/K (a)

]
= φ (a) = xa. (5.1)
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If (G, ρ, [, ], η) is a symplectic Lie-Rinehart algebra, then there exists a mor-
phism of A-modules

ρπ = ρ ◦ φ̃ : ΩK (A) −→ DerK (A)

and a Kähler 2-form

π = η ◦ (φ̃× φ̃) : ΩK (A)× ΩK (A) −→ A

such that

π(x, y) = η(φ̃(x), φ̃(y)), (5.2)

for any x, y ∈ ΩK (A). It is easy to verify that if the form π is nondegenerate and
for any x, y, z ∈ ΩK (A), we have

η([φ̃(x), φ̃(y)], φ̃(z)) = −1

2
[π, π](x, y, z) + π([x, y]π, z). (5.3)

Lemma 5.2. If (G, ρ, [, ], η) is a symplectic Lie-Rinehart algebra, for any x, y, z ∈
ΩK (A), then

[π, π](x, y, z) = 2dρη (φ̃(x), φ̃(y), φ̃(z)) . (5.4)

Proof. From (1.1), we have

dρ (φ̃(x), φ̃(y), φ̃(z)) = ρ(φ̃(x)) · η(φ̃(y), φ̃(z))− ρ(φ̃(y)) · η(φ̃(x), φ̃(z))
+ρ(φ̃(z)) · η(φ̃(x), φ̃(y))− η([φ̃(x), φ̃(y)], φ̃(z))

+η([φ̃(x), φ̃(z)], φ̃(y))− η([φ̃(y), φ̃(z)], φ̃(x))

From (5.2) and (5.3),

dρ (φ̃(x), φ̃(y), φ̃(z)) =

∮
ρπ(x) · π(y, z)−

∮
π([x, y]π, z)

+
1

2
[π, π](x, y, z)− 1

2
[π, π](x, y, z) +

1

2
[π, π](y, z, x)

Using (3.8), we get

dρη (φ̃(x), φ̃(y), φ̃(z)) =
1

2
[π, π](x, y, z).

□

Theorem 5.3. For any a, b ∈ A, the bracketThe Kähler 2-form π is a nonde-
generate Poisson 2-form if and only if η is a symplectic form on a Lie-Rinehart
algebra (G, ρ, [, ]).

Proof. If π is Poisson 2-form, [π, π] = 0 i.e., [π, π](x, y, z) = 0, for any x, y, z ∈
ΩK (A). From the Lemma 5.2, we deduce that the identity dη = 0. It is follows
that η is a symplectic form on a Lie-Rinehart algebra (G, ρ, [, ]).

Conversely, assume that η is a symplectic form on a Lie-Rinehart algebra
(G, ρ, [, ]), then dη = 0. From (5.4), [π, π](x, y, z) = 0, for any x, y, z ∈ ΩK (A).
Thus π is Poisson 2-form. □
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If (G, ρ, [, ], η) is a symplectic Lie-Rinehart algebra, then for any a, b ∈ A, the
bracket

{a, b} = η (xa, xb) = [ρ(xa)] (b) = ad (a) (b)

satisfies [xa, xb] = x{a,b} and 2
∮
{a, {b, c}} = (dρη)(xa, xb, xc) = 0. Therefore {, }

is a Poisson bracket and we get

π
(
dA/K (a) , dA/K (b)

)
= η (dρ (a) , dρ (b)) and dρ ◦ φ̃ = ad. (5.5)

If (G, ρ, [, ], η) is a symplectic Lie-Rinehart algebra, then map φ̃ is a morphism
of Lie algebras and satisfies

(φ̃∗η) (x, y) = η [φ̃ (x) , φ̃ (y)] = π (x, y)

for any x, y ∈ ΩK (A). Thus φ̃∗η = π, that is φ̃ is a morphism of Lie-Rinehart
algebras.
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