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ON LIE-RINEHART-POISSON ALGEBRAS STRUCTURES
NORBERT MAHOUNGOU MOUKALA! AND BASILE GUY RICHARD BOSSOTO?*

ABSTRACT. We define the Schouten-Nijenhuis bracket on the algebra of the
module of Kahler differentials. We give the main features of Poisson mani-
folds by using the universal property of derivation. We prove the equivalence
between a Lie-Rinehart algebra structure and a Poisson structure and we re-
cover Lichnerowicz’s notion of Poisson manifold. We show that a symplectic
Lie-Rinehart algebra structure induce a nondegenerate Poisson structure and
conversely.

1. INTRODUCTION

The concept of a Poisson structure is currently of much interest and is being
studied by Lichnerowicz, Weinstein and others (see [9, 14, 14]). The Poisson
bracket is a derivation of the underlying commutative algebra.

A Lie-Rinehart algebra is a generalization of Lie algebras. The term Lie-
Rinehart algebra was coined by Huebschmann [1]. However, this algebraic struc-
ture, which was introduced by Herz [3] under the name Lie pseudo-algebra, also
known as Lie algebroid [12] in a differential geometric context.

Let A be a commutative algebra with unit 1,4 over a commutative field K
with characteristic zero and let E be an A-module. We denote by Derg (A, E)
the A-module of derivations on A with coeffcients in £ and Derk (A) the A-
module of derivations of A, that is d € Derg (A) if d is a linear mapping and
d(ab) = d(a)b+ad(a), for all a,b € A, (see [0, Definition 2.5]) and for more details
see [1,

The bracket [,] : Derg (A) X Derg (A) — Derg (A), such that, for any dy, dy €
Derg (A), [d1,ds] = dy o dy — dy o dy is a Lie bracket.

We recall that a Lie-Rinehart algebra is a triple (G, p,[,]) where G is simul-
taneously an A-module and a Lie algebra over K, which Lie algebra bracket [, ],
and p : G — Derg (A) is simultaneously a morphism of A-modules and K-Lie
algebras satisfying

[z, a-y] = [p(x)(@)] -y +a-[z,y]
for any a € Aand z ,y € G (see [1, 13]).
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Let (G, p) be a Lie-Rinehart algebra and £4.4(G,A) = @ £°,.(G, A), where

sks
peEN
£8 (G, A) is the module of skew-symmetric A-multilinear maps of degree p from
G into A and let

dp : £sks(gy A) — £sks(g7 A)
be the cohomology operator associated to the representation p, given by

p+1
dn(zy, @2, tpn) = Y (=1)7 plas) (w1, w2, Ty ooy )] (1.1)

=1
+ Z (=) n([s, 5], T1, T2y ey Ty oy Ty vy Tpi1)-
1<i<j<p+1

for any n € £°.(G, A) and 1,29, ....,xp11 € G. The pair (L4s(G, A),d,) is a
differential algebra.

The goal of this paper is to characterize the notion of Poisson structures in
terms of Lie-Rinehart algebras with use the Schouten-Nijenhuis bracket on the
module of Kahler differentials.

The paper is organized as follows. In Section 2, we briefly recall the universal
property of derivation and we focus on the Schouten bracket over module of
Kéahler differentials. In Section 3, We define the Koszul bracket, compute the
Jacobiator of this bracket and with the use of the Schouten-Nijenhuis bracket,
we give the condition of the existence of the Lie-Rinehart algebra structure. In
Section 4, we recall the notion of Poisson structure and we establish, for a Poisson
algebra, the existence of a Lie-Rinehart algebra structure on the module of Kahler
differentials. We prove the equivalence between a Lie-Rinehart algebra structure
and a Poisson structure. Finally, in Section 5, we study the relation between
Poisson structures and symplectic Lie-Rinehart algebra structures. We describe
its relation with the Schouten-Nijenhuis bracket and we show that it is equivalent
to give a symplectic Lie-Rinehart algebra structure and to give a nondegenerate
Poisson structure.

2. PRELIMINARIES

Throughout this paper, K will be a field and A will be a unital, commutative
K-algebra; we assume K to have characteristic zero. We denote by 2k (A) the
module of Kahler differentials of commutative algebra A, that is, the quotient
space Qx (A) = I/I?, where I is the A-submodule of A®) A generated by the

K

elements of the form a ® 14 — 14 ® a with a € A (see [2, 11]). The linear map
dak : A — Qg (A) defined, for a € A, by

dA/K(a):a®1A—1A®a

is the canonical derivation which the image of ds/x generates the A-module
Qg (A), that is, for x € Qg (A), T = Z a; dA/K(bz); with a;, b; € A.

i€l finite



ON LIE-RINEHART-POISSON ALGEBRAS STRUCTURES 133

Theorem 2.1. [2] The pair (Qx (A),dask) satisfies the following universal prop-
erty: for every A-module E and for every derivation D : A — E, there exists a
unique A-linear map D : Qg (A) — E such that
Dodag =D. (2.1)
Moreover, the linear mapping
HomA(QK (A) ,E) — D@TK<A, E), w [ iﬂ ] dA/]K

is an isomorphism of A-modules. In particular, (Qg (A))" ~ Derg(A).

For each integer p > 1, let us denote by A? (Qx (A)) the space of multilinear

skew-symmetric mappings from [Qx (A))” into A. Also, we set A (Qg (A)) =
A and A (Qk (A)) = @ A" (Qk (A)) be the exterior algebra of the A-module

neN

Qg (A). The elements of A? (Qk (A)), with p > 0, are called Kéhler p-forms, or
simply Kéhler forms [2]. The set AP (Qk (A)) is generated by elements of the form
dask (a1) ANdajk (a2) A -+ ANdax (ap), for any aq,...,a, € A. The K-linear map
dy g+ Qe (A) — A? [Qx (A)] defined by
Q@) = D [dasm(a) Adag(bi)]
i€l: finite
satisfies,
By (a-2) = dae (@) A+ a-dye (0): o de =0,
forany x = > a;-dax(bi) € Qx (A) and a € A.

i€1: finite

For D € Derg(A), the map op : Qg (A) X Qg (A) — Qk (A) defined by

op(x,y) = D(x)y — D(y)z
is skew-symmetric A-bilinear, for any =,y € Qg (A). Therefore, according the
universal property of exterior algebra [1], there exists a unique A-linear map

iD : A2 (QK (A)) — QK (A)
such that, for any =,y € Qg (A),
in(x Ay) = op(z,y) = D(z)y — D(y)z.

We define the Lie derivative with respect to a derivation D € Derg(A) by the
K-linear map

£p tipodyy +dam o D : Qx (A) — Qx (A).
For any D € Derg(A),a € Aand for any v = Y  aida/k(bi) € Qx (A), we

i€l:finite
get
o) = > [D(a)da(bs) + aida(D(b:))] ; (2.2)
i€I:finite
(Lap)(@) = a-Lp(x) + D(x)da/x(a); (2.3)
Lpla-x)=[D(a))]z+a- Lp(z); (2.4)

,SD [dA/K(a)] = dA/]K [D((I)] . (25)
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Denote by Der?, (A) the A-module of the skew-symmetric p-derivations of A,
that is, D € Der?,  (A) if

7 ) .
D'=D(a,....,a,...,a,) : A — A a; — D (a1, ag, ..., 4i—1, Qi, Qis1, ..., Gp)

is a derivation, for any ay, ...,a, € A (see [L1]).

Theorem 2.2. [11] For any D € Dergy  (A), there exists a unique skew-symmetric
A-multilinear map of degree p, D : [Qx (A)]" — A such that
f)(dA/K (a1),...,dajk (ap)) = D (ai, ..., ap) (2.6)
and there exists a unique A-linear map D : AP (Qx (A)) — E such that
D (dasx (a1) ANdasi (a2) A ... ANdajx (ap)) = D (aq, ..., ap) (2.7)

for any ay, ...,a, € A.
When we denote D = P € AP (Qg (A)) and ip = D, then for any a1, ..., a, € A,
ip (dA/K (al) N dA/]K (ag) VANPYRAN dA/K (ap)) = P (dA/K(al), dA/K(ag), e dA/K(ap))
= D(ay,...,ap).
For m € A? (Qx (A)) and a,b,c € A, we have
in (dA/K(a) N dA/K(b) A dA/K(C)) = i (dA/K(CL) A dA/K(b)> . dA/K(C)
—1ir (dA/K(a) AN dA/K<C)) . dA/K(b)
+ir (dajw(D) Adajx(c)) - dajk(a),
that is,

i (dayse(@) A duajie(b) A dajie(e)) = ]{w (dayee (7 (daye(a), daje())) s daj(c)

(2.8)
where the symbol § means the cyclic sum in a, b, c.
Let P € AP (Qx (A)) and @ € A?(Qk (A)) be the Kéhler forms. We define the
Schouten-Nijenhuis bracket of P and () by the mapping

[ gt A (Qk (A)) x AT (Q (A)) — APTTH (Qg (A))

such that
[P,Qly=PoQ— (-1 Ve Vgop (2.9)

where

(Qo P) (dak(ar),dayk(az), ..., dajx(apsq—1))
D DR G Vi A (R ) WS -

0ESp,q—1
and P = D € Der”, (A) is a unique p-derivation such that

D (ay,....,ap) = P (dajx(ar), dajx(as), ..., dax(ay)) .

Throughout this section, we denote |.,.]4 by an unadorned bracket [,]. The de-
scription of interior pruduct P € A (Qk (A)) with the Schouten-Nijenhuis bracket
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is similar to the interior pruduct defined in [3, 10]. Then if P and @ are two
elements of the A (Qx (A)), then
ipq) = [lir daj] iq] (2.10)
If P e AP (Qk (A)), then ip is of degree —p. So
lip,dajx] =ipodax — (—1) " dajx oip. (2.11)

Now, assuming @) € A? (Qk (A)), we have

[[ip,dA/K} ,iQ} = [iP,dA/K} 0ig — (_1)—q(1—p)

= ’ip e} dA/K o ZQ - (—1)7pdA/K o} iP/\Q
— (=) P ipag o dak + (—1) PP g 0 dyx $342)
Forany P=Q =7 € A* (Qx (A)) and n € [Qx (A)]", we get

iQ o [ip,dA/K]

7:[7r,7r}77 = QinA/Kiﬂ'n- (213)
Proposition 2.3. If 7 € A* (Qk (A)) and a,b,c € A, then
1
5 [ 777] (dA/K(Cl), dA/K(b>adA/K(C)) = fﬂ (dA/]K (7T (dA/K<a)adA/K(b))) 7dA/]K(C))
(2.14)

where the symbol § means the cyclic sum in a,b,c.
Proof. For n = da/k(a) A da/k(b) A dajx(c), we have

irn = 7 (dajx(a),dax(b)) - das(c) — 7 (dajx(a), dajx(c)) - dax(b)
+7 (dajx(b), dajx(c)) - dasx(a),

dajxizn = dax (7 (dajx(a),dajx(b))) Adajx(c)
e (@), ) A da)
tdajx (7 (dajx(b),dajx(c))) Adajx(a)

and
i riny = ]{ 7 (A (7 (dayic(a), dae(®))) s daic(e)) -
According to (2.13), we obtain (2.14). O

3. LIE-RINEHART ALGEBRA STRUCTURE ON )k (A)
If z € Qx (A) and wy € A*(Qk (A)), then the map p,, (z) : A — A such that

Puo () (@) = wo (37, da/k (Cl)) (3.1)

is a derivation, for any a € A. Moreover, the map
Puo  Qx (A) — Derg (A),x — p,, (2)
is a morphism of A-modudes. Let p,, () be the unique A-linear map such that

P (T) © dA/K = Puy (T) - (3.2)
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Proposition 3.1. For any x,y € Qk (A), we have

wo (2, Y) = Puy () (y) - (3.3)
Proof. For y =3 a; - da/x(bi) € Q (A),

iel
vy) =Y a;-wo (v, dask(b))
il

By (3.1) and (3.3)

wo ( — pwo (Z fz dA/]K ) )

el

that is, wo (2, ) = pu, () (¥)- O

The 2-form wy € A*(Qk (A4)) induces on Q (A) a bracket [, .] _called the Koszul
bracket defined by

[, Yo = Louy @)V = Lpuy ) — dajx(wo (2,)). (3.4)
Proposition 3.2. For any wy € Qx (A), x,y € Qk (A) and a € A. Then,
[2.a - Yluy = a- [z, Yluy + [pug () (a)] - y. (3.5)

Proof. From the relations (2.3) and (2.4), we have

[0 Yl = Lo@) (@ y) = Lo @ — dajx(wo (x,a - y))
= pw (@) ()] y+a- L, @)
—a-L,, T —a-da(wo (7,y))
= a2, Yluy + [pug (2) (a)] - y.
0J
For k > 0 and = € Qx (A), we define the Lie derivative with respect to p,, (z) €

Dery (A) to be the unique graded endomorphism £,, () of degree 0 of the graded
algebra A (Qk (A)) such that

(Spwo(:c)’r/) (I‘l,l'g,...,l‘k) - pwo (I) '77(551;1?2’"-7xk)
k
- 277(331’ ey Li—1, [:Ea xi]woaxi-‘rl? R3] xk)

i=1
for any n € A¥ (Qx (A)) and x1, 2y, ..., 71, € Qg (A). For a € A, we have
Sﬂwo(x) (a> = Puwo (CU) ((l) = Wo (I, dA/]K (a)) .

We define the operator d,,, associated with the pair (pu, [, ]w,) as follows: for
any i, ..., r11 € Qx (A) and P € A*(Qg (A)),

k+1
dpwop(xlw-ka—i-l) = Z<_1)i71pw0( ) 'P(xh”'ai,\ia”'?xk—&-l) (36)
+ Z D) P[4, ) gs Ty oy Tty wovy Ty ooy Thot1)-

1<i<j<k+1
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For a € A,
dp,,, (@) = pu, () (@) = wo (7, dajx (a)) = £, (@) (@).
For any wy € A?(Qg (A)) and P € A*(Qg (A)). Then,
d,, P = —[wo, Ps. (3.7)
In particular, if P = wy, then for any z,y, 2z € Qx (A),

oy wols (@, 9, 2) = — 75 D () - wo(y.2) + 74 oot ?)  (38)

where the symbol § means the cyclic sum in z,y, 2.
For any x,y, z € Qg (A), we have

o (g (@o(@,)), 2) = —paa(2) - wi(2,9) (3.9)
0 (L9 2) = un@) - o(y:2) = (), pn@)]) (W) (3:10)

Proposition 3.3. For any x,y,z € Qg (A),

1

(2 9hars 2) = (aa@) i 0)]) (2) = Slensinls(oy ). (311)

Proof. For z,y,z € Qx (A), by (3.4), we have

WQ([I, y]woa Z) = Wo (Spwo(x)ya Z) — Wo (E’pwo(y)'ra Z) — Wo (dA/K(WO(x7 y)), Z) .
Put

(.. 2) = (pun (. 9Lun) = (I (@): 2 (0]) ) (2). (3.12)
for x,y,z € Qx (A). From (3.9) and (3.10), the formula (3.12) becomes

D(@,9,2) = wolle, Y 2) = (P (@), Pea V)] (2)

= rale) waln2) ~ § (@) @

A straightforward computation, using (3.8), shows that

B(a.y.2) = —loo als(05:9) + §snllenslon2) — f () @
that is
O(z,y,2) = —|wo, wols(z,y,2) + ®(x,y, 2) + Py, 2, 2) + (2, z,9).

Hence, since ® is an alternating map, then

[WOa WO]S(ZE7 Y, Z) = 2(1)(1‘, Y, Z)

Thus,
1

o[ P 2) = (aal@) Poal)]) (2) = 5l ol . 2).

Proposition 3.4. For any x,y,z € Qg (A),
[dA/K(wO(x, y)), Z]wo = Spwo(dA/K(WO(w,y)))z' (3.13)
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Proof. From (3.4), for z,y, z € Qx (A), we have

[da/m(@o(T,9)), 2lus = Loy (dayxwolew)? — Lpuy(x)da/x (Wo(T,Y))
—da/x(wo(da/k(wo(z,y)), 2).

Since
Lo ydas (Wo(7,9)) = da/x o, () (Wo(T,y)) = dajk (pu, (2)) (wo(z,9)),
then
[da/k(wo(,Y)); Zlue = Lpuy (dax(wolzu)) ?-

Proposition 3.5. For any x,y,z € Qg (A),

Hl’, y]wO, Z]wo = Spwo( wo )Z ’Spwo(z) (pro(x)y — ’Q’pwo(y)x> (314)
_dA/]K( (Spwo ) +w0(z,2pw0(y)x)).
Proof. From (3.4), for z,y, z € Qk (A),

Lous (s (wolz,y)) — dajx(wollz, yl,,  2) = —dajx [(Wo(Lou, @ — Lpuy )T 2)] 5

and

[[.T;, y]"-}O? Z]wg = 20w0 OLZAWO))Z - £Pw0 (Z) (’8 y ’me x - dA/K (WO (l’ y)))
_'QPWO (z)dA/K(UJ[)(l', y)) - dA/K [(wo(gpwo y 'Spwo )] )

that is

2,90 2o = Lo (1))~ S0 (Sre@¥ = L)
—da/x [(Wo(Louy @Y = Louy)®2)] -

Denote by J,,, the Jacobiator of the triple (Qx (A), pugs [, Jwo), that is,

on(‘raya Z) = %(Hxay]sz]wo) = [[xvy]wm ] + Hya ]UJm ]wo + Hzax]me]wo

for z,y, 2 € Qx (A) and ¢ the cyclic sum in z,y, 2.

Proposition 3.6. For any x,y,z € Qg (A), we have
Joo(T,y,2) = j{ (€000 (2) (Lpg @Y) = Ly (@) (L0 (2)Y) = Ll (2.0 ()] 4B 15)

- 7{ dasic (Wo(Lpuy@¥: 2) + oY, Ly @)?)) -
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Proof. By straightforward calculations taking the cyclic sum in x,y, z on the two
sides of the equality (3.14), we have

Juo (29, 2) = Lpu (e — Loug(2) (Loug @) + Louy (2) (Lpuy () 7)
—da/x(Wo( Loy @)Ys 2) + wo(z, Loy ) T))-
+£pw0([y Huwg)T — Spwo(:v)<£pw0 z) + Spwo (SPMO(Z)?/)
_dA/K(W (Lo, wo (U) % ) + wo(z, ’Spwo )y))
+£pw0(z,z]w0 Yy— Epwo(y)(’gpwo(z ) + ’pro ('gﬂwo(z)z)
_dA/K<WO<£pr(z)x7 y) + wo(y, ’Spwo @7))
It is follows that,

Juo (2, Y, 2) t%wm Loy @Y) = Louy @) (Louy (DY) = Llpug (=)0 (@) Y]

fdA/K UJO Pug (x)y>z) —i—wo(y,ﬂpwo(z)Z)) ’

Lemma 3.7. If [wy,wyls =0, then
Puwy - (QK (A> ) [7 ]wo) — (DeTK (A) ) [7 ])

15 a Lie algebras morphism.

Proof. Since the image of da/k generates Qg (A), then for any 2z € Qg (A), z =
dask (@) with a € A. When [wy,wo]s = 0, then the equation (3.11) becomes

(Pen (2 90)) © dagsc (@) = ([P (&) o )] ) © e (@) = 0
for all a € A, that is, by the Theorem 2.1,

Puso ([5 Yluwo) = [P0 (%), Puoo (V)]
for all z,y € Qx (A). O

Theorem 3.8. The triple (Qx (A), Pugs [, lws) has a Lie-Rinehart algebra struc-
ture if and only if [wo,wo]s = 0.

Proof. If the triple (Qx (A), Puys [, lwo) 18 & Lie-Rinehart algebra structure, then

P (175 Ylio) = [P (T), P (y))]

and by the equation (3.11), [wo, wo]s(z,y, z) = 0, for any z,y, z € Qk (A). There-
fore, [wo,wols = 0.

Conversely, if [wo,wo]s = 0, the equations (3.8) and (3.11) becomes

§ pafa) - w0:2) = (vl 2),

pwo([ma y]w0> = [Pwo (‘7;)7 Puwg (y)]
and

L0002 Ly @) = Louy (@) (Louy (1Y) = Llouy(2).pg (@)]Y-
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Then, the equation

Juo(T,y,2) = j{ L (9o~ [y ()0 () 2 j{ dayx(Wo(Lp.y (@)Y 2)Fwo(Ys Ly @)2)-

becomes

Toy(2,0:9) = ~2ael (01 Fy) = P20 L)

= O’
that is,
[, Ylwos 2lwo + [[Ys 2w, Tl + [[2, T, Yl = 0
Since
(20 Yloy = a- [2,Ylus + [ () (@)] - 4.
then, the triple (Qk (A), puo, s Jw,) has a Lie-Rinehart algebra structure. O

4. POISSON STRUCTURES ON LIE-RINEHART ALGEBRA

We recall that a Poisson bracket is a Lie bracket {, } on a commutative algebra
A satisfying the Leibniz identity

{a,b-c} ={a,b} -c+b-{a,c} (4.1)

for any a,b,c € A (see[7, 9]). The Leibniz identity means that, for a given
function a € A, the inner derivation ad(a) : A — A, b+ {a, b} is a derivation
of a commutative algebra A. For any element a € A, the derivation ad(a) is
called the Hamiltonian derivation corresponding to the element a.

If A is a Poisson algebra, the bracket {, } is a skew-symmetric 2-derivation. By
the Theorem 2.2, there exists m € A? (Qx (A)) such that

{a,b} = m(dax(a), da/x(b)), (4.2)

for any a,b € A.
Consider the Jacobiator J (., .,.) defined as

J (a,b,c) = {{a,b},c} + {{b,c},a} + {{c,a}, b}

for a,b,c € A.

Lemma 4.1. For any a,b € A, we have

J(a,b,c) = (%[W,W]) (dayic(a), dasee(b), dasic(c)) -

Proof. Using the equation (4.2), for any a,b,c € A, we have

{{a, b}, ¢} = m(dajx({a,0}), dajx(c)).
Using the skew-symmetry of © and grouping relevant terms together, we get
J(a,bc) = j’{ﬁ (dasx (7 (dajx(a), dajx(D))) , dajw(c))

= (%[7‘(, W}) (dA/K(Cl), dA/K(b>7 dA/K(C))
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Theorem 4.2. For any a,b € A, the bracket
{a,b} = 7(dajx(a), da/x(b))
satisfies the Jacobi identity if and only if
[r, 7] = 0. (4.3)

Proof. Assume that the bracket {,} satisfies the Jacobi identity, then from the
Lemma 4.1, [7, 7] = 0.
Conversely, assume the equation (4.3), then from the Lemma 4.1, we have,

{{a, b}, ¢} + {{b, ¢}, a} +{{c, a}, b}
0J

The skew-symmetric 2-form 7 on Qg (A) is called Poisson 2-form of the Poisson
algebra A. If A = C>(M) then pair (M, ) is called Poisson manifold.

If (A,{,}) Poisson algebra, then the map ad : A — Derg (A),a — ad(a)
is a derivation. Thus, by the Theorem 2.1, there exists a unique A-linear map
ad : Qg (A)] — Derg (A) such that

w e} dA/K = ad. (44)
Then, from (4.2), we have, for any a € A and z,y € Qg (A)
[ad (2)] (a) = 7 (2, da/x (a)), (4.5)

[ad(@)] (4) = 7 (2.9). (4.6)
Theorem 4.3. [|1]If 7 is the Poisson 2-form of a Poisson algebra A, then the
bracket |, ], on Qx (A) defined by
[, ylr = Sa(x)y - Sﬁ(y)x — da/x(m (z,y))
is a Lie algebra bracket, for any x,y € Qx (A).
Moreover the triple (QK (A),ad, [,]ﬂ) is a Lie-Rinehart algebra.

Theorem 4.4. The following statements are equivalent:
(i) A is a Poisson algebra.
(ii) There ezists a skew-symmetric 2-form

wo : QK (A) X QK (A)) — A
such that the triple (U (A), Puys s Jwy) @ a Lie-Rinehart algebra.
(iii) The skew-symmetric 2-form wy € A? (Qx (A)) satisfies
[wo, wo]s = 0,

where |, ]s denotes the Schouten-Nijenhuis bracket.

Proof. (i)=(ii) If A is a Poisson algebra, from the Theorem 4.3 and by putting

Pu, = ad, then the triple (Qx (A), Puys [, lwo) 18 & Lie-Rinehart algebra.
(ii)=-(iii) From the Theorem 3.8, the proof is obvious
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(ii))=(i) If wg € A% (Qk (A)), then from the universal Theorem 2.2, there exists
a skew-symmetric 2-derivation {,} : A x A — A such that

{a,b} = wo(dayx(a), dasx(b))
for any a,b,c € A. Then
{{a, 0}, ¢} = woldajx({a,b}), dajx(c))
= wo (dasx (wo (dajk(a), das (b)), dask(c))

and

J(a,b,c) = fwo (dA/K (wo (dA/K(a)a dA/K(b)>) vdA/lK(C)>

%[wo, wols (dA/K(a), da/(b), dA/K(C>) :

Since p,, is a morphim of Lie algebras, then from the Theorem 3.8, we have
[wo, wols = 0 and we deduce that {{a, b}, c} + {{b,c},a} + {{c, a},b}. Therefore

A is a Poisson algebra. O

If A is a Poisson algebra, then d,, wy = —|wo, wo]s = 0. In this case, We say
that (Qx (A), Pugs [, Jws wo) 1s called Lie-Rinehart-Poisson algebra

5. POISSON STRUCTURES ON A SYMPLECTIC LIE-RINEHART ALGEBRA

When (G, p,[,]) is a Lie-Rinehart algebra, for any x € G, the map
iy Lars(G, A) — L45(G, A) defined by

(ixn)(x17x27~- Tp— 1) = n(x L1, Ty uny xp—l),
for @1, 29, ...,xp_1 elements of G and for any n € £°, (G, A), is a derivation of
degree —1. The map

'Sac = [Zxa dp] : ’Ssks(ga A) — Ssks(ga A)

is a derivation and of degree zero satisfying, for any y € G, a € A,

[£oyiy] =iy Lood,=d,0&, and £, (a) = [p()] (a).
Let (G,p,[,]) be a Lie-Rinehart algebra. A symplectic form on (G, p,[,]) is a
nondegenerate 2-form 7 € £2, (G, A) such that d,n = 0. In this case, (G, p,[,],7)
is called symplectic Lie-Rinehart algebra.

Example 5.1. When (M,w) is symplectic manifold, then (X(M), idxp, [, ], w)
is a symplectic Lie-Rinehart algebra. A nondegenerate and closed 2-form w is
called a symplectic form and the pair (C*°(M),w) is called the corresponding
symplectic structure, or symplectic algebra.

When (G, p, [,],n) is a symplectic Lie-Rinehart algebra, for a € A, we denote
x, the unique element of G such that i,,n = d, (a).

The map ¢ : A — G,a — x, is derivation. According to the Theorem 2.1,
there exists a unique A-linear map ¢ : Qg (A) — G such that podux = ¢ that
is,

& [dajm (@)] = ¢ (a) = za. (5.1)
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If (G,p,[,],m) is a symplectic Lie-Rinehart algebra, then there exists a mor-
phism of A-modules

pW:pO(ﬁIQK(A) HDG’FK(A)

and a Kahler 2-form

T=no(px@): 0k (A) xQ(A) — A
such that
m(z,y) = n(e(x), (), (5.2)
for any x,y € Qg (A). It is easy to verify that if the form 7 is nondegenerate and

for any x,y, z € Qk (A), we have

- 1

n([e(2), 2(y)], ¢(2)) = —5lm @l(2,y, 2) + 7 ([2, ylx, 2). (5.3)

Lemma 5.2. If (G, p,[,],n) is a symplectic Lie-Rinehart algebra, for any x,y, z €
Qg (A), then

[, 7] (2, y, 2) = 2dn (@(2), £(y), (2)) - (5.4)
Proof. From (1.1), we have

d, (p(2), 2(y),¢(2)) = p(p(x)) - n(E(y), &(2)

O

Theorem 5.3. For any a,b € A, the bracketThe Kdhler 2-form 7 is a nonde-
generate Poisson 2-form if and only if n is a symplectic form on a Lie-Rinehart

algebra (G, p,[,])-

Proof. If 7 is Poisson 2-form, [, 7] = 0 i.e., [r,7](z,y,2) = 0, for any x,y,z €
Qg (A). From the Lemma 5.2, we deduce that the identity dn = 0. It is follows
that 7 is a symplectic form on a Lie-Rinehart algebra (G, p, [, ]).

Conversely, assume that n is a symplectic form on a Lie-Rinehart algebra
(G,p,[,]), then dn = 0. From (5.4), [7,7|(z,y,z) = 0, for any x,y,z € Qk (A).
Thus 7 is Poisson 2-form. 0J
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If (G,p,[,],n) is a symplectic Lie-Rinehart algebra, then for any a,b € A, the

bracket

{a,b} = n (x4, 1) = [p(2a)] (b) = ad (a) (b)
satisfies [zq, 2] = 2(apy and 2 § {a, {b, c}} = (d,n) (@4, 25, z.) = 0. Therefore {, }
is a Poisson bracket and we get

7 (dajx (), dask (b)) =1 (d, (a) ,d, (b)) and d, o ¢ = ad. (5.5)

If (G,p,[,],n) is a symplectic Lie-Rinehart algebra, then map ¢ is a morphism
of Lie algebras and satisfies

(@) (z,y) =nl¢(z), 2 (y)] =7 (z,y)
for any =,y € Qg (A). Thus @*n = 7, that is ¢ is a morphism of Lie-Rinehart
algebras.
Acknowledgement. The auteurs thank the referee for the relevant sugges-
tions which have improved the document.
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