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ALGEBRAIC STRUCTURE OF PLENARY TRAIN ALGEBRAS
OF RANK 4

JOSEPH BAYARA'* AND SIAKA COULIBALY?

ABSTRACT. In this paper, we study plenary train algebras of rank 4 admitting
an idempotent. We obtain the Peirce decomposition of these algebras relative
to an idempotent and the product of the associated Peirce components. The
effect of changing an idempotent is discussed under the e-stability hypothesis.
We show that a back-crossing algebra is a plenary train algebra of rank 4 if and
only if it is a principal train algebra of rank 4. Finally, we study the particular
case of monogenic back-crossing train algebras.

1. INTRODUCTION

In the theory of non-associative algebras, the study of genetic phenomena has
led researchers to introduce the notions of baric algebras, train and special train
algebras ([3, 1]). We distinguish the principal train algebras and the plenary train
algebras. In this paper, K denotes an infinite field of characteristic different from
2 and A is a commutative K-algebra.

If there exists a non-zero morphism of K-algebras w : A — K, we say that
(A,w) is a baric algebra. The principal powers of an element x in A are defined
inductively by 2! = x and 2™ = 2" "'z Vn > 2. We also define the plenary powers
of an element z of the algebra A by z!!! = 2 and 2" = gz~ vp > 2,

If x is an element of A, then the scalar w(x) is called the weight of . An
element e of A is said to be an idempotent if €2 = e # 0. We denote by H the
set of elements of weight 1 and Ip(A) the set of the idempotents elements of A.

In [6], H. Guzzo examines commutative principal train algebras of rank n. In
[7], A. Suazo and A. Labra study the conditions of existence of an idempotent
in plenary train algebras of rank 4. An algebra (A,w) is called a plenary train
algebra of rank n if there exists scalars aq, -+, a,_1 in K such that for all x € A

2 = o, (@) e 4 apw (@) 2+ () e (1.1)
where S0 oy =1 [2].

In this paper, we study the algebraic structure of plenary train algebras of

rank 4. We get a Peirce decomposition and a multiplication table for the Peirce
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components of this decomposition. Moreover, if the algebra A satisfied the iden-
tity (22 —w(z)z)® = 0, we show that it is a principal train algebra of rank 4
with principal train roots 1, A1, Ay if and only if A is a plenary train algebra of
rank 4 with plenary train roots 1,2A1, 2)\y. We examine the effect of changing an
idempotent. We conclude by studying the particular case of back-crossing train
algebras generated by one element.

2. PRELIMINARIES

Lemma 2.1 ([5], Lemma 2). Let (A,w) be a baric algebra and p(x) a commutative
polynomial of degree r. Then the following assertions are equivalent:

(i) p(z) =0 for any element x in H;

(i) p(z) := w(z)"p(w(z)~tz) =0 for any element x in A.

Definition 2.2. We say that (A,w) is a plenary train algebra of rank 4 if it
satisfies the identity

2 = aw(@) 2 + fw(x)52? + yw(x)x, (2.1)
with «, 8,7 € K such that a + 3 +~v = 1.

Theorem 2.3 ([5], Main Theorem). Let (A,w) be a plenary train algebra sat-
isfying (2.1). If2—a+~v # 0 and (8 — 1)(y — 1) # 0 then A contains an
idempotent.

Example 2.4. Let A be a commutative R-algebra of dimension 3 and {e, ¢, u}
be a basis of A in which the non-zero products are as follows:

e’ =e+t, et = 1t eu = —lu.
’ 2" 2
We define a non-zero homomorphism w : A — R, by w(e) = 1 and w(t) =
w(u) = 0. Let x = e+ at + bu, a,b € R be an element of weight 1 in A. Then we
have the plenary powers of z: 22l = e+ (1 +a)t — bu, 2l = e + (24 a)t + bu and
7 = e 4 (3 +a)t — bu. The following identity, 2 = 2B 4 2 — 2[1 " is satisfied.
Thus (A,w) is a plenary train algebra satisfying (2.1) for (o, 8,7v) = (1,1, —-1).
Besides, we have 2—a+~y =0and (f—1)(y—1) = 0. Taking y = e+t +u, then
{yt, 4 4B} is an independent vector family. Thus (A,w) is a plenary train
algebra of rank 4 [3]. It is easily verified that A does not contain any idempotent.

Remark 2.5. In [7], the example given is a plenary train algebra of rank 3. We
1
can observe that the identities (22 — w(x)z)? = 0 and 2* — w(z)2® — Zw(:ﬂ)2x2 +

1
Zw(:c)?’x = 0 are valid for our example.

By partial linearizations of (2.1), we obtain the following identities:
8(2%2%) (2°(zy)) = daw(z’y)z’2* + dow(z) 2 (zy) + 68w(z’y)2”

+ 26w (x)Sy + Tyw(a®y)z + yw(z)Ty (2.2)
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32(2%(22)) (2 (zy)) + 16(2*2?) ((z2)(zy)) + 8(2*2?) (z*(2y))
= Raw(2?zy)r?z? + 160w (x’y)z? (22) + 16aw (2’ 2)z* (zy)
+ 8aw () (z2) (zy) + 4aw(z) 22 (2y) + 30Bw(xzy)x? (2.3)
+ 12Bw(2’y)rz + 12Bw(2’2)ry + 2Bw(x)’yz
+ 42yw(z’y2)z + Tyw(2’y) 2z + Tyw(2%2)y

64 ((xt)(22)) (2°(zy)) + 64((xt)(zy )( xz)) + 32(2*(t2)) (2% (zy))
+ 32(2”(z2)) (2% (ty)) + 64 (2*(xt)) ((z2)(zy)) + 16(z°2?) ((t2)(zy))
+16(2°2%) ((z2)(ty)) + 32(2*(at)) (z*( )+16( 2?) ((xt)(2y))
= 2daw(rtzy)z’x® + 48aw(r?2y)z? (xt) + 48aw( *ty)a®(xz)
+ 320w (2y) (at) (z2) + 16aw(x’y)2® (t2) + 48aw(x*tz)z? (1Y)
+ 320w (2 2) (xt) (zy) + 160w(x32)2*(ty) + 320w (2’t)(22)(zy)
+ 8aw () (t2) (zy) + 8aw(z)(z2) (ty) + 16aw(x*t)x*(2y)
+ 8aw(z)*(zt) (zy) + 1208w (z’tzy)x? + 608w (z*2y)xt + 608w (z ty)rz
+ 12Bw(x’y)tz + 60Bw(x*tz)zy + 12Bw(x®2)ty + 128w (2 t)yz
+ 210w (xttyz)x + 42yw(x’y2)t + 42yw(25ty)z 4+ 42yw(z’t2)y

3. PEIRCE’S DECOMPOSITION

Let e be an idempotent element of A. For all y € kerw and x = e in (2.2),
P(L.)(y) = 0 with P = 8X® — 4aX? — 28X — 4. The polynomial P can be
written P = (2X — 1)Q with Q = 4X? + 2(1 — a)X + 7. In some convenable
extension of K, QQ = 4(X —r)(X — s) with r, s in the extension, o = 1 4 2r + 2s,
= —=2(r+s+2rs) and v = 4rs. We assume throughout that the polynomial @
is split on the field K.

Theorem 3.1. If e is an idempotent element of A and if the scalars 1/2,r and s
are mutually different, then we have the Peirce decomposition of A attached to e:

A=Ke® Ayja(e) ® Ay(e) @ Agle),
where A,(e) = {x € kerw|ex = px}. Moreover

{ Aippe)? CA(e)a

@ As(e) ifr=0,
A, (e) ® Ag(e) if 2r +1 =0,
Aiple) @ Ar(e) if2r* —s=0,
0 if r(2r2 — 8)(2r + 1) # 0;

(3.2)
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Al/g(e) D Ar(e) ZfS = O,
A, (e) ® Ag(e) if 2s+1=0,

A €N UL (o) @ Ayle) if 25 — 7 =0, (3.3)
0 if 5(28% — 1) (25 + 1) # 0;
A.(e) ® Ag(e) zf drs —1 =0,
CCRICEE s S E kI A 34
0 if rs(drs — 1) # 0.

These inclusions are called Peirce’s dictionary of A.
Proof. Take x = e and v, z in kerw. By using (2.3), we have
16(e(ez))(e(ey)) + 8e((ez)(ey)) + de(e(zy)) = da(ez)(ey) + 2ae(zy) + Bzy (3.5)
Let y € A,(e) and z € As(e) with p, 0 € {1/2,7,s} in (3.5). We obtain
de(eyz) + (8ud — 2a)e(yz) + (16p*6* — 4uda — B)yz = 0.

Let yz = (y2)1/2 + (y2), + (yz)s be the decomposition of yz in A. The previous
identity become

Cuya(p, 0)(y2) 172 + Cr(p, 6)(y2)r + Csp, 0)(y2)s = 0, (3.6)
with

Cija(p,0) = 16426 — dpdor — B+ 14 4pd — «,

Cr(p,0) = 16p20% — 4uda — B+ 4r? + (8ud — 2a)r,

Cs(p,0) = 16p20% — 4uda — B+ 4s* + (8ud — 2a)s.

From (3.6) we observe that C.(p,0) # 0 led (yz), = 0 for all 7 € {1/2,r, s}.
It is know that « = 1+ 2r +2s, § = —2(r + s+ 2rs) and v = 4rs. The previous
system becomes

C2(1/2,1/2) = (2r—1)(2s —1),
C.(1/2,7) = 2(2r—1)(r—ys), (3.7)
Cs(1/2,5) = 2(2s—1)(s—r).

As the scalars 1/2,r and s are two by two distinct then the coefficients of (3.7)
are all non-zero. So, (3.1) is satisfied.
We consider the system:

Cija(r,r) = 4r(2r —1)(2r* —s),
C.(r,r) = 22r —1)(2r +1)(2r* — s),
Cs(r,r) = 2r(2r —1)*(2r +1).

The relations (3.2) result from this. The relations (3.3) are similarly obtained.
Finally, the following system gives us the inclusions (3.4).

Cija(r,s) = 4rs(2r —1)(2s — 1,
Cr(r,s) = 2s(2r —1)(4rs —1),
Cs(r,s) = 2r(2s—1)(4rs—1).
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Corollary 3.2. Ifrs(2r+1)(2s+1)(2r* —s)(2s* —r)(4rs — 1) # 0 then (A.(e) ®
Ay(e))? =0.

For x = e and y, z,t € kerw, the identity (2.4) give the following one:

8((675)( 2)) (e(ey)) + 8((et)(ey)) (e(ez)) + 8(e(et)) ((e2)(ey))
+4(e(ez)) (e(ty)) + 4(e(tz)) (eley)) + 4(e(et)) (e(zy))
+ 2e((e2)(ty)) + 2e((t2)(ey)) + 2e((et)(zy))
=al(tz)(ey) + (ez)(ty) + (et)(zy)]

Proposition 3.3. If the characteristic of K is different from 3 then for all z1/, €
Al/Q(e).'

(i) (r+ s)xi’/g - Il/g(el’%m) — e:z::{’/g =0;

(ii) [(1—28)z1p2(2?p)r + (1 = 2)71/2(27 )], = O

Proof. We take y = z =t = w15 in (3.8), because the field is of characteristic
different from 3, we obtain : (1 — a)zy, + 2(61’%/2)331/2 + 2ex} ), = 0. This last
identity give (i) because a = 1+2r+2s. Identity (ii) is an immediate consequence
of (i). O

Proposition 3.4. Assume that (A.(e) ® As(e))*> = 0. Then for all x1/2,x, and
x, respectively in Aqa(e), Ar(e) and Ag(e) we obtain the following identities:

(i) 2(7" - S)[(%/ﬂr)l/ﬂl/z]r + (27“ - 1)[(961/2$r)s$1/2]r =0,

2(s = 1)[(x1/225)1/2%1/2)s + (25 — 1)[(T1/25)rT1/2)s = 0;

(ii) 7(2r? = s)[(z1)22r) 2z )12 = 0 = r(4r? — 1)[(@1 )02, ) 20 ],
$(25% = r)[(@1/25)ws]172 = 0 = s(4s* — D)[(1/025) 3],/

(iii) rs(2r — 1)[(z1/22s)xr |12 + r5(25 — 1)[(T1/22,)Ts)1/2 = 0,
s(4rs — 1)[(z1/225) 2y ], = 0,
r(4rs — 1)[(@102r)xs)s = 0.

(iv) :c‘ll/Q = 0 if the characteristic of K is different from 3.

(3.8)

Proof. All the identities (i), (ii) and (iii) follow from (3.8) by an appropriate
choice of the variables y, z and t using Peirce’s dictionary of A. The linearization
of the identity (2.4) gives the following one:

vy, z,t) +yJ(z,t,2) + 2J(t, x,y) + tJ(2,y,2) =0 (3.9)
with z,y, z,t € Ay2(e) and J(a,b, c¢) = (ab)c+b(ca)+c(ab). Hence the result. O

Proposition 3.5. Assume that (A,(e) ® As(e))? =0. Then
(i) The baric algebra (A,w) is a principal train algebra of rank 3 and satisfies
= (1 + r)w(z)z? — rw(x)®x if and only if A.(e) # 0 and As(e) =0
(ii) The baric algebra (A,w) A is a principal train algebra of rank 3 and satis-
fies 28 = (1 + s)w(z)z? — sw(z)?x if and only if A.(e) =0 and A,(e) # 0;
(iii) The rank of A is 2 if and only if A.(e) =0 and As(e) =0

Proof. (i) Suppose that Ay(e) = 0. Let © = e + x1/2 + x,. Then 2* = e + z1)5 +
2x1/2$r+2rxr—l—x1/2, and 2% = e+ 210+ 2(1+7)xy o, +7(1+2r)z, + (1 +r)x§/2.
Therefore 23 = (1 + r)w(z)z? — rw(z)?x for all x € A. If A.(e) # 0 then for
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y = e + x, with z, # 0, the family {y, y*} of vectors is linearly independent. If
A,(e) =0 then A = Ke® Ajs(e). For any u € A;j5(e) we have u* = 0. So, for
r in H we have 22 = x, which is a contradiction. The assertion (ii) is similarly
proved. For (iii), if A.(e) = 0 and A,(e) = 0 then A = Ke @ Ay/(e). For any
u € Ajjo(e) we have u> = 0. So, for v =e+u € H wehave 2> =e+u=uz: A
is of rank 2. If A,(e) # 0 or As(e) # 0 then, from (i) or from (éi), the rank of A
is more than 3. O

Corollary 3.6. If (A.(e) ® As(e))? = 0 then the following assertions are equiva-
lent:

(i) The baric algebra (A,w) is of rank 4;
(ii) A,(e) # 0 and As(e) # 0.
4. CHANGE OF IDEMPOTENT

In this section the scalars 1/2, r, s are mutually different and (A, (e)® As(e))? =
0. We study the change of idempotent for Peirce’s decomposition under some
assumptions.

Definition 4.1. ([!]) We say that A is e-stable if
A1/2<€)AT-<€) C Al/Q(e) and Al/g(e)As(€> C Al/g(e).
Proposition 4.2. If A is e-stable then for all integer k, Ay (e)** C Ayja(e).

Proof. Tt is immediate for kK = 0. Assume the property to be true up to k > 1 :
Ajj2(€)?*71 C Ajja(e). Then from Theorem 3.1 we have A; 5(e)?* C A, (e)®As(e).
And the fact that A is e-stable we obtain Aj o(€)?*™ C A; 5(e). O

Lemma 4.3. If A is e-stable, then for any x1/2, x, and x4 respectively in A;5(e),
A,(e) and Ag(e):

[#1/2(21 2] = 0, (4.1)
[I1/2($1/2$s)s] = 0.
Proof. We use the identity (ii) of Proposition 3.4. O
Proposition 4.4. If A is e-stable then the set of idempotent is
IL(A) = {e4+z10+ (1 —2r) " (212)2 + (1 — 28) " (21)2)2, 2172 € A1 ja(e) }.

Proof. Let ¢ = e+ x1/9 + 2, + x5 be an idempotent of A. then

z, = (1- 27’)_1(3:1/2)72"
?=¢ = zy=(1-2s)"(w12)?
SL’l/QIr + T1/2Ts = 0.

Indeed, x1)0m, + 1025 = (1 — 2r) " (@1)2)701 0%, + (1 — 25) 7 (21/2) 201025 = 0
by using (ii) of Proposition 3.3. OJ

Let ¢’ be an idempotent of A, then A = Ke' @ A;5(e) @ A (€') ® As(e).
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Proposition 4.5. Let A be e-stable, ¢’ = e+u+(1—2r)"1(u?),+(1—2s)
an idempotent, where u € Ay s(e) such as for allx € A.(e)®As(e), u(u(u(ux))) =
0. Then we have

Ay {.Tl/g +2(1—2r)" (U.Tl/g)r +2(1 - 23)*1(uxl/2)s, T1/2 € A1/2(€>},
A(e :{a:,, —2(1 = 2r) tux, — 2(1 = 2r) M (r — ) tu(uz,)
+4(1—2r)7 (1 = 25)7 (r — 5) u(u(uz,)), z, € As(e)},
A(e) ={zs —2(1 = 25) tua, — 2(1 — 25) "' (s — ) u(uay)
+4(1—2r)7 (1 = 25) (s — ) u(u(uz,)), zs € As(e)}.

Proof. Suppose A is e-stable, then the identity (ii) of Proposition 3.3 is equivalent
to

(1= 29)(a3 )y + (L~ 20)(ad o) = 0. (4.3
Linearising (4.3) and multiplying by (1 — 2r)~'(1 — 2s)™!, we obtain that

(1— 27‘)_1[@1/2)291/2 + (T1/2Y1/2)rT1/2]
+(1 - 23)_1[(x1/2)§yl/2 + 2($1/2y1/2)s$1/2] = 0.

We know that if A is e—stable then for all u € Ajjs(e), € = e+ u+ (1 —

2r) 1 (u?), + (1 — 2s)"'(u?)s is an idempotent. Let © = x1/2 + . + x5 be an

element of A such that ) € Ay(¢') with A € {1/2,7,s}; then ¢z = Az if and

only if (edu-+(1—2r) " (u?),+(1—25) "1 (u?)s) (T1/2+ T +35) = ATy 2+ A2y + Ay
We obtain the following system:

(4.4)

(% — A) zijo + (1= 2r) 7 (u?), + (1 — 28) 7 (u?),)) 212 + uz, +uzs, = 0

(r =Nz, + (uz12), = 0
(s = Nas + (uzi2)s = 0.

So, for A = 1/2, we have
zr = 2(1 = 2r) " Huzy /o), and x5 = 2(1 — 25) " (uzy/2)s.
Using (4.4) and replacing y1/2 by 212 and x5 by u, we obtain.

(1 =2r)" ()12 + (1 — 28) 7 (u?) 512
+2(1 = 2r) 'u(uzy ), +2(1 — 28) Mu(uayje)s = 0
So,
Ay (e {x1/2 + (1 —2r)" (U131/2)r + (1 - 23)’1(ux1/2)3, Ty € Al/Q(e)}.
For A = r we have (ux1/2), =0, (s — 1)z + (ux1/2)s = 0 and

2
From (4.4) we obtain,

(1=2r)" (W), m1 2 + (1 — 28) 7 (u?) 512 = —2(1 — 28) " u(uwy o).

1
(— — r) T1/9 + (1 — 2r)_1(u2)Tx1/2 +(1- 25)_1(u2)sx1/2 +uz, +uxs = 0.
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Therefore

1
(5 — T‘) Tij2 — 2(1 — 28)71U(U$1/2) +Uur, +urg = 0.

1

Because (1 — s)z, = uxis, we get z, = 2(1 —2r)" (s — r)'u(uz,) and uz, =

(r — s)'u(uwy2). We obtain

(% - ) 212+ (1 20)(1 = 28)7 (r — ) (s o) + uz, = 0.

By Lemma 4.3, we have [u(uz,)], = 0 and [u(u(uz1/2))]s = 0. Then

1
(5 = 7“) ux1/2 + u(ux,) = 0.

So, uxy s = —2(1—2r) tu(uz,) and u(uzjs) = —2(1—2r) 'u(u(uxz,)). Then we
have

(% _ r) 21y +2(1 - 25)7 (s — ) u(ulua,)) + uz, =0,

and 212 = 4(1 —2r)71(1 — 28) Y (r — s) Mu(u(uz,)) — 2(1 — 2r) " tuz,. Moreover,
since for all x € A,(e) ® As(e), u(u(u(ux))) = 0, we have (uzi/2), = 0.
So,

v =z, —2(1 —2r) tuz, — 2(1 —2r)"H(r — s) tu(uz,)
+4(1 —2r)7H (1 —28) " (r — s) ru(u(ux,)).
We conclude that
A(e) ={z, —2(1 = 2r) uz, — 2(1 — 2r) ' (r — 5) " Mu(uz,)
+4(1—2r)"" (1 =25) " (r — ) u(uluz,)), z, € A.(e)}.
The subspace Ag(€') is obtained in the same way. O

Proposition 4.6. Let A be a finite-dimensional e-stable algebra. Then the di-
mensions of the subspaces of Peirce’s decomposition of A are independent of the
choice of the idempotent.

Proof. We consider the following maps : ¢y : Ax(e) — Ax(€), x\ — 2},
A€ {1/2,r,s}. We observe that these are bijective linear maps. O

Proposition 4.7. If rs(2r + 1)(2s 4+ 1)(2r* — s)(2s> — r)(4rs — 1) # 0 and
Aija(e) =0 then (A,w) is a principal train algebra of rank 4 and satisfies

vt = (147 + s)w(x)z® — (r+ s+ rs)w(z)?2? + rsw(z)’s.
In addition e is the only idempotent of A.

Proof. By Corollary 3.2, we know that (A,(e) ® As(e))? = 0. For x = e+, + x4,
we have 2% = e + 2rz, + 2sw5, 2° = e + (1 + 2r?)z, + (s + 28%)x,, ' = e+ (r +
r? 4+ 2r®)z, + (s + s + 25%)z,. The result follows. O
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5. A SUBCLASS

In this section, we are interested in the subclass of algebras verifying the iden-
tity (22 — w(x)z)? = 0. These algebras are called back-crossing algebras [0].

Proposition 5.1. Let (A,w) be a weighted algebra verifying (v — w(z)z)* = 0.
Then A satisfies the identity (2.1) if and only if A satisfies the following principal
train identity of rank 4 :

1

R %(1 + a)w(x)a® + i(l + B — a)w(r)’z® + Zyw(m)%. (5.1)

Proof. Using the identity (2 — w(x)x)? =0 on H. We obtain
v?r? = 22° — 22, (5.2)
22°(zy) = 2° + 2x(xy) + 2%y — 2 — 1Y, (5.3)

A(zy)(r2) + 22% (yz) =2x(x2) + 2°2 + 22(2y) + 2%y

+2[(zy)z + (z2)y + (yz)x] (5.4)

—a? — 2xz — 22y — y2.
From (5.2), 2B = 22% — 22, From (5.3) and (5.4), 2%2® = 2* 4+ 2° — 22 and
3% = 22% — 22, So, 2 = (22° — 22)% = 42 — 22° — 2. Replacing 2% et 21 in
(2.1), we obtain (5.1). O]

Corollary 5.2. If A satisfies (% —w(x)x)? = 0 then the following properties are
equivalents :

(i) A is a principal train algebra of rank 4 and principal train roots 1, A1, Aa;
(ii) A is a plenary train algebra of rank 4 and plenary train roots 1,2A1, 2.

Proof. We note P; the principal train polynomial and P, the plenary one. Using
(2.1) and (5.1), we know that 0 and 1 are roots of P, and P,. We get so, P, (X) =
X (X —1)hi(X) and Pp(X) = X (X —1)ho(X) with by (X) = 4X2+2(1—a) X +~
and hy(X) = X?+ (1 — a)X + 7. Let us observe that hy(X) = he(2X). O

Proposition 5.3. Let K be an infinite field. The algebra A = Ke @ A;j2(e) @

A, (e) @& As(e) satisfies the identity (552 — w(x)x)2 = 0 if and only if the following
identities are satisfied:

Proof. Assume that (x2 — w(:c)a:)2 = 0. Then, for x = e+ Az, A € K, we have
(2% — w(x)x)? = 0. Then N?(2r — 1)%22 + 2(2r — 1)A\323 + A\ (22)? = 0 for all
A € K. We conclude that 22 = 0 and A,(e)? = 0.

By the same way we obtain A,(e)? =
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For r = e + Az, + 0z, \,0 € K we have (2* — w(z)x)? = 0. Thus (2r —
1)(2s — DAz, + 20202 (x25)* + 2(2r — D)ANdz, - (T025) + 2(25 — DNy (2025) = 0
VA, 6 € K. Therefore z,z5 = 0. So (A,(e) + Ay(e))? = 0.

Let v = e+ Axy)g + 02, + 725, A\, 0,7 € K.

(2% — w(z)x)® = (2r — DA (2122 ) T, + 2(25 — D)AT? (21 /225) T
+4(25 — 1)AOT (21027 )05 4 4(2r — 1)ANOT (21 /275) 2,
+ 4)\252(x1/2:nr)2 + 4)\272(931/2:v8)2
+ 4)\35(.%1/21’7«)35%/2 + 4)\3T(x1/2335)w%/2 =0.

This calculation completes the proof. Ol
Proposition 5.4. If 2 — a + v # 0 then the set of idempotents of A is
Ip(A) ={(2—a+7)""(2¢° — ad® +7a) |a € A,w(a) =1}.

Proof. Let a € A with w(a) =1 and e, = (2— 04—{—7) 1(2a® — aa® +va). We have
ea = a+(2—a+7)2(a®—a) —ala*—a)]. Then €2 = a*+2(2—a+~) 2(a* —

1
a?) — a(a® — a?)]. From Proposition 5.1, a* = 5(1 +a)ad + Z(l + B —a)a®+ 1%
So €2 = e,. Finally, if a is an idempotent then e, = a. O

Proposition 5.5. Let a € H and Kla] be the subalgebra of A generated by a.
We suppose 2 —a+~ # 0 and K|a] is a train algebra of rank 4. Then the Peirce
decomposition of K[a] attached to its unique idempotent e, = (2 —a+)~(2a> —
aa® + ya) satisfy:

K[a]1/2 = 0,
Kla)], = (a* — (1 + s)a® + sa),
Kla], = (a® — (14 7)a® + ra),
(Kla], @ K[a],)* = 0.
Proof. We know that « = 14 2r 4+ 25,6 = —2(r + s + 2rs),y = 4rs. So,

y—a+2=(1-2r)(1-2s). Let e, = (2 — a+ )" }(2a* — aa® + va) be an

idempotent of K[a] and z = na® +m20> — (91 +12)a € kerw, 11,72 € K. We have

eax = m(a* — a®) + ny(a® — a®). From Proposition 5.1 we have

1 1 1
at = 5(1 +a)a® + Z(l +B—a)a* + 1%
1 1 1
at —a? = 5(1 +a)a® + Z(_B + B — a)a® + 1a

;(1+a)(a —CL)Jr1 —3+ 3 —a)(a® —a).

i
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So,
eor = m(a* — a®) + ma(a® — a®)
= 501+ a)(@ —a) + 1(=3+ 5 — 0)(a® — )] + ma(a® — a?)
= S+ @)@~ a) + (34— 0)(a” — a) + ma(a’ — a?)
= [m(1+a) + ] (@~ a) + [gm(=3+ 6 — ) ~ m](@® ~ a)

For z in K|[a|, we have:
eat = Almi(a® — a) +1p(a® — a)].
Since K[a] is train of rank 4, the family {a,a? a®} is independent and we can

consider the following system :

1
5771(1 +a) +mn = A1

1
1771(—3 +B—a)—m =An.

For A = 1/2 we have

o
2 = —5771
(3 —2a—B)m =0.

3—2a—fF=3-2a—1+a+y=2—a+vy#0. Weobtain n; = 0 and 1y = 0.
Therefore Ka]; /2 = 0.
For A = r we have

1

gml+a)+m  =rp
1
“m(=3+B8—a)—n =rnp.

4

1

gmlt+a)tm=rm= 1+s)m+mp=0=mn=—-(1+s)n.
We obtain 2 = n1(a® — a) + m2(a® — a) = m[(a® — a) — (1 + s)(a® — a)].
Therefore

Kla], = {a® — (1 4 s)a® + sa).
By the same way,
Kla], = (a® — (1 +1)a® + ra).
0
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