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ON CONSECUTIVE PERFECT POWERS AND FRACTIONAL
PARTS

RAFAEL JAKIMCZUK! *

ABSTRACT. We obtain various formulae where consecutive perfect powers and
fractional parts appear.

1. INTRODUCTION AND MAIN RESULTS

A positive integer of the form m™ where m and n > 2 are positive integers is
called a perfect power. In contrary case the positive integer is called a not perfect
power. The integer m is called basis of the perfect power and the integer n is
called exponent of the perfect power. The first few terms of the integer sequence
of perfect powers are

1,4,8,9,16,25,27,32, 36,49, 64, 81,100, 121, 125, 128, . ..

The n-th perfect power will be denoted P,.
Let us consider the prime factorization of a positive integer m > 1.

mo=pypyt P,
where py, po, ..., p, are the different primes and ay, as, ..., a, are the exponents.
The integer m is a perfect power if and only if ged(ay, ag, ..., a,) > 1. Therefore,
if m is a perfect power then
m = py'py’ -y = A%,

T

where A is not a perfect power and s = ged(aq, as, .. .,a,) > 1. The integer A > 1
will be called principal basis of the perfect power m and the integer s > 1 will be
called principal exponent of the perfect power m.

Consequently we shall write P,, = AS* where A,, is the principal basis and s,
is the principal exponent. For example P, = 64 = 26 = AJ}L.

Let A(n) be the number of perfect powers that are contained in the open
interval ((n — 1)%,n?), where n > 2 is a positive integer. It is well-known that
A(n) = 0 for almost all intervals ((n — 1)%,n?), since we have the theorem (see

['])
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Theorem 1.1. Let us consider the n open intervals (0,1%),(1%,2%),...,((n —
1)2,n?). Let S(n) be the number of intervals that contain some perfect power.
The following limit holds

lim M =0.

n—oo N

An open interval ((n — 1)%,n?) that contains some perfect power will be called

S; open interval. An closed interval [(n—1)% n?] that contains some perfect power
in its inner will be called S; closed interval. A S; closed interval [(n — 1), n?]
contains the perfect powers (n — 1)%, n? and at least another perfect power. For
example (see above), the intervals [2%,3%] and [5?, 6] are S closed intervals.

Theorem 1.2. The following inequality holds
dy =Py — Py <4y/Py <4y/Poi (0> np) (1.1)

Proof. 1t is well-known (see [2]) the inequality
dy = Py — P, < 2n = 2Vn2. (1.2)

On the other hand, it is well-known the asymptotic formula P, ~ n? (see [3]).
Hence

Vn? < 2,/P,. (1.3)

Equations (1.2) and (1.3) give (1.1). O
Theorem 1.3. The following formulae hold
7111_>n(>10(Ansn) = 00, (1.4)
1
log P, < (Aps,) < @\/Pn log P,, (1.5)

n

> (Aisi) ~ Py ~n?, (1.6)

=2

Tim (A, + s) = o0, (1.7)
lim (log A, + log s,,) = oo. (1.8)
n—oo

Proof. We have the inequality log x < x. Therefore

A
s og A. og og (1.9)
On the other hand
log P, log P,
A,s, = PV 20 <\ /p, -2 1.10
° " logA, — log 2 ( )

Equations (1.9) and (1.10) give equation (1.5). Equation (1.4) is an immediate
consequence of (1.9).
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It is well-known the equation (see [1])

> e(P)b(P) ~ (1.11)

P<z
where P denotes a perfect power, e(P) is the principal exponent of P and b(P)
is the principal basis of P. If we replace x = P, into (1.11) then we obtain (1.6).
Equation (1.8) is an immediate consequence of equation (1.4) and equation
(1.7) is an immediate consequence of equation (1.8). O

Theorem 1.4. Let a > 2 an arbitrary but fized positive integer. Let us consider
the closed interval [k?, (k+1)?] (k > 3). The number of perfect powers, with basis
a, that are contained in this interval is either 0 or 1.

Proof. We have (mean value Theorem)
2log(lc +1) 210gk 2 2 1

log(k +1) —logk) < -
(log(k + 1) — log )_10g2k’+6(k)

log a loga loga
2 1 2 1
- < =<1,
log2k — log23
where 0 < ¢(k) < 1.

Suppose that the closed interval [k%.(k + 1)?] contains two different perfect
powers a™ and a"2. We have

B <a<a?< (k+1)2

(1.12)

That is
2logk < hyloga < hyloga < 2log(k + 1).
That is
212?2 <h <hy < 2%.
Therefore

210g(k:+ 1 2logk >
log a log a

1, (1.13)
since h; and hy are different positive integers. Equation (1.13) is an evident

contradiction (see equation (1.12)). O

Theorem 1.5. Let h > 3 an arbitrary but fixed positive integer. Let us consider
the closed interval [k?, (k + 1)%] (k > 2). The number of h-th perfect powers that
are contained in this interval is either 0 or 1.

Proof. We have (mean value Theorem)
@+anm%:%w+deW1g§@w@1<1(kzm (h > 31.14)

where 0 < (k) < 1.
Suppose that the closed interval [k%.(k+1)?] contains two different h-th perfect
powers s" and r". Hence we have

k2 < s <t < (k+1)2
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Therefore
Ph<s<r< (k + 1)2/h
and consequently
(k412" —k¥h > — 5> 1,

since r and s are different positive integers. This is an evident contradiction (see

equation (1.14)). O
Theorem 1.6. If the Sy open interval (k?,(k + 1)) contains t > 1 differ-
ent perfect powers mil“, mé”, e m?t, where my, Mo, ..., my are the basis and
hi,ha, ..., hy are the exponents, then the exponents are odd numbers and if t > 2
then ged(h;, hj) =1, (i #j), i=1,2,...,t), (j =1,2,...,1).

Proof. Tt is an immediate consequence of Theorem 1.5. 0

Theorem 1.7. If the Sy closed interval [m}° = k2, (k + 1)? = m?ﬁl] contains
t+2 > 3 different perfect powers m{® = k* <ml* <ml> < ... <ml* < (k+1)2 =
mffll, where mqg, my, Ma, ..., My, M1 are the basis and hg, hi, ha, ..., hy, hip1 are

the exponents, then

m;t (i=1,2,...,t+1)
18 not an integer.
hy
Proof. If m° = e;, where e; > 1 is an integer, then m’fl = eM where e" is

a square. This is impossible, since k? and (k + 1)? are consecutive squares. If
hy
m;"" = e (i = 2,...,t+ 1), where ¢; > 1 is an integer, then m!" = e

and consequently the closed interval contains two perfect powers with the same

exponent odd h;_;, namely m?ﬁ‘f and e-1. This is impossible by Theorem

1.6. 0J

ho

hi—1
9

Theorem 1.8. Suppose that the consecutive perfect powers P, = A and P, 1 =
APt are contained in a Sy closed interval. The following formulae hold

n+1
Sn41
A, = LAni"l J , (1.15)
Snt110g Api
g = | 2 TR 1.1
° L log A, J (1.16)
Proof. We have
Arm < Ayt (1.17)
That is
Sn+41
An <A

Consequently (see Theorem 1.7)

Sn+1 Sntl

An < {Aninl J <A0
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Suppose that

Sn+1 Sn+1
A, < {Anfﬁ J <A (1.18)
Equation (1.18) gives
Sp+1 | Sn
A < {Anfﬁl J < Ay (1.19)

Consequently A» and Af[ff are not consecutive, an evident contradiction. There-
fore equation (1.15) is proved.
Equation (1.17) gives

Spy1log Apya

o log A,
Note that % is not an integer (see Theorem 1.4). Therefore we have
6 < Snt1log Ay Snt1log Ay
" logd, | log A,
Suppose that
s, < Sn+1108 Apt1 Sn+1108 Apt1 (1_20)
log A, | log A,

Equation (1.20) gives
LS7L+1105A7L+1J
Asm < Ay BT < APt

n+1 -
Consequently A" and A" are not consecutive, an evident contradiction. There-

fore equation (1.16) is proved. O
Now, we put
Sn41 Sn41 Sn41
Sntl
That is, 0 < €, < 1 is the fractional part of A7 .

Lemma 1.9. If b, is a bounded sequence of real numbers, that is, there exists
K > 0 such that |b,| < K and a, is a sequence of real numbers such that a,, — 0,
then we have the following formula

(1+a,)" =14 bua, + o(bpay) = 1+ bya,(1+o(1)). (1.22)

If b, is a bounded sequence of real numbers, bn%l s also a bounded sequence of
real numbers and a, is a sequence of real numbers such that a, — 0, then we
have the following formula

(1+a,)" = 1+baay+

balbn = 1) 5 (balba—1) ,
5 an—iro( 2 a,

= 1+ bya, + wai(l +0(1)). (1.23)
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Proof. We have the Taylor’s formulae
log(1+4+z) =2+ o(z) (x — 0),
e =14+x+o(z) (x — 0).
Therefore we have

(14 a,) = exp(bylog(l+ ay)) = exp(by(a, + o(a,))) = exp(bpan(1 + o(1)))
1+ bpa,(1+0(1)) + o(byan(l 4+ 0(1))) =1 + bya, + o(byay,).

Consequently the first formula is proved.
We have the Taylor’s formulae

2
log(1 + x) :x—%+o(:€2) (x — 0),
72
em:1+x+5+0(x2) (z — 0).
Therefore we have
2

(L+an)™ = exp(bylog(1 +a,)) = exp(bu(an — 5 +o(a2))
2 b2 (q. — 9n 2Y)2
= 1 by(a, - 2 ofa)) 4 T 2 £ )

2
+ obi(an — T +0(a2))) = 1+ bulan — 5 +ofa2))

V]

b? b b?
+ E”ai(l +0(1)) + o(b2aZ(1 + o(1))) = 1 + bya, — gai + E"ai
b, (b, — 1
+ o(bpa?) =14 bpa, + n n2 )ai + o(bpa?) = 1+ bay,
b, (b, — 1 2 by(b,—1
+ —< 5 )ai O(bn—l ( 5 )ai):1+bnan
by (b, — 1
+ %ai(l + o(1)).
Consequently the second formula is proved. O

Theorem 1.10. Suppose that the consecutive perfect powers P, = A* and

Py = A are contained in a Sy closed interval. The following formulae

hold
Ay d, 1/1 A, [ dy \?
= — - —=1]— 1 1)). 1.24
=t (o) 2 () aom) (124)
ATL dn

L 1.25

o S (1.25)

dp ~ 5, A5 e, (1.26)

0<e, < T ($n, > 3). (1.27)
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lim €, =0 (sn > 3). (1.28)

n—oo

Proof. We have (see (1.21), (1.23) and (1.1))

1

Sn+1 1 dTL Sn
An - An—s&-nl —€p = (Afzn—{_dn)S" _en:An (1+AS”) —€p

1 d 11 /1 d \2
= A1+t ! ") (1+0(1) | —en
" ( * Sn A%n + 2Sn (811 ) (A%n) ( + 0( ))) €n

That is, equation (1.24). Equation (1.25) is a weak consequence of equation (1.24)
and equation (1.26) is an immediate consequence of equation (1.25).
Equation (1.26) and equation (1.1) give
1 sn
§snA;n—1en <d, <44; . (1.29)
Equation (1.29) gives

oo sAd 8 8 8 :
En = n _= Z =
SnAflnil SnAgil SnA'rTTn_l (SnAn)l/Z(Sn)l/z(An)tn/2

1.30)

Consequently equation (1.27) is proved. On the other hand we have (see (1.4))

lim ((snAn)l/Q(sn)1/2(An)t"/Q) = 00, (1.31)
n— o0
since (s,)"/? > 1 and (A,)"/? > 1. Equations (1.30) and (1.31) give equation
(1.28). O

Theorem 1.11. Suppose that the consecutive perfect powers P, = A and
Py = A are contained in a Sy closed interval. Let us consider the func-
tion f(x) = x'/*". We have

en = f(an)d, (Po=A <an, < Py =A)H). (1.32)
Besides
f'lan) = gn) f'(P) = g(n) f' (A7), (1.33)
where lim,, o, g(n) =1 and
lim f'(a,) = lim f'(AJ") = 0. (1.34)
n—oo n—oo
Also, in the interval [P, P,11] the greatest derivative is
1
"(P,) = f(A%) = ——— 1.
PP = A7) = iy (1.35)
and the least derivative is
Smt1 1
f(Paia) = (AT = h(")ma (1.36)
where h(n) — 1.
Let B, = a,, — P,,. We have
d,
By~ 2 (1.37)

2
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Besides
Py 1
/ (:L“l/m — An) dx ~ iendn. (1.38)
Proof. We have (equation (1.21) and mean value Theorem )
Snt1
€n = Aninl - A= f (Af;rll) - f (Afzn> = f/<04n)dna (1-39)

where P, = Af* < o, < Poy1 = A7 Consequently equation (1.32) is proved.
On the other hand, equation (1.25) gives

—o 1 = 9() [ (A7) dy, (1.40)

where g(n) — 1.
Equation (1.33) is an immediate consequence of equations (1.39) and (1.40).
Equation (1.34) is an immediate consequence of equations (1.40) and (1.4).

Note that f'(z) = sixﬁ_l is a decreasing function, consequently the greatest
derivative in the interval [P,, P,.1] is
1
! . / Sn\ __
f(P")_ﬂA”)_snA—;n—l

and the least derivative is

f'(Bar) = FAN) =

1 1 d, _ h(n)
T s Ay P <_ (1 - s_) tog (1 - Azn)) T s Ay

where h(n) — 1, since (see (1.1))?,—2 =4 5 (0and 1— i is bounded. Therefore

equations (1.35) and (1.36) are proved.
Now, we have (see (1.32) and (1.22))

E_n _ ! ! _ i Sn Si—l _ i 1—sp 571 iil
= ) = PP ) = (A 8 = A (14 4
1 1 3
= —A7 1+ (——-1) -2 (1+o0(1
e (1 (5= 1) o))
A, 1 1 A, 1
= A + 5, (; — 1) ;A%sn(l +o(1)).
That is
A, d, 1 A, d,
€n = o A + Bn <—n — 1> o A2 (1+o0(1)). (1.41)
On the other hand, we have (see (1.24))
Avdy 1(1 An ((do )
€n = o A + 3 (; - 1) . (AL;‘L"> (1+o0(1)). (1.42)
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Equation (1.37) is an immediate consequence of (1.41) and (1.42).
Since f’(z) is decreasing the area (1.38) is between the areas of two triangles,
namely

I P Pn+1 ! P
(f( n;l)dn)dn </ (l‘l/m—An> dr < (f( n2)dn)dn (1.43)
Substituting (1.35), (1.36) and (1.26) into (1.43) we obtain (1.38). O

The former theorems have been established in terms of Aj». In the following

theorems we establish the theorems in terms of A,

Theorem 1.12. Suppose that the consecutive perfect powers P, = A and
Poi1 = A are contained in a Sy closed interval. We have following formulae

Apy1 = {AQ"HJ +1, (1.44)
sy log A,
pi = |22
St Log An+1 J "
Proof. The proof is the same as the proof of Theorem 1.8. O
Now, we put
Vo = A" — {AZ"“J : (1.45)

Sn

That is, 0 < 7, < 1 is the fractional part of A,"*".
Equations (1.44) and (1.45) give

Sn Sn

Appr = A+ (L= y,) = A" 4 an, (1.46)
where 0 < a, =1—7, <1

Theorem 1.13. Suppose that the consecutive perfect powers P, = A* and
Po1 = A are contained in a Sy closed interval. The following formulae

hold
Ay d, 1/ 1 A, d, \?
an = H Sntl o ( - 1) = ( Sn+1) (1 +O(1)>’
Sn1 Ayl 2 \Sn+1 Snr1 \ A,
An-‘,—l dn
an ~ Sn+1)
Sn+1 An—:_l
dy ~ Sp A, (1.47)
8
0<a,< S <8n+1 ZS),
8n+1An—ﬁ1
lim o, =0 (Snt1 > 3). (1.48)

n—o0

Proof. The proof is the same as the proof of Theorem 1.10. O
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Theorem 1.14. Suppose that the consecutive perfect powers P, = A and
P, = A are contained in a Sy closed interval. Let us consider the func-

n+1
tion g(x) = x'/*+1. We have
an = g (pin)dn (P, =A < pin < Pry1 = Afl’ff). (1.49)
Besides
9 () = j(n)g' (Puyr) = j(n)g' (A7), (1.50)
where lim,, o, j(n) =1 and
lim ¢'(p,) = lim ¢'(A4;"4) = 0. (1.51)
n—oo n—oo
Also, in the interval [P, P,11] the greatest derivative is
1
9(F) =g (A7) = h(n)————— (1.52)
Sn+1An+1

and the least derivative s

9(Por1) =9 (4) = ———71 (1.53)
5n+1An+1
where h(n) — 1.
Let 6,, = p, — P,. We have
dn
Op ~ —.
2
Besides
Pn+1 1 Sn 1
/ (x - Aﬁ"*l) dv ~ 5 andy.
Proof. The proof is the same as the proof of Theorem 1.11. O
Theorem 1.15. The following formulae hold
1 1
LT Sl (1.54)
(7% P;i-i_l . Pnsnﬁ
Sn+1 s )
Sn+1 Aninl Afln E_n Sn+1 An AnTl (1 55)
5n A;ﬁ szll Qi Sn Anp1 A '
€n  Sni1An A, log A, Sp1 o1 Spy 1
— ~ ~ A~ ——-  (1.56)

Oy, SnAn—i-l An—l—l log An—l—l Sn Sn A Sn+1
n

Proof. We have (see (1.21) and (1.46))

Snt+1 a1 1
e Ay — A, Pn =P

sn 1 1

&TL Sn+1 s Spa1
An+1 - Ann PniiLl — PnnJrl

Hence, equation (1.54) is proved.
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Now, we have (see Theorem 1.11 and Theorem 1.14)

f/(Pn-H)

f'(Bn)

e _ flan)dn _ f'(an)

g'(F) an g (pn)dn g (n)

Substituting (1.35), (1.36), (1.52) and (1.53) into (1.57) we obtain equation (1.5

We have (see (1.26) and (1.47))

(1.57)

).

g,(Pn—i—l) .

bt

d, f(n)s,As»"te, f(n)s, Asn A-te,
T d, g(n)sppr A an g(n)snpn AT AL L
where f(n) — 1 and g(n) — 1.
Now, P,y = A ~ P, = A% since P, ~ n? (see [3]). Besides, since
Af{fll ~ A" we obtain s,41log A1 ~ s,logA,. Consequently the first and

second equations are proved.
We have (see (1.46))

Sn Sn+1
A+ d, = <AZ”+1 + an) . (1.58)
Consequently (see (1.58), (1.22) and (1.26))
1
# Ssn Ssn dn m Ssn
oy = (Afl" —I—dn) sl — A" = A (1 + 1 > — A
= (1 Loy -t = AT D)
" Sni1 Apr " Sni1 Apr
Aﬁ"11 N i s AS"11
= n_ (] 1))=—"2"_¢(1 1
Sn+1 Afzn ( +0( )) Sn+1 An ‘ ( +O< ))
That is
€n Sn+1 1
Qp Sn A:L’lzil_
As we desired.
On the other hand, we have (see (1.21))
Sn41 Sn

Consequently (see (1.59), (1.22) and (1.47)), as in the former case we obtain

Sp41 - 1 Sni1 Sn4l
_ S n . s
e =A71 — (An+1 - dn) == S_An+n1 an(1+o(1)).
n
That is
Sn+1
QO Sn

As we desired.
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Remark 1.16. Using equations (1.21) and (1.46) the equation
P, =A< P = AH

can be written in the form

Sp41 Sn sn Sn+1

Theorem 1.17. We have the following formulae

Sp41 sn
S
An ~ An—s&-nl ) An-i-l ~ AT

Proof. We have (see (1.56))

Sn+1 An Sn+1 1
Y

S

SnAn+1 Sn Asr 1
n

n___
1+1

That is

Sn

An+1 ~ A;Ln+1-

The another formula is proved in the same way (see (1.56)).

Theorem 1.18. We have the following formulae

1 _1
Sn Sn+41
Anr—lx—l ~ Ann )

1 1
Sn Sn+1
Ay > A

Proof. 1f s,, > 3 then we have (see (1.21), (1.28) and (1.22))

1

1 Sntl sn1+1 1 €n e
Sn+1 sn _ Sn
A=A — e =Ayy [ 1——1
An+n1
L 1 € L 1 €,A
Sn n _ sn n
An+1 1- Sntl (1 + O<1)) — An+1 - Sntl
Sn+1 A Sn41 A sn
n+1 n+1
That is
1
1 . 1 e, A"
s Sn41 n<in41
Anil - An - S+l (1 + 0(1)) — 0
Sn+1 A sn

63

(1.60)

(1.61)

(1.62)

(1+0(1))

(1.63)
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On the other hand, if s, 41 > 3 then we have (see (1.46), (1.48) and (1.22))

1 1

a sm o 1 o sn
A:lﬁ-l = (A:Ln-!—I + O[n) = A;n-&-l 1 + 37;

A;LTH_I
1
- 1 1 n % 1 nAénJrl
— A 14— (14 o(1) ) = A+ =T (14 0(1))
Sn A;nJrl Sn A;n+l
That is
1
1 - 1 1 nA:Ln+1
A — Ay = =000 (4 6(1)) = 0. (1.64)

Sn A Sn+1
n

Equations (1.63) and (1.64) give equation (1.60) and equation (1.61) is an immedi-
ate consequence of equation (1.60). Equation (1.62) is an immediate consequence
of (1.63) and (1.64). 0

Now, we define two new fractional parts. Equation (1.16) give us the fractional
part

Sp+110g Apyy

0<d, = -8, < 1. 1.65
log A, ° ( )
On the other hand, the equation below equation (1.44) give us the fractional part
sn log A,
———— 41— Xn = Sny1
log Apy1 * X ot
Therefore, we have
0< 7y, =1 Sulog Ay (1.66)
n = — n = ST’L — . .
! XTI T og Ay
Theorem 1.19. The following formulae hold
d
Oy~ —— 1.67
Asnlog A, (167)
7}1—{& 5, =0, (1.68)
d, ~ A’"log A0, (1.69)
dn
Fyn ~ Sn 9 170)
A log Ay (
lim ~, =0, (1.71)
n—oo
dp ~ Ay log A1, (1.72)

On _ 08Ant1 | Sn (1.73)
Y log A, Sni1
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QnYn AnJrl
Y

1.74
e, AplogA,
e 1.
On Sp (1.75)
Qp - Apgrlog An+1, (1.76)
Tn Sn+1
Sn+110g Ani1
, ~ ont1 108 fAnt1 1.
s o 4. (1.77)
sp log A,
ot log Apt1 ( )
d 11 (d,\°
5, = n_ - ") (14 0(1)), 1.
Aslog A,  2log A, (A;;) (1+0(1)) (1.79)
= d” 412 LI (1+0(1)) (1.80)
"o Afffll log Apy1 - 2log Apia Affrll ' .
Proof. We have
Ay d,
yrie 1+ A — 1. (1.81)
Consequently
Spa110g A1 ~ s, log A,. (1.82)

Equation (1.82) give (1.77) and (1.78) (see (1.65) and (1.66)).
Note that if + — 0 then log(1 + z) ~ z and therefore equation (1.81) gives

tog (A0 Z g, 1 log A log A, = log ( 1+ il 1.83
og A = Spy1log A1 —splogA, =log [ 1+ Ao ~ yrs (1.83)
Equations (1.65), (1.66) and (1.83) give equations (1.67) and (1.70)(use also
(1.79)). Equations (1.68) and (1.69) are an immediate consequence of equation
(1.67). Equations (1.71) and (1.72) are an immediate consequence of equation
(1.70). Equation (1.73) is an immediate consequence of equations (1.65), (1.66)
and (1.82). Equation (1.74) is an immediate consequence of equations (1.73)
and (1.56). Equation (1.75) is an immediate consequence of equations (1.67) and
(1.25). Equation (1.76) is an immediate consequence of equation (1.70) and the
equation above of equation (1.47). Equation (1.65) can be written in the form
(see also (1.83))

1 Alnat 1 d
= 1 ntl ) — log (1 ' 1.84
On log A, og( Agn ) log A, og( + Afln) (1.84)

Now, if we use the more precise formula

log(1+2) — 7 — %3132(1 Fo(1),  (z—0)
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equation (1.84) gives (1.79). Equation (1.80) can be proved in the same way from
equation (1.66). If we wish more precise formulae than (1.79) and (1.80) we can
use a Taylor’s polynomial with more terms. O

Remark 1.20. The inequality (see equations (1.21), (1.46), (1.65) and (1.66))

n — Sn

can be written in the form (see Remark 1.16)

Sp, log A, sn log An
Sp41 (%—(%L) - sn - (IOglAgnil +'Yn)
A — e < (A 4 ay .
where the four fractional parts defined in this article appear.

Theorem 1.21. The following formulae hold

1 1 d?
dy — sp AP le, v = [1— — ) =2, 1.85
™ g ( sn) Asn (1.85)
1 1\ &
< —(1-——]-2<2 1.
=2 ( sn> A SN (1:50)
R P RV B _n_ (1.87)
n+143n4+1 n m 2 Sni AZTll, .
O<1 1 ! i <24 A (1.88)
— 2 Sna1) A T “ .
1 d?
dn — Al Anén ~—— s 1.89
o log 2 A (1.89)
1 d?
0< -2 <242 1.90
= 24 ~ T (1.90)
Sn+1 1 d721
1 d?
0< no <24 N\ (1.92)

T
Proof. If we multiply both sides of equation (1.24) by s, As»~! (see also equation
(1.26)) then we obtain equation (1.85). Equation (1.87) is proved in the same
way from the first and third equation in Theorem 1.13. Equations (1.69) and
(1.79) give equation (1.89) and equations (1.72) and (1.80) give equation (1.91).
Note that equation (1.1) can be written in the more precise way (the proof is
the same)

dy = Poiy — Py < (24 0)\/Py < (24 0)\/Por1s (1.93)

where € > 0 can be arbitrarily small if n is sufficiently large.
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Therefore
1 1\ & _1(2+06)P,
< —-11—-— < <2
where \; is a positive number. Equatlon (1.86) is proved. Equations (1.88),
(1.90) and (1.92) can be proved in the same way from equation (1.93). O

Lemma 1.22. We have A(n) = 1 for infinite values of n. That is, there are
infinite S closed intervals with only one perfect power in their inner.

Proof. This lemma is proved in [2]. O
Lemma 1.23. There exists a sequence of Sy closed intervals [a2 =P, Px =
(a+ 1)?] such that lim &= = lim P"%H_P" = 0. The sequence j—;— is bounded.

Proof. The first proposition is proved in [5]. The second proposition is an imme-
diate consequence of Theorem 1.2. O

Theorem 1.24. The following formulae hold

lim inf \/%n =0, lim sup \/%n =h>0. (1.94)
1 1 d? 1 1
liminf = (1 - — =0, limsup= (1 — =h; >0. (1.95)
2 Asn
fminf = (1- ) % o fmsup L (1- — hy > (1.96)
iminf = (1 — = im su = 1.
2 Sn+1 AZTf ’ P2 Sn+1 AZTf ’
2
hmmfﬁASn =0, hmsup §A_%n = h3 > 0. (1.97)
d2 2
liminf -—"— =0, limsup ——"— = hy > 0. (1.98)
2 An++11 2 1411++11
Proof. We shall prove (1.94). Note that n ~ +/F,. Hence, we have
d,  dy
2n  f(n)2v/P,’
where f(n) — 1. Consequently (Lemma 1.23)
lim inf \/%n =0. (1.99)
Suppose that
dn
lim sup N =0,
then
. dy
lim =0, (1.100)
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and consequently if o > 0 there exists ngy such that if n > ny we have
dn

VP,

Let us consider the S; closed interval [a® = P,, P, = (a + 1)?]. This S closed

interval contains k— 1 perfect powers in its inner, namely, P11, Pyi2, .-+, Puig_1-
Equation (1.101) gives

<o (1.101)

dn dn+1 dn+k7 1

— < q, <o, ... ——<a. 1.102
Vb, VP NV ( )
Therefore (see equation (1.102))

20+1 = (a+1)°=a’ = Popr = Po = dp + dos1 + -+ + dpgres
< a <\/Pn b /P PnHH) < aky/Por = ak(a +1).

That is

12a+1 1
et 2 (1.103)
aa+1 «

2a+1 _ S .
5 = 2. Now, « can be arbitrarily small, consequently equation

(1.103) implies (k — 1) — oo, an evident contradiction with Lemma 1.22. Hence
(1.100) is false. That is, we have

since lim,_

d
limsup —= = h > 0. (1.104)
VI,

This proves (1.94)(see (1.99)). Now, we shall prove (1.95), the proof of (1.96),
(1.97) and (1.98) are the same.

Note that
1 1Y\ &2
lim inf - (1 - ;) Agﬂ =0 (1.105)
is an immediate consequence of (1.99). Suppose that
1 1Y\ d?
li —(1—— =0 1.106
imsup 5 < Sn> yre , ( )
then
1 1\ d&?
lim—-{1-—— = . 1.107
2 < sn) Ay 1107
Limit (1.107) implies limit (1.100), but limit (1.100) is false. Therefore
1 1\ d&?
i —(1—— - =h ) 1.1
lim sup 5 < Sn) yr 1>0 (1.108)
This proves (1.95) (see (1.105)). O
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