Gulf Journal of Mathematics ISSN: 2309-4966
Vol 15, Issue 2 (2023) 160-165 https://doi.org/10.56947 /gjom.v15i2.1412

VECTOR-CIRCULANT MATRICES AND CODES OVER RINGS
HORACIO TAPIA-RECILLAS! AND JUAN ARMANDO VELAZCO-VELAZCO?*

ABSTRACT. Circulant matrices are of interest on their own as well as for their
relevance to several areas of mathematics. In this note vector-circulant matrices
over commutative rings are introduced and related results are given. Vector-
circulant based additive codes are presented over a particular finite ring.

1. INTRODUCTION AND PRELIMINARIES

Circulant matrices are interesting by themselves and can be found in several areas
of mathematics including their relation with the Fourier transform and coding
theory, particularly with quasi-cyclic, double circulant and based additive codes.
Various generalizations of circulant matrices such as negacirculant, twistulant
matrices have been applied in a number of directions, specially in coding theory,
for example circulant based and double circulant codes with optimal and extremal
parameters.

In this note, following [5], vector-circulant matrices over a commutative ring
are introduced and results on the structure of these matrices are given (Section
2). As an application, vector-circulant based additive codes over finite rings are
introduced in Section 3 and illustrated with codes over the ring Ry = Fy + ulFy
with u? = 0.

2. SOME RESULTS

Let n be a positive integer, R a commutative ring and U(R) the group of
units of R. Let M, (R) be the ring of n x n matrices over the ring R. Let
A= (Ao, A1y, A1) € R™ and consider the matrix,

o 1 0 ... 0
o o0 1 ... 0
My = oo :
o 0 0 ... 1
A A1 A oo A
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Let py : R® — R" be the linear mapping determined by the matrix M):
pa(a) = aM, where a = (ag, ay,...,a,_1) € R™.

For an element a € R" let
. n— t
cirea(@) = [a pala) .. gl (@)

where pi(a) =aM},i=1,...,n—1 and [+]" denotes the transpose matrix. This
is called the A-vector-circulant matrix. For A = (1,0,...,0) this is the classic
circulant matrix; for A = (=1,0,...,0) the matrix is the negacirculant matrix
([3]) and, more generally, for A = (a,0,...,0) the matrix is the a-twistulant
matrix, where « is an element of the ring R.

Example 2.1. Consider the ring Fy + uFy = {0,1,u,1 +u | 0,1 € Fy,u? = 0}
and let A = (1,0,u) € R3. Then,

010

My=10 0 1

1 0 wu

and
1 v 0
circx(1,u4,0) = |0 1 w
u 0 1
Let e, €9, . .., €, be the canonical elements of R™ and let a = (ag, ay,...,a,-1) €

R"™. An easy calculation shows that

n—1
circy(a) = Zai circy(€41).
1=0

This relation states that the R-module of the A-vector-circulant matrices, Circ, y(R),
is generated over R by the set {circy(e;),7 = 1,2,...,n}. Furthermore, we have
the following,

Proposition 2.2. The elements of the set {circy(e;), ¢ = 1,2,...,n} are R-
linearly independent.

Proof. Let Y ", a;circy(e;) = 0 for elements oq, o, ..., q, in the ring R. A
direct calculation shows that the first row of the matrix ). | a;circy(e;) is
(a1, g, ..., ) which by assumption is equal to zero, showing that a3 = as =
..=a, =0. ]

—

An interesting property of the matrix M) is the following,

Proposition 2.3. The matriz My is row equivalent to the diagonal matriz D =
diag(Xo, 1,1,...,1).
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Proof. Let A; denote the i-th row of the matrix M). Interchanging the rows

A Ai_1i=n,n—1,...,2 successively on M), we have the matrix

A A1 A o Al

o 1 0 ... 0

o o0 1 ... 0

0O o o0 ... 1
Performing the row operations A; — Ay — \;_1A; with ¢ = 2,3,...,n on this
new matrix results in the diagonal matrix D = diag(Xg, 1,1,...,1). O

A consequence of this result is,

Corollary 2.4. The matriz My is invertible if and only if Ao is a unit of the
ring R. Hence the introduced linear mapping py determined by the matriz M) is
bijective if and only if \g is a unit of the ring R.

Example 2.5. Let
R=17Z4+uZy={a+bu|abecZy u* =0},

with the natural operations of sum and product. This is a finite local commutative
ring with identity and maximal ideal m = (2,u). Let A = (3 + u,1,0,2,u),
M, € M5(R) given by

0 10 00

0 0100

M, = 0 0010
0 0 0 01

3+u 1 0 2 u

Then, performing As <> A4 followed by A; <> A;_1, i = 4, 3,2 respectively on
each new matrix obtained and we have

3+u 1 0 2 u
0 10 0 0
0O 0100
0O 0010
0O 0O0O0 1

The operations A; — A; — Ay, Ay — Ay — 2A, and A; — Ay — uA; give
D = diag(3 +u,1,1,1,1).

Notice that det(D) = 3+ u € U(R) as (3 + u)™' = 3 + 3u, therefore M), is
invertible.

There is also a nice relation between powers of the mapping p, and powers of
the matrix M,.

Proposition 2.6. With the notation as abowve,
(1) MY = cirex(ph(er)) for all integers k > 0.
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(2) Mi = circy(ei1) for 0 < i < mn—1, where MY = I,,, the identity matriz
of M,(R).

Proof. Given the matrix A = [al as ... am]t with each row a; € R", then

AM, = [pa(a1) pa(az) ... p,\(am)]t.
As pa(e;) = e;p1 fori =1,...,n— 1 and py(e,) = A, it follows that circy(eq) =
M, = circy(pa(e1)). Therefore, an inductive argument shows that MY = circy(p5(e1)),
proving the two claims. O

A consequence is,

Corollary 2.7. With the notation as above, My € Circ, »(R) for all k > 0 and
for a = (ap,as,...,a,—1) € R",

n—1
circy(a) = Z a; M.
=0

Proposition 2.8. For a finite commutative ring R, Circ, »(R) is a commutative
R-subalgebra of M., (R), the algebra of square matrices of order n over the ring
R.

Proof. Since (Circ, x(R),+) is an additive subgroup of M,,(R) containing the
identity, it is sufficient to show that Circ, \(R) is closed under the usual matrix
multiplication. Since for any a = (ag,aq,...,a,-1) € R™, circy(a) is expressed
as a linear combination of the elements circy(e;11), 0 < ¢ < n — 1, and by
linearity, it is enough to show the claim for the elements circy(e;1). However
from proposition 2.6, (2) it follows that

cirey (e ) cirey(ej 1) = MiMJ = M,
and the claim is proved. .

For a commutative ring R, recall that the polynomial representation of the
elements of R", R" — R|x] is the following,

a=(ay,ay,...,a,_1) a(x) =ag+ax+...+a,_12" "

Theorem 2.9. For A = (Ao, A1,..., A1) € R™, Circ,\(R) is isomorphic to
R[z]/(z™ — A(z)) as R-algebras.

Proof. Let U : Circ,, y(R) — Rz]/(z™ — A(x)) be given by ¥(circy(a)) = a(z) +
(" — X(z)), where a = (ag, ay,...,a,-1) € R™. It is straightforward to see that if
a € R, a,b € R", then ¥(acircy(a)+circy(b)) = a¥(circy(a))+ ¥ (circy(b)). On
the other hand, from the definition of ¥ and Proposition 2.6,(2) W(circy(e;11)) =
U(Mi)=2"+ (z" — XN(z)), 0 <i <n—1. Then
\I!(circ,\(eiﬂ) CiI‘CA(Gj_H)) = \I/(M;\—H)
= 2"+ (2" — \(2))
= W(circy(e;41)¥(cirer(ejs1)),

from which the claim follows by linearity. O
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Observe that if A = (1,0,...,0), Circ, »(R) is the usual circulant matrix over R
and Theorem 2.9 gives the well known identification with the ring R[z]/(z" — 1),
particularly in the study of cyclic codes over the ring R.

3. A-VECTOR-CIRCULANT BASED ADDITIVE CODES

In this section R will denote a finite commutative ring unless otherwise indi-
cated. The seminal work [1] on the study of codes with alphabet a finite ring has
received the attention of several research groups. These finite rings include chain
rings, Galois and Frobenius rings.

An additive code over a finite commutative ring R is a subgroup C of (R", +)
([1], [2]) generated by k rows from a k X n matrix in My, (R) which is called
the generating matrix. If the generating matrix is of type A-vector-circulant, the
additive code it generates is a A-vector-circulant based additive code.

Given a ring alphabet R with ¢ elements, an additive code C with minimum
Hamming distance will be denoted by (n, ¢*,d) where k indicates the number
of generator rows. Recall that the minimum (Hamming) distance of an additive
code C is given by dy(C) = min.o{wty(c) | c € C}, by the additivity property,
where wty denotes the Hamming weight of a codeword, i.e., the number of non-
zero components of ¢, and 0 is the zero element of R". Note that C may not be
linear over R as it may not be closed under scalar multiplication.

An additive code is said to be half-rate if it is of the form (n,2"). We recall
the Singleton bound ([0]) for the Hamming distance dy, in the context of finite
commutative rings:

Theorem 3.1 (Singleton Bound). Let C be a code of length n over an alphabet
of size q with minimum Hamming distance dg. Then log, (|C|) <n —dg + 1.

We focus on the specific ring R = Fy + ulFy = {0,1,u,1 + u | u* = 0}. This
is a local chain ring with 4 elements, maximal ideal m = (u) and residue field
FQ = R/m

As |R"| = 2%, |C| = 2* for some 0 < k < 2n. In this case C is said to be
a (n,2% d) code where d is the minimum Hamming distance. In particular, a
half-rate additive code over R is one of the form (n,2",d). From the Singleton
bound it follows that

n

nlog,(2) <n —dy +1= dy < MH.

If the equality is attained the additive code C is called extremal. Similarly, if dy =
LgJ the code C is said to be near-extremal. By means of the software SageMath
([7]) extremal and near-extremal half-rate A-vector-circulant based additive codes
over the ring R for small values of n were obtained (Table 1). Recall that dy(C)
denotes the minimum Hamming distance of the additive code C.
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TABLE 1. A-vector-circulant based codes over R of length n and
minimum (Hamming) distance dg(C) generated from circy(a).
Character * indicates the code is near-extremal.

no|A a du(C) | IC|
3 [ (L0,1) (T, u,0) 2 | 8
4 | (1,0,u,u) (1,u,u,0) 3 16
5 [(L0,u1,1) 0,0,1,1 +u,1) 3| 32
6+ |1+ w0,1,1+w,0,00 |(L1+u0,ultal) 3 | 64
6 |(1,0,0,0,u,u) (14 u,0,u,u,u,0) 4 64
7 |(1+u,0,0,1+u,0,0,1) | (,1+u,u,0,u,0,0) 3 [ 128
7 | (144,0,0,1,0,0,0) (1,0,0,u, 0, u,u) 4 |128
8+ | (Lu,0,0,1+,0,0,0) |(0,0,1,0,u,0,uu) 1256
8 |(1,0,0,0,0,1,0,1) (1+u,1+uuluul+u0)| 5 |64
9% |(1,0,0,1+4w,0,0,1,0,0) | (w,0,0,1 + w, 1,u, 1, u,u) 4 512
9 |(1,0,0,1,0,0,0,1,0) (0,0,1,1,1 +u, 1 +,0,1,1) 5 | 256
10% | (1, u,u,u,1,0,u,1,1,u) |(0,0,0,1,0,0,u,1 4 u,1 +u,1) 5 256
10 | (1,0,0,1,1,0,1,0,0,1) | (0,0,0,1,u,u, 1,1+ u,0,u) 6 | 64
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