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A NOTE ON WEDDERBURN AND HASSE THEOREMS
ILIAS ELMOUKI'* AND SEDDIK ABDELALIM?

ABSTRACT. Wedderburn and Hasse theorems have always fascinated many
algebraists as there have been just very few proofs not bringing together a
unified version because of their various considerations. In this note, we aim
to look at these problems again but now with more simplified versions that
include other details in order to let them be understandable for most readers
in the subjects of finite fields and elliptic curves. In the proof of Wedderburn’s
theorem, we succeed to show how it is equivalent to define either a centralizer
of non-central elements or stabilizer, allowing to use interchangeably the index
of the centralizer or the order of the orbit via the stabilizer as this is true when
we consider the group acting on itself by conjugation. As for Hasse’s theorem,
and in order to shorten the maze to other concepts of algebraic curves, we
provide here in just two paragraphs, a direct version of the isogeny-based proof
whose methods have the advantage to be applicable to other situations, and
then, we state three of this result with an explanation of how this all leads in
the end to the need of an algorithm like the one of René Schoof in 1985.

1. SIMPLIFIED PROOF VERSION OF WEDDERBURN’S THEOREM

1.1. History on Wedderburn’s Theorem. In Wedderburn’s little theorem
[12, 14], we have the statement that every finite division ring or finite skew field
is a field. In order to not get confused by the expression, it is important to note
that for example in French language, a skew field is called ”corps gauche” and
if a field is commutative, we add the qualificative so we get ”corps commutatif”.
This is why we choose here to state the Wedderburn’s theorem in the simple way
that could be acceptable for all as follows.

Theorem 1.1. Fvery finite field is necessarily commutative.

Before going to the proof, we note that the Artin—Zorn theorem has gener-
alized the theorem to alternative rings by restating that every finite alternative
division ring is a field [19]. In Parshall’s opinion [16], the first correct proof is
due to Leonard Eugene Dickson. Then, a simplified version was later given by
Ernst Witt in 1931 [21, 11] and which came later after the attempt of Artin in
1927 [1] who did not use any divisibility argument. The result can also be seen
as a consequence of the Skolem—Noether theorem [15] and which states that if K
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is a finite division algebra with center Z, while having [K : Z] = n? and m the
cardinality of Z, then every maximal subfield of K has m™ elements, isomorphic
and then conjugate. However, in case of a multiplicative group G* of K, it can
not be a union of conjugates of a proper subgroup, thus, we can only have n = 1.

A well-known proof was given by Ted Kaczynski in 1964 [9] and where the au-
thor acknowledged the earlier historical proofs. Since we are more interested
in our team to rely on Abelian group-theoretic proofs for many problems as in
[23, , 24, 2], we also suggest to read the non-detailed but interesting proof
done by Hans Zassenhaus in 1953 [22]. Following this same way of reasoning
while combining some elements of the proof approaches in [(] as well as the one
in [17], we succeed here to show how is it possible to introduce interchangeably
the index of the subgroup or the order of the orbit by either defining a stabilizer
or centralizer.

1.2. A Simple Detailed Proof. We note that in the introductory part of the
proof, our contribution is summarized in showing how it is sufficient to prove that

G*
ged (%) |ged(X) and use it in the end of the proof to get a contradiction
G*
with the introduction of the cyclotomic polynomials, then we show in the middle
part of the proof, how it is equivalently possible to meet the same equation on
the order of G* by considering either Zg« (k) or Gf.

In order to understand all these notations, let us go now directly in presenting
our simplified proof version.

Proof. Let us consider a multiplicative group G* of a finite field K.

e Being a finite group, there is a theorem [6] which states that G* is Abelian
if and only if there exists a nonzero natural number n(k) for each element
k € G* such that |Zg« (k)| = m""*) — 1 with m = |Z| + 1, k € G* \ Z and
where Z is the center of G*, and |Zg+ (k)| is the order of centralizers of
non-central elements in G*.

e As a remark, since we are interested in Abelian groups, one would take
m = |G*| + 1 and all n(k) = 1. But until now, we consider that the
dimension of K is some n # 1, then we take |G*| = m™ — 1. This is
important as we will see that the equation we get from the formula of
|G*| in function of |Z] and |Zg«(k)|, will lead us to the idea that for
having K as a commutative field or G* as an Abelian group, we should
have n = 1.

e In fact, we could wonder about an equivalence here, as from the implica-
tion that G* is Abelian, it will be the same as saying G* coinciding with
its center Z or with each centralizer Zg+, and then, we can directly deduce
that |Zg-(k)| = (|Z] + 1)"® — 1 = (|G*| +1)" — 1, n(k) = n = 1, but the
question remains, is the other sense of implication true?

e The implication, namely starting from the fact that | Zg« (k)| = -1,
m = |Z| 4+ 1, and prove that G* is Abelian, is not that easy. Let us then
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verify if this is true. For this, we will need to denote hereafter the set

{|/Ze(k)|,k € G*\ Z} by X.

G*
The main idea from this part of proof is to show that ged (ﬁ) divides
G*

ged(X) for every k € G*\ Z, then use it with the introduction of cyclotomic
polynomials in order to get a contradiction that will serve to state that by using
the previous assumptions, G* can not be different to its center, then it is Abelian.

G*
Saying that we want to prove that ged (’Z‘ﬁ) |ged(X) can be simplified
G*
|G|

lem(|Zg-(F))]
with the similar and direct argument as in [0].

to lged(X) as we can deduce from [14] but we prefer to continue

|G7

Since this should be checked for every k € G*\ Z, we try to show that lem (X) lged(X),
cm
by following these first proof part steps.
e Since 7 is a subgroup of G*, then we have,
\ |G7
G =121+ )
; | Ze (Ks)
G* G* G*
e Since lcl’ll()’()‘|G*| and in addition to having lcln()‘() ]Z’G*(ILZ)|’ then
based on the equation above, we deduce that <] ‘|Z | and which gives
lem(X)
|G*|||Z].lem(X).

e Since Z is a subgroup of each Zg«(k;), k; € G*\ Z, then |Z|‘\ZG(I<:1)] and
which gives \Z|‘gcd(X).
We have just shown that,
o |G*|||Z].lem(X),
. |Z|‘gcd(X).

G7

lem(X) lged(X).

Then, we finally have

e By the definition we have given to X, we can see that
ged(X) = mycdn(k)keG™}) _ 4

and assuming that ged({n(k), k € G*}) can be replaced by e which is also
the same as ged({n(k),k € G*\ Z}) and that is equal to 1, then we have
ged(X) =m — 1.
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|G|
cd(X).
lem(X) |ged(X)
Then, as noted in the introduction of this proof, we have |G*| = m™ — 1 which
m" —1
m — 1.
lem(X) |
By introducing now the cyclotomic polynomials in Z, the expression of m"™ — 1

can be expressed as
m"—1= H P, (m)

qln

Since we just obtained

gives now

where @, the g-th complex cyclotomic polynomial. and we also have

m"*) —1 = H D, (

qln(k)

We know that for every k € G*\ Z, m™*®) —1|m™ —1 then, n(k)|n. Now, we have,

m"—1
——1= 1 @
qIn,qin(k)

e This is due to the fact that since n(k)|n, then the set of divisors of n is the
disjoint union of the set of divisors of n(k) and the set of divisors of n that
do not divide n(k), and this gives H o, (m) H D, ( H P, (

qln qln(k afn(k
For one who would want to prove this otherwise by mtroducmg a stablhzer
through an orbit instead of talking about a centralizer of non-central elements,
the following remark would be very useful.
Or in other words, instead of having the equation,

G =121+ _|G" : Zg- (k)| ki € G\ Z

where |G* : Zg«(k;)| is the index of the subgroup Zg«(k;) on G* as defined before
|G|
1 Za- (k)|

One can have otherwise, the equation,

kie G'\ Z

where Oy, = {kxk™!, x € G} is the orbit of k.

e In fact, since we have supposed K as non-commutative field n # 1, then
G* operates on itself by conjugation or interior automorphism,

x — kxk™?

Consider then the following action.
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e We define for every k € G*, the set G} = {x € G*,kx = zk} as the
stabilizer of k. In this case, we can say that the centralizer Zg-(k) which
we have defined earlier, coincides with the stabilizer G} as an initiative
to let the reader understands how one could use them interchangeably in
this theorem’s proof based on properties of each one of them.

We have |G| = m"® and G} is a subgroup of G*, then by using the Lagrange’s
theorem, we finally have m™* — 1|m" — 1 for every m € N,m > 2, and then,

We also have,

|G¥| m" —1
O pu— p—
O =167 = e =1

Then, the equation above becomes,

* G *
|G|—|Z|+Z|| | |Z|+Z kiGN Z

One can observe the proof of the formula on the order of the orbit this way.

e In fact, given Z as the center of K with |Z| = m, we have Z is a subfield
of K, then |K| =m™. Just as remark, since we are still supposing K as a
noncummutative field, then Z # K, and then n > 2. Let Z, denotes the
set of elements of K that commutes with &, an extension of Z. We have Z
is a subfield of Zj, then similarly, we get |Zk| = . In addition, Z} is
a subfield of K, then |K| = |Z|", n' € N*, Wthh gives |K| = (m™*)""
Then, n = n'.n(k), hence, n(k)|n for every element of K. Let stab(k)
denotes the stabilizer of k in the multiplicative group of K, namely G*,
we have Z;, = stab(k) U {0} which gives |stab(k)| = m™*) — 1 Let orb(k)
denotes the orbit of k, we have,

G m"—1

|stab(k)|  mn®) — 1

|orb(k)| =

Thus,

G*| = 12|+ |0k, kie G\ Z

becomes

n_q
led ::\Z\JrZh, ki€ G\ Z

Going back to our proof, we have seen that,

—1
e | I

qln.qfn(k)
"—1
and in particular we have, ®,,(m)] m(k.) T and we have k; € G*\ Z if and only
m\ki) —

if n(k) # n in a way that we have,

mt—l=m— 14y m” _1
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Thus, ®,,(m) divides m — 1.

If we go back to what we have shown before Without using any action on the
TL

lem(X)
to the same conclusion that ®,,(m) divides m — 1.
This is to say that in order to help the readers to not get confused by the different
versions of the proof in literature, we have proceeded in this last part by two
methods. This means that now one could simply work either by defining the
stabilizer G} or taking the centralizer Zg«(k), k € G*\ Z.

In particular, we have |®,(m)| < m — 1.

group G*, we have reached the result that |m — 1 and which also leads

e In fact, from the formula above, we get,
n m" —1
and since n(k)|n, then the rational fraction m™ — 1 — Z

Z[X] and this is due to the followmg pomts

— We have seen before that A 1 H ®,(m) which implies

m" —1

mls mn

aln.qfn(k)
that m" — 1= (m k)—1< H P, ( )
qln,gin(k)
and then H ®,(m) € Z[X] as we have the property that if there
aln.qtn(k)
exists an unitary polynomial @ € A[X], A C K a subfield of K and
® € K[X] such that ®.Q) € A[X], then ® € A[X].

— Now, we note that n(k;)|n but n(k;) < n because if we have n(k;) = n,
the orbit orb(k;) as we have defined before, will coincide with G*
and k; will be in Z, and this is not true based on our assumption.
n(k) < n also implies that n is in the set D of its divisors and that

. m" —1
do not divide n(k), and then T (I)n(m).< ZH{ }®q<m)>
geD—n

and similarly from the property as we have just stated, this gives
n—1
[ @.0m) € Z[X] and thus @, divides ”Z(Tl in Z[X].
4eD"~{n} e
: . n o g n m" —1
Since ®,, also divides m™ — 1 then it divides m™ — 1 — Z PR

which means there exists a polynomial @) € Z[X| such that

mt—1— Z ol Q(m).®,(m)

mnk) — 1

: i
Sincem —1=m"—1-— E m(Tl,thenm—le(m).CI)n(m),
mm) —

Q € Z[X], m # 1, hence |®,(m)| < m — 1.

On the other hand, considering the primitive roots ry,...r; of complex unity
and with r; # 1 since n # 1.
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We have,
O, (m) = (m—ry)(m—rg)...(m—m)

For every i, we have |m — r;| > m — 1.

Thus, |®,(m)| > (m — 1)! > m — 1 which is absurd.

Finally n is necessarily equal to 1, which implies G* = Z, then it is an Abelian
group. 0

2. SIMPLIFIED PROOF VERSION OF HASSE’S THEOREM

For Hasse’s theorem, we should note that the problem was originally been con-
jectured by Artin’s thesis in 1924 [3], then Hasse proved it later in a series of
papers in 1936 [3]. Here, we only use two small paragraphs for the proof but
by preserving the fact that an isogeny W is separable if and only if U*w # 0
and which is not that easy to prove as Silverman showed in this book this result
by considering the context of general agebraic curves [20] and using results from
book of Hartshorne [7], thus, we accept this proposition as it is.

We also report that in his book [10], Knapp added Cassel’s corrections to the
Manin’s incomplete polynomial-arithmetic-based proof [13], but in his chapter
X’s last notes, he concluded that with the isogeny-based proof, despite its length
and complications, it remains the most preferable one as its methods have the
advantage to be applicable to other situations.

Let us now state the Hasse’s theorem as follows.

Theorem 2.1. s If E is an elliptic curve defined over K =T, (a finite field with
q elements), then we have,

card(B(K) — q — 1] < 2/
Let us go to the proof but with we note that the following four points are

important introductory elements before providing any direct evidence about the
result.

2.1. A Simplified Direct Proof.

e Suppose that our elliptic curve E is defined by a Weierstrass’ equation
(cubic with coefficients in K ) and that is,

E y2+a1xy+a3y:x3+a2x2+a4x+a5

and consider ® : F — F an isogeny between E and itself.

In order to go directly in advance in the proof, we will take ® defined as
the Frobenius morphism also called the g-th power Frobenius isogneny,
and that is,

¢ : E—=FE
(@, y) = (29,97
which is the topological generator of the absolute Galois group Gal(K /K).
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e & being a Frobenius morphism is the same as saying it is an endomor-
phism over K such that ® : K — K is defined by ®(x) = zP with
p a prime number being the characteristic of K (the smallest such that

p summands

e ® being the topological generator of the absolute Galois group Gal(K /K)
is the same as saying that the closure of the subgroup generated by & is
the full Galois group, and we have P € E(K) <= ®(P) = P.

e We also note that K is a perfect field since ® is even an automorphism
here. Then, the algebraic closure K is the same as the separable closure
and this can generally holds directly from the fact that we have K as a
finite field, and this is enough to define Gal(K/K) as an absolute Galois
group.

Now, we prove the result in just these two following paragraphs.

Proof. Since we have defined ® as a Frobenius isogeny then by definition ® is
inseparable and deg(®) = ¢. Then, we have ®*w = 0 for every w € Qg with
Qp being the space of differential forms on F and ®* : K(E) — K(FE) being
the usual injection of function fields with K (F) the function field of E over K.
In fact, this is due to a proposition which states that an isogeny W is separable
if and only if U*w # 0 [20]. It follows from the inseparability of ® above that
(id — ®)*w = w and which in turn implies that id — ® is a separable isogeny.

We have just stated before the proof that P € FE(K) <= ®(P) = P which
gives E(K) = ker(id — ®). Having the statement of a theorem in [7] whose re-
sult implies that if some W is a separable isogeny then card(ker(¥)) = deg(V),
therefore since also we have just found that id — ® is a separable isogeny, then
we have card(ker(id — ®)) = deg(id — ®).

In addition to knowing that deg(®) is a positive definite quadratic form, then,
we can now use the Cauchy—Schwarz Lemma to get the following inequality,

|deg(id — ®) — deg(id) — deq(®)| < 2+/deg(id)deg(®)
which is the same as saying,

lcard(E(K)) —1—q| <2/q

O

Now, after proving the Hasse’s theorem, we look at some of its consequences.

2.2. Consequences and the Need to Schoof’s Algorithm. First, we note
that the quantity ¢ = 1 4 ¢ — card(F) is called the trace of the g-th power
Frobenius isogeny, and we have ® verifying ®2 — ¢® 4 ¢ = 0.

Since, we have card(E) = 1+ ¢ — ¢, then in order to benefit from the result of
Hasse’s theorem, one would seek some c such that |c[ < 2,/g. But before going
further in this, if we put m = —c, then let us say that we can now state the
Hasse’s theorem otherwise as in the following.
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Theorem 2.2. If E is an elliptic curve defined over K = F, (a finite field with
q elements), then we have,

card(E(K))=q+1+4+m
where |m| < 2,/q.

Note that m can either be positive or negative, which means the number of
points in F is essentially p + 1 but with some error r.
In fact, we can even state the Hasse’s theorem as in the following.

Theorem 2.3. If E is an elliptic curve defined over K =T, (a finite field with
prime p elements), then we have,

p+1—-2/p<cardE(K)) <p+1+2p

Example 2.4. Let us take the following example.

We consider an elliptic curve £ over F,, with p = 127.

We have 2v/127 & 22.53, then p + 1 — 2,/p ~ 105.47 and p + 1 + 2,/p ~ 150.53.
What does this mean?

It means for every integer number ¢ € {105, ..., 151}, there exist s,t € Fya7 such
that card(E(F,)) = i.

Hasse’s theorem shows to be beneficial in giving an upper bound for the number
of points in E or even two bounds as we have just seen in the example for the
last version with a prime number, however, this does not provide an algorithm
in order to solve the finite field point counting problem. The Schoof’s algorithm
[18] comes for this reason in order to provide a practical solution by using that
upper bound in order to compute card(FE).

Generally, we need to follow the following rules,

e In order to compute ¢, namely the trace that we have defined above, we
will need to compute ¢ mod N for N > 4,/q.

e In order to compute ¢ mod N, we will need first to do a prime factoriza-
tion of N as N = [[n;.

e For that, we will need to compute ¢ mod n; for each i.

e For that, we will need to use the Chinese remainder theorem in order to
finally find ¢ mod n;.

From the equation verified by the g-th power Frobenius isogeny ®, we can say
that for every n and any point P = (z,y) € E(K)[n], we have

O*(P) — [c](P) + [q)(P) = 0
which is the same as saying,
(@7,y") = [d(2",y7) + [q)(z,y) = 0
Then, in particular, we will proceed as follows,

e We will need to set a unique positive integer d < n such that d = ¢ mod n

Now, the equation becomes,

(@, y") + (a4 (2, y) = [d](«7,y")
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e In order to finally find ¢ mod n, we will need to compute d for each n
along with the use of Chinese remainder theorem.

3. CONCLUSION

By the essential background added in this note along with the simplified proof
versions provided here in the context of Wedderburn and Hasse theorems, we can
conclude that the usual arguments used to show these results, will become now
easier to introduce in research and lectures around this topic.

The proof of the first theorem has shown the possibility of an interchangeable
introduction between stabilizers and centralizers as well as between the index of
the subgroup and the order of the orbit. As for the second theorem, the readers
can get now a direct and short evidence about this result without having recourse
to any complicated proof while having an idea about its limitation that led to
the creation of the Schoof’s algorithm and which is rarely analyzed because of its
introduction complications.

Acknowledgement. A special thanks to the editors Professor Dr. Firuz Ka-
malov and our Professor Dr. Najib Mahdou. We would also like to thank the
anonymous referee for the nice report which really helped us to improve the con-
tent of this note.
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