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A NOTE ON FIXED POINT THEOREMS FOR
WEAKLY T-KANNAN AND WEAKLY T-CHATTERJEA
CONTRACTIONS IN »-METRIC SPACES

ZORAN KADELBURG!, LJILJANA PAUNOVIC? AND STOJAN RADENOVIC3*

ABSTRACT. In this paper, we consider fixed point results in the setup of b-
metric spaces for weakly T-Kannan and weakly T-Chatterjea contractive map-
pings. Thus, we improve and complement recent results established by Z.
Mustafa et al. [J. Inequal. Appl. 2014, 2014:46] and A. Razani, V. Parvaneh
[Russ. Math. (Izv. VUZ), 57 (3), 38-45 (2013)], with much shorter proofs.
Moreover, we show that the results of A.H. Ansari et al. [J. Inequal. Appl.
2014, 2014:429] are not generalizations of the known ones. An example is
given illustrating our results.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the most important topics in development of
nonlinear and mathematical analysis in general. Also, fixed point theory has
been used effectively in many other branches of science, such as computer science,
engineering, chemistry, biology, economics ... It is well known that Banach’s
contraction principle theorem is one of the pivotal results of nonlinear analysis.
A mapping f : X — X, where (X, d) is a metric space, is said to be a contraction
if there exists k € [0, 1) such that for all z,y € X

d(fx, fy) < kd(z,y). (1.1)
If the space (X, d) is complete then the mapping f satisfying (1.1) has a unique
fixed point.

There are many generalizations of metric spaces: Menger spaces, fuzzy metric
spaces, generalized metric spaces, abstract metric spaces, b-metric spaces or, by
some authors, metric type spaces ... Czerwik introduced in [0] the concept of
a b-metric space (metric type spaces in [8, 9, 11]). Since then, several papers
have dealt with fixed point theory for single-valued and multi-valued operators
in b-metric spaces (see, e.g., [8, 9, 11, 16, 18, 20]).

Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X — R* is a b-metric if the following conditions are satisfied:

(bl) d(x,y) = 0 if and only if z =y,
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(b2) d(z,y) = d(y,x),

(b3) d(z, 2) < sld(x, y) + d(y, )],
for all z,y,z € X. In this case, the pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that
of metric spaces since a b-metric is a metric when s = 1, and there are b-metric
spaces which are not metric spaces. For some useful examples of b-metric spaces
see, e.g., [1, 8, 0, 16, 18, 20]. Also, the notions such as b-convergent sequence,
b-Cauchy sequence and b-complete space are defined in an obvious way.

Using different forms of contractive conditions in various generalized metric
spaces, a large number of extensions of Banach contraction principle have been ob-
tained (see, e.g., [1, 5, 10, 19]). Some of these generalizations have been obtained
via altering distances or some other types of functions (see, e.g., [7, 12, 13, 11, 17]).

In this paper, we consider fixed point results in the setup of b-metric spaces
for weakly T-Kannan and weakly T-Chatterjea contractive mappings. Thus, we
improve and complement recent results established in the papers [15] and [17],
with much shorter proofs. Also, a T-Hardy-Rogers-type fixed point result is
presented. Moreover, we show that the recent results of A.H. Ansari et al. [2]
are not generalizations of the known ones. An example is given illustrating our
results.

2. MAIN RESULTS

Let (X,d) be a metric space. Recall that a mapping 7' : X — X is said to be
sequentially convergent (resp. subsequentially convergent) if, for a sequence {x,,}
in X for which {T'z,} is convergent, {x,} is also convergent (resp. {x,} has a
convergent subsequence).

Recently, Z. Mustafa et al. proved the following two theorems:

Theorem 2.1. [I5, Theorem 4] Let (X,d) be a complete b-metric space with
parameter s > 1, T, f : X — X be such that, for some ¢» € ¥V, ¢ € &, and all
r,y € X,

P(sd(Tfx, Tfy))

=Y (d(Ta:, Tfyz j: f(Ty’fo)) — @(d(Tz, Tfy),d(Ty, Tfx)), (2.1)

and let T be one-to-one and continuous. Then the following hold:

(1) For every x € X the sequence {T f"x} is b-convergent.

(2) If T is subsequentially convergent then f has a unique fixed point.

(3) If T is sequentially convergent then for each x € X the sequence {f™z}
b-converges to the fized point of f.

Theorem 2.2. |15, Theorem 5| The conclusions of Theorem 2.1 remain valid if
the condition (2.1) is replaced by

V(d(Tfz, Tfy))

<y (d(Tx,fo) +d(Ty, T fy)
- s+1

) (T, Tf2), d(Ty, Tfy),  (2.2)
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The conditions of previous theorems include:
(I) The conditions (2.1), resp. (2.2), involving functions ¢» € ¥ and ¢ € ®,
where

U = {1 :[0,00) = [0,00) | 9 is an altering distance function}
and

®={p:[0,00)> = [0,00) | p(z,y)=0 <= z=y=0and
e(liminf a,, liminf b,) < liminf ¢(a,, b,)}.

n—o0 n—oo n—oo
(IT) The assumption that mapping 7" is continuous and (for certain parts)
(sub)sequentially convergent.
Also, the following auxiliary result was used in the proof.

Lemma 2.3. [I5, Lemma 1] Let (X,d) be a b-metric space with s > 1, and
suppose that sequences {x,} and {y,} in X are b-convergent to x,y, respectively.
Then we have

1 . .
gd(a;, y) < liminf d(z,, y,) < limsup d(z,, y,) < s*d(x,y).

n—0o0 n—oo

In particular, if x =y, then we have lim, o d(z,,y,) = 0. Moreover, for each
z € X, we have

1
gd(x, z) < liminf d(z,, z) < limsupd(z,, z) < sd(z, z).

n—oo n—o00

In what follows, we will prove that the conclusions about fixed points in pre-
vious results are valid without assumption (II) and under much more general
assumptions than (I). Also, we will not need Lemma 2.3 in our proofs.

Theorem 2.4. Let (X,d) be a complete b-metric space with parameter s > 1,
T,f: X — X be such that for x,y € X,
d(Tz, Tfx) + d(Ty, T fy)
s+1
and let T be one-to-one. Also assume that either
(a) T is a surjective selfmap or

(b) at least one of T f(X) or T(X) is closed.
Then f has a unique fixed point.

d(T'fz, Tfy) < (2.3)

Proof. Tt is clear that f has a fixed point (say z) if and only if T fz = Tz (because
T is one-to-one). Further, it is obvious that if f has a fixed point then it is unique.
Now, since T f(X) C T'(X), for a given point z( in X, we can construct a standard
Jungck sequence

Yo =Tfx, =Txn (n=0,1,2,...). (2.4)

If Ypy = Yny+1 for some nyg € N then z,,41 is a unique fixed point of f. Assume
now that y,, # y,y1 for all n € N. In this case (putting in (2.3) x = 2,41,y = =)
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we obtain
d(yn+1; yn) = d(fon+17 fon)
< d(Txpi1, T faper) +d(Tx,, T fr,)
- s+1
_ d(ym yn—i—l) + d(yn—h yn)
s+1 ’
that is,

d(yn+17yn> S kd(ynaynfl) S T S kﬂd(yl; Z/o);
where k = i < 1. Hence, d(yni1,Yn) 4 0. Now we will show that {y,} is a
b-Cauchy sequence in each of T'f(X),T(X) and X.
Suppose that this is not true. Then there exists € > 0 for which we can find
subsequences {Ymx)} and {yn@) } of {yn} such that n(k) is the smallest index for
which n(k) > m(k) > k and d(Ymk), Ynk)) = €. This means that

A(Ym(k)> Yn(k)—1) < €.
Further, by (2.3), we get

€ < d(Um) Yn(y) = AT T(iy, T f i)
< W%y, T frme) + ATy, T f2ng)
- s+1
d m —1lrydm d n —1yJIn
_ AYmm) -1, Ym() + AWYnr)—1, Ynir)) 40, as k — oo,
s+1
A contradiction. Therefore, in both cases (a) or (b), there is u € X such that
Tfr, =Tz, 1 — Tu when n — co. We will prove that T fu = T'u.
Using (2.3) we conclude that
A(T fu, Tu) < s[d(Tfu, Tf2,) + d(T . Tr)]
d(Tu, T d(Tx,, Tz,
s+1
Sd(TU, TfU) Sd(yn—la yn)
— +
s+1 s+1
Passing to the limit in (2.5) as n — oo, we obtain that
sd(Tu, T fu)
s+1

that is T'fu = T'u. Hence, f has a unique fixed point and the proof is completed.
O

+ sd(T fx,, Tu). (2.5)

d(T fu,Tu) <

Y

Theorem 2.5. Let (X,d) be a complete b-metric space with parameter s > 1,
T,f: X — X be such that for x,y € X,

Ta,Tfy) + d(Ty, T fz)
s(s+1)
and let T be one-to-one. Also assume that either
(a) T is a surjective selfmap or

d(Tfx,Tfy) < il (2.6)
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(b) at least one of Tf(X) or T(X) is closed.
Then f has a unique fixed point.

Proof. The proof of this theorem is similar to the previous one, and so we will
prove just the Cauchyness of the sequence given by (2.4).

Suppose that it is not a Cauchy sequence and choose sequences n(k) and m(k)
as in the proof of Theorem 2.4. Then, using (2.6), we get that

€ < dYmmyYnk)) = AT fTmay, T fnmy)
< A(T Ty, T frnw)) + A(Tnm), T f Tonry)

- s(s+1)

< AT Ty, T fEmpy) + AT fmpy, T fnm)

- s+ 1

N A(Tny, T frppy) + AT Tnwy, T fTm))
s+1
_ ATy, Tfmp) + 2d(TfTmery, T Tn)) + ATy, T f Tnir)
s+1
_ A(Ym(r)—1 Ym@k)) + 2dYmk)> Ynik)) + AYni) =15 Yn(k))
s+1 '
Hence,
2 d(ym(k)fla ym(k)) + d(yn(k)—la yn(k))
1 - d m yIn S )

( 8+1) (Ym(k)> Ynh)) s 1

and so

0 < (8 = D)dWm@) YUntk)) < AWYm)—1> Ym(k)) + A(Yn()—15 Yn)) — 0,

as k — oo. Since s > 1 and d(ym(k), yn(k)) > ¢, we have obtained a contradiction.
O

Corollary 2.6. In addition to the hypothesis of Theorem 2.4 (resp. 2.5), suppose
that T is continuous and sequentially convergent. Then for each x € X the
sequence { f"x} converges to the fized point of f.

Proof. In the same way as in the proof of Theorem 2.4 we obtain that
Tu=lmTff"r= lim Tf"x, (2.7)
n— n—oo

where u is a unique fixed point of f. Further, since 7' is sequentially convergent
we have that f"r — v for some v € X. From the continuity of 1" it follows that
Tf"x — Tv. Now, by (2.7) we conclude that Tu = T'v, or equivalently u = wv.
Hence, the sequence {f"x} converges to the fixed point of f. OJ

Remark 2.7. Very recently, A.N. Ansari et al. proved in [2] the same conclusions
as in our Theorems 2.4 and 2.5, under the following contractive conditions:

” (d(Ta:,fo)er(Ty,Tfy))

s+1
Y(d(Tfz, Tfy)) < 5 + o(d(Tx, T fx),d(Ty, T fy))

(2.8)
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[2, Theorem 3.3], resp.

" (d(T:Jc,T fy)+d(Ty,T fz))

s+1
Y(sd(Tf,Tfy) < 1 o(d(Tz, Tfy),d(Ty, T fz))

[2, Theorem 3.1]. Here, ¥ : [0,400) — [0,400) is a continuous and strictly
increasing function and ¢ : [0, +00)? — [0, +00) satisfies certain conditions. They
claimed that these results were more general than those obtained under conditions
(2.3), resp. (2.6). However, it is trivial to see that they are in fact equivalent,
since (2.8) implies that

Bd(Tfe, Tfy)) < o (

(2.9)

d(Tz,Tfx) +d(Ty,T fy)
s+1 ’
and this implies the condition (2.3) since the function % is strictly increasing.

Similarly, the condition (2.9) implies the condition (2.6).
Moreover, [2, Theorem 3.2] is also not a new result, since the condition

1
(Tz,Tfy)+d(Ty, Tf:v)) N l) L+o(d(T,T fy),(Ty.Tfz))

Y(sd(T fz, T fy)) < <@/’ (d s+1

implies

st fr. 7)) < o (T gy

1.e.

d(Tz, T'fy) +d(Ty,Tfx)

d(Tfa, Tfy) < oo

(It was used that
(A+D)T8 < A+1

for all A > 0, B > 0, since the function z — a” is increasing when a > 1.)

Remark 2.8. It is obvious that Theorem 2.4 (resp. Theorem 2.5) improves Corol-

lary 2 (resp. Corollary 1) from [15] if s > 1, in several directions, in particular

because k € [0, 7] is allowed.

If s =1 then (X,d) is a complete metric space. Thus the conditions (2.1) and
(2.2) become

DT fz, Tfy)) < v (d(T«n Tfy) + d(Ty, T fz)

2

) ~ o(d(T, Tfy),d(Ty, ),

(2.10)
and

T e e

2

) — o(d(T, T ), d(Ty, Tfy),

(2.11)
respectively. If (2.10) (resp. (2.11)) holds then f is called a generalized weak T-
Chatterjea (resp. T-Kannan) contraction (see [17]). For both types of mappings
we have the following improvements.
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Theorem 2.9. Let (X, d) be a complete metric space, f: X — X be a generalized
weak T-Chatterjea (resp. T-Kannan) contraction and T : X — X be one-to-one.
Also assume that either

(a) T is a surjective selfmap or

(b) at least one of T f(X) or T(X) is closed.

Then f has a unique fixed point.

Proof. We will prove only the case when f is a generalized weak T-Chatterjea
contraction. Therefore, first of all, suppose that u, v are different fixed points of
f. Then, it follows from (2.10) for z = u, y = v that

(d(Tu, Tv)) = (d(T fu, T fv))
< (d(Tu,va) —;— d(Tv, T fu)
d(Tu, Tv) + d(Tv, Tu)
_y ( !
= Y(d(Tu, Tv)) — p(d(Tu, Tv),d(Tv, Tu)).

It follows that ¢(d(Tw,Tv),d(Tv,Tu)) = 0, what is equivalent with Tu = Tv.

Hence, u = v, because T is one-to-one. Contradiction.
Let now zg € X be a given point. From the obvious relation T'f(X) C T'(X)
we obtain a standard Jungck sequence defined by

Yo =T fr,=Tx, 1 (n=0,1,2,...).

) —o(d(Tu, T fv),d(Tv, T fu))

) — o(d(Tu, Tv),d(Tv, Tu))

If Yy = Yng+1 for some ng € N then z,,,4; is a unique fixed point of f. Therefore,
suppose that y,, # yn41 for all n € N. As in [17], we have that {y,} is a Cauchy
sequence. In either of cases (a) or (b), there is uw € X such that T'fz,, = Tx1 —
Tuw when n — oco. We will prove that T fu = Tu. Indeed, we have

d(Tfu,Tu) < d(Tfu,T fx,)+ d(T fr,, Tu).
Further, we get

V(T fu, T frn))

<y (d(Tu,fon) —;— d(Tx,, T fu)

) —o(d(Tu, T fxy,),d(Tx,, T fu)). (2.12)

Passing to the limit in (2.12) as n — oo, we get that
(d (Tu, Tu) —I—d(Tu Tfu))

(d(T fu, Tu)) —o(d(Tu, Tu),d(Tu, T fu))
d(T fu, Tu)) ©(0,d(Tu, T fu)),

that is, ¢(0, d(Tu, Tfu)) = 0. Hence T'fu = Tu, i.e., u is a fixed point of f. The
proof is finished. O

Finally, we consider T-Hardy-Rogers type mappings in the setup of b-metric
spaces.
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Definition 2.10. Let (X, d) be a b-metric space with coefficient s > 1 and
T,f:X — X be two mappings. The mapping [ is said to be a T-Hardy-Rogers
contraction, if there exist a; > 0, ¢ = 1,5 with

2sa; + (s + 1)(ag + az) + (s* + s)(ag + as) < 2 (2.13)
such that for all z,y € X
d(Tfz, Tfy) < ad(Tz, Ty) + axd(Tx, T fz) + asd(Ty, T fy)
+ asd(Tz, T fy) + asd(Ty, T fx). (2.14)
Note that when s = 1 the conditions (2.13) and (2.14) reduce to the T-Hardy-

Rogers condition in metric spaces and for T' = iy we get the Hardy-Rogers
condition in b-metric spaces [9, Corollary 3.9].

Theorem 2.11. Let (X,d) be a complete b-metric space, f : X — X be a T-
Hardy-Rogers contraction and T : X — X be one-to-one. Also assume that either
(a) T is a surjective selfmap or
(b) at least one of T f(X) or T(X) is closed.
Then f has a unique fixed point.

Proof. Take an arbitrary zp € X and using that Tf(X) C T(X), construct a
Jungck sequence {y,} defined by vy, = T'fx, = Typs1, n = 0,1,2,.... Let us
prove that this is a Cauchy sequence. Indeed, using (2.14), we get that

A(Ynt1,Yn) = AT f2ns1, T fn)
< ard(Txpi1, Txy) + asd(Txp1, T frn) + azd(Tz,, T fy,)
+ agd(Txp, Tfx,) + asd(Tz,, T fr,. 1)
= a1d(Yn, Yn—1) + a2d(Yn, Yn+1) + a3d(Yn—1, Yn)
+ a4d(ym yn) + a5d(yn—1; yn+1>
< (a3 + a3z + sa5)d(Yn—1,Yn) + (a2 + sa5)d(Yn, Ynt1)-
Similarly, we obtain that
Ad(Yns Yn+1) = AT f2n, T frni1)
< ad(Txy,, Trpq) + aed(Tx,,, T fx,) + asd(Trpe1, T frn1)
+ agd(Txp, T frn1) + asd(Txpy, T fx,)
= a1d(Yn—1,Yn) + a2d(Yn-1,Yn) + a3d(Yn, Yn+1)
+ a4d(yn—17 yn+1> + a5d(ym yﬂ)
< (a1 + ag + sa4)d(Yn—1,Yn) + (as + $a1)d(Yn, Ynt1)-
Adding up the last two inequalities, we get that

d(yn+17 yn) S )\d(ynfla yn)a

where
. 2CL1 +ax + a3+ S(a4 + (15)

A= .
2 —ay—az— s(ag + as)
The assumption (2.13) implies that As < 1. According to [9, Lemma 3.1], it
follows that {y,} is a Cauchy sequence in complete b-metric space (X,d). In
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either of cases (a) or (b), there is v € X such that T'fz, = Tz,.1 — Tu as
n — oo. We will prove that T fu = Tu.
Using (2.14) we obtain that

éd(Tfu, Tu) < d(Tfu, T fx,)+ d(T fz,, Tu)
< ad(Tu,Txy) + asd(Tu, T fu) + azd(Tx,, T f,)
+ ayd(Tu, T fxy,) + asd(Tx,, T fu) + d(T fx,, Tu)
< ard(Tu, Tx,) + axd(Tu, T fu) + asd(Tx,, T fx,)
+ (ag + D)d(Tu, T fx,) + sasd(Txy, Tu) + sasd(Tu, T fu)
= ad(Tu, Txy,) + (ag + sas)d(Tu, T fu) + agd(Tx,, T fx,)
+ (ag + D)d(Tu, T fx,).
Similarly,
éd(Tu,Tfu) < d(Tu, Tfx,)+dT fr,, T fu)
< d(Tu,Tfx,) + ard(Tx,, Tu) + asd(Txy, T f1,)
+ azd(Tu, T fu) + ayd(Tx,, T fu) + asd(Tu, T fx,)
< d(Tu,Tfx,) + ard(Tz,, Tu) + asd(Tx,, T f1,)
+ asd(Tu, T fu) + sasd(Txy, Tu) + sasyd(Tu, T fu)
=d(Tu, T fz,) + (a1 + saq)d(Tu, Tz,) + asd(Tx,, T f2,,)
+ (a3 + saq)d(Tu, T fu).
Adding up the last two inequalities, we have

% — (as + say) — (ag + sas) | d(Tu, T fu)

< (2ay + saq)d(Tu, Tzy,) + (ag + a3)d(Txy, T fr,) + (2 + a4)d(Tu, T fz,,)
— 0, as n — 0. (2.15)
Since it follows from (2.13) that

2 2—5s(as+a —S2a +a
g_(a3+8a4)—(a2+sa5): (as + a3) (aq + as)

S

2
- say + ag + az + s(aqg + as) -0,
S

then (2.15) implies that d(Tu,T fu) = 0, that is Tu = T fu. Hence, u is a fixed
point of f. The uniqueness of fixed point is obvious by (2.14). O

Corollary 2.12. Tuking special values for constants a;, we obtain fixed point
results under b-metric versions of T-Banach, T-Kannan and T-Chatterjea con-
ditions:

e T-Banach condition: d(T fz,T fy) < a1d(Tx, Ty) for all x,y € X if a; < %
(CLQ = a3 = a4 = A5 :0),

e T-Kannan condition: d(T fz,Tfy) < ayd(Tz, T fx) + azd(Ty, T fy) for all
r,y € X ifag+az < 8%1 (ay = a4 = a5 =0);
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e T'-Chatterjea condition: d(T fx,T fy) < aesd(Tx, T fx)+ asd(Ty,T fy) for all
l‘,yEX ifa4+a5 < S-&-% (a1:a2:a3:0)'

Finally, we present an example showing that Corollary 2.12 is a proper exten-
sion of the results from [3] and [10].

Example 2.13. Let X = [0,1], d(z,y) = |v —y|, fo = £,T(x) = 2°. Then

d(Tfz, Tfy) < =d(Tz,Ty), for all z,y € X

N

while for x = 1,y = 0 we have

1 1 1
d(f1 =—-—>-=-d(1
that is, f is a T-Banach contraction which is not a usual Banach contraction.

Also,
1
d(T fx, T fy) < g(d(T%TfﬁU) +d(Ty,Tfy)), for all z,y € X,

but for z =1,y = 0 we get
1 1

which means that f is a T-Kannan contraction which is not a Kannan contraction
from [10].

Open problem. It is not yet known if the result of Corollary 2.12 for T-
Banach contraction can be proved for % <a; <1, s>1, with or without some
additional condition on T or the space (X, d).
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istry of Education, Science and Technological Development of Serbia.
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