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EXISTENCE AND STABILITY FOR IMPULSIVE NEUTRAL
STOCHASTIC INTEGRODIFFERENTIAL EQUATIONS WITH
INFINITE DELAYS

MAMADOU ABDOUL DIOP '*, KHALIL EZZINBI 2 AND MAHAMAT
MAHAMAT ZENE ?

ABSTRACT. This work presents result on the existence and stability of mild
solutions for some stochastic partial differential equations with infinite delay
with non-lipschitz coefficients. We use the theory of resolvent operator de-
volopped in R. Grimmer (1982)[8] to show the existence and stability of the
mild solutions. An example is provided to illustrate the results of this work.

1. INTRODUCTION AND PRELIMINARIES

Stochastic neutral differential equations have become an important object of in-
vestigation in recent years stimulated by their numerous applications to problems
arising in physics, mechanics and other fields. Several authors have established
the existence results of mild solutions for these equations (see [7, 18, 19,3, 1, 11]
and references therein ).

On the other hand the theory of stochastic functional integrodifferential equations
has recently received a lot of attention and now constitutes a significant branch
of nonlinear analysis; numerous research papers and monographs have appeared
devoted to stochastic functional integrodifferential equations, for example( see
[12, 5, 6]).

Also, many evolution processes from fields as diverse as physics, population dy-
namics, aeronautics, economics, telecommunications and engineering etc., are
characterized by the fact that they undergo an abrupt change of state at certain
moments of time between intervals of continuous evolution. The duration of these
changes are often negligible compared to the total duration of the process acting
instantaneously in the form of impulses. The impulses may be deterministic or
random.There are lot of papers which investigate the qualitative properties of
impulsive stochastic partial neutral functional integrodifferential equations with
infinite delays. Investigations of these classes of delay equations essentially differ
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from once of equations with finite delays. For these reasons the theory of im-
pulsive stochastic partial neutral functional integrodifferential equations(ISDEs)
with infinite delays has drawn the attention of researchers in recent years.

In [21], the authors J. Yang et al. have studied the stability analysis of impulsive
stochastic differential equations with delays. Z. Yang et al. .[20] studied the ex-
ponential p-th stability of impulsive stochastic differential equations with delays.
In [15, 16], R. Sakthivel and J. Luo, investigated the existence and asymptotic
stability in p-th moment of mild solutions to ISDEs with and without infinite
delays through the fixed point theory.

Inspired by the above mentioned works the main purpose of this paper is to es-
tablish the existence and stability results fo the following class of abstract partial
neutral impulsive integrodifferential equations with infinite delays:

(

dz(t)+ g(t,z)] = |Alz(t) + g(t, z)] +/0 F(t —s)x(s) + g(s,zs)]ds| dt

+a(t, z¢)dt + b(t, x)dw(t), teJ = [0,T],

Az(ty) = x(t]) — z(ty) = L(z(ty)), k=1,2,--- ,m,

:L‘():SOEBa

“ (1.1)

where, the state x(.) takes values in a separable real Hilbert spaces Hwith inner
product (.,.) and norm |||, Ais the infinitesimal generator of a strongly continous
semigroup of bounded linear operators S(t),t >0 on H,with D(A) C H, and
F(t), t € Jis a closed linear operator on H .The history z; : ] —o00,0] —
H, z,(0) = x(t+ 0),for t > 0, belongs to some abstract phase space B which
will be described axiomatically in Section 2 . Let K be another separable Hilbert
spaces with inner product (.,.), and norm ||.||. Suppose {w(s) : 0 < s <t} is
a given K-valued Wiener process with covariance operator () > 0 defined on a
complete probability space (Q,F, {F; >0, P) equipped with a normal filtration
{Fi}+>0 which is generated by the Wiener process w. We are also employing the
same notations ||.|| for the norm £(K;H), where £(K;H) denotes the space of all
bounded linear operator from K into H. Assume that g,a: R, x B— H and b :
R, x B — L) are two appropriate mappings specified later. Here £ = Ly(Kq; H)
denotes the space of all @-HilbertSchmidt operators from Ky to Hwich will be
defined in Section 2. The initial data ¢ = {p(f) : —oo < t < 0}is an Fp-adapted,
B-valued random variable independent of the Wiener process w with finite second
moment, I, : B — H, k = 1,2,---,m are appropriate functions.The fixed
moments of time ¢, satisfies 0 < t; < -+- < t,, < T, z(¢]) and z(t;,) represent the
right and left limits of x(t) at t = ¢; , respectively, Axz(t;) represents the jump
in the state = at time t; with I determining the size of the jump. Our main
results concerning (1.1) , relay essentially on techniques employing a strongly
continous family of operators R(t),t > 0 defined on the Hilbert space H and
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called their resolvent ( the precise definition will be given below). The paper
is organized as follows: in Section 2, we recall some preliminaries which are
used throughout this paper. In Section 3, we state the existence and uniqueness
of a mild solution. In Section 4, we study the stability through the continuous
dependence on the initial values. Finally in section 5, an example is given to
illustrate our results.

2. PRELIMINARIES

2.1. Wiener process. Let (2, F, P,F) with (F = {F;},.,) be a complete filtered
probability space satisfying that F, contains all P-null sets of F. An H-valued
random variable is an F-mesurable function z(¢) : @ — H and the collection
of random variables S = {z(t,w) : Q@ — H]| t € J} is called a stochastic process.
Generally, we juste write z(t) instead of x(t,w) and z(t) : J — H in the space of
S. Let {e;};2, be a complete orthormal basis of K. Suppose that {w(t) : ¢ > 0}
is a cylindrical K-valued Wiener process with a finite trace nuclear covariance
operator @ > 0, denote Tr(Q) = > >° A = A < oo, which satisfaies that
Qe; = Nie;. So, actually, w(t) = > o0 vV Awi(t)e;, where {w;};°, are mutually
independent one-dimensional standard Wiener processes. We assume that F; =
o{w(s);0 < s <t} is the o-algebra generated by w and Fr = F.

Let £(K;H) denote the space of all bounded linear operators from K into H. For
hi, he € L(K;H), we define (hy, hy) = Tr(h1Qh}), where h} is the adjoint of the
operator hy and () is the nuclear operator associated with the Wiener process,
where @ € L (K), the space of positve nuclear operator in K. For ¢ € L(K, H)
we define

el = Tr(wQu) Zwaen

If Hl/JHQ < 00, then 1 is called a Q-Hilbert Schmidt operator. Let Lg(K,H)
denote the space of all @-Hilbert Schmidt operator ). The completion L¢(K, H)
of L(K, H) with respect to the topology induced by the norm |[-[|, where ||1/1||22 =
(1,1)) is a Hilbert space with the above norm topology. For more details, we refer
the reader to Da Prato and Zabczyk [26].

The collection of all strongly measurable, square integrable, H-valued random
variables, denoted by Lo (Q,F, P;H) = Lo(),H), is a Banach space equiped

with norm

1), = (B o w)[?)?,

where the expectationE is defined by Ez = [, z(w)dP. Let C (J, Ly(Q2, H))
be the Banach space of all continuous maps from J 1nto Lo (€2, H) satisfying the
condition

sup I ||z (t)||* < oc.
ted

An important subspace is given by L(Q, H) = {f € Lo(Q,H) : f is Fy — measurable}.
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We say that a function w : [v,7] — H is a normalized piecewise continuous
function on [v, 7] if u is piecewise continuous and left continuous on [v, 7]. We
denote by PC([v, 7|; H) the space formed by the normalized piecewise continuous,
Fi-adapted measurable processes from [v, 7] into H. In particular, we introduce
the space PC formed by all F;-adapted measurable, H-valued stochastic processes
{u(t) : t € [0,T]} such that u is continuous at ¢ # tx, u(ty) = u(ty) and u(t)
exists, for K = 1,--- ,m. In this paper, we ?lways assume that PC is endowed

with the norm |jul|,, = (supsEJE||u(s)H2)§. It is clear that (PC,|-||pc) is a
Banach space. Further, let Brbe a Banach space By ((—oo,T], Ls), the family
of all Fi-adapted process p(t,w) with almost surely continuous in ¢ for fixed
w € Q with norm defined for any ¢ € By by

2
lell, = ( sup EIoE)

2.2. Partial integrodifferential equations in Banach spaces. In the present
section, we recall some definitions, notations and properties needed in the work.

In what follows , H is a Banach space, A and B(t) are closed linear operators on
H. Y represents the Banach space D(A) equipped with the graph norm defined
by

2

lyly == [Ay[ +[y| for y eV
The notations C([0, +00);Y), L£(Y,H) stand for the space of all continuous func-
tions from [0, +00) into Y, the set of all bounded linear operators from Y into H,
respectively. We consider the following Cauchy problem

t
Jt) = Av(t)+/ F(t — s)o(s)ds for >0
0
v(0) = vy € H.
Definition 2.1. ([8]) A resolvent operator for Eq. (2.1) is a bounded linear

operator valued function R(t) € L(H) for ¢t > 0, having the following properties :

(i) R(0) = I and ||R(t)|| < NeP* for some constants N and 3.
(ii) For each x € H, R(t)z is strongly continuous for ¢ > 0.
(iii) For z € Y, R(-)z € C*(]0, +00); H) N C([0, +00);Y) and

(2.1)

R'(t)r = AR(t)x + /t F(t — s)R(s)xds
= R(t)Az + /t R(t —s)F(s)xds for t >0

For additional details on resolvent operators, we refer the reader to [13, 8] .The
resolvent operators plays an important role to study the existence of solutions
and to give a variation of constants formula for non linear systems. We need to
know when the linear system (2.1) has a resolvent operator. Theorem 2.2 gives a
satisfactory answer to this problem.

In what follows we suppose the following assumptions:
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(H1) A is the generator of a strongly continuous semigroup (S(t)),», on H.

(H2) For all t >0, F(t) is closed linear operator from D(A) to H, and

F(t) € L(Y,H). For any y € Y, the map ¢t — F(t)y is bounded uniformly
continuous, differentiable and the derivative t — F’(t)y is bounded uniformly
continuous on RT

The following theorem gives sufficient conditions ensuring the existence of the
resolvent operator for Eq. (2.1)

Theorem 2.2. ([8]) Assume that the assumptions (H1) and (H2) hold. Then
there existe a unique resolvent operator of the Cauchy problem Eq. (2.1).

In the following, we give some results on the existence of solutions for the
following integrodifferential equation

J) = Av(t)+ / CF(— $)o(s)ds + q(t) for £ 30
v(0) = vy € H, ’

where ¢ : [0, +oo[— H is a continuous function.

(2.2)

Definition 2.3. ([8]) A continuous function v : [0,400) — H is said to be a
strict solution of equation (2.2) if

(i) v € CH([0,4+00); H) N C([0, +00); Y),

(ii) v satisfies (2.2) for ¢t > 0.

Remark 2.4. From this definition, we deduce that v(t) € D(A), the function
F(t — s)v(s) is integrable, for all t > 0 and s € [0, +00).

Theorem 2.5. ([8]) Assume that (H1)-(H2) hold. If v is a strict solution of
Eq. ( 2.2), then the following variation of constants formula holds

v(t) = R(t)vy —l—/o R(t — s)q(s)ds for t>0. (2.3)

Accordingly, we make the following definition.

Definition 2.6. ([8]) For vg € H. A function v : [0, +00) — H is called a mild
solution of equation (2.2) if v satisfies the variation of constants formula (2.3).

The next theorem provides sufficient conditions for the regularity of solutions of
(2.2).

Theorem 2.7. ([3]) Let ¢ € C'([0,+00); H) and v be defined by (2.3). If
vo € D(A), then v is a strict solution of Eq. (2.2).

In the whole of this work, we suppose that the phase space is axiomatically
defined, we use the approach proposed by Hale and Kato in [9]. To establish the
axioms of the phase space B, we follows the terminology used in Hino et
al.[10].The axioms of the phase space Bare established for Fjy-measurable
functions from | — oo, 0]into H, endowed with a norm wich satisfies the
following axioms:



INSIE WITH INFINITE DELAYS 73

Axiom 2.8. (Al) Ifz:(—o0,T] — H, T > 0 is such that zy € B and
)47 € PC([v, 7]; H) then, for every ¢ € [0, 7], the following conditions hold:
(i) =z €B,

(i) [e@f < Llzllg,

(1) Julls < ult) subneacs [2(5)] + 0(0) ol

where L > 0 is a constant ; u(.),v(.) : [0, +00) — [1,4+00), u(.) is continuous,
v(.) is locally bounded, and L, u(.), v(.) are independent of z(-)

(A2)  The space B is complete.

The next result is a consequence of the phase space axioms.

Lemma 2.9. Let z: (—o0,0] — H be a F;-adapted measurable process such that
the Fo-adapted process xg = ¢ € Ly(Q,B) and x, ., € PC(J,H), then

0,7

5]l < urB |4l 5 +vr sup E[z(s)]] (2.4)
0<s<T

where ur = sup,e ;{u(t)} and vr = sup,c;{v(t)}.

Remark 2.10. In retarded functional differential equations without impulses, the
axioms of the abstract phase space Binclude the continuity of the function

t — xy; see for instance [10]. Due to the impulsive effect, this property is not
satisfied in impulsive delay systems and, for this reason, has been eliminated in
our abstract description of B.

Before starting and proving the main results, we need the following lemma

Lemma 2.11. (Bihari inequality) ([2]) Let T > 0 and ug > 0, u(t), v(t) be
continuous functions on [0,T]. Let K : RT™ — R™ be a concave, continuous and
nondecreasing function such that K(r) >0 for > 0. If

u(t) < uo—i—/tv(t)K(u(s))ds for 0<t<T,
then 0 .
u(t) < G™1 <G(uo) +/ v(s)ds)
for all t€0,T] such that O
G(u) + /Otv(s)ds € Dom(G™1),
where G(r) "5 (r > 0) and G is the inverse function of the G. In

— 1 m
particular, up =0 and [, %‘2) = 400, then u(t) =0 for all t € [0,T].

In order to obtain the stability of solutions, we use the following well-known
Bihari’s inequality

Corollary 2.12. Let the assumptions of Lemma 2.11 hold and v(t) > 0 for
t €[0,T). If for all € > 0, there exists t; > 0 such that for 0 < uy < €,
fgv(s)ds < f;o Kdé) holds. Tthen for every t € [t1,T], the estimate u(t) < e
holds.
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Now, we present the definition of the mild solution of Eq. (1.1).

Definition 2.13. A stochastic process {z(t) € Br,t € (=00, T}, (0 < T < 00)
is called a mild solution of the Eq. (1.1)if the following conditions hold,

(i) x(t) is Fi-adapted,

(ii) z(t) satisfies the integral equation

;

\

o(t) € B(]|—o00,0],H) for t€]—00,0]
R(t)[p(0) + g(t, 0] — g(t,z¢) + /0 R(t — s)a(s, zs)ds + /0 R(t — s)b(s, zs)dw(s)

+ Y R(t—tu)I(x(ty) as te[0,7].

(2.5)

3. MAIN RESULTS

In this section we discuss the existence and uniqueness of mild solution for the
Eq. (1.1). Now we assume the following assumptions:

(H3): a:

Ry xB—H,b: R, x B— L) are Borel measurable functions

satisfying the following assumptions

(i) there exists K : [0, +o00[— [0,4o00[ such that K is nondecreasing and
concave with K(0) =0, K(u) > 0 for u > 0 and [, % = 00.

(i) [la(t, ¢) — a(t, $)IP V [b(t.©) — bit, 0)[> < K (o — ¢]]°), for al
0<t<Tand p,y e B.

(H4) There exists a positive constant L,, 0 < L, < 1 such that for any
p, % € B and for t € [0,T], we have

lg(t, ) — gt )" < Ly llp — vl

(H5) The function [, € C'(H,H) and there exists some constant hy such that

1Ie(z) — Ii(y)|* < hy |z — y|?, for each z,y € H, and k=1,2,--- ,m.

(H6) For all t € J, af(t,0), b(t,0), g(t,0), I(0) € L?, for k=1,2,--- ,;m and
there exists a positive constant kg such that

la(, 0)[I* v [[b(¢, 0)I* V/ [l (£, 0)|I* V [ Ie(O)]* < ko.

Let us now introduce the successive approximations to Eq.(2.5) as follows

o(t) for t €] — o0,0],

20(t) =
R(t)e(0) fort e [0,T],

and forn=1,2,---,
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4

@(t) for t €] — 00,0],
ity = ¢ fDleO) +9(t ¢ —g(t,fﬁ?)+/0 R(t — s)a(s, 2}~ 1)cls+/0 R(t — s)b(s, " ")dw(s)

+ Z (t —te) (2" (tr), a.ste[0,T], forn=1,2,---

0<trp<t

\

(3.1)

with an arbitrary non-negative initial approximation 2° € Br.

Theorem 3.1. Under assumptions (H1) - (H6), the sequence {z", n > 0} is
well defined and Eq. (1.1) has unique mild solution x in By provided

Q= max {Qq, @2} < 1 and
E{ sup |z"(t) — z(t)||*} = 0 asn — oo
0<t<T

with an arbitrary non-negative initial approzimation{z°} € Br .

Proof : Let 2° € By be a fixed initial approximation of (3.1). Firstly, we can
observe that by (H1) - (H6), ||R(t)|| < M for some M > 1 and all ¢t € [0, 7.
Then for n > 1, we have

E ||2"(t)]" < 5M?[E | (0) + 9(0, ) II"]

+10E [[lg(t, ) — g(t, 0)[* + [lg(t, 0)[|"]
+ 10TM2E/0 [Ha(s,xg—l) —a(s,0)|" + ||a(s,0)||2} ds
+ 10TM2]E/0 [15(s. 22%) — b(s, 0)[* + (s, 0) ] dis

F10M2mE Y | [[ 7" (1)) = LuO)]|* + 1(0)1*]
k=1
Thus from the above,

E[a"(0)]° < 10M2[E [l¢O)]” + El9(0, )|
+10 [LyE [|2™||? + ko]
t
+10(T + 1)M2JE/ [K(Hx“*\\j) + ko] ds
0

+10M%m Z [ [l [+ o

10M2(T + 1 . 10M2m S h .
E [l (1)} < Qu+ (—Q)E/ R (o Py P P (7).
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where Q, = 10L, and Q, = 10M2(14Lg)E|@||?+10L, ko+lloggT+1)M2ko+10M2ng" lko
Since K(-) is concave and K (0) = 0, we cand find positive constants « and

such that K(u) < a+ fu, for all u > 0, and applying mathematical induction,
we get that

. 10M2(T 4 1) 2
E|z"(t)|7 < Qs+ e EHxOHSdS (3.2)
10M%m Y3 hk T - 2
t——— —i ¢ Bl
where, 3 = Q2 + % We know that,
2
E [+ < M2 [[¢(0)]| = Qu < oo (33)

Thus supcp 7 E ||:ch||t2 < oo, then from (3.2), sup;ep 7 E |77 < oo for all
n=1,2,--- and ¢t € [0,7]. This proove the boundedness of {z"}.

We claim that {z"} is Cauchy sequence in By. For this, choose T} € [0, T such
that

. o 2 _
S5M?(Ty + 1)K (t—s) Qo) < SMA(Th +1) (t — s)" Qo, for all 0<t<T).
1— Qs n! 1—-Qs nl

In the same way as above we have the following estimation

E ||x”+1(t) - x"(t)H2 <4L,E Hx”“ - x”H

2
t

t
FAMA(T, + 1) / K(E ||z" — 2"7||%)ds
0

+4M2mz hiE H:L‘" — x"_le )
k=1
Thus,

E[Ja - 2| < = ﬂ*l/KEm S ds @)

M*m>> 0 h 12
0 e g o g,

where, ()5 = 4L,. Moreover,
t

o =27 = | 1000.0) bt ) — ol 1D — o) + [ Rt Jatsiaas
0

+/0tR(t—s)b(s,xg)dw(S)+ > R(E—ti) L(2(t))

0<tp<t
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Then, we get that
12(L, + M2m S h
—Q

7

12M2T1+1/ .
K(E

e G RY

Bz — 2| < Qo+ i [0

where
12M2T2/€0 + 127y M?ky + 12M?*m ZZZ 1 ko
1-0Qr

Taking the supremum over t and from (3.3), we obtain that

Q7 = 6L, and Qs =

2
sup ! — ]! < Qo+ T /K@

tel0,Th]

where

12
Qs = Qo+
e 1-Qr
Applying mathematical induction in (3.4) and from (3.5), we obtain that

t _\n
sup E Hx"“ — anf < W/ K (M sup E Hx OH§> ds
te[0,T1] - Qs 0 n! e

M? ohe [T
m )kt k{—l} sup EHx —x
1-Qs n! te[0,11]

4M2(Ty +1) [* (t—s)"
S—l—Qg, /OK( . Q9>d$
4M2m ZZL 1 hk
it [,

AMET, 1) [ (t— s)
= 1—Qs /o n! Qods

M2m 221:1 hk Tl
— ¢ @o
1-— Q5 n!

n

T
SQIOn_la nzov te[O,Tl]

Il

+

where

AM?Qqy | T (Ty + 1) e
hai | .

Note that for any m > n > 1, we have,

Q10 =

“+o0

]E mt o < E r+1
Sup Bl =" OF < 3 sup Eller! o]l
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+oo T
< Z (Qwﬁ)

— 0 as n — 0. (3.6)

This shows that (2"),-, is Cauchy in By. Then the standard Borel-Cantelli
lemma argument can be used to show that 2™(t) — x(t) uniformly in ¢ on
[0,71]. Hence z(t) is a solution of Eq.(1.1) in the interval [0,7}]. By using the
same method as Theorem (6) in [11], the existence of solution of (1.1) on [0, 7]
can be obtained by iteration. Now, we prove the uniqueness of the solution of
Eq. (2.5). Let 1, z9 € Br be two solutions to (1.1)on some interval | — oo, T'.
Then, for ¢ €] — 00, 0], the uniqueness is obvious and for 0 <t < T, we have

E||z1(t) — z(t)]]* < 5 (Lg + M%th) E ||z — x|
k=1
t
+AM(T + 1)/ K(E ||z, — x|°)ds
0
Thus,

4M2T+
By~ naf < 2EEED [ R oy — s

where,

Q=4 (Lg + MQmth) .
k=1
Thus, Bihari’s inequality yields that

sup Elz) —2ff =0, 0<t<T.
t€[0,T)]

Thus z1(t) = x(t), for all 0 < ¢ < T'. Therefore, for all
—00 <t <T, x1(t) = x5(t) a.s. This achieve the proof of Theorem 3.1.

4. STABILITY IN THE MEAN SQUARE

In this section, we mean in this stability that small changes in the initial
conditions lead to small changes in the solutions over a given finite time interval.

Definition 4.1. A mild solution z(¢) of the Eq. (1.1) with initial value ¢ is
said to be stable in the mean square if for all € > 0, there exists 6 > 0 such that

2
E|lz(t) — 2(¢)|? < ¢, when E H¢ . qu <4 forallt€[0,7].  (4.1)
t
where Z(t) is another mild solution of the system (1.1) with initial 0.

Theorem 4.2. Let z(t) and y(t) the mild solution of the equation Eq.(1.1) with
initial values p1 and py respectively. If the assumption of the theorem 3.1 are
satisfied, then the mild solution of the Eq.(1.1) is stable in the mean square.
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Proof: Let, z(t) and y(t) be two mild solutions of equation (1.1) with initial
values ¢ and 9 respectively. Then for 0 < ¢ <T

z(t) — y(t) = R(t) ([¢1(0) — 2(0)] + [9(0, 1) — 9(0, 2)]) — [g(t, z:) — g(t, ys)]
[t —ats. s + [ R— )b, 2) bt
b3 R ) Te(t) — Ty
Eestimating as before, :;k;t that
E l2(t) — y() I < 6M2(1 + L,)E oy — ol

+6 (Lg +Mmy hk> E |z —y|?

k=1

t
+6M2(T+1)/ K(E |z —y|?)ds
0

Thus
,  6M2(1+L,) ,
Ellz —yl; < #EHSO 1 — a2
7M2T+1 /
K E|lx —
-0, |z —y||?)ds

where, Q12 =6 (L, + M?*m> " hy).

Let Ky(u) = w[( (u), for K is a concave increasing function from R to
1-Q1o ’

R* such that K(0) =0, K(u) > 0 for u > 0 and [, % = +00. Then, K (u) is
obviously concave function from Rt to R such that K1(0) =0, K;(u) > K(u)

for 0 <u < 1 and f0+ e (u) = +4o00. For any € > 0, ¢, = %6, we have

lim,_, fs K1 (u) = 00. Then, there is positive constant ¢ < €; such that

€1 _du
0 Ki(u) >T.
From Corollary 2.12, let
6M?(1+ L) 2
= TR pp, —
w= gt Bl — ¢l

2
u(t) = Bllz —yll2, v(t) = 1
when ug < 0 < €1, we have

o du U du /T
>T = v(s)ds.
w Tl = Sy Tl , )

)
Then for any t € [0, 7], the estimate u(t) > €; holds. This completes the proof.
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Remark 4.3. If m = 0 in (1.1), then the system behave as neutral stochastic
partial integrodifferential equation with infinte delay of the form
(

dlz(t) + g(t, )] = Alz(t) + g(¢t, z,)|dt + [/0 F(t — s)x(s)ds + a(s, xs) | dt

+b(t, z¢)dw(t), 0 <t <T,

K xOIQOECJbBO (]—O0,0],IHD

(4.2)

By applying Theorem 3.1 under the hypotheses (H1) - (H6), the system (4.2)
guarantees the existence and uniqueness of the mild solution.

5. APPLICATION

In this section, we propose to study the following model that is given by a
stochastic partial differential equation involving infinite delay

( 2

g [0(t.€) 4 gt e = 7,€0)] = 57 [t + gt ult = )

[ =9 &) gl uls — 7€) s

+alt,u(t —7,8))dt + b(t,u(t — 7,€))dw(t) for t £t and ¢t >0
Au(ty) =u(t]) —z(ty) = L(u(ty)) for t =ty, k=1,2,---,
u(t,0) + g(t,u(t — 7,0)) =0 for ¢ >0,

u(t,m) +g(t,u(t —,m)) =0 for t >0,

L u(0,8) =up(0,&) for 6 €] —o00,0] and & € [0, 7],

(5.1)
where w(t) denotes a R-valued Brownian motion.
The functions f: RT — R,g,a,b: RT x R — R ug :] — 00,0] x [0,7] — R are
continuous and u(-) € L2(0, ), is Fo-measurable and satisfies E || 5o||> < oo.
Let H = L?(0,n) with the norm ||.|| and

en 1= \/gsin(mc), (n=1,2,3,---) denote the completed orthonormal basis in

H. Let w(t) :=> 0" VAubu(t)en(Mn > 0), where 3,(t) are one dimensional
standard Brownian motion mutually independent on a usual complete
probability space (2, F,{Fi}i>0,P).

Define A:H — H by A= 83—222, with domain D(A) = H?(0,7) N H} (0, 7).
Then Ah= -3 n®><h,e,>e, heD(A), where e,, n=1,2,3,---,
is also the orthonormal set of eigenvectors of A.It is well-known that Ais the
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infinitesimal generator of a strongly continuous semigroup on H, thus (H1)is
true .

Let F': D(A) C H— H be the operator defined by

F(t)(z) = f(t)Az for t > 0 and z € D(A).

Let v > 0, define the phase space

B={peC((—o0,0],H) : limg_,_o €”p(f)exists in H}

and let [|¢llg = suppe(_oo g {€7|l¢llL, } - Then (B, || .||5)is a Banach space and
satisfies (A1)-(A2)with L = 1,u(t) = e, v(t) = max{1,e 7"} . Therefore, for
(t,p) € J x B, where p(0)(§) = ¢(0,§), (0,§) € (—00,0] x [0,7], let

x(t)(€) = u(t, &) and define the functions g,a : J x B — H and

b: JxB — LY(H, H) for the infinite delay as follows:

g(t,0)(€) = [°_ k1 (0)0(8)(€)db,
alt, d)(€) = [°_ ka(t, €,0)G1((0))do,
b(t. d)(€) = [°_ ks(t,€,0)Ga(p(6))do,

where

(i) the functions ki(f) > 0 is continuous in (—oo, 0] and satisfies
SO R O)d0 < 00, Ly = (—3 [° K2(0)d0);
(ii) the functions ko, k3 are continuous in J x [0, 7] X (—o0,0] and satisfy
SO K3(E.€.0)d0 = po(t.§) < 00, (f p3(t.€)dg) <1,

SO K3 (1,6,0)d0 = ps(t,€) < o0, (f pA(t.€)d€) <1,
(iii) the functions G;, i = 1,21is continuous in J x [0, 7] x (—o0,0) and
satisfies .
0 < Gi(21(0,€)) — Gi(22(0,€)) < K& ([21(0,.) — x2(6,)[172),
0 < Ga(21(0,€)) — Ga(22(0,€)) < K ([21(0,.) — 22(0,)]172),
for (6,¢) € (—o0,0] x [0, 7], where
Ko (), Ky (1), KZ(.), K2(.) : [0,00] — (0,00) are nondecreasing and

concave .

Under the above assumptions, we can rewritten Eq.(5.1) as the abstract form of
Eq.(1.1).

(

dlz(t)+ g(t,z)] = |Alz(t) + g(t, z)] +/0 F(t—s)z(t) + g(t,x¢)|ds| dt

+a(t, z¢)dt + b(t, x)dw(t), teJ = [0,T],

Ax(ty) = x(tf) —x(ty) = L(z(ty), k=1,2,---,m,

\ ZL‘OZQDEB.
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Moreover, if f is bounded and C* function such that f is bounded and
uniformly continuous, then (H2) is satisfied and hence, by Theorem 2.2, Eq.
(5.2) has a resolvent operator (R(t));>o on H.

By assumptions (i),(ii) and (iii) we have

lo(t, 61) — g(t, o2) |13 = / (/ 51(0) (61(0)(€) — 2(0)(£)) db )ng
k

)(/ G )~ l6)(€) b

/ k%w)de) sup {6} = Lo(llén — dall%).

0€]—00,0]

IA
N
8\

IN
/T\
5=

la(t, ¢1) — a(t, ¢2)||12H1 = /07r / kao(t,&,0) (Gi(e1(0)) — Gi(e2(0))) d@) d§

/ k2<t,s,e>Ké<u¢1<e,.>—¢2<e,.>ni2>de) ¢

A
h
H:

™

(Y]

—~

~

m

\_/

A

l\"
Q

_®

%\

A

\_/

—~

-

=

[ V]

S~—
oY
>

~_

QL

7a2%

IN
o\;‘
A TN TN /N
|
3

In the same way we obtain the following estimation

Ib(t, ¢1) = b(t. @) iy < Ko([ 61 — G2l5)-

The next results as consequence of Theorem 3.1 and Theorem 4.2 respectively.

Proposition 5.1. Assume that the hypothesis (H1)-(H5) hold. Then there
exists a mild solution u of the system (5.1) provided

Q = max{Qy, @5} < 1.
1s satisfied.

Proposition 5.2. Assume that the conditions of Proposition 5.1 hold. Then the
mild solution u of the Eq.(5.2) is stable in the quadratic mean.
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