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EXISTENCE AND STABILITY FOR IMPULSIVE NEUTRAL
STOCHASTIC INTEGRODIFFERENTIAL EQUATIONS WITH

INFINITE DELAYS

MAMADOU ABDOUL DIOP 1∗, KHALIL EZZINBI 2 AND MAHAMAT
MAHAMAT ZENE 3

Abstract. This work presents result on the existence and stability of mild
solutions for some stochastic partial differential equations with infinite delay
with non-lipschitz coefficients. We use the theory of resolvent operator de-
volopped in R. Grimmer (1982)[8] to show the existence and stability of the
mild solutions. An example is provided to illustrate the results of this work.

1. Introduction and preliminaries

Stochastic neutral differential equations have become an important object of in-
vestigation in recent years stimulated by their numerous applications to problems
arising in physics, mechanics and other fields. Several authors have established
the existence results of mild solutions for these equations ( see [7, 18, 19, 3, 1, 11]
and references therein ).
On the other hand the theory of stochastic functional integrodifferential equations
has recently received a lot of attention and now constitutes a significant branch
of nonlinear analysis; numerous research papers and monographs have appeared
devoted to stochastic functional integrodifferential equations, for example( see
[12, 5, 6]).
Also, many evolution processes from fields as diverse as physics, population dy-
namics, aeronautics, economics, telecommunications and engineering etc., are
characterized by the fact that they undergo an abrupt change of state at certain
moments of time between intervals of continuous evolution. The duration of these
changes are often negligible compared to the total duration of the process acting
instantaneously in the form of impulses. The impulses may be deterministic or
random.There are lot of papers which investigate the qualitative properties of
impulsive stochastic partial neutral functional integrodifferential equations with
infinite delays. Investigations of these classes of delay equations essentially differ
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from once of equations with finite delays. For these reasons the theory of im-
pulsive stochastic partial neutral functional integrodifferential equations(ISDEs)
with infinite delays has drawn the attention of researchers in recent years.
In [21], the authors J. Yang et al. have studied the stability analysis of impulsive
stochastic differential equations with delays. Z. Yang et al. .[20] studied the ex-
ponential p-th stability of impulsive stochastic differential equations with delays.
In [15, 16], R. Sakthivel and J. Luo, investigated the existence and asymptotic
stability in p-th moment of mild solutions to ISDEs with and without infinite
delays through the fixed point theory.
Inspired by the above mentioned works the main purpose of this paper is to es-
tablish the existence and stability results fo the following class of abstract partial
neutral impulsive integrodifferential equations with infinite delays:



d [x(t) + g(t, xt)] =

[
A[x(t) + g(t, xt)] +

∫ t

0

F (t− s)[x(s) + g(s, xs)]ds

]
dt

+a(t, xt)dt+ b(t, xt)dw(t), t ∈ J := [0, T ],

∆x(tk) = x(t+k )− x(t−k ) = Ik(x(tk)), k = 1, 2, · · · ,m,

x0 = ϕ ∈ B,
(1.1)

where, the state x(.) takes values in a separable real Hilbert spaces Hwith inner
product (., .) and norm ‖.‖, A is the infinitesimal generator of a strongly continous
semigroup of bounded linear operators S(t), t ≥ 0 on H, with D(A) ⊂ H, and
F (t), t ∈ J is a closed linear operator on H . The history xt : ] −∞, 0] →
H, xt(θ) = x(t + θ), for t ≥ 0, belongs to some abstract phase space Bwhich
will be described axiomatically in Section 2 . Let K be another separable Hilbert
spaces with inner product 〈., .〉K and norm ‖.‖K. Suppose {w(s) : 0 ≤ s ≤ t} is
a given K-valued Wiener process with covariance operator Q ≥ 0 defined on a
complete probability space (Ω,F , {Ft}t≥0,P) equipped with a normal filtration
{Ft}t≥0 which is generated by the Wiener process w. We are also employing the
same notations ‖.‖ for the norm L(K;H), where L(K;H) denotes the space of all
bounded linear operator from K into H. Assume that g, a : R+ × B → H and b :
R+×B → L0

2 are two appropriate mappings specified later. Here L0
2 = L2(K0;H)

denotes the space of all Q-HilbertSchmidt operators from K0 to Hwich will be
defined in Section 2. The initial data ϕ = {ϕ(t) : −∞ < t ≤ 0}is an F0-adapted,
B-valued random variable independent of the Wiener processwwith finite second
moment, Ik : B → H, k = 1, 2, · · · ,m are appropriate functions.The fixed
moments of time tk satisfies 0 < t1 < · · · < tm < T, x(t+k ) and x(t−k ) represent the
right and left limits of x(t) at t = tk , respectively, ∆x(tk) represents the jump
in the state x at time tk with Ik determining the size of the jump. Our main
results concerning (1.1) , relay essentially on techniques employing a strongly
continous family of operators R(t), t ≥ 0 defined on the Hilbert space H and
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called their resolvent ( the precise definition will be given below). The paper
is organized as follows: in Section 2, we recall some preliminaries which are
used throughout this paper. In Section 3, we state the existence and uniqueness
of a mild solution. In Section 4, we study the stability through the continuous
dependence on the initial values. Finally in section 5, an example is given to
illustrate our results.

2. Preliminaries

2.1. Wiener process. Let (Ω,F , P,F) with (F = {Ft}t≥0) be a complete filtered
probability space satisfying that F0 contains all P -null sets of F . An H-valued
random variable is an F -mesurable function x(t) : Ω → H and the collection
of random variables S = {x(t, ω) : Ω→ H| t ∈ J} is called a stochastic process.
Generally, we juste write x(t) instead of x(t, ω) and x(t) : J → H in the space of
S. Let {ei}∞i=1 be a complete orthormal basis of K. Suppose that {ω(t) : t ≥ 0}
is a cylindrical K-valued Wiener process with a finite trace nuclear covariance
operator Q ≥ 0 , denote Tr(Q) =

∑∞
n=1 λi = λ < ∞, which satisfaies that

Qei = λiei. So, actually, w(t) =
∑∞

i=1

√
λiωi(t)ei, where {ωi}∞i=1 are mutually

independent one-dimensional standard Wiener processes. We assume that Ft =
σ {w(s); 0 ≤ s ≤ t} is the σ-algebra generated by ω and FT = F .
Let L(K;H) denote the space of all bounded linear operators from K into H. For
h1, h2 ∈ L(K;H), we define (h1, h2) = Tr(h1Qh

∗
2), where h∗2 is the adjoint of the

operator h2 and Q is the nuclear operator associated with the Wiener process,
where Q ∈ L+

n (K), the space of positve nuclear operator in K. For ψ ∈ L(K,H)
we define

‖ψ‖2
Q = Tr(ψQψ∗) =

∞∑
n=1

∥∥∥√λn ψen

∥∥∥2

.

If ‖ψ‖Q < ∞, then ψ is called a Q-Hilbert Schmidt operator. Let LQ(K,H)

denote the space of all Q-Hilbert Schmidt operator ψ. The completion LQ(K,H)

of L(K,H) with respect to the topology induced by the norm ‖·‖Q where ‖ψ‖2
Q =

(ψ, ψ) is a Hilbert space with the above norm topology. For more details, we refer
the reader to Da Prato and Zabczyk [26].
The collection of all strongly measurable, square integrable, H-valued random
variables, denoted by L2 (Ω,F , P ;H) ≡ L2(Ω,H), is a Banach space equiped
with norm

‖x(·)‖L2
=
(
E ‖x(·, ω)‖2) 1

2 ,

where the expectationE is defined by Ex =
∫

Ω
x(w)dP . Let C (J, L2(Ω,H))

be the Banach space of all continuous maps from J into L2(Ω,H) satisfying the
condition

sup
t∈J

E ‖x(t)‖2 <∞.

An important subspace is given by L0
2(Ω,H) = {f ∈ L2(Ω,H) : f is F0 −measurable}.
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We say that a function u : [ν, τ ] → H is a normalized piecewise continuous
function on [ν, τ ] if u is piecewise continuous and left continuous on [ν, τ ]. We
denote by PC([ν, τ ];H) the space formed by the normalized piecewise continuous,
Ft-adapted measurable processes from [ν, τ ] into H. In particular, we introduce
the space PC formed by all Ft-adapted measurable, H-valued stochastic processes
{u(t) : t ∈ [0, T ]} such that u is continuous at t 6= tk, u(t−k ) = u(tk) and u(t+k )
exists, for k = 1, · · · ,m. In this paper, we always assume that PC is endowed

with the norm ‖u‖PC =
(
sups∈J E ‖u(s)‖2) 1

2 . It is clear that (PC, ‖·‖PC) is a
Banach space. Further, let BT be a Banach space BT ((−∞, T ] , L2), the family
of all Ft-adapted process ϕ(t, ω) with almost surely continuous in t for fixed
ω ∈ Ω with norm defined for any ϕ ∈ BT by

‖ϕ‖BT =

(
sup

0≤t≤T
E |ϕ|2t

) 1
2

.

2.2. Partial integrodifferential equations in Banach spaces. In the present
section, we recall some definitions, notations and properties needed in the work.

In what follows , H is a Banach space, A and B(t) are closed linear operators on
H. Y represents the Banach space D(A) equipped with the graph norm defined
by

|y|Y := |Ay|+ |y| for y ∈ Y.
The notations C([0,+∞);Y ), L(Y,H) stand for the space of all continuous func-
tions from [0,+∞) into Y , the set of all bounded linear operators from Y into H,
respectively. We consider the following Cauchy problem v

′
(t) = Av(t) +

∫ t

0

F (t− s)v(s)ds for t ≥ 0

v(0) = v0 ∈ H.
(2.1)

Definition 2.1. ([8]) A resolvent operator for Eq. (2.1) is a bounded linear
operator valued function R(t) ∈ L(H) for t ≥ 0, having the following properties :

(i) R(0) = I and ‖R(t)‖ ≤ Neβt for some constants N and β.
(ii) For each x ∈ H, R(t)x is strongly continuous for t ≥ 0.
(iii) For x ∈ Y, R(·)x ∈ C1([0,+∞);H) ∩ C([0,+∞);Y ) and

R′(t)x = AR(t)x+

∫ t

0

F (t− s)R(s)xds

= R(t)Ax+

∫ t

0

R(t− s)F (s)xds for t ≥ 0

For additional details on resolvent operators, we refer the reader to [13, 8] .The
resolvent operators plays an important role to study the existence of solutions
and to give a variation of constants formula for non linear systems. We need to
know when the linear system (2.1) has a resolvent operator. Theorem 2.2 gives a
satisfactory answer to this problem.

In what follows we suppose the following assumptions:
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(H1)A is the generator of a strongly continuous semigroup (S(t))t≥0 on H.
(H2) For all t ≥ 0, F (t) is closed linear operator from D(A) to H, and
F (t) ∈ L(Y,H). For any y ∈ Y , the map t→ F (t)y is bounded uniformly
continuous, differentiable and the derivative t→ F ′(t)y is bounded uniformly
continuous on R+

The following theorem gives sufficient conditions ensuring the existence of the
resolvent operator for Eq. (2.1)

Theorem 2.2. ([8]) Assume that the assumptions (H1) and (H2) hold. Then
there existe a unique resolvent operator of the Cauchy problem Eq. (2.1).

In the following, we give some results on the existence of solutions for the
following integrodifferential equation v

′
(t) = Av(t) +

∫ t

0

F (t− s)v(s)ds+ q(t) for t ≥ 0

v(0) = v0 ∈ H,
(2.2)

where q : [0,+∞[→ H is a continuous function.

Definition 2.3. ([8]) A continuous function v : [0,+∞)→ H is said to be a
strict solution of equation (2.2) if

(i) v ∈ C1([0,+∞);H) ∩ C([0,+∞);Y ),
(ii) v satisfies (2.2) for t ≥ 0.

Remark 2.4. From this definition, we deduce that v(t) ∈ D(A), the function
F (t− s)v(s) is integrable, for all t > 0 and s ∈ [0,+∞).

Theorem 2.5. ([8]) Assume that (H1)-(H2) hold. If v is a strict solution of
Eq. ( 2.2), then the following variation of constants formula holds

v(t) = R(t)v0 +

∫ t

0

R(t− s)q(s)ds for t ≥ 0. (2.3)

Accordingly, we make the following definition.

Definition 2.6. ([8]) For v0 ∈ H. A function v : [0,+∞)→ H is called a mild
solution of equation (2.2) if v satisfies the variation of constants formula (2.3).

The next theorem provides sufficient conditions for the regularity of solutions of
(2.2).

Theorem 2.7. ([8]) Let q ∈ C1([0,+∞);H) and v be defined by (2.3). If
v0 ∈ D(A), then v is a strict solution of Eq. (2.2).

In the whole of this work, we suppose that the phase space is axiomatically
defined, we use the approach proposed by Hale and Kato in [9]. To establish the
axioms of the phase space B, we follows the terminology used in Hino et
al.[10].The axioms of the phase space B are established for F0-measurable
functions from ]−∞, 0] into H, endowed with a norm wich satisfies the
following axioms:
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Axiom 2.8. (A1) If x : (−∞, T ]→ H, T > 0 is such that x0 ∈ B and
x|[0,T ]

∈ PC([ν, τ ];H) then, for every t ∈ [0, T ], the following conditions hold:

(i) xt ∈ B,
(ii) ‖x(t)‖ ≤ L ‖xt‖B,
(iii) ‖xt‖B ≤ u(t) sup0≤s≤t ‖x(s)‖+ v(t) ‖x0‖B,
where L > 0 is a constant ; u(.), v(.) : [0,+∞)→ [1,+∞), u(.) is continuous,
v(.) is locally bounded, and L, u(.), v(.) are independent of x(·)
(A2) The space B is complete.

The next result is a consequence of the phase space axioms.

Lemma 2.9. Let x : (−∞, 0]→ H be a Ft-adapted measurable process such that
the F0-adapted process x0 = ϕ ∈ L0

2(Ω,B) and x|[0,T ]
∈ PC(J,H), then

‖xs‖B≤ uTE ‖φ‖B + vT sup
0≤s≤T

E ‖x(s)‖ (2.4)

where uT = supt∈J{u(t)} and vT = supt∈J{v(t)}.

Remark 2.10. In retarded functional differential equations without impulses, the
axioms of the abstract phase space B include the continuity of the function
t→ xt; see for instance [10]. Due to the impulsive effect, this property is not
satisfied in impulsive delay systems and, for this reason, has been eliminated in
our abstract description of B.

Before starting and proving the main results, we need the following lemma

Lemma 2.11. (Bihari inequality) ([2]) Let T > 0 and u0 ≥ 0, u(t), v(t) be
continuous functions on [0, T ]. Let K : R+ → R+ be a concave, continuous and
nondecreasing function such that K(r) > 0 for > 0. If

u(t) ≤ u0 +

∫ t

0

v(t)K (u(s)) ds for 0 ≤ t ≤ T,

then

u(t) ≤ G−1

(
G(u0) +

∫ t

0

v(s)ds

)
for all t ∈ [0, T ] such that

G(u0) +

∫ t

0

v(s)ds ∈ Dom(G−1),

where G(r) =
∫ r

1
ds
K(s)

(r ≥ 0) and G−1 is the inverse function of the G. In

particular, u0 = 0 and
∫

0+
ds
K(s)

= +∞, then u(t) = 0 for all t ∈ [0, T ].

In order to obtain the stability of solutions, we use the following well-known
Bihari’s inequality

Corollary 2.12. Let the assumptions of Lemma 2.11 hold and v(t) ≥ 0 for
t ∈ [0, T ]. If for all ε > 0, there exists t1 ≥ 0 such that for 0 ≤ u0 < ε,∫ T
t1
v(s)ds ≤

∫ ε
u0

ds
K(s)

holds. Tthen for every t ∈ [t1, T ], the estimate u(t) ≤ ε

holds.
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Now, we present the definition of the mild solution of Eq. (1.1).

Definition 2.13. A stochastic process {x(t) ∈ BT , t ∈ (−∞, T ]}, (0 < T <∞)
is called a mild solution of the Eq. (1.1) if the following conditions hold,

(i) x(t) is Ft-adapted,
(ii) x(t) satisfies the integral equation

x(t) =



ϕ(t) ∈ B ( ]−∞, 0],H) for t ∈]−∞, 0]

R(t)[ϕ(0) + g(t, ϕ]− g(t, xt) +

∫ t

0

R(t− s)a(s, xs)ds+

∫ t

0

R(t− s)b(s, xs)dw(s)

+
∑

0<tk<t

R(t− tk)Ik(x(tk)) a.s t ∈ [0, T ].

(2.5)

3. Main Results

In this section we discuss the existence and uniqueness of mild solution for the
Eq. (1.1). Now we assume the following assumptions:
(H3): a : R+ × B → H, b : R+ × B → L0

2 are Borel measurable functions
satisfying the following assumptions

(i) there existsK : [0,+∞[→ [0,+∞[ such that K is nondecreasing and
concave with K(0) = 0, K(u) > 0 for u > 0 and

∫
0+

du
K(u)

=∞.

(ii) ‖a(t, ϕ)− a(t, ψ)‖2 ∨ ‖b(t, ϕ)− b(t, ψ)‖2 ≤ K(‖ϕ− ψ‖2), for all
0 ≤ t ≤ T and ϕ, ψ ∈ B.

(H4) There exists a positive constant Lg, 0 < Lg < 1 such that for any
ϕ, ψ ∈ B and for t ∈ [0, T ], we have

‖g(t, ϕ)− g(t, ψ)‖2 ≤ Lg ‖ϕ− ψ‖2 .

(H5) The function Ik ∈ C (H,H) and there exists some constant hk such that

|Ik(x)− Ik(y)|2 ≤ hk |x− y|2, for each x, y ∈ H, and k = 1, 2, · · · ,m.
(H6) For all t ∈ J, a(t, 0), b(t, 0), g(t, 0), Ik(0) ∈ L2, for k = 1, 2, · · · ,m and
there exists a positive constant k0 such that

‖a(t, 0)‖2 ∨ ‖b(t, 0)‖2 ∨ ‖g(t, 0)‖2 ∨ ‖Ik(0)‖2 ≤ k0.

Let us now introduce the successive approximations to Eq.(2.5) as follows

x0(t) =

 ϕ(t) for t ∈]−∞, 0],

R(t)ϕ(0) for t ∈ [0, T ],

and for n = 1, 2, · · · ,
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xn(t) =



ϕ(t) for t ∈]−∞, 0],

R(t)[ϕ(0) + g(t, ϕ]− g(t, xnt ) +

∫ t

0

R(t− s)a(s, xn−1
s )ds+

∫ t

0

R(t− s)b(s, xn−1
s )dw(s)

+
∑

0<tk<t

R(t− tk)Ik(xn−1(tk)), a.s t ∈ [0, T ], for n = 1, 2, · · · .

(3.1)
with an arbitrary non-negative initial approximation x0 ∈ BT .

Theorem 3.1. Under assumptions (H1) - (H6), the sequence {xn, n ≥ 0} is
well defined and Eq. (1.1) has unique mild solution x in BT provided

Q̃ = max {Q1, Q2} < 1 and

E{ sup
0≤t≤T

‖xn(t)− x(t)‖2} → 0 as n→∞

with an arbitrary non-negative initial approximation {x0} ∈ BT .

Proof : Let x0 ∈ BT be a fixed initial approximation of (3.1). Firstly, we can
observe that by (H1) - (H6), ‖R(t)‖ ≤M for some M ≥ 1 and all t ∈ [0, T ].
Then for n ≥ 1, we have

E ‖xn(t)‖2 ≤ 5M2[E ‖ϕ(0) + g(0, ϕ)‖2]

+10E
[
‖g(t, xnt )− g(t, 0)‖2 + ‖g(t, 0)‖2]

+ 10TM2E
∫ t

0

[∥∥a(s, xn−1
s )− a(s, 0)

∥∥2
+ ‖a(s, 0)‖2

]
ds

+ 10TM2E
∫ t

0

[∥∥b(s, xn−1
s )− b(s, 0)

∥∥2
+ ‖b(s, 0)‖2

]
ds

+10M2mE
m∑
k=1

[∥∥Ik(xn−1(tk))− Ik(0)
∥∥2

+ ‖Ik(0)‖2
]
.

Thus from the above,

E ‖xn(t)‖2 ≤ 10M2[E ‖ϕ(0)‖2 + E ‖g(0, ϕ)‖2]

+10
[
LgE ‖xn‖2

t + k0

]
+10(T + 1)M2E

∫ t

0

[
K(
∥∥xn−1

∥∥2

s
) + k0

]
ds

+10M2m
m∑
k=1

[
hkE

∥∥xn−1
∥∥2

t
+ k0

]
E ‖xn(t)‖2

t ≤ Q2+
10M2(T + 1)

1−Q1

E
∫ t

0

K(
∥∥xn−1

∥∥2

s
)ds+

10M2m
∑m

k=1 hk
1−Q1

{
E
∥∥xn−1

∥∥2

t

}
,
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where Q1 = 10Lg and Q2 =
10M2(1+Lg)E‖ϕ‖2+10Lgk0+10T (T+1)M2k0+10M2m

∑m
k=1 k0

1−Q1
.

Since K(·) is concave and K(0) = 0, we cand find positive constants α and β
such that K(u) ≤ α + βu, for all u ≥ 0, and applying mathematical induction,
we get that

E ‖xn(t)‖2
t ≤ Q3 +

10M2(T + 1)β

1−Q1

∫ t

0

(t− s)n−1

(n− 1)!
E
∥∥x0
∥∥2

s
ds (3.2)

+
10M2m

∑m
k=1 hk

1−Q1

{
T n−1

(n− 1)!

}
E
∥∥x0
∥∥2

t
,

where, Q3 = Q2 + 10M2(T+1)Tα
1−Q1

. We know that,

E
∥∥x0(t)

∥∥2 ≤M2 ‖ϕ(0)‖ = Q4 ≤ ∞. (3.3)

Thus supt∈[0,T ] E ‖x0‖2
t <∞, then from (3.2), supt∈[0,T ] E ‖xn‖

2
t <∞ for all

n = 1, 2, · · · and t ∈ [0, T ]. This proove the boundedness of {xn}.
We claim that {xn} is Cauchy sequence in BT . For this, choose T1 ∈ [0, T [ such
that

5M2(T1 + 1)

1−Q5

K

(
(t− s)n

n!
Q9

)
≤ 5M2(T1 + 1)

1−Q5

(t− s)n

n!
Q9, for all 0 ≤ t ≤ T1.

In the same way as above we have the following estimation

E
∥∥xn+1(t)− xn(t)

∥∥2 ≤ 4LgE
∥∥xn+1 − xn

∥∥2

t

+4M2(T1 + 1)

∫ t

0

K(E
∥∥xn − xn−1

∥∥2

s
)ds

+4M2m
m∑
k=1

hkE
∥∥xn − xn−1

∥∥2

t
.

Thus,

E
∥∥xn+1 − xn

∥∥2

t
≤ 4M2(T1 + 1)

1−Q5

∫ t

0

K(E
∥∥xn − xn−1

∥∥2

s
)ds (3.4)

+
4M2m

∑m
k=1 hk

1−Q5

E
∥∥xn − xn−1

∥∥2

t
,

where, Q5 = 4Lg. Moreover,

∥∥x1 − x0
∥∥2

=

∥∥∥∥R(t)g(0, ϕ)− [g(t, x1
t )− g(t, x0

t )]− g(t, x0
t ) +

∫ t

0

R(t− s)a(s, x0
s)ds

+

∫ t

0

R(t− s)b(s, x0
s)dw(s) +

∑
0<tk<t

R(t− tk)Ik(x0(tk))

∥∥∥∥∥
2

.
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Then, we get that

E
∥∥x1 − x0

∥∥2

t
≤ Q6 +

12 (Lg +M2m
∑m

k=1 hk)

1−Q7

E
∥∥x0
∥∥2

t

+
12M2(T1 + 1)

1−Q7

∫ t

0

K(E
∥∥x0
∥∥2

s
)ds,

where

Q7 = 6Lg and Q6 =
12M2T 2

1 k0 + 12T1M
2k0 + 12M2m

∑m
k=1 k0

1−Q7

.

Taking the supremum over t and from (3.3), we obtain that

sup
t∈[0,T1]

E
∥∥x1 − x0

∥∥2

t
≤ Q8 +

12M2(T1 + 1)

1−Q7

∫ t

0

K(Q4)ds

≤ Q9, (3.5)

where

Q8 = Q6 +
12(Lg +M2m

∑m
k=1 hk

1−Q7

E
∥∥x0
∥∥2

t
.

Applying mathematical induction in (3.4) and from (3.5), we obtain that

sup
t∈[0,T1]

E
∥∥xn+1 − xn

∥∥2

t
≤ 4M2(T1 + 1)

1−Q5

∫ t

0

K

(
(t− s)n

n!
sup

t∈[0,T1]

E
∥∥x1 − x0

∥∥2

s

)
ds

+
4M2m

∑m
k=1 hk

1−Q5

{
T n1
n!

}
sup

t∈[0,T1]

E
∥∥x1 − x0

∥∥2

t

≤ 4M2(T1 + 1)

1−Q5

∫ t

0

K

(
(t− s)n

n!
Q9

)
ds

+
4M2m

∑m
k=1 hk

1−Q5

{
T n1
n!

}
Q9

≤ 4M2(T1 + 1)

1−Q5

∫ t

0

(t− s)n

n!
Q9ds

+
4M2m

∑m
k=1 hk

1−Q5

{
T n1
n!

}
Q9

≤ Q10
T n1
n!
, n ≥ 0, t ∈ [0, T1].

where

Q10 =
4M2Q9

1−Q5

[
T1(T1 + 1)

n+ 1
+m

m∑
k=1

hk

]
.

Note that for any m > n ≥ 1, we have,

sup
t∈[0,T1]

E ‖xm(t)− xn(t)‖2 ≤
+∞∑
r=n

sup
t∈[0,T1]

E
∥∥xr+1 − xr

∥∥2

t
.
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≤
+∞∑
r=n

(
Q10

T r1
r!

)
→ 0 as n→∞. (3.6)

This shows that (xn)n≥0 is Cauchy in BT . Then the standard Borel-Cantelli
lemma argument can be used to show that xn(t)→ x(t) uniformly in t on
[0, T1]. Hence x(t) is a solution of Eq.(1.1) in the interval [0, T1]. By using the
same method as Theorem (6) in [14], the existence of solution of (1.1) on [0, T ]
can be obtained by iteration. Now, we prove the uniqueness of the solution of
Eq. (2.5). Let x1, x2 ∈ BT be two solutions to (1.1)on some interval ]−∞, T ].
Then, for t ∈]−∞, 0], the uniqueness is obvious and for 0 ≤ t ≤ T , we have

E ‖x1(t)− x2(t)‖2 ≤ 5

(
Lg +M2m

m∑
k=1

hk

)
E ‖x1 − x2‖2

t

+4M2(T + 1)

∫ t

0

K(E ‖x1 − x2‖2
s)ds.

Thus,

E ‖x1 − x2‖2
t ≤

4M2(T + 1)

1−Q11

∫ t

0

K(E ‖x1 − x2‖2
s)ds,

where,

Q11 = 4

(
Lg +M2m

m∑
k=1

hk

)
.

Thus, Bihari’s inequality yields that

sup
t∈[0,T ]

E ‖x1 − x2‖2
t = 0, 0 ≤ t ≤ T.

Thus x1(t) = x2(t), for all 0 ≤ t ≤ T . Therefore, for all
−∞ < t ≤ T, x1(t) = x2(t) a.s. This achieve the proof of Theorem 3.1.

4. Stability in the mean square

In this section, we mean in this stability that small changes in the initial
conditions lead to small changes in the solutions over a given finite time interval.

Definition 4.1. A mild solution x(t) of the Eq. (1.1) with initial value φ is
said to be stable in the mean square if for all ε > 0, there exists δ > 0 such that

E ‖x(t)− x̂(t)‖2
t ≤ ε, when E

∥∥∥φ− φ̂∥∥∥2

t
≤ δ, for all t ∈ [0, T ]. (4.1)

where x̂(t) is another mild solution of the system (1.1) with initial φ̂.

Theorem 4.2. Let x(t) and y(t) the mild solution of the equation Eq.(1.1) with
initial values ϕ1 and ϕ2 respectively. If the assumption of the theorem 3.1 are
satisfied, then the mild solution of the Eq.(1.1) is stable in the mean square.



INSIE WITH INFINITE DELAYS 79

Proof : Let, x(t) and y(t) be two mild solutions of equation (1.1) with initial
values ϕ1 and ϕ2 respectively. Then for 0 ≤ t ≤ T

x(t)− y(t) = R(t) ([ϕ1(0)− ϕ2(0)] + [g(0, ϕ1)− g(0, ϕ2)])− [g(t, xt)− g(t, yt)]

+

∫ t

0

R(t− s)[a(s, xs)− a(s, ys)]ds+

∫ t

0

R(t− s)[b(s, xs)− b(s, ys)]dw(s)

+
∑

0<tk<t

R(t− s)[Ik(x(tk))− Ik(y(tk))].

Eestimating as before, we get that

E ‖x(t)− y(t)‖2 ≤ 6M2(1 + Lg)E ‖ϕ1 − ϕ2‖2

+6

(
Lg +M2m

m∑
k=1

hk

)
E ‖x− y‖2

t

+6M2(T + 1)

∫ t

0

K(E ‖x− y‖2
s)ds.

Thus

E ‖x− y‖2
t ≤

6M2(1 + Lg)

1−Q12

E ‖ϕ1 − ϕ2‖2

+
7M2(T + 1)

1−Q12

∫ t

0

K(E ‖x− y‖2
s)ds,

where, Q12 = 6 (Lg +M2m
∑m

k=1 hk) .

Let K1(u) = 6M2(T+1)
1−Q10

K(u), for K is a concave increasing function from R+ to

R+ such that K(0) = 0, K(u) > 0 for u > 0 and
∫

0+
du
K(u)

= +∞. Then, K1(u) is

obviously concave function from R+ to R+ such that K1(0) = 0, K1(u) ≥ K(u)
for 0 ≤ u ≤ 1 and

∫
0+

du
K1(u)

= +∞. For any ε > 0, ε1 = 1
2
ε, we have

lims→0

∫ ε1
s

du
K1(u)

=∞. Then, there is positive constant δ < ε1 such that∫ ε1
δ

du
K1(u)

≥ T .

From Corollary 2.12, let

u0 =
6M2(1 + Lg)

1−Q12

E ‖ϕ1 − ϕ2‖2

u(t) = E ‖x− y‖2
t , v(t) = 1

when u0 ≤ δ ≤ ε1, we have∫ ε1

u0

du

K1(u)
≥
∫ ε1

δ

du

K1(u)
≥ T =

∫ T

0

v(s)ds.

Then for any t ∈ [0, T ], the estimate u(t) ≥ ε1 holds. This completes the proof.
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Remark 4.3. If m = 0 in (1.1), then the system behave as neutral stochastic
partial integrodifferential equation with infinte delay of the form

d[x(t) + g(t, xt)] = A[x(t) + g(t, xt)]dt+

[∫ t

0

F (t− s)x(s)ds+ a(s, xs)

]
dt

+b(t, xt)dw(t), 0 ≤ t ≤ T,

x0 = ϕ ∈ Cb
B0

(]−∞, 0],H) .
(4.2)

By applying Theorem 3.1 under the hypotheses (H1) - (H6), the system (4.2)
guarantees the existence and uniqueness of the mild solution.

5. Application

In this section, we propose to study the following model that is given by a
stochastic partial differential equation involving infinite delay



∂

∂t
[u(t, ξ) + g(t, u(t− τ, ξ))] =

∂2

∂ξ2
[u(t, ξ) + g(t, u(t− τ, ξ))]

+

∫ t

0

f(t− s) ∂
2

∂ξ2
[u(s, ξ) + g(s, u(s− τ, ξ))] ds

+a(t, u(t− τ, ξ))dt+ b(t, u(t− τ, ξ))dw(t) for t 6= tk and t ≥ 0

∆u(tk) = u(t+k )− x(t−k ) = Ik(u(tk)) for t = tk, k = 1, 2, · · · ,

u(t, 0) + g(t, u(t− τ, 0)) = 0 for t ≥ 0,

u(t, π) + g(t, u(t− τ, π)) = 0 for t ≥ 0,

u(θ, ξ) = u0(θ, ξ) for θ ∈]−∞, 0] and ξ ∈ [0, π],
(5.1)

where w(t) denotes a R-valued Brownian motion.
The functions f : R+ → R, g, a, b : R+ × R→ R u0 :]−∞, 0]× [0, π]→ R are
continuous and u0(·) ∈ L2(0, π), is F0-measurable and satisfies E ‖β0‖2 <∞.
Let H = L2 (0, π) with the norm ‖.‖ and

en :=
√

2
π

sin(nx), (n = 1, 2, 3, · · · ) denote the completed orthonormal basis in

H. Let w(t) :=
∑∞

n=1

√
λnβn(t)en(λn > 0), where βn(t) are one dimensional

standard Brownian motion mutually independent on a usual complete
probability space (Ω,F , {Ft}t≥0,P).

Define A : H→ H by A = ∂2

∂z2
, with domain D(A) = H2 (0, π) ∩H1

0 (0, π).
Then Ah = −

∑∞
n=1 n

2 < h, en > en, h ∈ D(A), where en, n = 1, 2, 3, · · · ,
is also the orthonormal set of eigenvectors of A. It is well-known thatA is the
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infinitesimal generator of a strongly continuous semigroup on H, thus (H1) is
true .
Let F : D(A) ⊂ H→ H be the operator defined by
F (t)(z) = f(t)Az for t ≥ 0 and z ∈ D(A).
Let γ > 0 , define the phase space
B =

{
ϕ ∈ C((−∞, 0],H) : limθ→−∞ eθγϕ(θ) exists in H

}
and let ‖ϕ‖B = supθ∈(−∞,0]

{
eγθ‖ϕ‖L2

}
. Then (B, ‖ .‖B) is a Banach space and

satisfies (A1)-(A2) with L = 1, u(t) = e−γt, v(t) = max {1, e−γt} .Therefore, for
(t, ϕ) ∈ J × B, where ϕ(θ)(ξ) = ϕ(θ, ξ), (θ, ξ) ∈ (−∞, 0]× [0, π], let
x(t)(ξ) = u(t, ξ) and define the functions g, a : J × B → H and
b : J × B → L0

2(H,H) for the infinite delay as follows:

g(t, φ)(ξ) =
∫ 0

−∞ k1(θ)φ(θ)(ξ)dθ,

a(t, φ)(ξ) =
∫ 0

−∞ k2(t, ξ, θ)G1(ϕ(θ))dθ,

b(t, φ)(ξ) =
∫ 0

−∞ k3(t, ξ, θ)G2(ϕ(θ))dθ,
where

(i) the functions k1(θ) ≥ 0 is continuous in (−∞, 0] and satisfies∫ 0

−∞ k
2
1(θ)dθ <∞, Lg =

(
− 1

2γ

∫ 0

−∞ k
2
1(θ)dθ

)
;

(ii) the functions k2, k3 are continuous in J × [0, π]× (−∞, 0] and satisfy∫ 0

−∞ k
2
2(t, ξ, θ)dθ = p2(t, ξ) <∞,

(∫ π
0
p2

2(t, ξ)dξ
)
< 1,∫ 0

−∞ k
2
3(t, ξ, θ)dθ = p3(t, ξ) <∞,

(∫ π
0
p2

3(t, ξ)dξ
)
< 1,

(iii) the functions Gi, i = 1, 2 is continuous in J × [0, π]× (−∞, 0) and
satisfies

0 ≤ G1(x1(θ, ξ))−G1(x2(θ, ξ)) ≤ K
1
2
a (‖x1(θ, .)− x2(θ, .)‖2

L2),

0 ≤ G2(x1(θ, ξ))−G2(x2(θ, ξ)) ≤ K
1
2
b (‖x1(θ, .)− x2(θ, .)‖2

L2),
for (θ, ξ) ∈ (−∞, 0]× [0, π], where

Ka(.), Kb(.), K
1
2
a (.), K

1
2
b (.) : [0,∞[ → (0,∞) are nondecreasing and

concave .

Under the above assumptions, we can rewritten Eq.(5.1) as the abstract form of
Eq.(1.1).



d [x(t) + g(t, xt)] =

[
A[x(t) + g(t, xt)] +

∫ t

0

F (t− s)[x(t) + g(t, xt)]ds

]
dt

+a(t, xt)dt+ b(t, xt)dw(t), t ∈ J := [0, T ],

∆x(tk) = x(t+k )− x(t−k ) = Ik(x(tk)), k = 1, 2, · · · ,m,

x0 = ϕ ∈ B.
(5.2)
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Moreover, if f is bounded and C1 function such that f
′

is bounded and
uniformly continuous, then (H2) is satisfied and hence, by Theorem 2.2, Eq.
(5.2) has a resolvent operator (R(t))t≥0 on H.
By assumptions (i),(ii) and (iii) we have

‖g(t, φ1)− g(t, φ2)‖2
H =

∫ π

0

(∫ 0

−∞
k1(θ) (φ1(θ)(ξ)− φ2(θ)(ξ)) dθ

)2

dξ

≤
(∫ 0

−∞
k2

1(θ)dθ

)(∫ π

0

∫ 0

−∞
(φ1(θ)(ξ)− φ2(θ)(ξ))2dθdξ

)
≤

(
− 1

2γ

∫ 0

−∞
k2

1(θ)dθ

)
sup

θ∈]−∞,0]

{e2γθ‖φ‖2
L2} = Lg(‖φ1 − φ2‖2

B).

‖a(t, φ1)− a(t, φ2)‖2
H =

∫ π

0

(∫ 0

−∞
k2(t, ξ, θ) (G1(φ1(θ))−G1(φ2(θ))) dθ

)2

dξ

≤
∫ π

0

(∫ 0

−∞
k2(t, ξ, θ)K

1
2
a (‖φ1(θ, .)− φ2(θ, .)‖2

L2)dθ

)2

dξ

≤
∫ π

0

(∫ 0

−∞
k2(t, ξ, θ)K

1
2
a (e2αθ‖φ1(θ, .)− φ2(θ, .)‖2

L2)dθ

)2

dξ

≤
(∫ π

0

p2
2(t, ξ)dξ

)
Ka(‖φ1 − φ2‖2

B).

In the same way we obtain the following estimation

‖b(t, φ1)− b(t, φ2)‖2
H ≤ Kb(‖φ1 − φ2‖2

B).

The next results as consequence of Theorem 3.1 and Theorem 4.2 respectively.

Proposition 5.1. Assume that the hypothesis (H1)-(H5) hold. Then there
exists a mild solution u of the system (5.1) provided

Q̃ = max {Q1, Q5} < 1.

is satisfied.

Proposition 5.2. Assume that the conditions of Proposition 5.1 hold. Then the
mild solution u of the Eq.(5.2) is stable in the quadratic mean.
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E-mail address: mht.mhtzene@gmail.com


	1. Introduction and preliminaries
	2. Preliminaries
	2.1. Wiener process
	2.2. Partial integrodifferential equations in Banach spaces

	3. Main Results
	4. Stability in the mean square
	5. Application
	References

