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DOMAIN OF DIFFERENCE MATRIX OF ORDER ONE IN
SOME SPACES OF DOUBLE SEQUENCES

SERKAN DEMIRIZ!* AND OSMAN DUYAR?2

ABSTRACT. In this study, we define the spaces M, (A),Cy(A),Cop(A),Cr(A)
and L4(A) of double sequences whose difference transforms are bounded |,
convergent in the Pringsheim’s sense, null in the Pringsheim’s sense, both
convergent in the Pringsheim’s sense and bounded, regularly convergent and
absolutely g—summable, respectively, and also examine some inclusion rela-
tions related to those sequence spaces. Furthermore, we show that these
sequence spaces are Banach spaces . We determine the alpha-dual of the
space M, (A) and the S(v)—dual of the space C,(A) of double sequences,
where v,n € {p,bp,r}. Finally, we characterize the classes (u : C,(A)) for
v € {p, bp, r} of four dimensional matrix transformations, where p is any given
space of double sequences.

1. INTRODUCTION AND PRELIMINARIES

By w and €, we denote the sets of all real valued single and double sequences
which are the vector spaces with coordinatewise addition and scalar multiplica-
tion. Any vector subspaces of w and €2 are called as the single sequence space and
double sequence space, respectively. By M,, we denote the space of all bounded
double sequences, that is

M, = {x = (Tmn) € Q1 ||2]|oc = SUP |Tyn| < oo}
m,neN

which is a Banach space with the norm ||z||.; where N denotes the set of all
positive integers. Consider a sequence x = (z,,) € €. If for every € > 0 there
exists ng = no(¢) € N and [ € R such that |z,,, — | < & for all m,n > ny then
we call that the double sequence x is convergent in the Pringsheim’s sense to
the limit [ and write p — lim z,,,,, = [; where R denotes the real field. By C,, we
denote the space of all convergent double sequences in the Pringsheim’s sense. It
is well-known that there are such sequences in the space C, but not in the space
M,,. Indeed following Boos [], if we define the sequence x = (z,,,,) by

R B =1,neN,
™10, m>2,n€eN,
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then it is trivial that = € C,\M,, since p — limz,,, = 0 but |||l = oco. So,
we can consider the space Cy, of the double sequences which are both convergent
in the Pringsheim’s sense and bounded, i.e., C;, = C, N M,,. A sequence in the
space C, is said to be regularly convergent if it is a single convergent sequence
with respect to each index and denote the set of all such sequences by C,. Also
by Cpyo and C,9, we denote the spaces of all double sequences converging to 0
contained in the sequence spaces Cp, and C,, respectively. Méricz [9] proved that
Cp, Copo, C and C,¢ are Banach spaces with the norm ||.||.
Let us consider the isomorphism 7" defined by Zeltser [11] as

T : Q—w (1.1)
vz = (%) = (Tp10)),

where ¢ : N x N — N is a bijection defined by

el(1,1)] = 1,
<P[(17 2)] = 2 90[(27 2)] =3, 90[(27 1)] =4,
ol(1,n)] = m—1)2+1,¢[2,n)]=n—-1)*+2,..,

plin,n)] = (n—17+n¢[(nn—-1D]=n"—n+2 . ¢[n1)]=n"

Let us consider a double sequence & = (z,,,) and define the sequence s = (s,,,,)
which will be used throughout via x by

Spn = ZZ%] (1.2)

i=0 j=0

for all m,n € N . For the sake of brevity, here and in what follows, we abbrevi-
ate the summation » 7 > by >_, ; and we use this abbreviation with other
letters. Let A be a space of a double sequences, converging with respect to some
linear convergence rule v —lim : A — R. The sum of a double series >, ; x;;
with respect to this rule is defined by v — Zzy Tij = U — liMy pnyoo Smn- Let A, 1
be two spaces of double sequences, converging with respect to the linear conver-
gence rules v; — lim and vy — lim, respectively, and A = (a;nr) also be a four
dimensional infinite matrix over the real or complex field.

The a—dual \*, B(v)—dual \*®) with respect to the v—convergence for v €
{p, bp, r} and the y—dual X7 of a double sequence space \ are respectively defined
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e — {(aij) eN: Z la;jxi;| < oo forall (zy) € )\},

]

N = {(aij) eQ:v— Zazszj exists for all (z;;) € )\},
,J
k.l
A= {(aij) € Q: sup Z a;;jxi;| <oo forall (x;)e€ )\}.
kieN| 52

It is easy to see for any two spaces A, i of double sequences that u® C \* whenever
A C pand A* C \7. Additionally, it is known that the inclusion A* € A?®) holds
while the inclusion M*® C A7 does not hold, since the v—convergence of the
sequence of partial sums of a double series does not imply its boundedness.

The v—summability domain )\(X) of a four dimensional infinite matrix A =
(@mnkr) in a space X of a double sequences is defined by

AW — {:c = (xg) €Q: Az = (’U — Z amnklxkl) exists and is in )\}.
K, m,neN

(1.3)
We say, with the notataion (1.3), that A maps the space A into the space p if
and only if Ax exists and is in y for all x € A and denote the set of all four
dimensional matrices, transforming the space A into the space u, by (A : p). It is
trivial that for any matrix A € (A : f1), (Gnki)kien is in the B(v)—dual A®) of
the space A for all m,n € N. An infinite matrix A is said to be C,— conservative
if C, C (Cy)a. Also by (A : u;p), we denote the class of all four dimensional
matrices A = (@ynk) in the class (A : ) such that vy — lim Az = v; — limz for
all z € \.

Now, following Zeltser [15] we note the terminology for double sequence spaces.
A locally convex double sequence space )\ is called a DK —space, if all of the
seminorms 1y : A — R, z = (xg) — || for all k,I € N are continuous.

A DK —space with a Fréchet topology is called an FDK—space. A normed
FDK —space is called a BDK—space. We record that C), endowed with the
norm ||.|le : Cr = R, & = (2p) + SUPy jen |21| is a BDK —space.
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Let us define the following sets of double sequences:

M, (t) = {(:Emn) €Q: sup |z < oo},

m,neN
Co(t) = {(mmn) €Q:JeCsp— lim |1y, _0}’
m,n—o0
Cop(l) = {(xmn) €Q:ip— MI_I} |Imn‘tm" = 0}7

Cop(t) = Cp(t) N My(t) and Copy(t) := Cop(t) N M,y (t);

where t = (t,,,,) is the sequence of strictly positive reals t,,, for all m,n € N.
In the case t,,,, = 1 for all m,n € N; M, (t),Cy(t), Cop(t), Lu(t), Cop(t) and Copp(t)
reduce to the sets M., Cp, Cop, Ly, Cpp and Copy, respectively. Now, we can summa-
rize the knowledge given in some document related to the double sequence spaces.
Gokhan and Colak [0, 7] have proved that M, (t),C,(t) and Cy,(t) are complete
paranormed spaces of double sequences and gave the alpha-, beta-, gamma-duals
of the spaces M,,(t) and Cp,(t). Quite recently, in her PhD thesis, Zeltser [11] has
essentially studied both the theory of topological double sequence spaces and the
theory of summability of double sequences. Mursaleen and Edely [10] have in-
troduced the statistical convergence and statistical Cauchy for double sequences,
and gave the relation between statistically convergent and strongly Cesaro sum-
mable double sequences. Nextly, Mursaleen [11] and Mursaleen and Edely [12]
have defined the almost strong regularity of matrices for double sequences and
applied these matrices to establish a core theorem and introduced the M —core
for double sequences and determined those four dimensional matrices transform-
ing every bounded double sequence z = (z;;) into one whose core is a subset of
the M—core of . More recently, Altay and Basar [I] have defined the spaces
BS,BS(t),CSy, CS, and BY of double series whose sequence of partial sums are
in the spaces M,, M,(t),C,, Cy,, C, and L, respectively, and also examined some
properties of those sequence spaces and determined the alpha-duals of the spaces
BS,BV,CS;, and the f(v)—duals of the spaces CSy, and CS, of double series.
Quite recently, Basar and Sever [1] have introduced the Banach space £, of double
sequences corresponding to the well-known space ¢, of absolutely g—summable
single sequences and examine some properties of the space £,. Furthermore,
they determine the (v)—dual of the space and establish that the alpha- and
gamma-duals of the space £, coincide with the 5(v)—dual; where

L, = {(xl]) €N Z 2|7 < oo}, (1<qg<o0),
i,J
CSU = {(%1]) € Q: (Smn) S CU}
Here and after we assume that v € {p, bp,r}.
The double difference matrix A = (§,nx1) of order one is defined by
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5 (= ymEnRl D -1 <k<m, n—1<1<n,
mnkl - 0 , otherwise

for all m,n,k,l € N. Define the sequence y = (yn) as the A—transform of a
sequence T = (Tpy), i.e.,
Ymn = (Ax)mn = Tmn — Tmn—-1 — Tm—1n + Tm—1,n—1 (14)

for all m,n € N. Additionally, a direct calculation gives the inverse A™1 = § =
(Smnkr) of the matrix A as follows:

1, 0<k<m, 0<I[<n,
Smnkl =9 , otherwise

for all m,n,k,l € N.
In the present paper, we introduce the new double difference sequence spaces

M (A),Cp(A), Cop(A) and L,(A), that is,

M, (A) = {(zmn) €Q: smpN |Ymn| < 00},
m,ne
Cp(A) = {(zmn) €Q:HNeC3p— hril Ymn — 1| =0},
COP(A) = {('Tm”) € P mlrlzr—I:oo ‘ymn’ = O}a

L,(A) = {(:cw) €N: Z |Ymn|? < oo}, (1 <qg<o0).

m,n

By Cp,(A) and C,.(A), we denote the sets of all the A—transforms convergent and
bounded, and the A—transforms regularly convergent double sequences. One can
easily see that the spaces M, (A),C,(A), Cop(A),Crp(A),C,(A) and L,(A) are the
domain of the double difference matrix A in the spaces M,,C,, Cop, Cpp, C, and
L,, respectively.

2. SOME NEW DOUBLE DIFFERENCE SEQUENCE SPACES

In the present section, we deal with the sets M, (A), C,(A), Cop(A), Cop(A),Cr(A)
and L£,(A) consisting of the double sequences whose A—transforms of order one
are in the spaces M, C,, Cop, Cpp, C, and L, respectively.

Theorem 2.1. The sets M,(A),C,(A), Cop(A),Cop(A),C(A) and Ly(A) are
the linear spaces with the coordinatewise addition and scalar multiplication, and
M (A),Cp(A), Cop(A),Crp(A),Cr(A) and Ly(A) are the Banach spaces with the

norms

”:EHMM(A) = Sup ‘xmn + Tm—1n—1 — Tmn—-1 — Tm—-1n|, (21)
m,neN
1/q
||x||Lq(A) - |:Z |3§'mn + l’m—Ln—l - xm,n—l - xm—l,n|q ) (1 S q < OO) (22)

m,n
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Proof. The first part of the theorem is a routine verification. So, we omit the
detail.

Since the proof may be given for the spaces M, (A),C,(A), Cop(A), Cpp(A) and
C-(A), to avoid the repetition of the similar statements, we prove the theorem
only for the space L,(A).

It is obvious that |||z, a) = [|y|lq; where ||.||; is the norm on the space L.
Let 2(7) = {x?,?} be a Cauchy sequence in £,(A). Then, {y™},cy is a Cauchy

sequence in £,, where y(") = {yg%}fﬁ,n:o with

(1) — ) 4 0 r) Q

Ymn = Tmn m—1,n—-1 " Tmn-1 " Tm=-1n

for all m,n,r € N. Then, for a given £ > 0, there is a positive integer N = N (¢)
such that

1/q
197 = = { itk it} < 23

m,n

for all r, s > N. Therefore ‘yy(,z)m — yﬁrf%‘ <eg, ie. {yﬁ%}reN is a Cauchy sequence
in C, and hence converges in C. Say,

lim y") = 4. (2.4)
r—00
Using these infinitely many limits, we define the sequence y = (Ymn)py=o- Then,
we get by (2.4) that
(r) (r) |4 e
i [|yS), = Ymnll,(a) = lim { D Y = i } =0. (25

Now, we have to show that y € L,. Since y) = {yg%};’j’n:o € L, and by (2.5)

1/q

/g 1/q
[ bk} < { St =t} + { St} <o

which shows that ¥ = (Ynn)oe—g € Lg, 6. @ = (x) € Lo(A). Since {2}, ey
was arbitrary Cauchy sequence in £,(A), the double difference sequence space
L,(A) is complete. This completes the proof of the theorem. O

Theorem 2.2. The space A\(A) is linearly isomorphic to the space \, where \
denotes any of the spaces M, Cp,Cop, Cip, C; and L,.

Proof. We show here that M, (A) is linearly isomorphic to M,. Consider the
transformation 7" from M, (A) to M,, defined by = = (z;x) — ¥ = (Ymn). Then,
clearly T' is linear and injective. Now, define the sequence x = (xj;) by

T = Z Zymn (2.6)

m=0 n=0
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for all j, k € N. Suppose that y € M,. Then, since

7 k
2D Ymn
m=0 n=0

= sup [y| = [yl < o0,
7,keN

|zl pmuay = sup
7,keN

x = (xj;) defined by (2.6) is in the space M, (A). Hence, T is surjective and
norm preserving. This completes the proof of the theorem. O]

Now, we give some inclusion relations between the double difference sequence
spaces.

Theorem 2.3. M, is the subspace of the space M, (A).
Proof. Let us take x = (z,,) € M,. Then, there exists an K such that

sup |mmn| S K
m,neN

for all m,n € N, one can observe that

’(Ax)mnl = ’xmn —Tmn-1 " Tm—1n + xmfl,n71|
S |xmn| + |xm,n—1| + |l‘m—17 nl + |xm—1,n—1|- (27)

Then, we see by taking supremum over m,n € N in (2.7) that ||z||. < 4K, i.e.,
r € M,(A).

Now, we see that the inclusion is strict. Let @ = (x,,,) be defined by
T, = MN

for all m,n € N. Then the sequence is in z € M, (A)\M,. This completes the
proof of the theorem. O

Lemma 2.4. [1, Theorem 1.2] £, C BS C M, strictly hold.

Lemma 2.5. [I, Theorem 2.9] Let v € {p,bp,r}. Then, the inclusion BY C C,
and BY C M, strictly hold.

Combining Lemma 2.4, Lemma 2.5 and Theorem 2.3, we get the following
corollaries.

Corollary 2.6. The inclusion L, C BS C M, (A) strictly hold.
Corollary 2.7. The inclusion BY C M, (A) strictly holds.
Theorem 2.8. The inclusion L, C L (A) strictly holds; where 1 < ¢ < oo.

Proof. The prove the validity of the inclusion £, C L,(A) for 1 < ¢ < oo, it
suffices to show the existence of a number K > 0 such that

2l 2qa) < Klzle,
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for every x € £,. Let z € £, and 1 < ¢ < oo. Then, we obtain

1/q
lolleys = { S [t — s — T xm|}

m,n

< Az g,

This shows that the inclusion £, C £,(A) holds.
Additionally, since the sequence x = (Z,,,) defined by

1, n=0
Tmn =19 otherwise

)

for all m,n € Nis in £,(A) but not in £,, as asserted. This completes the
proof. O

Theorem 2.9. The following statements hold:
(1) C, is the subspace of the space C,(A).
(11) Cop is the subspace of the space Cop(A).
(111) Cyy is the subspace of the space Cpp(A).
(iv) C, is the subspace of the space C.(A).

Proof. We only prove that the inclusion C, C C,(A) holds. Let us take x € C,.
Then, for a given ¢ > 0, there exists an n, () € N such that

19
mn I <~
e~ 1] < &
for all m,n > n,(e). Then,
’(Ax)mn’ = |xmn —Tmn—-1 " Tm—1n + xmfl,nfl|

S |xmn - l| + |xm,n—1 - l’ + |Im—1,n - l| + |xm—1,n—l - l|
€+€+€+5_6
44 4 4

for sufficiently large m, n which means that p—lim(Ax),,, = 0. Hence, z € C,(A)
that is to say that C, C C,(A) holds, as expected.
Now, we see that the inclusion is strict. Let # = (x,,,) be defined by

T = (M +1)(n + 1)

A

for all m,n € N. It is easy to see that
p — lm(Az)p, = 1.
But
lim (m+1)(n+1)

m,n— oo
which does not tend to a finite limit. Hence = ¢ C,. This completes the proof. [
Lemma 2.10. [I, Theorem 2.3] CS, is the subspace of C,,.

Combining Lemma 2.10 and Theorem 2.9, we get the following corollary.

Corollary 2.11. The inclusion CS, C C,(A) strictly holds.
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3. THE ALPHA- AND BETA-DUALS OF THE NEW SPACES OF DOUBLE
SEQUENCES

In this section, we determine the alpha-dual of the space M,(A) and the
p(r)—dual of the space C,(A), and B(¢)—dual of the space C,(A) of double se-
quences, ¥,n € {p,bp,r}. Although the alpha-dual of a space of double sequences
is unique, its beta-dual may be more than one with respect to 1—convergence.

Theorem 3.1. {M,(A)}* =L

Proof. Let x = (wy) € My(A) and z = (zi) € L,. Hence, there is a sequence
y = (yij) € M, related with = = (xkl) from Theorem 2.2 and there is a positive
real number K such that |y;;| < for all 7, 7 € N. So we use the relation

(2.6)we have that,

Z ’Zklfckl\ =

el
so z € {M,(A)}*, that is

k+1)(l+1

<KZ|Zkl|<OO

L, C{M,(A)}e. (3.1)

Conversely, suppose that z = (21) € {M,(A)}?, that is > |zmawn| < oo for

all ¥ = (7g) € Myu(A). If 2 = (21) ¢ Ly, then >, [2u] = oo. Further, if we
choose y = (yi) such that

>, 0<i<k 0<;5<I
yw =4 (k+1)(1+1) J
0 , otherwise

for all k,1 € N. Then, y € M, but

k l
Sl = 3 o 3 | = 2l =
k,l kil

=0 ]:0
Hence, z ¢ {M,(A)}*,this is a contradiction. So, we have the following inclusion,

(M (AN C L. (3.2)

Hence, from the inclusions (3.1) and (3.2) we get
{M.(A)}* = L,
0
Now, we may give the f—duals of the spaces with respect to the Y—convergence
using the technique in [2] and [3] for the single sequences.

The conditions for a 4-dimensional matrix to transform the spaces Cy,,C, and
C, into the space Cp, are well known (see for example [3, 10]).
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Lemma 3.2. The matriz A = (amnij) s in (C, : Cy) if and only if the following
conditions hold:

su Amnii| < 00, 3.3
3 o 33)
JveCo>¢— mliIBooZ Amnij =, (3.4)
Z’]
3 (Cli]’) cQ>9— lim Amnij = A4y fOT' all Z,] S N, (35)
m,n—o0

Jo _ T .. — ,J0 ;
Ju*eC39 mléglooz Amnijo = W° for fized j, € N, (3.6)
Fv, e Co9— mlriglooZammoj = v;, for fixed iy € N. (3.7)

J

Lemma 3.3. The matriz A = (Qynij) 15 in (Cop : Cy) if and only if the conditions
(3.3)-(3.5) of Lemma 3.2 hold, and

v — m,lgbgloo Z |@mnijo — @ijo| = 0 for each fized j, € N, (3.8)

Y — ml%r_rgoo Z |@mnig; — Qigj| = 0 for each fized iy € N. (3.9)
j

Lemma 3.4. The matriz A = (Qmns;) is in (Cp : Cy) if and only if the conditions
(3.3)-(3.5) of Lemma 3.2 hold, and

VieN3JeNDan =0 forj>J for all mneN, (3.10)
VjeNIIeNan; =0 fori>1 forall mne N. (3.11)

Theorem 3.5. Define the sets

F, = {CL:<CLZJ)€QZ(Z+1)(]+1)’6sz| <OO},

1]
F, = {a =(a;;) € Q:r— lim ZZ Z apq ezists for each fired jo},
m,n— o0
i p=i q=jo
Fy = {a = (a;) € Q:r— mlrllr_rgooz Z Zapq exists for each fizved io}.
i p=io ¢=j

Then, {C.(A)}Y*") = Fy N Fy N Fs.
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Proof. Let © = (x;;) € C.(A). Then, there exists a sequence y = (Ymn) € C;.
Consider the following equality

m n m n i J
Zmn = Z Z%’ﬂfia’ = Z Z (Z Zypq) @ij
i=0 j=0 i=0 j=0 \ p=0 ¢=0
= 2 (X )
=0 j=0 * p=i q=j
= Z Z bimnij¥i; = (BY)ij
i=0 j=0

for all m,n € N. Hence we can define the four-dimensional matrix B = (bynij)
as following

Bumij = 22t , 0Sism 0<j<n (3.12)

p=i q=j
0 , otherwise.

Thus we see that ar = (¢ppZmn) € CS, whenever x = (x,,,) € C.(A) if and
only if 2 = (z,,,) € C. whenever y = (Ypnn) € C.. This means that a = (a,,) €
{C.(A)}™) if and only if B € (C, : C.). Therefore, we consider the following
equality and equation

sup Z Z |bmn2]|

m,neN i—0 j—=0

IN

m n m n
sup E E (E E |apq|)
TN =0 j=0 N p=i q=j

m,neN =0 5=0 p=0 ¢=0
= supNZ > G+ D + Dlayl, (3.13)
mnEN =0 j=0

ST SR T 9D B 0 ) 9
.7
J
Zapq). (3.14)

d i+ +1
1]
Further, from Lemma 3.2 conditions (3.6) and (3.7),

S SRS 3 3) 308 (816)

i p=t q=jo

Bl
A
g

(3.15)
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exists for each fixed jo € N and

r—= m,lrlLr—r>loo Z bmnioj =r—= m,lqir—rgoo Z Z Z (pq (317)

J 1 p=t0 9=)
exists for each fixed iy € N. This show that {C.(A)}*") = [} N F, N Fy which
completes the proof. |

Now, we may give our theorem exhibiting the 3(d)-dual of the series space
C,(A) in the case n,v € {p, bp, r}, without proof.

Theorem 3.6. {C,(A)}*?) = {a = (amn) € Q: B = (bynij) € (C, : Cy)} where
B = (bynij) is defined by (3.12).

4. CHARACTERIZATION OF SOME CLASSES OF FOUR DIMENSIONAL MATRICES

In the present section, we characterize the matrix transformations from the
space C.(A) to the double sequence space Cy . Although the theorem character-
izing the class (u : Cy(A)) are stated and proved, the necessary and sufficient
conditions on a four dimensional matrix belonging to the classes (C, : C,.(A)) and
(Cop : Crp(A)) also given without proof.

Theorem 4.1. A = (ayni) € (C-(A) : Cy) if and only if the following conditions
hold:

o oo
DD b

p=Fk q=l

sup Z

m,n kel

< 00, (4.1)

s s t
9 — s,ltgnoo ; Z Z Umnpg — €Tists for fized jo, (4.2)
i=0 p=i p=jo

t s t
¥ — lim Z Z Z Apmnpg — €xists for fized i, (4.3)

8,t—00

J=0 p=io p=j

Y — limz Z Urmnpg = Qi for all k1 € N, (4.4)

m,n P
Julo e C39— limz Z Z Upmnpg = U for fived Iy € N, (4.5)

e p=Fk q=lo
Ju, €eC3 0 — limz Z Zam”pq = vk, for fized kg € N, (4.6)
e p=ko q=l

HveCaﬂ—g%ZZZamnpq:v. (4.7)

k,l p=k q=l
Proof. Let us take any © = (2,,,,) € C.(A) and define the sequence y = (yx;) by

Ykt = Tht — Th—11 — Thi—1 + Tp—14-1; (K, 1 € N).
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Then, y = (yx) € C, by Theorem 2.2. Now, for the (s,¢)th rectangular partial
sum of the series » ik @mnjkTik, We derive that

s t
(Az)) = Zzamnjk%'k

=0 k=0

S (S5

j=0 k=0 * p=0 ¢=0
s t s t
=D )M 03 prm I (1)
j=0 k=0 * p=j q=k

for all m,n,s,t € N. Define the matrix B,,, = (b[s’ﬂ ) by

mnjk

b[s,t]' — Zz:amnpq ) 0 S] < s, 0<k< t, (49)

0 , otherwise.
Then, the equality (4.8) may be rewritten as

Then, the convergence of the rectangular partial sums (Ax)giﬁ] in the regular sense
for all m,n € N and for all z € C.(A) is equivalent of saying that B,,, € (C, : Cy).
Hence, the following conditions

Z(k + D+ Dlamnr| < oo, (4.11)
kel
s s t
U — S711512[100 Z Z Z Amnpq — exists for fixed jo, (4.12)

1=0 p=t p=jo

t s t
¥ — lim Z Z Z Amnpg — €xists for fixed i (4.13)

s,t—00 & - /
Jj=0 p=ip p=j

must be satisfied for every fixed m,n € N. In this case,
o o0
1 [Svt} —
TS 3 o
p=j q=k
¥ — (Az)B0 = ¢ —lim(B,y)

hold. Thus, we derive from the two-sided implication ” Az is in C, whenever
x € C.(A) if and only if B = (Z;ij Dok Umnpq), € (Cp 1 Cy)”, we have Lemma

mn
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3.2 that

supz Z Zam”pq < 00, (4.14)

m,n PRP—
9 —lim » Z (mnpg = G for all k, 1 € N, (4.15)

o p—k q=l
Jul e C3 9 — hmz Z Z Armnpg = ulo for fixed Iy € N, (4.16)
e k  p=k q=lo
Ju, € C3 9 — limz Z Zamnpq =y, for fixed ky € N, (4.17)
e p=ko q=l
HUECaﬁ—llmZZZamnm—v. (4.18)
k,l p=k q=l

Now, from the conditions (4.11)-(4.18), we have that A = (amnu) € (C.(A) : C,)
if and only if the conditions (4.1)-(4.7) hold. This completes the proof.
0J

Theorem 4.2. Suppose that the elements of the four dimensional infinite matri-
ces E = (emnkt) and F = (founk) are connected with the relation

fmnkl = Z Z (_1)m+n—i—jeijkl (419)

i=m—1j=n—1

for all k;l,m,n € N and p be any given space of double sequences. Then, E €
(= Cy(A)) if and only if F € (u: Cy).

Proof. Let © = (z);) € p and consider the following equality with (4.19)

Z Z Z Z<_1)m+n_i_jeijkl$kl: Z Z Jrnki Tl (4.20)

i=m—1j=n—1k=s—11=t—1 k=s—11l=t—1

for all m,n,s,t € N. By letting s,¢ — oo in (4.20) one can derive that

Z Z )" (Br)i; = (Fx)m, forall m,n e N. (4.21)

i=m—1j=n—1

Therefore, it is seen by (4.21) that Ex € Cy(A) if and only if Fz € Cy whenever
x € u. This step completes the proof. O

Of course, Theorem 4.2 has several consequences depending on the choice of
the sequence space p. Prior to giving some results as an application of this idea,
we need the following lemmas:
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Lemma 4.3. [8, 13, 15] A= (amnr) € (C. : C,) if and only if
sup Amnkl] < 00,
m,neN kZJ ’ kl‘

3 (ag) €Q23r— lim appp = ag  for each k1€ N,

m,n—00
JveCs>r— lim E Cymkl = U,
m,n—o0
k.l
3 ulo, Uy €EC37r— lim E Ankly = u' and

m,n—00

r— lim E Amnkel = Vko for any ko, lp € N.
m,n—00 ;

Lemma 4.4. [8, 13, 15] A = (amnk) € (Cop : Cp) if and only if

sup Z |amnkl| < 00,
m,neN kel

I (ap) €Q3bp— lim appw = aw  for each k1€ N,

m,n— 00

dveC> bp—m,l%glm;amnm =,

bp — lim g |@mnkl, — arl,| =0 and
m,n—00 P

bp mn!bgloo ZI: |amnkol akol‘ 0 fOT’ any k07 l(] eN

99

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

Corollary 4.5. Suppose that the relation (/.19) holds between the elements of
the four dimensional infinite matrices E = (emnr) and F = (fonr). Then, the

following statements hold:

(1) E = (emnjr) € (C, : C.(A)) if and only if the conditions (4.22)-(4.25) hold

with fone instead of apmpkr-

(ii) E = (emnjr) € (Cop = Cop(A)) if and only if the conditions (4.26)-(4.29)

hold with fnk instead of G-
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