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CSI-¢-RIEMANNIAN MAPS FROM KENMOTSU MANIFOLDS
TO RIEMANNIAN MANIFOLDS

SUSHIL KUMAR!*, RAJENDRA PRASAD?, AND PUNIT KUMAR SINGH?

ABSTRACT. In this article, we take into account a new class of semi-invariant
¢+ -Riemannian maps, namely, CSI-¢+ (Clairaut semi-invariant-£+)-Riemannian
maps in contact geometry and discuss CSI-£é1-Riemannian maps from Ken-
motsu manifolds to Riemannian manifolds. We extend the notion of semi-
invariant £--Riemannian maps to CSI-é+-Riemannian maps and obtain a nec-
essary and sufficient condition for this extension. We also investigate some
geometric properties of these maps and exhibit a non-trivial example of dis-
cussed maps.

1. INTRODUCTION

The concept of Riemannian submersion was initiated by O’ Neill [25] Gray [14] in
1966—67. The theory of almost Hermitian submersions was introduced by Watson
[35] in 1976. The vital role and capability of Riemannian submersions in present
science era can be seen in ([0], [10], [L6], [L1], [24], [15], [16]). In 1995, Riemannian
submersion has been used as an application to robotics by Bedrossian and Spong
[7]. Both of them showed it in the presence of a special category of robotic chains
with zero Riemannian curvature when potential energy and friction phenomena
are totally disregarded. Further, in 2004, an interesting application of Riemannian
submersions for the theory of modeling and control of inessential robotic chain
by Altafini [1] . He stated that there is a close contact between inverse kinematic
in robotics and the pull back vectors. This bonding is provided by Riemannian
submersions. The Riemannian submersions motivate the researchers to define
the different new class of Riemannian submersions in the papers ([17], [15], [1],
[26], [27], [28]). In 1992, the study of Riemannian maps between Riemannian
manifold was introduced by Fischer [12] as a natural generalization of isometric
immersions and Riemannian submersions. In [33], Sahin defined anti-invariant
Riemannian map from an almost Hermitian manifold to a Riemannian manifold
as a generalization of anti-invariant Riemannian submersions [29] from almost
Hermitian manifolds to Riemannian manifolds. .
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In fundamental differential geometry, Clairaut’s reaction [3] states that rsin©
is constant where © represents the angle between the velocity vector of a geodesic
and a meridian, and r represents the distance to the axis of a surface of revolu-
tion. In [8], Bishop introduced Clairaut submersions and obtained a necessary
and sufficient condition for Riemannian submersion to be Clairaut Riemannian
submersions. Allison [3] considered Clairaut submersions in different way and
showed applications of such submersions in static space-times. Lee et al. [21],
took Kaehler manifold as total manifold and investigated new conditions in the
article [29]. A similar study was done by several geometers in ([34], [13], [5], [31],
[19], [22]).

In [20], Lee introduced the notion of anti invariant £+ — Riemannian Submer-
sions from almost contact Riemannian manifolds onto Riemannian manifolds in
2013. He also investigated geometric properties of such submersions. In 2017,
Akyol, Sari and Aksoy generalized anti invariant ¢+ —Riemannian Submersions
and defined the semi-invariant ¢+ —Riemannian Submersions [1] as well as semi-
slant £t —Riemannian Submersions [2]. The authors obtained the geometry of
the total space and the base space for the existence of discussed submersions.

In this paper, we are going to characterize the properties of CSI-£+-Riemannian
maps from Kenmotsu manifolds to Riemannian manifolds which is an extension
of semi-invariant ¢*--Riemannian maps. We exhibit our work as follows: In the
section 2, we collect main notions, basic definitions and formulae for other sec-
tions. In the section 3, we give the definition of discussed maps from Kenmotsu
manifolds to Riemannian manifolds and also investigate differential geometric
properties of such maps. The last section 4 is concerned with a non-trivial exam-
ple of the CSI-¢*+-Riemannian map from the Kenmotsu manifold to a Riemannian
manifold.

2. PRELIMINARIES

A (2n+ 1)-dimensional differentiable manifold N; admiting a (1, 1) tensor field
¢, a contravariant vector field £, a 1— form 7 such that

¢2:—I+77®f>¢05207770520, (21)
n() =1, (2.2)

where [ is the identity tensor. The manifold N; with an almost contact structure
(¢,&,m) is called an almost contact manifold.

An almost contact structure (¢,&,n,g1) becomes an almost contact metric
structure if there exists a Riemannian metric g; on an almost contact manifold
N satisfying the following conditions

g1(oUL, W) = g1(Ur, Wa) — n(Ur)n(Wa), g1(oUr, Wa) = —g1 (U1, 9Wa), (2.3)

91(U1,€) = n(Uh), (2.4)
where Uy, W, are the vector fields on N;. Now, the manifold V7 is called an almost
contact metric manifold. The fundamental 2-form ® is defined by ®(Uy, Ws) =
91(Uy, pWa).
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Now N is called a Kenmotsu manifold [9] if

(Vz2.0) X1 = g1(6Z1, X1)€ — n(X1)op 2y (2.5)

for any vector fields Z; and X; on Ny, where V is the Riemannian connection of
the Riemannian metric g;. If (N, ¢,£, 1, g1) be a Kenmotsu manifold, then the
following equation holds:

Vzlé- = Zl — 7’](21)5 (26)

Let X; and Z; are vector fields on Ny, define O’Neill’s tensors [25] T and A by
Ax, Z1 = HV s VI + VW HZ, (2.7)

Tx, 71 = HVvx,VZ, + VVyx, HZ, (2.8)

It is simple to observ about the skew-symmetric operators 7 and A on the tangent
bundle of N; reversing the vertical and the horizontal distributions.
From equations (2.7) and (2.8), we have

Vi 2y = Ty, Z1 + VVy, Z1, (2.9)
Vy, Uy = Ty, Uy + HVy, Un, (2.10)
Vi, Yi = Ap, Yy + VYV Y, (2.11)
Vo, Wi = HV o, W + Ap, Wi (2.12)

for all Yy, Z; € T'(kerm,) and Uy, W; € T'(ker m,)*, where HVy, Uy = Ay, Yy, if Uy
is basic. It is simple to take account that 7 acts as the second fundamental form
on the fibers, while A works on the horizontal distribution.

A Riemannian map is a Riemannian map with totally umbilical fibers if [0]

72/1Z1 = gl(YbZl)H (213)

for all Y7, Z; € I'(kerm,), where H is the mean curvature vector field.
We also recall some basic definitions of different types of Riemannian maps
related to CSI-¢*-Riemannian maps from ([30], [32], [33])

3. EXTENSION OF SEMI-INVARIANT-(1-RIEMANNIAN MAP TO
CSI-¢(H-RIEMANNIAN MAP

In this section, we study CSI-(*-Riemannian map as an extension of semi-
invariant-£*-Riemannian map. We also discuss necessary and sufficient condition
for such extension.

Definition 3.1. [19] Let 7 : (N1,¢,&,m,91) — (N2, ¢2) be a Riemannian map
from an almost contact metric manifold to a Riemannian manifold. A Riemannian
map 7 is called a semi-invariant ¢+ -Riemannian map if there is a distribution
D, C (kerm,) such that

(ker ) = D1 @ Ds, (D) = Dy, ¢(Dy) C (kerm,)",
where D is orthogonal complementary to Dy in (ker m,).

In the theory of Riemannian map, Sahin [30] introduces the notion of Clairaut
map. Now we extend the above definition (2.4) for CSI-£*-Riemannian map by
using Sahin’s work in following way:
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Definition 3.2. A Riemannian map 7 : (N1, g1) — (Va, g2) is called a Clairaut
map if there exists a positive function r on Ny, such that, for any geodesic ~
on Ny, the function (r o 7)sin© is constant, where, for any ¢, O(¢) is the angle
between 7 and the horizontal space at y(t).

He also provide the following necessary and sufficient condition for a Riemann-
ian map to be a Clairaut map:

Theorem 3.3. Let 7 : (N1, g1) — (Na, g2) be a Riemannian map with associated
fibers. If each fiber in such a manner that it is totally umbilical and has the mean

curvature vector field H = —V h, where Vh is the gradient of the function h with

respect to gi. Then, 7 is a Clairaut Riemannian map with r = e".

From definition (3.2) we can give the following definition:

Definition 3.4. A semi-invariant {*-Riemannian map 7 from a Kenmotsu mani-
fold (N1, ¢, &, 7, g1) to a Riemannian manifold (N, g5) is called CSI-¢+-Riemannian
map if it satisfies the condition of Clairaut Riemannian map i.e. if each fiber is
totally umbical in nature and has the mean curvature vector field H = —Vh

is the gradient of the function h with respect to g;. Then, the 7 is a Clairaut

Riemannian map with r = e”.

Now, using definition (3.4), we have
(ker,) = Dy @ Dy, ¢(Dy) = Dy, ¢(Ds) C (ker,)*.
Thus for any U € (kerm,), we put
Uy = PU, + QUy, (3.1)
where PU; € I'(D;) and QU; € I'(Dy).
In addition, for X; € (kerm,), we get
X1 =YX +wXy, (3.2)
where X, € I'(D;) and wX; € I'(¢Dy).
The horizontal distribution I'(ker 7,)* is decomposed as
[(ker )" = ¢(Ds) @ p.

Here p is an invariant distribution of ¢ and contains &.
Also for Z; € T'(kerm,)*, we have

¢Z, = BZ, + CZi, (3.3)

where BZ; € I'(D,) and CZ; € I'(u).
Now, we use (N1, ¢, &, 1, g1) for Kenmotsu manifold and (/Na, go) for Riemannian
manifold in this section and further sections.

Lemma 3.5. Letm: (N1, ¢,&,1m,91) — (Na, g2) be a semi-invariant £+ -Riemannian
map. Then, we get

VVYII/)Zl + 7;/1(,‘}21 = Bﬂfl Zl + @/JVVYl Zl, (34)

7;/177021 + HVylel = 07;/1 Zl + wval Zl + g1 (1/)}/1, Z1)§, (35)
VVx,BVi + Ax,CVi + n(Vi)BX, = BHV x,Vi + ¥ Ax, Vi, (3.6)
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Ax, BVi + HV x,CVi +n(V1)C X, = CHV x, Vi + wAx, Vi + 1 (C X1, V1), (3.7)
VVy, BX1 + Ty, C X1 + n(X1)yY1 = YTy, Xi + BHVy, Xy, (3.8)
Ty, BX1 + HVy,CX; + n(X))wY; = wTy, Xi + CHVy, X1 + g1(wY1, X1)€, (3.9)
VVx, Y + Ax,wY) = BAx, Y1 +¢YVVx Y, (3.10)
Ax, Y1 + HVx,wYs = CAx, Y1 + wVVx, Y1 + g1(BX1, Y1)E, (3.11)

where Y1, Zy € T'(ker,) and X1, V; € T'(ker m,)*.
Proof. Using (2.5),(2.9)-(2.12), (3.2) and (3.3), we get Lemma 3.5. O

Lemma 3.6. Let 7 : (Ny,¢,&,m,91) — (Na, g2) be a semi-invariant £+ -Riemannian
map. If v : Iy C R — Ny is a reqular curve, Z,(t) is the vertical and U,(t) is
the horizontal components of the tangent vector field v = E of y(t), then v is a
geodesic if and only if along v the following equations hold:

VV 02y + VYV BU +(Tz, +Avy )wZi + (T2, + A, ) CUL—0(UL) (V21 + BUY) = 0,
HV wZi+HV,CU (T2, +Av )Y 21+ (T2 +Av, ) BUL g1 (97, 7)§—n(Un) (wZ1+CUL) = 0.

Proof. Let v : I — N; be a regular curve on Nj. Since Z;(t) and Ui (t) are
the vertical and horizontal parts of the tangent vector field +(t), i.e., y(t) =
Zy(t) + Uy (t). Using (2.5), (2.9)-(2.12),(3.2) and (3.3), we get

PViy

Vidy = (V59)7,

V271 + YV ywZi + Vg, BUy + V7, CUy + Vi, Zy + Vi,wZy +

Vu, BUy + Vy, CUL = g1(¢7, 7)€ + n(Un) (W21 + BUL) + n(Ur)(wZi + CZy),

= TuZy + V2072 + TrwiZy + HV gwZy + Tz, BU, + VV 5, BU; +

T2, CU +HV 2,CU + Ay, Zy + VV 0 2y + HV p,wZy + Apy,wZy +

Ay, BUy + VYV, BUy + HV 1, CUy + Ay, CUy — g1(07, 7)€ +

n(Uy)(wZy + BUy) + n(Uy)(wZy + CUY).

Taking the vertical and horizontal components in above equation, we have
VoV.y = VYV 0 Z1+VV. BUH(Tz,+ Ay, )wZi+(Tz, +Au, ) CUL (UL ) (¥ Z1+-BUy),

HoV.y
= vale + HV,YCUl + (7—21 + AUl)le + (7'Zl + AU1>BU1 —
91(¢7, 7)€ +n(U1) (w2, + CUy),

Now, v is a geodesic on Ny if and only if VoV.,vy = 0 and HoV ;v = 0, which
completes the proof. O
Theorem 3.7. Let: (N1, é,&,1,91) — (N2, g2) be a semi-invariant £--Riemannian
map. Then m is a CSI-£+-Riemannian map with r = e if and only if

(91(Vh, Z1) + n(Z)])I1]]?
= —q(VV,BZ,¥Y1) — 1(HV,CZ1,wY1) — 1 ((Ty; + Az)CZ1,9Y1) —
gl((,];ﬁ + AZl)BZIa w}/l)
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where v : Iy — Ny is a geodesic on Ny and Yy, Zy are vertical and horizontal

components of y(t).

Proof. Let v : I — Ny be a geodesic on Ny with Y1 (t) = V(t) and Z,(t) = H(t).
Let O(t) denote the angle in [0, 7] between +(¢) and Z;(¢). Assuming v = ||¥(t)||,?
then we get
(V5 (0), V(1)) = wsin? ©(1), (312)
g1(Z1(t), Z,(t)) = vcos* O(t). (3.13)
Now, differentiating (3.12), we get
%gl(}ﬁ(t) 1(t)) = 2vcos O(t) sin O(t )CZC;)
Using (2.3), we get
do
91(¢V, Y1, ¢Y1) = v cos O(t) sin O(t) —— 0 (3.14)

Now, using (2.5), we get
VioYi =

= g1(V40Y1, ¢Y1),
(

= g (VV50Y1, Y1) + i(HV;wY, wYh) + g1((Az, + Tn)oYi, whh) +

91((Az, + Ty JwYr, ¥Y1).

Using Lemma 3.6, in above equation, we get

91(9V5Y1, 6Y1)

(3.15)

= —q(VV,BZ, Y1) — g1 (HV.,CZy,wY1) — 1 ((Ty;, + Az, )CZ1,9Y1) —

gl((nl + AZl)BZb wyvl)

—n(Z1)g1(Y1,Y1).

From equations (3.14) and (3.15), we have

vcos O(t) sin O(t )C;(j

(3.16)

= —q(VV.BZ, Y1) — 1(HV,CZ1,wY1) — 91 ((Ty, + Az, )CZ1,4Y1) —

gl((ﬂfl + AZl)BZh in)

—n(Z1)g1(Y1, Y1).

Moreover, 7 is a CSI-¢+-Riemannian map with r = e’ if and only if %(eh‘” sin @) =

: hoy doe : dh
0, Le., e (cos©% + sinO%F)
vsin O, we have

—v cos O sin O —

dt

v cos O sin © —

dt

v cos O sin @@
dt

Osin©@—
v cos O sin o

= 0. By multiplying this with non-zero factor

v sin? @d—h (3.17)

dt’
dh

—q1(Y1, Y]
91( 1, 1)dt

—91<Vh, ’7)||YV1||27

~01(Vh, Z,)|[Va| .
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Thus, from equations (3.16) and (3.17), we have
(91(Vh, Z1) = n(Z:) )| Y1
= g (VV,BZ, Y1) + g1 (HV,CZ1,wY1) + 91 ((Ty, + Az, )CZ1, Y1) +
gl((ﬁl +A21)le,wY1).
0

Corollary 3.8. Let m: (N1, ¢,€,m,91) — (N2, g2) be a semi-invariant £--Riemannian
map. Then,

91(Vh,§) = 1.

4. CSI-¢(+-RIEMANNIAN MAPS FROM A KENMOTSU MANIFOLDS

In this section, we take account of CSI-(* -Riemannian maps from Kenmotsu
manifolds to Riemannian manifolds. We also discuss geometric properties and
obtain some fundamental results for discussed maps.

Theorem 4.1. Let w: (N1, $,€,1,91) — (Na, go) be a CSI-EL-Riemannian map.
Then, we get

Agw, ¢Ys = Yo(h)Wy (4.1)
for Yo € I'(n) and Wy € T'(Dy), such that ¢Ys is basic.

Proof. For X1,Y; € I'(D,), using equation (2.13) and Theorem 3.3, we get

Tx, Y1 = —g1(Xy, Y1) gradh. (4.2)
Taking inner product in (4.2) with ¢W;, we have
91(Tx, Y1, oW1) = —g1(X1, Y1) g1 (gradh, pWh), (4.3)

for all Wy € I'(Dy).
From (2.3), (2.5) and (4.3), we obtain

91(VX1§Z5Y1, Wl) =0 (Xh Yl)gl (gmdha ¢Wl)-

Since V is metric connection, using (2.13) and (2.10) in above equation, we get

91(X1, Wh)gi(gradh, Y1) = g1(X1, Y1)g1(gradh, pWh). (4.4)
Taking W, = Y; and interchanging the role of X; and Y, we obtain
g1 (Y1, Y1)g1(gradh, $ X1) = g1(X1, Y1)g1(gradh, ¢Y1). (4.5)

Using (4.4) with Wy = X in (4.5), we have
(gl(Xla}/l))2
[1Xa [ Yal 2

If gradh € T'(¢(D2)), then (4.6) and the condition of equality in the Schwarz
inequality implies that either h is constant on ¢(Ds) or the fibers are one dimen-
sional.

On the other hand, using (2.3) and (2.5), we get

91<¢VX1 le ngQ) = gl(vX1¢W1a QS}/Q)

g1(gradh, JX;) = g1(gradh, pXy). (4.6)
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for Y5 € I'(1) and Ys # €. Now, using (2.3), we obtain
91 (Vx,0W1,9Y2) = g1(Vx, W1, V).
Using (2.9) and (2.13) in above equation, we get
91(Vx, W1, ¢Y2) = —g1(Xy, Wh)gi(gradh, Yz).
Since ¢W; is basic and using the fact that HV x, oW1 = Agw, X1, we get

91(Vx, oW1, 9Ys) = —g1(Xy, Wh)gi(gradh, Ys),
g1( A, X1, 0Y2) = —ag1(X1, Wh)gi(gradh, Yz),
91 (Agw, 0Y2, X1) = g1(Xy, Wh)gi(gradh, Ys)
91 (Agw, 0Y2, X1) = g1(X1, W1)g1(Vh, Yz). (4.7)
Since Agw, ¢Y> and Wi are vertical and Vh is horizontal, we obtain equation
(4.1). O

Theorem 4.2. Let 7 : (N1, ¢,£,m,91) — (No, g2) be a CSI-£+-Riemannian map

with r = €" and dim(Dy) > 1. Then, %XIW*(gbZl) = Xi(h)m(0Z1), for all Z; €
['(Dy) and X, € T'(kerT,)*.

Proof. From Theorem 3.3, fibers are totally umbilical with mean curvature vector
field H = —gradh, we have

—1(V2,X1,25) = g1(Vz Za, Xu),
~1(V2,X1,25) = —g1(Z1, Z2)g1(gradh, Xy),

for all Zy, Z, € T'(Dy) and X; € '(ker 7,)*.
Using (2.3) and (2.5) in above equation, we get

91(Vx,021,9Z2) = g1(¢Z1, 9Z2)g1(gradh, X1). (4.8)
Since 7 is semi-invariant Riemannian map, we have
921 (Vx,021), 10 22)) = 92(7:(02Z1), T (9 Z2) ) g1 (gradh, X7). (4.9)
Using (2.13) in (4.9), we get
92 (Vx,7(021), m(922)) = g2(m:(021), w0 Z2)) g1 (9radh, Xy), (4.10)
which implies 6X17T*(¢Z1) = Xi(h)m(0Zy), for all Z; € T'(Dy) and X; €
['(ker 7,)*, hence the proof. O

Proposition 4.3. Let 7 : (Ny,¢,6,1m,91) — (Na, g2) be a CSI-£--Riemannian
map with r = e". If T is not equal to zero identically, then the invariant distri-
bution Dy does not define a totally geodesic foliation on Nj.

Proof. ¥or Zy,7Z, € T'(D;) and X; € I'(Ds), using equations (2.3),(2.5) and
(2.13), we get
91(V2, 29, X1) = 91(Vz,022,0X1),
91(7}1¢ZZ7¢X1>a
= —q1(Z1,9Z2)g1(gradh, 9 X1).
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Thus, the assertion can be seen from above equation and the fact that gradh €

¢(Ds). U

Proposition 4.4. Let 7 : (N1, ¢,6,1m,91) — (Na, g2) be a CSI-£--Riemannian
map with r = e". Then, Dy is not totally geodesic foliation on Nj.

Proof. For X1, Xy € I'(Dy) and ¢ € I'(ker m,)*, using (2.6), we et
91(Vx, X2, §) = —1(Vx, §, Xo) = — (X1, X2) # 0.
Hence D, is not totally geodesic foliation on Nj. Il
Using Propositions (4.3) and (4.4), one can give the following Theorem.

Theorem 4.5. Let 7 : (N1, ¢,€,m,91) — (No, go) be a CSI-E+-Riemannian map
with r = . Then, (kerm,) is not totally geodesic foliation on Nj.

Theorem 4.6. Let 7 : (N1, ¢,€,m,91) — (No, go) be a CSI-E+-Riemannian map
with r = €. Then, the anti-invariant distribution Dy is one-dimensional.

Proof. Since 7 is a Clairaut proper semi-invariant map, then either dim(Djy) = 1
or dim(Ds) > 1. If dim(D3) > 1, then we can choose Vi, V, € I'(Ds) such that
{V1, V2} is orthonormal. Using (2.5), (2.9), (2.10), (3.2) and (3.3), we get

n1¢% + HVVI Qﬂ/Q = VV1¢‘/2a
T Vo +HVy,0Ve = BTy, Vo + CTy, Vo + Y VVy, Vo + wVVy, Vs,

Taking inner product above equation with V;, we have

91(TvidVa, Vi) = gi(BT, Vo, Vi) + g1 (¥ V'V, Vo, V1). (4.11)
Using (2.3), (2.5),(2.13) and (4.11), we get
N TV, ¢Va) = —g1(Tv, V2, Vi) = —gi(gradh, ¢V2) = g1(Tv, Vo, 9V1). (412)
Using above equation, we obtain

gl(gradha¢‘/2) = 91(7;/1‘/27¢‘/1)7
gi(gradh, pVa) = g1(Vi,Va)gi(gradh, pV1),
gi1(gradh, ¢V2) = 0.

So, we get gradh L ¢(Ds).
Therefore, the dimension of Dy must be one. O
5. EXAMPLE
Example 5.1. Let N; be a 5-dimensional space described by the following:
R® = {(z1, 22,91, 92, 2) € R’|(z1, 2, y1,92) # (0,0,0,0) and z # 0}.

Let n = dz and £ = % where 1 be a 1-form and £ be a vector field. and its
Riemannian metric g; and tensor field ¢ are defined as

g = €2Z(dZI71)2 +62Z(d$2)2 +622(dy1>2 +€2Z(dy2)2 + <d2)27
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00 -1 0 0
00 0 —10
6=110 0 0 of,
01 0 0 0
00 0 0 0

which gives a Kenmotsu structure (¢,&,7, ;) on Nj.
i)

A ¢-basis for this Kenmotsu structure can be defined by {e; = e *7~,e9 =

0 el el o] oo
—Zz — —Zz — —z — —_ =
€ 8y27€3_€ 8331’64_6 8x2’65_£_8z :

Let Ny be {(u1,us) € R*|uy = z # 0}. We take the Riemannian metric gy =
e?*(duy)? + (duy)? on Ny.
Now, we define the map m: (N1, ¢,&,1,91) = (Na, g2) by:

7T(9517 T2,Y1, Y2, Z) = (901\—/1-;1 , 2022, Z)'

By direct computations, we have

kerm, = span{X; = ez, Xo = (e1 —e3), X3 = ey},
Dy = span{X; = ey, X3 = e4}, Dy = span{Xs = (e; —e3)},
(kerm, )" = span{U; = (e1 +e3), Uy = & = ey}

After some computations, one can see that m,(U;) = \/56’2%, . (Us) = 3%2

and g1(U;, U;) = go(mUs, mU;) for all Uy, U; € T(kerm, )t i, = 1,2. Thus 7
is semi-invariant ¢*-Riemannian map. Moreover it is easy to see that ¢X; =
—X3,9Xy = —U1, X5 = X.

Now, we will obtain smooth function h on R® satisfying Tx X = ¢1(X, X)Vh,
for all X e I'(kerm,).

We obtain following equation using the discussed Kenmotsu structure,

le1,e1] = [ea, ea] = [es, e3] = [eq, €4] = [€5,€5] =0, (5.1)
le1, €] = 0,[er,e3] =0, [er,eq] =0, [eq,e5] = e,

lea,e3] = 0,[ez,eq] =0, [e2, 5] = €2, [e3,e4] = 0,

[e3, €3] es, e, e5] = eu,

The Levi-Civita connection V of the metric g; is defined by the Koszul’s formula,
291 (VgV, W) (5.2)
- U91<U7 W) + V91<W7 E) - ng(E’ U) + gl([Ev U]? W) -
gl([U> W], U) + gl([Wv E]? U)
Using (5.1) and (5.2), we get

0
Velel - v62€2 - V6363 - V6464 = _57

V6162 = Veleg = v6164 = V62€1 = V6263 = V6264 = O,
V6361 = V6362 = Ve3e4 = Ve4€1 = V6462 = V6463 = O

(5.3)
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Therefore
0 0
leXl = V52€2 = —a, VX2X2 = Vel_esel — €3 = —25 (54)
0
VX3X3 = Ve4€4 - a, VX1X2 =0, VX1X3 =0,

Vx,Xs = 0,Vx,X;=0,Vx,X; =0,Vx,Xo=0.
Now, we have

TXX - 7;\1X1+)\2X2+)\3X3)\1X1 + AQXQ + )\3X3; )\1; )\2) )\3 S R

TxX = NTx, X1+ NTx, Xo + AT, X3 + (5.5)
MATx, Xo + M AsTx, X3 + AaAsTx, X5 +
MATx, X1+ MAsTx, X1+ A A3 Tx, Xo.

Using (5.3), we obtain

0 0 0
Tx, X1 = —£,7}2X2 = —2577—)(3)(3 =5 (5.6)
TXlXQ = 07 TXlXS = 07 TXQXS = O7TX2X1 = 07
Tx, X1 = 0,7Tx,X2=0.

Next, using (5.5) and (5.6), we get
0
Tx X = —(A7 +2)5 + A5 + Ag)%
Since X = >\1X1 + )\QXQ + )\3X3, SO gl(Ale + )\2X2 + >\3X3, )\1X1 + )\2X2 +
MsXs) = AT + 203 + A]. Now, Vh = e 27000 4 =220k 0 4 =22 00 0 4

dy1 Oy1 0y2 Oy2 Ox1 Oz
e_QZ%aim + %%. Hence Vh = % for the function h = z. Therefore, Tx X =
—g1(X, X)Vh, thus by Theorem (3.3), 7 is a CSI-{*-Riemannian map.
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