Gulf Journal of Mathematics ISSN: 2309-4966
Vol 15, Issue 2 (2023) 133-147 https://doi.org/10.56947 /gjom.v15i2.1604

STOCHASTIC FRACTIONAL INTEGRODIFFERENTIAL
EQUATIONS WITH CONTINUOUS CONDITIONS

MOUSSA DIOUF!, IBRAHIMA FAYE? AND DEMBA BOCAR BA3*

ABSTRACT. In this paper, we use a smoothness method to obtain an existence
of a strong solution for a general class of stochastic fractional integrodifferential
equations. We established also the uniqueness of solution. We consider the case
of continuous coefficients, which satisfy some so-called p—condition.

1. INTRODUCTION

An integrodifferential equation is an equation that includes both integrals and
derivatives of a certain unknown function. In theory, but also in applications,
these equations play an important role in the mathematical modelling of various
fields taking into account the effects of real-world problems such as physics, biol-
ogy, engineering sciences see among other ([2]). Furthermore, over the past twenty
years, with the advent of fractional differential equations as a field of research,
more and more researchers have become interested in the study of fractional cal-
culus. Since then, different concepts of derivatives and fractional integrals have
been introduced, such as the integrals and derivatives of Riemann-Liouville, Ca-
puto, Grunwald Letnikov, Riesz ( see [0], [11]). Fractional differential equations
([10]) can also effectively describe the dynamic behaviour of real-life phenomena
with more accuracy than integer order equations. With the development of frac-
tional calculus, fractional integrodifferential equations appear in many domains
such as electromagnetic waves ([17]) and dynamic population system ([20], [12]).
Some authors ([1], [1], [3]) show different existence results for fractional integrod-
ifferential equations.

On the other hand, the present of random effects is noted in many branches of
science, in particular economics and finance, physics, demography, biology and
medicine. In 1942, It6 introduced the stochastic differential equations (SDE)
which will know a real expansion ([13], [10]). Therefore stochastic integrodiffer-
ential equations appear as a natural extension of stochastic differential equations.
These equations are involved in stochastic feedback systems ([15]), option pricing
([5]) and population growth model ([9]). Nowadays, more and more researchers
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are interested in fractional stochastic equations ([7], [¢], [9]). Using the clas-
sical Picard-Lindel6f successive approximation scheme, Pedjeu and Ladde [14]
established existence and uniqueness of solution of stochastic fractional differen-
tial equations. They used the Riemann-Liouville type fractional integral. The
stochastic fractional equations are effective in modeling hereditary and hidden
properties of certain noise systems in mathematical finance ([18]), in ecology and
epidemiology ([14]). Also, note that several dynamic processes in science and
engineering are under the influence of random perturbations of both internal and
external environmental natures. So to bring more precision to the model, Pedjeu
and Ladde [14] consider fractional stochastic differential equations by introducing
the concept of dynamic processes operating under a set of linearly independent
time scales.

In the literature we find a lot of result dealing with existence and uniqueness
of fractional integrodifferential equations ([3], [1], [2]). In this spirit Umama-
heswari et al. [19] established an existence and uniqueness of solution of sto-
chastic fractional integrodifferential equations under the Lipschitz condition by
using the Picard-Lindelof approximation. These results generalise those of Ped-
jeu and Ladde [14] by going from a fractional stochastic differential equation to
a stochastic fractional integrodifferential equation. A natural question is: under
which other condition on the coefficients does the stochastic fractional integrod-
ifferential equations have a solution?

In this paper, inspired by a method developed in Rong [16, Theorem 170], we
solve a general class of stochastic fractional integrodifferential equations with con-
tinuous conditions. We prove an existence and uniqueness result which extend
the result of Umamaheswari et al. [19] in the case of coefficients satisfying rather
weaker conditions.

The rest of the paper is organized as follows. In section 2, we present some useful
preliminaries notions. In section 3, we prove our main results.

2. PRELIMINARIES

Definition 2.1. (Riemann — Liouville fractional integral).
The Riemann-Liouville fractional integral operator of order « of a function f €
L'(R,) is defined by

1€ f(t) = ﬁ /0 (t— )" f(s)ds, Va0,

where I'(.) is the Euler Gamma function defined by

MNa) = /0+0<> t* L exp(—t)dt.

Definition 2.2. (Riemann — Liouville fractional derivative).
The Riemann-Liouville fractional derivative of order @« > 0, n — 1 < a < n,
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n € N*, is defined as

o= (4) 10 = ot (8 [ s

where the function f(¢) has absolutely continuous derivatives upto order (n—1).

Definition 2.3. (Multi-time scale Integral [11])
Forpe N, p>1,let {T1,---,T,} be a set of linearly independent time scales.
Let

f: [a, b[xRPT — R"
be a continuous function defined by f(t) = f(T1(¢),---,T,(t)). The multi-time
scale integral of the composite function f over an interval [to, ] Cla, b is defined

as the sum of p integrals with respect to the time-scales 77,---,7,. We denote
it by If,

TF() =D Lif(),

where the sense of the integral

t
L) = [ Hr(s)
to
depends on the time scale 7}, for each j =1,--- ,p.

Example 2.4. For p = 3, consider the linearly independent set consisting of
time scales T'(t) := t, Ty(t) := B(t) where B is the standard Wiener process, and
T5(t) :=1t* 0 < a < 1 as defined before. In this case,

f) = f(0(1), To(t), T5(t))  and  If(t) = Lf(t) + Lf(1) + I f(1)

where the integrals

t t t
Lif@t)= [ f(s)ds, Lf(t)= [ f(s)dB(s), Isf(t)= [ f(s)(ds)”
to to to
are Riemann, [to-Doob, and Riemann-Liouville type, respectively.

Under the set of time scales in Example 2.4, we have the following stochastic
fractional differential equation

dx(t) = b(t, x(t))dt + o1 (t, z(t))dW; + oo(t, x(t))(dt)*, t € [0,T]. (2.1)
Remark 2.5. (i) If 09 = 0 in Example 2.4, then the SDE (2.1) reduced to
known Ito-Doob type stochastic
dx(t) = b(t,z(t))dt + o1 (t, z(t))dW,, z(0) = xo

whose fundamental properties and applications have been well studied for
more than half-century.

(ii) If oy = 0 in Example 2.4, we have the following generalized version of the
classical deterministic fractional differential equations

dx(t) = b(t,x(t))dt + oo(t, z(t))(dt)", z(0) = .
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(iii) If 0y = 0 and o9 = 0, then (2.1) is to the deterministic
dx(t) = b(t, z(t))dt, z(0) = .

We give the following lemma known as the bihari inequality (Mao [13, Theorem
8.2]).

Lemma 2.6. (Bihari Inequality)

Let T > 0, uy > 0, u(t),v(t) be continuous nonnegative functions on [0,T],
and p : Ry — Ry be a concave continuous non-decreasing function such that
p(x) >0 for x > 0. If

u(t)§u0+/0 o(s)p (u(s)) ds, Ve [0,T],

then

¢
u(t) < G (G(uo) +/ v(s)ds)
0
holds for all t € [0,T] such that

G(up) —l—/o v(s)ds € Dom(G™1),

T ds
G(z):/l ) x> 0.

G~ is the inverse function of G and Dom(G™') is the domain G'(.). In par-

ticular, if ug =0 and
/ ds n
- - oo’
o+ P(8)

then u(t) =0 for all t € [0,T.

where

3. MAIN RESULTS

Let Q) be a non-empty set, F a o-algebra of sets of 2 and P a probability mea-
sure defined on F. Assuming W = (W;);>( be an m-dimensional Brownian motion
on the complete probability space (2, F,P). For a fix real T' > 0, let J = [0, T].
Given a real « €]1/2,1[ and X, a random variable defined on (€2, F,P) indepen-
dent of the o-algebra (F;),., generated by {W,,0 < s < t}. Define the filtration
F? generated by Xy and {W,,0 < s < t}. Let b,05 € C(J x RP x RP*?P RP),
o1 € C(J x RP x RP*P RP*™) and f;, g;,hi € C(J x J xRPRP), i =1,2,--- ,p.
Consider the following stochastic fractional integrodifferential equation: fort € J,

dX; = tXt,/fltsX /thSX /fptsX)ds)d
t
+ O'l(t,Xt,/ g1(t, s, X,)ds ,/ g2(t, s, X)ds, - - ,/ gp(t, s, Xs)ds)dW;
0 0 0

t t
+oalt, X, / h(t, s, X.)ds, / holt, 5, X.)ds, -+ h(t, s, X,)ds) () (3.1)
0 0
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We can rewrite the above equation in its equivalent integral form as follows:

Xt:X0+/ SXS,/flsrX /fpsrX)dr)d
t s s
+ / 01<37X57 gl<3,7’, Xr>dr7 e 7/ gp(57r7 Xr)dr)dWs
0 0 0

t s s
+ a/ (t — s)o‘_lag(s,Xs, hi(s,r, X, )dr, - ,/ hy(s,r, X, )dr)ds.
0 0

0

In the following we assume that b, 01, 09, fj,9;,h;, j = 1,2, -+, p satisfy assump-
tions (H):

Let F; = fot fi(t,s, Xs)ds, G; = f(f gi(t, s, X )d . H; fo (t, s, Xs)ds, and
F; = fot fi(t,s, Xs)ds, G; = fot g(t, s, X,)ds, H fo t,s,X )ds,
(H.1) Linear growth condition

p p
V)| < KL+ |X + ) |F1+ | Hjl)

j=1 j=1

|b(t7Xt7F17 e 7Fp)| + |02(t7Xt7H17 e

p
|0-1(t7Xt7G17G27"' 7Gp)|2 S K2<1+|Xt|2+Z|G]|2>

=1

|FS| + |G| + | Hj| < k(1 + | Xy),

for some constants X >0 and k; >0, 7=1,2,...,p

(H.2) The functions b(t, ., - ,.), o1(t,., -+ ,.) and o3(t,.,--- ,.) are continuous
in all variables.

(H.3) For each N =1,2,---,

2<(Xt_Xt)7(b(t7Xt7FlaF27'“ 7Fp)_b<t75€—t>ﬁlvﬁ27“' 7ﬁp)

)
+<(Xt_Xt)7(02<t7X7G17G27'” 7Gp)_0-2(t7‘§(:t7élaé%'” 7ép))>
+‘Ul (taXt7H17H27"' ; H ‘2

7Hp) — 01 <t7)?ta ﬁla ﬁ?a Tt
< ct)p (1% - %)

as | X,| V |X,| < N, t €[0,T], where fo t)dt < 400 and p(u) > 0, as
u > 0, is non- random strictly increasing, contmuous and concave such
that f0+ ﬁdu = +o00.

We consider the following sets (where E denote the mathematical expectation
with respect to the probability measure P):

° 3[207:,,] (RP) the space of FP-adapted cadlag processes

[0, T] x Q — RP, ]|¢]|§2:E<5up | Uy ]2) < o0,

o<t<T
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. M[o 1] (R?) the space of F-progressively measurable processes

T
¥ [0, T] x Q — RP, ”1/]”3\422151/ | 1y |2 dt < oo.
0

The main result in this section is given by:

Theorem 3.1. Under assumption (H) and E (| Xy |?) < +o0, the SDE(3.1) has
a unique solution which is t—continuous such that X, € S2.

We need the following two lemmas before proving this theorem.

Lemma 3.2. Under assumptions (H.1) and (H.2) there exist functions
b, ot 08,n=1,2,--- satisfying the following conditions:

1) b (t, Xy, Fy, o B 4o (t, Xo, Hy, -+ Hy)| < C (14 |Xy]) asn > N,
‘U?<t7Xt7G17G27 e 7Gp)’2 S C (1 + ’Xt’2) ,

where Nog > 0 and C > 0 are constants.

2) |0 (t, Xy, Py, Fp) = 0 (6, Xy - )y Co | X = X, |,
|O-g(taXt7H17"' 7H) 0-2<t XtaHla'N ) £ )| SQ |Xt Xt|7 "
|0-711<t7Xt7G17G27 ’ 7Gp) 01 (t Xt7G17G27 G )|2 < C | Xt Xt ‘27

where C,, > 0 is a constant depending on n.
3) For any N > 0 and for each t > 0, w € , as n — 400

sup |bn<t,Xt,F1,F2,"' ,Fp) —b(t7Xt,F1,F2,"' 7Fp)‘ — O,

[ Xt|[<N
sup |o7(t, Xt, G1,Ga, -+ ,Gp) — 01(t, X4, G1, G, -+, G,)| — 0,
| Xt|[<N
| Sl|lp |Ug(t,Xt, Hl, HQ, s ,Hp) — O'Q(t,Xt, Hl, HQ, s ,Hp)’ — 0.
X¢|<N

Proof Let, for j =1,2,--- ,p,
fo fi(t, s, X7 —‘)dS G" fogj t,s, XI'—= ds H" fo (t,s, X" — Z)d ]
Deﬁne

b (t, X, Fy, Fy, - F)) :/ b(t, X, — — F1,Fy,-- , F,)J(@)dz,  (3.2)
Rd n

where for all v € R

[ cepl=(1— [u ), for |ul<1,
J(u) = { 0, otherwise,

and c is a constant satisfying [, J(u)du = 1.
1) By definition (3.2) of b™ we have

T — — —
‘bn(taXtaFlaF%'” 7Fp)‘< ’b(t7Xt_g7F17F27”' 7}7p)“](f)df
R4
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and using the assumption (H.1) we have
- P
z
< K1+ |X;—— k(14X — =) | J()d
i< [ <+|t AEDSLIRNES n|>> @iz

F
< K 1+Zkz [/1+|Xt|) (z )df+%/ﬂww(x)d4

|bn(t’Xt7F17"' y 4'p

Let Ny = / zJ(Z)dT, we obtain
Rd

p
F)l < KO+ k) {1 + X0 + ;]
=1
No g

p
< 2K(1+ ) k)14 X)),
i=1

Then b™ satisfies the point 1)

|bn<t7Xt7Fl7F27"' )

2) we have
bn(t7Xt7F17'“7F)_bn(t Xt7F17 7ﬁ) =
— t
’/ b(t,Xt—f,/fl(t,s,Xg— /fptsX" )ds)J(f)df
R? n Jo
~ T [ ~ T T
— | bt X, - = s, X" — Z)ds, - - - t —2)d dz
Lo %= [ s S = s, ,/Ofp< s X1 = )ds) () da,
then by a change of variable, we have
07 (t, Xo, Fr,y o ) =0 (8, Xy, By L B
/ 68,7, Fr,- - Fy)|| I (n(Xe — 7)) — T(n( X, — 7))|dz
< n K1+Zk (14 |7 | (n(X; — 7)) — J(n(X; — 7)) |dT
Rd i=1
<Cn| X — X¢ |
because
p 1
1+Zk;i)/ /(1+]f])gmd [J (n(Xt—m—l—H(Xt—a:)))]dOd_
0
- X .

S Cn | Xt
3) By Heine-Borel’s finite covering theorem for any N > 0 and any given
e > 0 one can find a § > 0 may depend on ¢ and w such that as -~ < ¢

forall | X; |[< N
,.,/fpts X, ——)ds)—b(t X, Py, F)| <e

}tht——/fltsX



140 M. DIOUF, I. FAYE, D. B. BA

because b is continuous. Hence, as n > %,

sup bn(taxhpl?'“7Fp)_b(t,Xt7F17“'7Fp) =
| Xt |<N
sup / bt Xo— LTy T J@)dT — b(t, Xo, Fr, -+ )
|X¢|<N | JRE n
g/ sup |b(t, X, — . Fy,--- \ F)) — b(t, X, Fy,- -, F,)|J(T)dT
R | X¢|<N n
< sup |b(t, X; — = Fy, -+ F,) = b(t, Xy, F1, -+, F,)|J(@)dz
|Z|<1 | X¢|<N n
<e.

Then, taking ¢ — 0, we have

sup — 0.

| X¢|<N

bn(taXtaF17”' 7Fp)_b(t7Xt7Fl7“' 7Fp)

Thus point 3) is true for b™.
By defining o] and o} in the same way as b" in (3.2), we show that o}
and o} satisfy this lemma .

O

Lemma 3.3. Consider b", o} and o} obtained from the above Lemma 5.2. There

exists an unique solution (X}')o<t<r which is t-continuous and satisfying the fol-
lowing SDE:

X/ = X0+/b"sX”/f13rX /fpsrX)dT)d
t
+ / or(s, X7 / g1(s,m, X)dr, - ,/ Gp(s,r, X)) dr)dWy
0 0
t s
—i—ozﬁt—s)o‘ Lol(s, X" /hl(s,r,Xf)dr,~~ ,/ hy(s,r, X,")dr)ds (3.3)
0 0

such that B( sup |X]'|*) < C(a,T).

0<t<T

Proof. By Umamaheswari et al.[19, Theorem 2], this equation (3.3) has a pathwise
unique strong solution (X7")o<¢<r t-continuous verifying sup E (|X]']*) < +o0.
0<t<T

Now, show that there exist a constant C'(«, T') such that E(_Sl_lp X" < C(a, T).
0<t<T

By Cauchy-Schwarz inequality and using (a 4 b + ¢ + d)* < 4 (a? + b* + & + d?),
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we have

2

| X2 < 4\X0|2+4T/ ds

b”sX/flsrX /fpsrX)dr)

2
+ 4

t S
/ af(s,X;L,/ g1(s,r, X )dr, - - ,/ gp(s,r, X)dr)dWs
0 0

0

t t s s
+ 4(/ a?(t — 5)**2ds) (/ |J§(S,X;‘,/ hi(s,r, X")dr, ..,/hp(s,r, Xf)dr)|2ds> ,
0 0 0 0

hence,

2
sup | X[ |2 < 4|X0|2+4T/ b”sX"/flsrX” /fpsrX)dr)d
0<t<T

t s 2
+ 4 sup /U?(S,Xf,/ gl(s,r,Xf)dr,~-~,/ gp(s,r, X1)dr)dWs
o<t<T | Jo 0 0
T2a—1 T s s 2
+  4a? / JQ(S,X:,/ hi(s,r, X)dr, - - - ,/ hp(s,r, X)dr)| ds,
2a -1 0 0 0

by taking the mathematical expectation and using the Lemma 3.2, we obtain

+Zk/ A+E( X ) d )

and since E (| X['|?) < +o00, there exist a constant positive M such that

B(sup X7 1) < 4(E( X0 )+ (04140t
0<t<T

E ( sup | X} |2) <C(a,T),

0<t<T
where
2c—1

o —

Cla,T) = 4<IE (1 X0 *)+ (T +1 +a22T Y1+ k)1 +M)T>.
=1

Now we can give the proof of Theorem 3.1.
Proof. Existence: Consider the equation (3.3). For j =1,2,--- p, let
Fp = f[f fit,s, X)ds, G7 = fotgj t,s,X)ds, H} = fo (t,s, X™)ds, and

- f(ffj(tasaX;l_%)dS, Gn = fO gj t S, Xn—— ds, H" = fO t s Xn__)ds
By Ito’s formula, we have

¢
E(|X™ — X7[?) = QE/O(X;” — XY™ (s, X I F— b (s, XTLF L F))ds
¢
—HE/ o7 (s, X", G, -+ G — of (s, X1, GYL - -+, G)|Pds
0

t
+2aE/ (= $) (X — XT)(03 (5, X Y, ooy ) — 03, X7 HY, o, HY)ds.
0

Using the definition of the sequences 0", 0} and ¢ and by the notations

m,n o m x m m n z mn n
AD™"(s) = b(s, X _E’Fl ,---,Fp)—b(s,Xs —E,Fl,---,Fp),
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7 - _
n n n
ﬁ?Gla"' 7Gp)

m,n m T ~m m
A0—17 (8) 201(37X5 _EaGl y 1 7Gp)_01<37X5 -

and
m,n m T [7m [7m n [rn [yn
AOQ (S>:U2(S7Xs _E7H17"'7Hp)_0-2(8>Xs_Elea"'va>7

we obtain

t
B(xr-xiP) - B[ |
0 R4

¢
E/ |Act"(s)|*J (z)dzds
0 Jrd

t
20K / (t— 5! / (X7 — X") Ao (s)J (2)dzds
0 R4

2(X™ — X"AY™(5).J (z)dTds

_|_

+

and by asumption (H.3), we have

t
(1= X)< 28 [ el X2 = (=)
t
+ ZE/ Im™" — n~Nz|J(7)dzds
0 JRd

+ ZaE/O(t — s)o‘_l/c(s)p(|Xsm — X" — (m™' —nHz|?)J(7)dzds

z)dzds

R4

t
+ 2aE/ (t = )% ! —n—1|/ ([ (2)dids,
0 R4

hence as t € [0,7],
t
B(XP - XPP) < K(Ta) [ ols) [ p(EIXD = X2 (m™t = n)af)J(o)dds
0 R4
+ K(T,a,N)(m™ ' +n™1). (3.4)

Since by Lemma 3.3, we have for all n
E( sup |X7P) < C(T,a).

0<t<T

So by Fatou’s lemma, we obtain
t
limsup E (| X" — X7'|*) < K(T, a)/ c(s)p1(limsup E| X" — X|*)ds
m,n—-+o00 0 m,n—-+o00
where pi(u) = p(u) + u. Therefore
limsup E (| X;" — X'|*) = 0.

m,n—-+00

From inequality (3.4) one also finds that

T
lim sup E/ | X" — X['[?dt = 0.
0

m,n—-+00
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So there exist (X;); € MF 1 (R?) such that:

T
lim IE/ | X7 — X, 2dt =0
0

n——4o00

and then for each ¢ > 0, lim,,_, ;o E| X — X}|? = 0.

So X' — X, in probability for each ¢, and one can choose a subsequence (ny,)
denoted again (n) such that P— a.s as n — +oo, X' — X2, Vt =1y, k=
1,2,--+; where (rg)g>1 C [0,7] is the totality of rational numbers in [0, 7]. Hence
by Fatou’s Lemma, we have

E (sup |Xf|2) <E (sup lim |X:,2|2) < liminf E (Sup |th|2) < K(T,«).
Lk n—+oo n—-+0o t<T

t<T

Since X; is the uniform limit of a sequence of continuous functions, it is also
continuous.

Now show that for ¢t € J, when n — 400, P —a.s :
t t
/ V' (s, XJ FY, -0 B )ds — / b(s, Xs, Fr1,- -+, F,)ds,
0 0
t t
/ o7 (s, XIL G GIYAW, / o1(5, X0, G, -, G)dWW,
0 0

t t
/(t — ) oy (s, X HY -+ H)ds — /(t —8)* loy(s, X, Hy, - -+, Hp)ds.
0 0

One may assume that sup,., | X7 |< ko, for all n € N and sup,.p | X; |< ko.
However, as t € J, for any € > 0, by noting
-2,

t t
pn:]P< /0 b (s, X", FP, - ,F;)ds—/o b(s, Xy, Fy, -, F))ds

and

-F’JX:/ fj(S,T,X)dT, j:1a27"'7p7
0

we have by Markov’s inequality

1 T
an_E/
€ Jo

1 T
+—E/
€ Jo

and taking the supremum for all | X |< ko, we obtain

1 /T
Pn < = sup
€ Jo |X|<ko

1 T
+ —/lim sup
€ Jo =0 X |<ko

= I+ 1J.

b (s, X¢ FYs o B)) = b(s, X FY - )

p

ds

ds

b(S)X;‘LuFlna"' )F;L)_b(87XS7F17'” 7Fp)

bn(saXalef" 7FpX)_b($7X7F1Xv"' >FX)

p

ds

b(saX—i_haFlX+h7"' 7F1X+h)_b(S7X7FlX’.“ ’FX)

p

ds,
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From Lemma 3.2, we have
S
sup bn($7X7F1)(7"'anX)_b(87X7/ F1Xa7FpX)‘_>O
| X[<ko 0

and using the linear growth condition of the functions b and 0", we can apply
Lebesgue’s dominated convergence theorem to get

lim ' =0.
n—-+o0o

Now since

lim sup |b(s, X + h, X0 ... ;F;Hha) —b(s, X, F{, - - 7FpX) =0,

h_>O\X|<k
we can take small enough ¢ > 0 such that

sup 6(57X+h7F1X+h7'” 7FpX+h> _b(‘s?X?FlX"” ’FPX) <&
|X|<ko,|h|<d

then for this §
I =0.

So we have p, — 0, hence

t t
/ b (s, X¢ By B )ds — / b(s, Xs, Fi,- -+, F,)ds, P — a.s.
0

0
-c)).

Now we define ¢,, by

and

t t
/ 0-111(57X;L7G?7"' 7GZ>dWS _/ 0-1(57X57G17”' ’Gp)
0 0

G}X :/ gj(S,T,X)dT, j: 1727'” » P,
0

we deduce from Markov’s inequality and Doob’s inequality that
4 T
—=E
w< 5B [
4 T
—=E
+5E [

and taking the supremum we have
4 (T

Gn < — [ sup
€ Jo |X|<ko

+ — /hm sup
h—0 |X|<k0

= Iy +1J.

oy (s, XI, Gy, GY) —ou(s, XU GY - G| ds

o1(s, X, G-, GY) —01(s, X, Gr,y oo+, Gy)| ds

ol (s, X, G, - ,Gf)—al(s,X,G{(,--- G| ds

p

2
Ul S, X+h GX+h 7G;(+h)_01(87X7G{(7"' aGX) ds

p
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Notice from Lemma 3.2
2

O'?(S,X,G{(,”- ,GX)—01(87X,G{(,"' ,GX) — 0,

sup p p

| X|<ko

so the Lebesgue’s dominated convergence theorem give

lim I3 =0.

n——+o00

Hence since,

2
Illlir(l) sup |oy(s, X +h,GE ™ GXTM —0y(s, X,GT -+ ,G)| =0
| X[<ko
we can take small enough 6 > 0 such that
2
sup Ol(S,X—{—h,G{(—Hl,'-- 7G;(+h)_0-1(37X7G{(7"' 7G§) <é€
|X|<ko,|h|<6

Then for this § > 0
I =0.
So,

/Ot oy (s, XI, Gy, -, Gp)dW, — /Ot o1(s, X5, G, -+, Gp)dWy, P—a.s.
In the same way one shows that as n — oo,
/t oy (s, X HY, - ,Hg)ds — /t oa(s, X, Hy, - -+, Hp)ds, P—a.s.
0 0
Then (X}):>0 is a solution of equation (3.1).

Uniqueness: Let (X;);>0 and (Y;)i>0 be solutions processes through the initial
value Xy = Y,. We have

XY, = / sXS,/flsrX /fpsrX)dr)d
— / s YS,/ fi(s,r,Y,.)d / fp(s,r, Y, )dr)ds
[ otsx, Osgms,fr, X [ glsr Xopdr)aw,
— /Ot o1(s, Ys, /08 g1(s,r, Y, )dr, - ,/Os Gp(s,7, Y, )dr)dWi
+ a/t(t —5)* Loy(s, X, S hi(s,r, X, )dr,--- ,/S hy(s,r, X, )dr)ds
0 0 0

t s s
- a/ (t—s)o‘_lag(s,Ys,/ hi(s,r, Y, )dr, - - ,/ hy(s,r, Y, )dr)ds
0 0 0
¢ ¢ ¢
= /AX’Yb(s)ds—i-/ AX’Yal(s)dWs+a/(t—s)°‘1AX’Y02(s)ds.
0

0 0
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By Ito formula we have

t t
E(|X, - Y*) = 21E/ (X, — Y)|AXYb(s)|ds +IE/ IAXY 5y (5)2ds
0 0

t
+20E / (t = 5)7 1 (X, — Y2)|AXY gy (s)|ds.
0

The assumption (H.3) implies
t

t t
B (X~ YiP)< [p(EIX. ~ Vo) + [ (BIX,~ Vi) + 20 [(t -9 p (BIX, - ViP)
0 0 0

t t
< 2/ p(IE|XS—Ys|2) ds—|—204/ (t—s)o‘_lp(E]Xs—Y's]2) ds
0 0

< /t (3 + 2a(t — s)o‘_l) p (IE]XS — YSIQ) ds.
0

Bihary’s inequality gives
E (X, — Y,*) =0.
Then
P{|X;,—-Y =0, Vte|0,T]}=1,

hence, the solution of equation (3.1) is unique.
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