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NONLOCAL BOUNDARY VALUE PROBLEMS WITH
TRANSMISSION CONDITIONS

MUSTAFA KANDEMİR

Abstract. We consider nonlocal boundary value problems which includes el-
liptic differential operator equations of the second order with discontinuous
coefficients and nonlocal boundary conditions together with transmission con-
ditions. We establish Fredholmness for these nonlocal boundary value prob-
lems.

1. Introduction

In classical theory of boundary-value problems for ordinary differential equations
is usually considered for equations with continuous coefficients and for boundary
conditions which contain only end-points of the considered interval. However, this
paper deals with one non-classical boundary-value problem for ordinary differen-
tial equation with discontinuous coefficients and boundary conditions containing
not only end-points of the considered interval, but also a point of discontinuity
and internal points. Boundary conditions are called nonlocal conditions if they
contain interior points of the considered interval. Local and nonlocal problems
for discontinuous coefficients equations connected with different applied problems
which include various transfer problems such as heat transfer in heterogeneous
media. Naturally, transmission problems arise in various fields. For instance,
these problems arise in problems of physical field as diffraction problems, elastic-
ity problems, heat and mass transfer problems (see, e.g., A. A. Shkalikov [1] and
references cited therein).

The systematic investigation of nonlocal problems was studied by A. Bitsadze
and A. Samarskii in [4]. Note that, in the series of A. L. Skubachevskii’s works, an
abstract theory of the nonlocal boundary value problems has been constructed
(see, for example, [2], [3]). Such type problems, also, can be found in investi-
gations by P. L. Gurevich [14], M. S. Agronovich [10] and V. V. Podyapolskii
[20].

Spectral properties and coercive solvability of boundary value problems in
Sobolev spaces can be found in some works of V. B. Shakhmurov and B. A. Aliev
(for example, [19], [5]). Some boundary-value problems for differential equations
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with discontinuous coefficients were investigated by M. L. Rasulov in monographs
(see, [9]). Note that, an abstract theory of the boundary value problems with
continuous coefficients and an eigenvalue parameters in the boundary conditions
have been constructed in the investigations by S. Yakubov and Ya. Yakubov (see,
[17] and corresponding bibliography).

In recent years, boundary value problems with discontinuous coefficients and
transmission conditions have been investigated by O. Sh. Mukhtarov and some
others (see, for example [7], [8], [12], [13]).

2. Preliminaries

In this section, we give some definitions, theorems and auxiliary results which
are used through the paper.

Theorem 2.1. ( [2], Theorem A 1 ) Let H1, H2 be Hilbert spaces and A : H1 →
H2 be a closed linear operators with domain D(A). Let B : H2 → H1 be a bounded
mapping H2 onto R(B) in a one-to-one manner, and D(A) ⊂ R(B). Suppose that
the operator AB : H2 → H2 with domain D(AB) = {x ∈ H2 : Bx ∈ D(A)} is
Fredholm. Then the operator A : H1 → H2 is Fredholm, and indA = indAB.

Theorem 2.2. (Rellich) Let Q ⊂ Rn be a bounded domain, and k > s ≥ 0. Then
the inclusion map W k(Q)→ W s(Q) is compact operator.

Lemma 2.3. ( [2], Lemma 1.2 ) Let H1, H2 be Hilbert spaces, and let L, L0 :
H1 → H2 be linear bounded operators. Assume that an operator L0 has a bounded
inverse L−10 : H2 → H1 and that, for any 0 ≤ τ ≤ 1,

C1 ‖Lτu‖H2
≤ ‖u‖H1

≤ C2 ‖Lτu‖H2
, u ∈ H1, (2.1)

where Lτ = L0 + τ(L − L0), C1, C2 > 0 do not depend on τ and u.Then the
operator L has bounded a inverse L−1 : H2 → H1.

Definition 2.4. (Direct sum) The Banach space Wm
p (−1, 0) + Wm

p (0, 1), an in-
teger m ≥ 0, a real p > 1, is defined as

Wm
p (−1, 0) +Wm

p (0, 1) =

{
u =

{
u1(x), for x ∈ (−1, 0)
u2(x), for x ∈ (0, 1) ,

u1 ∈ Wm
p (−1, 0), u2 ∈ Wm

p (0, 1),

‖u‖ = ‖u1‖
Wm
p (−1,0)

+ ‖u2‖
Wm
p (0,1)

}
.

For convenience below, the direct sum Wm
p (−1, 0) + Wm

p (0, 1) is denoted by

Wm
p (−1, 0, 1). Obviously, W 0

p (−1, 0, 1) := Lp(−1, 0, 1) = Lp(−1, 1).

Definition 2.5. Let H1 and H2 be Hilbert spaces. The set

H1 ⊕H2 := {(u, v)| u ∈ H1, v ∈ H2 }

is a Hilbert space according to norm ‖(u, v)‖H1⊕H2
:= (‖u‖2H1

+ ‖v‖2H2
)
1
2 and

which is called the orthogonal sum of H1 and H2 Hilbert spaces.
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Let Ak be closed an operator in Hilbert space H. The domain of definition
D(Ak) of the operator Ak is

turned into a Hilbert space with respect to the norm

‖uk‖H(Ak)
:= (‖uk‖2 + ‖Akuk‖2)

1
2 ,

where, Ak = A1, uk = u1 for x ∈ [−1, 0) and Ak = A2, uk = u2 for x ∈ (0, 1].
Wm
p ((−1, 0, 1);H) denotes a Banach space of functions u(x) with values from H

which have generalized derivatives up to the m-th order inclusive on (−1, 0)∪(0, 1)
and the norm

‖u‖Wm
p ((−1,0,1);H) :=

m∑
k=0

[(

∫ 0

−1

∥∥∥u(k)1 (x)
∥∥∥p dx)

1
p + (

∫ 1

0

∥∥∥u(k)2 (x)
∥∥∥p dx)

1
p ]

is finite, where p ≥ 1, m-integer, u = u1 + u2.
W 2
p ((−1, 0, 1);H(Ak), H) := Lp((−1, 1);H(Ak)) ∩W 2

p ((−1, 0, 1);H) is a Banach
space with the norm

‖uk‖W 2
p ((−1,0,1);H(Ak),H) := ‖Akuk‖Lp((−1,1);H) + ‖u′′k‖Lp((−1,1);H) , k = 1, 2.

Theorem 2.6. ( [6], Theorem 1.15.2 ) Let A be a positive operator in a Banach
space E.

1) If α > 0, then Aα is an isomorphism from D(Aα) onto E, from D(Aα+µ)
onto D(Aµ) and from (E,D(Am))α+µ

m
,p onto (E,D(Am)) µ

m
,p , where µ > 0, 1 ≤

p ≤ ∞, and α + µ < m, m = 1, 2, ...
2) If 0 < α < β <∞, 1 ≤ p ≤ ∞ and 0 < θ < 1 then

(E,D(Am))θ,p = (E,D(Aβ)) α
m
θ,p.

Lemma 2.7. ( [17], Lemma 1.2.7/2 ) Let the following be satisfied:

1) a Banach space E is compactly embedded into a Banach space G;
2) an operator B from E into a Banach space F is bounded and for any ε > 0

‖Bu‖F ≤ ε ‖u‖E + C (ε) ‖u‖G , u ∈ E.
Then, The operator B from E into F is compact.

Theorem 2.8. ( [6], Theorem 1.9.3./f ) There exist a positive number cθ, 0 <
θ < 1, such that for all a ∈ A0 ∩ A1

‖a‖[A0,A1]θ
≤ cθ ‖a‖1−θA0

‖a‖θA1
.

3. Statement of the problem with discontinuous coefficients and
transmission conditions

L(D)u := −p(x)u′′(x) + Au(x)− λu(x) = f(x), x ∈ [−1, 0) ∪ (0, 1] (3.1)

Lku = αku(−1) + βku(−0) + δku(+0) + γku(1)

+(Bk1u)(−1) + (Bk2u)(−0) + (Ck1u) (+0)

+ (Ck2u) (1) +Nku(xk) = gk , k = 1, 2, 3, 4 (3.2)
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where αk, βk, δk, γk, gk are complex numbers; p(x) := p1, A := A1, f(x) := f1(x)
for x ∈ [−1, 0) ; p(x) := p2, A := A2, f(x) := f2(x) for x ∈ (0, 1]; p1 and p2
are real valued functions, f ∈ L2(−1, 1) is a complex valued function and xk are
any inner points.
A, Bkυ, Ckυ, Nk (k = 1, 2, 3, 4; υ = 1, 2) satisfies the following conditions:
Condition1:
a) The operators A1 and A2 are properly elliptic for all x ∈ [−1, 0) and x ∈

(0, 1], respectively.
b) A : W 1(−1, 0, 1)→ L2(−1, 1), Bkυ : L2(−1, 1)→ L2(−1, 1), Ckυ : L2(−1, 1)→

L2(−1, 1), Nk : L2(−1, 1) → C are linear bounded operators and there exists
σ > 0 such that for any uυ ∈ Wm(−1, 0, 1), (u = u1 + u2; m = 0, 2)

‖Bkυuυ‖Wm(−1,0,1) ≤ ε ‖uυ‖Wm(−1+σ,−σ)uWm(σ,1−σ) ,

‖Ckυuυ‖Wm(−1,0,1) ≤ ε ‖uυ‖Wm(−1+σ,−σ)uWm(σ,1−σ), (3.3)

k = 1, 2, 3, 4, υ = 1, 2.

Condition 2:
a) The embedding E ⊂ F is compact for Banach spaces E and F,
b) The following inequalities be satisfied for any ε > 0 and for almost all

xυ ∈ [0, 1]

‖(Bkυuυ) (xυ)‖F ≤ ε ‖uυ(xυ)‖E + C(ε) ‖uυ(xυ)‖F ,
‖(Ckυuυ) (xυ)‖E ≤ ε ‖uυ(xυ)‖E + C(ε) ‖uυ(xυ)‖F ,

k = 1, 2, 3, 4, υ = 1, 2.

Denote:
1) Gε,l := {λ ∈ C| |arg λ| ≥ ε, |λ| ≥ l} .
2) φku := αku(−1) + βku(−0) + δku(+0) + γku(1).
3) L0(D)u := −p(x)u′′(x).
In the Hilbert spacesW 2(−1, 0, 1) and L2(−1, 1)×C4 we introduce the following

equivalent norms depending on λ :

2∑
j=1

‖uj‖Wm(−1,0,1) ≤

(
2∑
j=1

(‖uj‖2Wm(−1,0,1) + |λ|2 ‖uj‖2L2(−1,1))

) 1
2

,

2∑
j=1

‖h‖L2(−1,1)×C4 ≤

(
2∑
j=1

(‖fj‖2L2(−1,1) + |λ|
3
2

4∑
j=1

|gj|2
) 1

2

,

where h := (fυ, g1, g2, g3, g4), υ = 1, 2.

4. Solvability and Spectrum of the boundary value problem

We consider the bounded linear operators L, L0, L̃ : W 2(−1, 0, 1)→ L2(−1, 1)×
C4 by the formulas

Lu := (L(D)u, L1, L2, L3, L4)

L0u := (L0(D)u− λu, φ1, φ2, φ3, φ4),

L̃u := L0u+ t(L− L0)u, 0 ≤ t ≤ 1.
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Lemma 4.1. We assume that the condition 1.
Then, for every ε > 0, there exist l > 1 such that, for λ ∈ Gε,l and 0 ≤ t ≤ 1,

we have that, for u ∈ W 2(−1, 0, 1) the following a priori estimate is hold

c1

2∑
j=1

∥∥∥L̃uj∥∥∥
L2(−1,1)×C4

≤
2∑
j=1

‖uj‖W 2(−1,0,1) ≤ c2

2∑
j=1

∥∥∥L̃uj∥∥∥
L2(−1,1)×C4

(4.1)

where constants c1, c2 do not depend on λ, t, and u.

Proof. We consider L̃u = h and the operator

L0u = h+ Tu, (4.2)

where

Tu : = (T1u, T2u, T3u, T4u, T5u) = (−tAu,
−t [(B11u)(−1) + (B12u)(−0) + C11u(+0) + C12u(1) +N1u] ,

−t [(B21u)(−1) + (B22u)(−0) + C21u(+0) + C22u(1) +N2u] ,

−t [(B31u)(−1) + (B32u)(−0) + C31u(+0) + C32u(1) +N3u] ,

−t [(B41u)(−1) + (B42u)(−0) + C41u(+0) + C42u(1) +N4u]),

h = (fυ, g1, g2, g3, g4), υ = 1, 2. Now, first, from ([6], Theorem 2, formula
2.4.2./16) we have the equality

W s
p (−1, 0, 1) = (Lp(−1, 1),W k

p (−1, 0, 1)) s
k
,p,

where, 0 ≤ s ≤ k, 1 < p <∞. Hence, from Theorem 2.8 we obtain

‖u‖Wk(−1,0,1) ≤ C ‖u‖1−
s
k

L2(−1,1) ‖u‖
s
k

Wk(−1,0,1) .

Using the Young inequality, we have

|λ|k−s ‖u‖W s(−1,0,1) ≤ C(|λ|k ‖u‖L2(−1,1))
1− s

k ‖u‖
s
k

Wk(−1,0,1)

≤ C(|λ|k ‖u‖L2(−1,1) + ‖u‖Wk(−1,0,1)), λ ∈ C. (4.3)

Further, from ( [10], ch.1, sec. 1 ) we obtain the inequality

|λ|
1
2 ‖u‖L2(−1,1) ≤ C(|λ| ‖u‖L2(−1,1) + ‖u‖W 1(−1,0,1)), λ ∈ C. (4.4)

In view of ( [2], Theorem C.7 ) there exist l0 = l0(ε) > 1 such that for
λ ∈ Gε,l we have the following inequality for the solution of the problem (4.2)

2∑
j=1

‖uj‖W 2(−1,0,1) ≤ c1 ‖h+ Tu‖L2(−1,1)×C4 . (4.5)

In view of condition 1 and (4.3), we have the inequalities

2∑
j=1

‖Ajuj‖L2(−1,1) ≤ c2 |λ|−
1
2

2∑
j=1

‖uj‖W 2(−1,0,1) , (4.6)
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and

2∑
j=1

|λ|
3
4 |tCkuj| ≤ c3 |λ|

3
4

2∑
j=1

‖uj‖L2(−1,1)

≤ c3 |λ|−
1
4

2∑
j=1

‖uj‖W 2(−1,0,1) , k = 1, 2, 3, 4. (4.7)

From inequalities (3.4), (4.3) and (4.4) it follows that

2∑
j=1

|λ|
3
4 |t [Bk1uj(−1) + Ck1uj(+0)]|

≤ c4 |λ|
1
2

(
2∑
j=1

‖[Bk1uj(−1) + Ck1uj(+0)]‖W 1(−1,0,1)

+ |λ|
1
2

2∑
j=1

‖[Bk1uj(−1) + Ck1uj(+0)]‖L2(−1,1)

)

≤ c5

(
2∑
j=1

‖[Bk1uj(−1) + Ck1uj(+0)]‖W 2(−1,0,1)

+ |λ|
2∑
j=1

‖[Bk1uj(−1) + Ck1uj(+0)]‖L2(−1,1)

)

≤ c5

(
2∑
j=1

‖uj(−1) + uj(+0)‖W 2(−1+σ,−σ)uW 2(σ,1−σ)

+
2∑
j=1

‖uj(−1) + uj(+0)‖L2(−1+σ,−σ)uL2(σ,1−σ)

)
, (4.8)

k = 1, 2, 3, 4.
We can construct the function ξ(x) ∈ C∞[−1, 1] such that

ξ(x) =

{
1, x ∈ [−1 + σ,−σ] ∪ [σ, 1− σ]
0, x ∈ [−1,−1 + σ

2
] ∪ [−σ

2
, σ
2
] ∪ [1− σ

2
, 1]
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and 0 ≤ ξ(x) ≤ 1 for all x ∈ [−1, 1]. From the inequalities (4.8) and (4.3)
for Bk1u(−1) and Ck1uj(+0) we have

2∑
j=1

|λ|
3
4 |t [Bk1uj(−1) + Ck1uj(+0)]|

≤ c6

2∑
j=1

‖uj(−1) + uj(+0)‖W 2(−1+σ,−σ)uW 2(σ,1−σ)

≤ c6

2∑
j=1

‖ξ (uj(−1) + uj(+0))‖W 2(−1,0,1)

≤ c7

2∑
j=1

‖(L0j − λI)ξ (uj(−1) + uj(+0))‖L2(−1,1)

≤ c8

(
2∑
j=1

‖(L0j + tAj − λI) (uj(−1) + uj(+0))‖L2(−1,1)

+
2∑
j=1

‖uj(−1) + uj(+0)‖W 1(−1,0,1)

)

≤ c9

(
2∑
j=1

‖(L0j + tAj − λI) (uj(−1) + uj(+0))‖L2(−1,1)

+ |λ|
1
2

2∑
j=1

‖uj(−1) + uj(+0)‖W2(−1,0,1)

)
. (4.9)

For Bk2u(−0) and Ck2u(1), similarly, we get

2∑
j=1

|λ|
3
4 |t [Bk2uj(−0) + Ck2uj(1)]|

≤ c9

(
2∑
j=1

‖(L0j + tAj − λI) (uj(−1) + uj(+0))‖L2(−1,1)

+ |λ|
1
2

2∑
j=1

‖uj(−1) + uj(+0)‖W2(−1,0,1)

)
. (4.10)

From inequalities (4.5)-(4.10) we obtain

2∑
j=1

‖uj‖W 2(−1,0,1) ≤ c10

2∑
j=1

∥∥∥L̃uj∥∥∥
L2(−1,1)×C4

+ C(λ)
2∑
j=1

‖uj‖W 2(−1,0,1)

Therefore, choosing l1 > l0 such that C(l1) <
1
2
, we have the inequality
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2∑
j=1

‖uj‖W 2(−1,0,1) ≤ C

2∑
j=1

∥∥∥L̃uj∥∥∥
L2(−1,1)×C4

.

So, we proved the right side of the inequality (4.1). The left side of the in-
equality (4.1) can be obtained from condition 1 and inequalities (4.6)-(4.9). �

Theorem 4.2. We assume that the condition 1 is satisfying. Then we have:
1) For any ε > 0, there exist l1 such that for λ ∈ Gε,l1 the operator L(λ) has a

bounded inverse L−1(λ) : L2(−1, 1)× C4 → W 2(−1, 0, 1).
2) L(λ) : W 2(−1, 0, 1)→ L2(−1, 1)×C4 is a Fredholm operator, and indL(λ) =

0 for all λ ∈ C.

Proof. 1) By virtue of Lemma 2.3, Lemma 4.1 and ([10], Chapter 1) we have that
L(λ) has a bounded inverse for λ ∈ Gε,l1 .

2) For µ ∈ Gε,l1 and λ ∈ C we have

L(λ)L−1(µ) = I + (L(λ)− L(µ))L−1(µ),

where I identity operator in L2(−1, 1)× C4. In view of condition 1 the operator

L(λ)− L(µ) : W 1(−1, 0, 1)→ L2(−1, 1)× C4

is bounded. From the compactness of imbedding of W 2(−1, 0, 1) intoW 1(−1, 0, 1)
and by virtue of Theorem 2.2 it follows that the operator

(L(λ)− L(µ))L−1(µ) : L2(−1, 1)× C4 → L2(−1, 1)× C4

is compact. So, the operator

I + (L(λ)− L(µ))L−1(µ)

is a Fredholm operator and

ind[I + (L(λ)− L(µ))L−1(µ)] = 0.

Therefore, L(λ)L−1(µ) is a Fredholm operator. L(λ) is a Fredholm since the
operator L−1(λ) has a bounded inverse. So, by Theorem 2.1, we have

ind(L(λ)L−1(µ)) = ind(L(λ)) = 0.

�

4.1. Differential operator for homogeneous boundary conditions.

Let consider boundary value problem

L01(D)u := −p(x)u′′(x) + Au(x) = f(x), x ∈ [−1, 0) ∪ (0, 1]

Lku = αku(−1) + βku(−0) + δku(+0) + γku(1)

+(Bk1u)(−1) + (Bk2u)(−0) + (Ck1u) (+0) + (Ck2u) (1) +Nku(xk) = 0,

k = 1, 2, 3, 4

and unbounded operator L : L2(−1, 1)→ L2(−1, 1) defined as follows
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Lu := L01(D)u,

D(L) := W 2(−1, 0, 1) =
{
u ∈ W 2(−1, 0, 1)

∣∣ Lku = 0, k = 1, 2, 3, 4
}
.

Theorem 4.3. We assume that the condition 1 is satisfying. Then we have:
1) L is a Fredholm operator, and indL = 0.
2) For λ /∈ σ(L), the resolvent R(λ,L) : L2(−1, 1) → L2(−1, 1) is a compact

operator.
3) The spectrum σ(L) is discrete.
4) For every 0 < ε < π, all points of the spectrum σ(L), except, possibly, for a

finite number of them, belong to the sector of complex plane defined by |arg λ| < ε.

Proof. 1) From Theorem 2.1 we obtain statement (1).
2) By virtue of Theorem 4.2 there exists a bounded operator

(L − λI)−1 : L2(−1, 1)→ W 2(−1, 0, 1).

Therefore, from the compactness of imbedding of W 2(−1, 0, 1) into L2(−1, 1) it
follows that the operator

(L − λI)−1 : L2(−1, 1)→ L2(−1, 1)

is compact.
3) By virtue of Theorem 6.29 in ([18], chp. III, sec. 6) the spectrum σ(L)

consists entirely of isolated eigenvalues of finite algebraic multiplicity without
any finite cluster point since R(λ,L) is compact.

4) By (3) and from ([11] chp. 15, sec.6), for every λ > 0, all points of the
spectrum σ(L), except, possibly, for a finite number of these points, belong to
the sector |arg λ| < ε. �

5. General boundary value problem

In this section, we will consider a discontinuous boundary value problem with
inner point and transmission conditions in direct sum of Sobolev spaces. This
problem is defined in the form

L(D)u := −u′′(x) + (A− λ)u(x) = f(x), x ∈ [−1, 0) ∪ (0, 1] (5.1)

Lkυu = αkυu
(mk)(−1) + βkυu

(mk)(−0) + δkυu
(mk)(+0) + γkυu

(mk)(1)

+(B1
kυu)(−1) + (B2

kυu)(−0) +
(
C1
kυu
)

(+0) +
(
C2
kυu
)

(1)

+Nkυu
(mk)(xkυ) = gkυ,

υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2, (5.2)

where λ is a complex parameter; mk ≥ 0; αkυ, βkυ, δkυ, γkυ, gkυ are complex
numbers; f(x) = f1(x), A = A1, for x ∈ [−1, 0); f(x) = f2(x), A = A2, for
x ∈ (0, 1]; xk1 ∈ (−1, 0), xk2 ∈ (0, 1) and Ak is an operator in H .

Denote: φkυ := αkυu
(mk)(−1) + βkυu

(mk)(−0) + δkυu
(mk)(+0) + γkυu

(mk)(1),
Lkυ := (B1

kυu)(−1) + (B2
kυu)(−0) + (C1

kυu) (+0) + (C2
kυu) (1).
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5.1. Homogeneous boundary value problem.

L(λ,D)u := −u′′(x) + (A− λ)u(x) = 0, x ∈ [−1, 0) ∪ (0, 1] (5.3)

Lkυu = αkυu
(mk)(−1) + βkυu

(mk)(−0) + δkυu
(mk)(+0) + γkυu

(mk)(1)

+Nkυu
(mk)(xkυ) = gkυ, (5.4)

υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2,

u(x) is a solution of equation (5.3) and u(x) := u1(x) + u2(x); u1(x) :=
u11(x) + u21(x) for x ∈ [−1, 0); u2(x) := u12(x) + u22(x) for x ∈ (0, 1].

Denote:

θ :=

∣∣∣∣∣∣∣∣
(−1)m1β11 α11 (−1)m1δ11 γ11
(−1)m2β21 α21 (−1)m2δ21 γ21
(−1)m1β12 α12 (−1)m1δ12 γ12
(−1)m2β22 α22 (−1)m2δ22 γ22

∣∣∣∣∣∣∣∣ .
Theorem 5.1. We assume that the following conditions be satisfied:

1) Ak is a closed, densely defined operator in a Hilbert space H and

R(λ,AkI) ≤ C(1 + |λ|)−1, |arg λ| ≥ π − ϕ, k = 1, 2, 0 ≤ ϕ < π

where R(λ,AkI) := (λI − Ak)−1 is the resolvent of the operator Ak;
2) θ 6= 0.

Then problem (5.3)-(5.4) for fkυ ∈ (H(Ak), H)θkυ ,p, where θkυ := mk
2

+ 1
2p

, υ = 1

for k = 1, 2 and υ = 2 for k = 1, 2; p ∈ (1,∞), |arg λ| ≤ ϕ and |λ| → ∞, has a
unique solution that belongs to the space W 2

p ((−1, 0, 1);H(Ak), H).

Proof. In view of condition (1) in the Theorem and ([17], Lemma 5.3.2/1) for

|arg λ| ≤ ϕ, there exists semigroups e−x(A1−λI)
1
2 , e−x(A2−λI)

1
2 which are the holo-

morphic and strongly continuous for x < 0 and x > 0, respectively. By virtue
of S. G. Krein ([15], p. 252) and ([17], section 5.4.3), an arbitrary solution of
equation (5.3) in the space W 2

p ((−1, 0, 1);H(Ak), H), k = 1, 2, has the form

u(x) = u1(x) + u2(x)

= e−x(A1−λI)
1
2 d1 + e(1+x)(A1−λI)

1
2 d2

+e−x(A2−λI)
1
2 d3 + e−(1−x)(A2−λI)

1
2 d4, (5.5)

where

u1(x) : = e−x(A1−λI)
1
2 d1 + e(1+x)(A1−λI)

1
2 d2,

u2(x) : = e−x(A2−λI)
1
2 d3 + e−(1−x)(A2−λI)

1
2 d4;

d1, d2 ∈ (H(A1), H) 1
2p
,p and d3, d4 ∈ (H(A2), H) 1

2p
,p.

Let u ∈ W 2
p ((−1, 0, 1);H(Ak), H) be a solution of equation (5.3). So, from

(5.3) we have

[D − (Ak − λI)
1
2 ][D + (Ak − λI)

1
2 ]uk(x) = 0, k = 1, 2.
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Denote:
vk(x) := [D + (Ak − λI)

1
2 ]uk(x), k = 1, 2. (5.6)

Therefore, vk ∈ W 2
p ((−1, 0, 1);H(A

1
2
k ), H) and

[D − (Ak − λI)
1
2 ]vk(x) = 0.

So, we have

v1(x) = e(1+x)(A1−λI)
1
2 v1(−1) and v2(x) = e−(1−x)(A2−λI)

1
2 v2(1), (5.7)

where, in view of ( [6], Theorem 1.8.2 ) v1(−1) ∈ (H(A
1
2
1 ), H) 1

p
,p and v2(1) ∈

(H(A
1
2
2 ), H) 1

p
,p. From (5.6) and (5.7) we have

u1(x) = e−x(A1−λI)
1
2 u1(−0) +

1

2
(A1 − λI)−

1
2 [e(1+x)(A1−λI)

1
2

−e(1−x)(A1−λI)
1
2 ]v1(−1),

u2(x) = e−x(A2−λI)
1
2 u2(+0) +

1

2
(A2 − λI)−

1
2 [e−(1−x)(A2−λI)

1
2

−e−(1+x)(A2−λI)
1
2 ]v2(1).

Hence, we can write

u(x) = e−x(A1−λI)
1
2 u1(−0) + e−x(A2−λI)

1
2 u2(+0)

+
1

2
e(1+x)[(A1 − λI)−

1
2 e(A1−λI)

1
2 v1(−1)

−(A2 − λI)−
1
2 e−(A2−λI)

1
2 v2(1)]

+
1

2
e−(1−x)[(A2 − λI)−

1
2 e(A2−λI)

1
2 v2(1)]

−(A1 − λI)−
1
2 e−(A1−λI)

1
2 v1(−1)], (5.8)

where, from ( [6], Theorem 1.8.2 ) u1(−0) ∈ (H(A1), H) 1
2p
,p and

u2(+0) ∈ (H(A2), H) 1
2p
,p. By virtue of ( [6], Theorem 1.15.2 ), the operator A

1
2
k is

an isomorphism from (H(Ak), H) 1
2p
,p onto (H(A

1
2
k ), H) 1

p
,p. Hence, (5.8) has form

(5.5). Let us prove that the function (5.7) belongs to the space
W 2
p ((−1, 0, 1);H(Ak), H). Let us now write (5.5) in boundary conditions (5.4)

(−1)mkυ [αkυe
(A1−λI)

1
2 + βkυ +N11e

−x11(A1−λI)
1
2 ](A1 − λI)

mk
2 d1

+[αkυ + βkυe
(A1−λI)

1
2 +N21e

(1+x21)(A1−λI)
1
2 ](A1 − λI)

mk
2 d2

+(−1)mk [ηkυ + γkυe
−(A2−λI)

1
2 +N12e

−x12(A2−λI)
1
2 ](A2 − λI)

mk
2 d3

+[ηkυe
−(A2−λI)

1
2 + γkυ +N22e

−(1−x22)(A2+λI)
1
2 ](A2 − λI)

mk
2 d4

= gkυ, υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2. (5.9)

Denote: w1 := (A1 − λI)
m
2 d1, w2 := (A1 − λI)

m
2 d2,
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w3 := (A2 − λI)
m
2 d3, w4 := (A2 − λI)

m
2 d4, where m = max {m1,m2}.

System (5.9) has the form


(−1)m1β11 α11 (−1)m1δ11 γ11
(−1)m2β21 α21 (−1)m2δ21 γ21
(−1)m1β12 α12 (−1)m1δ12 γ12
(−1)m2β22 α22 (−1)m2δ22 γ22

+R(λ)




w1

w2

w3

w4



=


(A1 − λI)−

m1−m
2 0 0

0 (A1 − λI)−
m2−m

2 0

0 0 (A2 − λI)−
m1−m

2

0 0 0

0
0
0

(A2 − λI)−
m2−m

2




d1
d2
d3
d4

 , (5.10)

where,

(R(λ)w)1

= (−1)m1 [α11e
(A1−λI)1/2 +N11e

−x11(A1−λI)1/2 ]w1

+[β11e
(A1−λI)1/2 +N21e

(1+x21)(A1−λI)1/2 ]w2

+(−1)m1 [γ11e
−(A2−λI)1/2 +N12e

−x12(A2−λI)1/2 ]w3

+[δ11e
−(A2−λI)1/2 +N22e

−(1−x22)(A2−λI)1/2 ]w4,

(R(λ)w)2

= (−1)m2 [α21e
(A1−λI)1/2 +N11e

−x11(A1−λI)1/2 ]w1

+[β21e
(A1−λI)1/2 +N21e

(1+x21)(A1−λI)1/2 ]w2

+(−1)m2 [γ21e
−(A2−λI)1/2 +N12e

−x12(A2−λI)1/2 ]w3

+[η21e
−(A2−λI)1/2 +N22e

−(1−x22)(A2−λI)1/2 ]w4,

(R(λ)w)3

= (−1)m1 [α12e
(A1−λI)1/2 +N11e

−x11(A1−λI)1/2 ]w1

+[β12e
(A1−λI)1/2 +N21e

(1+x21)(A1−λI)1/2 ]w2

+(−1)m1 [γ12e
−(A2−λI)1/2 +N12e

−x12(A2−λI)1/2 ]w3

+[δ12e
−(A2−λI)1/2 +N22e

−(1−x22)(A2−λI)1/2 ]w4,
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(R(λ)w)4

= (−1)m2 [α22e
(A1−λI)1/2 +N11e

−x11(A1−λI)1/2 ]w1

+[β22e
(A1−λI)1/2 +N21e

(1+x21)(A1−λI)1/2 ]w2

+(−1)m2 [γ22e
−(A2−λI)1/2 +N12e

−x12(A2−λI)1/2 ]w3

+[δ22e
−(A2−λI)1/2 +N22e

−(1−x22)(A2−λI)1/2 ]w4.

By virtue of ( [17], Lemma 5.4.2/6 ) for |arg λ| ≤ ϕ and |λ| → ∞

‖R(λ)‖B(H2) → 0, ‖R(λ)‖B(H[(Ak)]2)
→ 0. (5.11)

Therefore, by θ 6= 0 and Neumann identity for |arg λ| ≤ ϕ and|λ| → ∞,


(−1)m1β11 α11 (−1)m1δ11 γ11
(−1)m2β21 α21 (−1)m2δ21 γ21
(−1)m1β12 α12 (−1)m1δ12 γ12
(−1)m2β21 α22 (−1)m2δ22 γ22

+R(λ)


−1

=


(−1)m1β11 α11 (−1)m1δ11 γ11
(−1)m2β21 α21 (−1)m2δ21 γ21
(−1)m1β12 α12 (−1)m1δ12 γ12
(−1)m2β21 α22 (−1)m2δ22 γ22


−1

×
∞∑
k=0

−R(λ)


(−1)m1β11 α11 (−1)m1δ11 γ11
(−1)m2β21 α21 (−1)m2δ21 γ21
(−1)m1β12 α12 (−1)m1δ12 γ12
(−1)m2β21 α22 (−1)m2δ22 γ22


−1

k

. (5.12)

So, system (5.10) has a unique solution for |arg λ| ≤ ϕ and |λ| sufficiently large,
and the solution can be expressed in the form

wj =
2∑

k=1

[Cjk +Rjk(λ)](A1 − λI)
m−mk

2 gk1, j = 1, 2,

wj =
2∑

k=1

[Cjk +Rjk(λ)](A2 − λI)
m−mk

2 gk2, j = 3, 4,

where Cjk are complex numbers and in view of (5.12) for |arg λ| ≤ ϕ and
|λ| → ∞

‖Rjk(λ)‖B(H) → 0, ‖Rjk(λ)‖B(H(Ak))
→ 0, k = 1, 2 (5.13)

for every j, j = 1, 2, 3, 4.

Therefore, we have

dj =
2∑

k=1

[Cjk +Rjk(λ)](A1 − λI)
−mk

2 gk1, j = 1, 2,
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dj =
2∑

k=1

[Cjk +Rjk(λ)](A2 − λI)
−mk

2 gk2, j = 3, 4. (5.14)

Substituting (5.14) into (5.5) we have

u(x) =
2∑

k=1

[(C1k +R1k(λ))e−x(A1−λI)1/2

+(C2k +R2k(λ))e(1+x)(A1−λI)1/2 ](A1 − λI)−
mk
2 gk1

+
2∑

k=1

[(C3k +R3k(λ))e−x(A2−λI)1/2

+(C4k +R4k(λ))e−(1−x)(A2−λI)1/2 ](A2 − λI)−
mk
2 gk2. (5.15)

�

5.2. Nonhomogeneous boundary value problem.

Let consider the boundary value problem

L0(λ,D) := −u′′(x) + (A− λ)u(x) = f(x), x ∈ [−1, 0) ∪ (0, 1] (5.16)

Lkυu = Lkυu = αkυu
(mk)(−1) + βkυu

(mk)(−0) + δkυu
(mk)(+0) + γkυu

(mk)(1)

+Nkυu
(mk)(xkυ) = gkυ, (5.17)

υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2.

Theorem 5.2. We assume that the following conditions be satisfied:
1) Ak is a closed, densely defined operator in a Hilbert space H and

R(λ,AkI) ≤ C(1 + |λ|)−1, |arg λ| ≥ π − ϕ, k = 1, 2, 0 ≤ ϕ < π

where R(λ,AkI) := (λI − Ak)−1 is the resolvent of the operator Ak;
2) θ 6= 0;
Then the operator L0(λ) : u→ L0(λ)u := (L0(λ)u, L1, L2, L3, L4), for |arg λ| ≤

ϕ and |λ| → ∞, is an isomorphism from W 2
p ((−1, 0, 1);H(Ak), H) onto

(Lp(−1, 1);H) + (H(A1), H)θ11,p + (H(A1), H)θ21,p + (H(A2), H)θ12,p

+(H(A2), H)θ22,p),

θkυ := mk
2

+ 1
2p

, υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2, p ∈ (1,∞).

Proof. We have proved the uniqueness of solution for the boundary value problem
in Theorem 7. Let us define f(x) := f1(x) := f̃1(x), at x ∈ [−1, 0); f(x) :=

f2(x) := f̃2(x), at x ∈ (0, 1], f(x) := f1(x) := 0, at x /∈ [−1, 0); f(x) := f2(x) :=
0, at x /∈ (0, 1]. We will show that a solution of problem (4.1)-(4.2) which belongs
to W 2

p ((−1, 0, 1);H(Ak), H) as a sum in the following form

u(x) = u1(x) + u2(x)

= u11(x) + u21(x) + u12(x) + u22(x),
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where

u1(x) = u11(x) + u21(x) for x ∈ [−1, 0),

u2(x) = u12(x) + u22(x) for x ∈ (0, 1],

besides,

u10(x) : = u11(x) + u12(x),

ũ10(x) : = ũ11(x) + ũ12(x),

u20(x) : = u21(x) + u22(x),

where u11(x) and u12(x)are the restriction on [−1, 0) and (0, 1], respectively, of
the solutions ũ11(x) and ũ12(x) of the equation

L0(λ)ũ10 = f̃(x), x ∈ R, (5.18)

and u20(x) is a solution of the boundary value problem

L0(λ)u20 = 0,

Lkυ0(λ)u20 = gkυ − Lkυ0(λ)u10, (5.19)

υ = 1 for k = 1, 2 and υ = 2 for k = 1, 2.
A solution of equation (5.19) has in the form

ũ10(x) =
1

2π

2∑
k=1

∫
R
eiµkxL0(λ, iµk)

−1Fkf̃k(µk)dµk, (5.20)

where Fkf̃k is the Fourier transform of the function f̃k(x), and L0(λ, σk) is a
characteristic operator pencil of equation (5.18), that is, L0(λ, σk) = −σ2

kI +
Ak − λI, k = 1, 2. It is shown that ([17], sec. 5.4.4) there exists the solution of
equation (5.18) in W 2

p (R;H(Ak), H) and it satisfies the inequality

2∑
k=1

(|λ| ‖ũ1k‖Lp(R;H) + ‖ũ1k‖W 2
p (R;H(Ak),H)) ≤ C

2∑
k=1

∥∥∥f̃1k∥∥∥
Lp(R;H)

, |arg λ| ≤ ϕ

(5.21)

and, hence, u10(x) ∈ W 2
p ((−1, 0, 1);H(Ak), H). In view of ([6], Teorem 1.8.2) and

inequality (5.21), we have u
(mk)
10 (−0) ∈ W 2

p ((−1, 0);H(A1), H)mk
2

+ 1
2p
,p , u

(mk)
10 (+0) ∈

W 2
p ((0, 1);H(A2), H)mk

2
+ 1

2p
,p. Therefore, Lk0u10 ∈ (H(Ak), H)θk,p. Hence, prob-

lem (5.19) has a unique solution u20(x) that belongs to
W 2
p ((−1, 0, 1);H(Ak), H). �

Theorem 5.3. We assume that the following condition be fulfilled:

1) Ak is a closed, densely defined operator in a Hilbert space H and

R(λ,AkI) ≤ C(1 + |λ|)−1, arg λ = π, |λ| → ∞, k = 1, 2,

where R(λ,AkI) := (λI − Ak)−1 is the resolvent of the operator Ak;
2) the embedding H(Ak) ⊂ H is compact;
3) θ 6= 0;
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Then, for the problem (5.1)-(5.2) the operator

L(λ) : uk → L(λ)uk := (L(D)uk, L11uk, L21uk, L12uk, L22uk), k = 1, 2

from W 2
p ((−1, 0, 1);H(Ak), H) into

Lp((−1, 1);H)+̇(H(A1), H)θ11,p+̇(H(A1), H)θ21,p+̇(H(A2), H)θ12,p

+̇(H(A2), H)θ22,p

is Fredholm.

Proof. The operator L can be written in the form

L = L0 + L1

where

L0uk : = (L(D)uk, (φ11 +N11)uk, (φ21 +N21)uk, (φ12 +N12)u, (φ22 +N22)uk)

L1u = (−λuk,L11uk,L21ukL12uk,L22uk), k = 1, 2.

We can conclude from Theorem 8 that L0 from W 2
p ((−1, 0, 1);H(Ak), H) onto

Lp((−1, 1);H)u (H(A1), H)θ11,p u (H(A1), H)θ21,p u (H(A2), H)θ12,p

u(H(A2), H)θ22,p)

has an inverse. From condition 2 for ε > 0 and uk ∈ W 2
p ((−1, 0, 1);H(Ak), H) we

have

‖(Bkυuk) (xk)‖(H(A),H)θkυ,p
≤ ε ‖uk(xk)‖W 2

p ((0,1);H(A),H)

+C(ε) ‖uk(xk)‖Lp((0,1);H) ,

‖(Ckυuk) (xk)‖(H(A),H)θkυ,p
≤ ε ‖uk(xk)‖W 2

p ((0,1);H(A),H)

+C(ε) ‖uk(xk)‖Lp((0,1);H)

k = 1, 2, 3, 4, υ = 1, 2, xk ∈ [0, 1].

Therefore, by virtue of Lemma 2.7 the operator L1k from
W 2
p ((−1, 0, 1);H(Ak), H) into

Lp((−1, 1);H)u (H(A1), H)θ11,p u (H(A1), H)θ21,p u (H(A2), H)θ12,p

u(H(A2), H)θ22,p

is compact. The proof of the theorem is completed in view of application by
S.G. Krein ( [16], sec., 14, Thorem 14.1 ). �
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