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NONLOCAL BOUNDARY VALUE PROBLEMS WITH
TRANSMISSION CONDITIONS

MUSTAFA KANDEMIR

ABSTRACT. We consider nonlocal boundary value problems which includes el-
liptic differential operator equations of the second order with discontinuous
coefficients and nonlocal boundary conditions together with transmission con-
ditions. We establish Fredholmness for these nonlocal boundary value prob-
lems.

1. INTRODUCTION

In classical theory of boundary-value problems for ordinary differential equations
is usually considered for equations with continuous coefficients and for boundary
conditions which contain only end-points of the considered interval. However, this
paper deals with one non-classical boundary-value problem for ordinary differen-
tial equation with discontinuous coefficients and boundary conditions containing
not only end-points of the considered interval, but also a point of discontinuity
and internal points. Boundary conditions are called nonlocal conditions if they
contain interior points of the considered interval. Local and nonlocal problems
for discontinuous coefficients equations connected with different applied problems
which include various transfer problems such as heat transfer in heterogeneous
media. Naturally, transmission problems arise in various fields. For instance,
these problems arise in problems of physical field as diffraction problems, elastic-
ity problems, heat and mass transfer problems (see, e.g., A. A. Shkalikov [1] and
references cited therein).

The systematic investigation of nonlocal problems was studied by A. Bitsadze
and A. Samarskii in [1]. Note that, in the series of A. L. Skubachevskii’s works, an
abstract theory of the nonlocal boundary value problems has been constructed
(see, for example, [2], [3]). Such type problems, also, can be found in investi-
gations by P. L. Gurevich [I1], M. S. Agronovich [10] and V. V. Podyapolskii
20].

Spectral properties and coercive solvability of boundary value problems in
Sobolev spaces can be found in some works of V. B. Shakhmurov and B. A. Aliev
(for example, [19], [0]). Some boundary-value problems for differential equations
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with discontinuous coefficients were investigated by M. L. Rasulov in monographs
(see, [9]). Note that, an abstract theory of the boundary value problems with
continuous coefficients and an eigenvalue parameters in the boundary conditions
have been constructed in the investigations by S. Yakubov and Ya. Yakubov (see,
[17] and corresponding bibliography).

In recent years, boundary value problems with discontinuous coefficients and
transmission conditions have been investigated by O. Sh. Mukhtarov and some
others (see, for example [7], [8], [12], [13]).

2. PRELIMINARIES

In this section, we give some definitions, theorems and auxiliary results which
are used through the paper.

Theorem 2.1. ([2], Theorem A 1 ) Let Hy, Hy be Hilbert spaces and A : Hy —
H; be a closed linear operators with domain D(A). Let B : Hy — Hj be a bounded
mapping Hy onto R(B) in a one-to-one manner, and D(A) C R(B). Suppose that
the operator AB : Hy — Hy with domain D(AB) = {x € Hy : Bx € D(A)} is
Fredholm. Then the operator A : Hy — Hy is Fredholm, and indA = indAB.

Theorem 2.2. (Rellich) Let Q C R" be a bounded domain, and k > s > 0. Then
the inclusion map W*(Q) — W*(Q) is compact operator.

Lemma 2.3. ([2|, Lemma 1.2 ) Let Hy, Hy be Hilbert spaces, and let L, Ly :
H, — Hs be linear bounded operators. Assume that an operator Ly has a bounded
muerse Lal : Hy — Hy and that, for any 0 <71 <1,

Crl|Lrulyy, < ully, < CollLrully, , w € Hy, (2.1)

where L; = Ly + 7(L — Lg), C1,Cy > 0 do not depend on 7 and u.Then the
operator L has bounded a inverse L' : Hy — H;.

Definition 2.4. (Direct sum) The Banach space W"(—1,0) + W;*(0, 1), an in-
teger m > 0, a real p > 1, is defined as

u2($)a for we€ (071) )
u € W;n(—l,()), Ug € W;l(O, 1),

W (=1,0) + W™(0,1) = {u:{ ui(z), for xze€ (—1,0)

lall = all gy + 2l }-

For convenience below, the direct sum W"(—1,0) + W*(0,1) is denoted by
W (—1,0,1). Obviously, W2(—1,0,1) := L,(—1,0,1) = L,(~1, 1).

Definition 2.5. Let H; and H, be Hilbert spaces. The set
H, ® Hy :={(u,v)| v € Hy,v € Hy }

is a Hilbert space according to norm ||(u,v)| 4 op, = (||u||i,1 + ’|UH§{2)% and
which is called the orthogonal sum of H; and H, Hilbert spaces.



NONLOCAL BOUNDARY VALUE PROBLEMS... 3

Let A, be closed an operator in Hilbert space H. The domain of definition
D(Ay) of the operator Ay is
turned into a Hilbert space with respect to the norm
2 2,1
[kl rayy = Cluell” + | Apuil”)?,

where, Ay = Ay, ur = uy for x € [—1,0) and Ay = Ay, uy, = uy for x € (0, 1].
W3 ((=1,0,1); H) denotes a Banach space of functions u(x) with values from H
which have generalized derivatives up to the m-th order inclusive on (—1,0)U(0, 1)

and the norm
m 0 » 1 1

s = YU danyi+ ([ |
is finite, where p > 1, m-integer, u = uy + us.

k=0 Y1
Wg((—l,O, 1); H(Ag), H) == L,((—1,1); H(Ax)) N Wg((—l, 0,1); H) is a Banach
space with the norm

) (z) uP ()| )]

kw1010 = TRl L2100 + il 1y s = 1,2

Theorem 2.6. ( [0], Theorem 1.15.2 ) Let A be a positive operator in a Banach
space E.

1) If a > 0, then A® is an isomorphism from D(A%) onto E, from D(A*TH)
onto D(A*) and from (E, D(A™))a+u , onto (E, D(A™)) where 1 >0, 1 <
p <00, and o+ p<m, m= 1,2,..7.71

2)Ifl<a<f<oo,1<p<ooand0 <6 <1 then

(Ev D(Am))ﬁ,p = (E’ D<A6))%9,p'

Lemma 2.7. ([17], Lemma 1.2.7/2 ) Let the following be satisfied:

N
mP 7

1) a Banach space F is compactly embedded into a Banach space G;
2) an operator B from F into a Banach space F' is bounded and for any € > 0

[Bullp < ellully +C () llullg, uwe E.
Then, The operator B from FE into F' is compact.

Theorem 2.8. ( [0], Theorem 1.9.3./f ) There exist a positive number cg, 0 <
0 < 1, such that for all a € Ag N A

1-0 116
lalliag, 4, < collalla,” llalla, -

3. STATEMENT OF THE PROBLEM WITH DISCONTINUOUS COEFFICIENTS AND
TRANSMISSION CONDITIONS

L(D)u := —p(x)u"(z) + Au(x) — Mu(z) = f(z), v € [-1,0) U (0,1] (3.1)

Liu = agu(=1) + Bru(—0) + 6ru(+0) + ypu(1)
+(Br1u)(—1) + (Brau)(=0) + (Cpiu) (+0)
+ (Crou) (1) + Nyu(zg) =g , k=1,2,3,4 (3.2)
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where ay, Bk, Ok, Yk, gr are complex numbers; p(x) := py, A := Ay, f(z) = fi(z)
for x € [—1,0) ; p(x) := pa, A := Ay, f(x) := fo(x) for € (0,1]; p; and po
are real valued functions, f € Ly(—1,1) is a complex valued function and z;, are
any inner points.

A, Bry, Cro, N (k' =1,2,3,4; v = 1,2) satisfies the following conditions:

Condition1:

a) The operators A; and A, are properly elliptic for all z € [-1,0) and z €
(0, 1], respectively.

b) A:W(=1,0,1) = Ly(—1,1), By : La(—1,1) = La(—1,1), Cp : La(—1,1) —
Ly(—1,1), N : Ly(—1,1) — C are linear bounded operators and there exists
o > 0 such that for any u, € W™ (—1,0,1), (u = u; + ug; m =0, 2)

HBkUuUHWm(fLO,l) < € HuUHW’"(71+0,70)+WW(U,170)7
<

e Nwollwm 140 -a)iwm(o1—0), (3.3)
k=1,2340=12

| Crotiy HWm(fl,O,l)

Condition 2:
a) The embedding F C F is compact for Banach spaces F and F,
b) The following inequalities be satisfied for any ¢ > 0 and for almost all

€ [0,1]

|(Brotw) (20) |
[ (Chotin) (xv)HE

e fluw(zo)llg + CE) luw(zo)ll g
e uo(@o)llp + Ce) lluo(@o) |,
k=1,2,3,4 v=1,2

<
<

Denote:

1) Goy:={AeC| |arg\| > ¢, |\ >1}.

2) opu = agu(—1) + Bru(—0) + dpu(4+0) + yru(1).

3) Lo(D)u := —p(x)u"(z).

In the Hilbert spaces W?(—1,0, 1) and Ly(—1,1) x C* we introduce the following
equivalent norms depending on A :

2 2 2
2 2 2
Z HUJ'HWm(_LoJ) < <Z(”uj”wm(_1,o71) + |)‘| ||uj||L2(_1,1))) )
j=1 j=1

1

2 2
anm e < (Z 15117, o) +|A|QZ|9J ) :
j:

where h := (fv,g1,92,93,94 =

4. SOLVABILITY AND SPECTRUM OF THE BOUNDARY VALUE PROBLEM

We consider the bounded linear operators L, Ly, L: W2(—=1,0,1) = Ly(—1,1)x
C* by the formulas
Lu := (L(D)U, L1> LQ, Lg, L4)
IL’Ou = (LO(D)U - )\ua ¢17 ¢27 ¢37 ¢4)7
Lu = Lou + t(L — Lo)u, 0 <t < 1.
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Lemma 4.1. We assume that the condition 1.
Then, for every € > 0, there exist | > 1 such that, for A € G.; and 0 <t <1,

we have that, for u € W?(—1,0,1) the following a priori estimate is hold

2
1 Z HLUJ PR < Z \uJHW2 Loy S0 ]Z HLu] PR (4.1)
where constants ci,cy do not depend on X\, t, and u.
Proof. We consider Lu = h and the operator
Lou = h + T, (4.2)
where
Tu : = (Thu, Teu, Tzu, Tyu, Tsu) = (—tAu,
—t [(Biiw)(—=1) 4+ (Biau)(—=0) + C11u(+0) + Crau(l) + Nyu],
—t [(Ba1u)(—1) + (Ba2u)(—0) + Co1u(40) + Coou(l) + Noul,
—t[(Bsiu)(—1) + (Bsau)(—0) + Cs1u(+0) + Csou(l) + N3u],
—t[(Byu)(—1) + (Bgu)(—=0) + Cyyu(+0) + Cyu(l) + Nyul),

h = (fo,01,92,93,94), v = 1,2. Now, first, from ([6], Theorem 2, formula
2.4.2./16) we have the equality

W3 (=1,0,1) = (Ly(—=1,1), Wy (=1,0,1))s ,,
where, 0 < s < k, 1 < p < oco. Hence, from Theorem 2.8 we obtain
1—5 s
Hu”Wk(fl,O,l) <C ”UHLQ(k—m) ||U||1}ka(,1,0,1) -

Using the Young inequality, we have

k— k _3s
A HUHWS(fl,O,l) < C(IAl HUHLQ( 1,1) ) 1)
< (‘)‘| HUHLQ( 1Ly T HUHWk ~1,0,1) ) reC. (43)
Further, from ( [10], ch.1, sec. 1 ) we obtain the inequality
1
A2 ||U||L2(—1,1) < C(|A] ||UHL2(—1,1) + I\U\qu_l,o,l))a reC. (4.4)

In view of ( [2], Theorem C.7 ) there exist lp = lp(¢) > 1 such that for
A € G.; we have the following inequality for the solution of the problem (4.2)
2
Z HujHW2(—1,0,1) <allh+ TuHL2(71,1)><(C4 : (4.5)
j=1

In view of condition 1 and (4.3), we have the inequalities

2 2
_1
Z HAJ'UJ'HLQ(_M) <o |A2 Z HujHW2(_17071) ) (4.6)
j=1 j=1
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and

2 2
3 3
Z IA[*[tCku;| < cs|A® Z ||uj||L2(f1,1)
j=1 Jj=1

IA

From inequalities (3.4), (4.3) and (4.4) it follows that

2
S I [Braug(—1) + Craty (+0))]
) 2

S Cyq ’)\|E (Z Bklu_j + Ckluj (+O>]|’W1( 1,0,1)
L 2

+ A2 Z [[Brauj(—1) + Ckluj(+0)]||L2(1,1)>
(Z | [Briuj(=1) + Crau;(40)] Hw2( 1,0,1)

+ (Al Z I[Bryui(—1) + Ckluj(+0>]|’L2(l,1)>
<ZHU’] +u] +O)HW2( 1+0,—0)+W?2(0,1—0)

+Z [ (=1) + u; +0)||L( 1+0,—0)+La(o,1— a)) )

k=1,2.3,4.
We can construct the function {(z) € C*°[—1, 1] such that

2
_1
C3 |)\| * Z HujHWQ(_LOJ) ) k = 17 27374-
=1

(4.7)

(4.8)
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and 0 <¢(z) <1 for all z € [-1,1]. From the inequalities (4.8) and (4.3)
for Byju(—1) and Ciiu;(4+0) we have

2
;
Z [# [ [Brauj (=1) + Crau (+0)]]
< 662 Huj +u] +0)HW2 —1+40,—0)+W2(0,1-0)
< ¢ ||§ (uj(=1) + uj(‘l'o))HW? ~1,0,1
. ( )

< 072 [(Loj — AI)E (ui(=1) + uj(“‘o))HLQ(_Ln

cs (Z [(Loj + tA; — ML) (uj(=1) + u; (+0)) [l 1, 1.1
+Z”uy ) + u; +O)HWl 101)>
(Z [(Loj + tA; = ML) (uj(—=1) + u; (+0)) [l 1, 1.1

+ |2 Zuuj ) + 1 (+0) [l 101)>. (4.9)

For Bjou(—0) and Cyou(1), similarly, we get

> A1t [Bratty(~0) + Cauty (1))
(Zu Lo+ 145 = A1) (1) + w5 (+0) 1, 1

+ |2 Znuj ) 4w (+0) | o 101)>. (4.10)

From inequalities (4.5)-(4.10) we obtain

2 2
> Muillypzron S0 HL“J‘
j=1 j=1

Therefore, choosing 1 > [y such that C'(l;) < 5, we have the inequality

2
Lo(—1,1)xC4 O 21 ”ujHWQ(—LO,l)
]:
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9 2
2 sl oy <C Y HLW‘
j=1 =t

So, we proved the right side of the inequality (4.1). The left side of the in-
equality (4.1) can be obtained from condition 1 and inequalities (4.6)-(4.9). O

La(—1,1)xCt

Theorem 4.2. We assume that the condition 1 is satisfying. Then we have:

1) For any € > 0, there exist Iy such that for A € G.,, the operator L(\) has a
bounded inverse L™ (\) : Ly(—1,1) x C* — W?2(—1,0,1).

2)L(A) : W%(—=1,0,1) — Lao(—1,1)xC* is a Fredholm operator, and indL(\) =
0 for all A € C.

Proof. 1) By virtue of Lemma 2.3, Lemma 4.1 and ([10], Chapter 1) we have that
L(A) has a bounded inverse for A € G.,.
2) For € G, and A € C we have

LAL™ (1) = I + (L(A) = L)L~ (),
where I identity operator in Lo(—1,1) x C*. In view of condition 1 the operator
L(A) — L(p) : WH(=1,0,1) = Ly(—1,1) x C*

is bounded. From the compactness of imbedding of W?(—1,0, 1) into W'(—1,0,1)
and by virtue of Theorem 2.2 it follows that the operator

(L(N\) = L)L () : Lo(—1,1) x C* — Ly(—1,1) x C*
is compact. So, the operator
I+ (L(A) = L(p) L™ (1)
is a Fredholm operator and
ind[I + (L(A) — L(p))L ™" ()] = 0.

Therefore, L(A\)L~!(u) is a Fredholm operator. IL(\) is a Fredholm since the
operator L™!()) has a bounded inverse. So, by Theorem 2.1, we have

ind(LONL ™ (1)) = ind(L()\)) = 0.

4.1. Differential operator for homogeneous boundary conditions.

Let consider boundary value problem

Lo1(D)u := —p(x)u"(x) + Au(z) = f(z), v € [-1,0) U (0,1]
Liu = apu(—=1) + Bru(—0) + dpu(+0) + vru(l)
+(Bru)(=1) + (Bra)(=0) + (Crau) (+0) + (Crau) (1) + Nyu(ax) = 0,
k=1,2,34
and unbounded operator £ : Ly(—1,1) — Lo(—1, 1) defined as follows
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Lu = Lo (D)u,

D(L) :==W?(-1,0,1) = {u € W*(-1,0,1)| Lyu=0, k=1,2,3,4}.

Theorem 4.3. We assume that the condition 1 is satisfying. Then we have:

1) L is a Fredholm operator, and indL = 0.

2) For A ¢ o(L), the resolvent R(\, L) : La(—1,1) — Lo(—1,1) is a compact
operator.

3) The spectrum o(L) is discrete.

4) For every 0 < e < m, all points of the spectrum o(L), except, possibly, for a
finite number of them, belong to the sector of complex plane defined by |arg \| < e.

Proof. 1) From Theorem 2.1 we obtain statement (1).
2) By virtue of Theorem 4.2 there exists a bounded operator
(L—M)71 e Ly(—1,1) = W?(=1,0,1).
Therefore, from the compactness of imbedding of W?*(—1,0,1) into Ly(—1,1) it
follows that the operator
(L—N)7": Ly(—1,1) — Ly(—1,1)

is compact.

3) By virtue of Theorem 6.29 in ([18], chp. III, sec. 6) the spectrum o(L)
consists entirely of isolated eigenvalues of finite algebraic multiplicity without
any finite cluster point since R(\, L) is compact.

4) By (3) and from ([l 1] chp. 15, sec.6), for every A > 0, all points of the
spectrum o (L), except, possibly, for a finite number of these points, belong to
the sector |arg \| < e. O

5. (GENERAL BOUNDARY VALUE PROBLEM

In this section, we will consider a discontinuous boundary value problem with
inner point and transmission conditions in direct sum of Sobolev spaces. This
problem is defined in the form

L(D)u := —u"(z) + (A — Nu(z) = f(z), z € [-1,0) U (0, 1] (5.1)

Liwtt = ™) (=1) 4 Brot™) (—0) + Sruu™) (40) + ypou™) (1)
+(Bryu) (1) + (Bg,u)(=0) + (Cryu) (+0) + (Crou) (1)
+ Nt (210) = Gro,
v=1fork=1,2and v=2for k=1,2, (5.2)
where A is a complex parameter; my > 0; iy, Bros Okv, Viv, Gro are complex

numbers; f(z) = fi(z), A = Ay, for z € [-1,0); f(z) = fa(x), A = Ay, for
x € (0,1]; x31 € (—1,0), zx2 € (0,1) and Ay, is an operator in H .

Denote: ¢, := ™) (=1) + Brpu™) (—0) + Sppu™) (40) + Yppu™) (1),
Lro = (Biyu)(=1) + (Bg,u)(=0) + (Cpu) (+0) + (Crpu) (1).
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5.1. Homogeneous boundary value problem.

LA Dyu = —u"(z) + (A— Nu(z) =0, z € [-1,00U(0,1]  (5.3)

Liwt = pou™)(=1) 4 Brot™) (=0) + ™) (40) + ypou™) (1)
+Niwt! "™ (24) = Gior (5.4)
v=1fork=1,2and v=2for k =1,2,
u(z) is a solution of equation (5.3) and u(z) := wui(z) + ua(z); ui(z) :=

u1(z) 4+ ugr (z) for x € [—1,0); uz(z) := ur2(z) + uga(x) for z € (0,1].
Denote:

(=)™ By ann (=1)™611 v

g .— (=1)™By1 am; (1)1 Yz
' (=1)™Ba a1p (=1)™d12 2
(=1)™2By gy (—1)"2022 Y22

Theorem 5.1. We assume that the following conditions be satisfied:

1) Ay is a closed, densely defined operator in a Hilbert space H and

ROALD) <O+ M) JargN >7—, k=12, 0<p <7
where R(\, ApI) := (A — Ay)~! is the resolvent of the operator Ay;
2) 0 #£0.
Then problem (5.3)-(5.4) for fy, € (H(Ax), H)g,, p, where Oy, := %—l—i, v=1
for k=1,2and v =2 for k =1,2; p € (1,00), largA| < ¢ and |\| — oo, has a
unique solution that belongs to the space W2((—1,0,1); H(A), H).

Proof. In view of condition (1) in the Theorem and ([!7], Lemma 5.3.2/1) for

larg A| < ¢, there exists semigroups e~ *(A1=AD? " e=2(42=AD2 which are the holo-

morphic and strongly continuous for x < 0 and x > 0, respectively. By virtue

of S. G. Krein ([15], p. 252) and ([17], section 5.4.3), an arbitrary solution of

equation (5.3) in the space W2((—1,0,1); H(Ay), H), k = 1,2, has the form
u(z) = u(x) + ug(x)

= e_I(Al_/\I)%dl +6(1+$)(A1_>\I)%d2

+€—x(A2_M)%d3 n e—(l—x)(A2—>J)%d47 (5.5)
where
w(r) : = efx(Alf)\I)%dl n €(1+x)(A17)\I)%d2’
up(z) : = e—z(AQ—M)%dS +6—(1—x)(A2—A1)%d4;
di, dy € (H(A),H) 3, and dy, dy € (H(A), H) 2

Let u € Wﬁ((—l,%,l);H(Ak),H) be a solution of equation (5.3). So, from
(5.3) we have

(D — (A — ADZ][D + (A, — AI)Z|up(z) =0, k=1,2.
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Denote:

op(@) = [D + (A, — AD)z|u(z), k = 1,2. (5.6)
Therefore, v, € W2((—1,0,1); H(A,%),H) and
[D — (A = M) ?Jon(x) = 0,
So, we have
vi(z) = e(1+z)(A1’AI)%v1(—1) and vy(x) = e’(l’z)(ATM)%w(l), (5.7)
where, in view of ( [6], Theorem 1.8.2 ) vi(=1) € (H(AZ?), H)s, and vs(1) €
(H(A3), )1, From (5.6) and (5.7) we have

} 1 !
u(z) = e*x(z‘hf/\l)?ul(_o)_i_ﬁ(Al )\I)*%[ (1+42) (A1 —AI)2
_6(1—m)(A1—)\I)%]U1(_1)7

% 1 1
UQ(Q;) = e—x(Az—AI)2u2(+0) + 5(142 )\I) %[ —(1—z)(A2—XI)2
1
_6_(1—“&)(142_)\[)?]112(1).
Hence, we can write
2 1
U(LE) _ efz(/h*)\I)Qul(_O) + 671(1427)\[)21@2(4—0)

1
+26 0 [(A; — NI~ z2eMAD2 g (—1)

Ay — AT) Be Mﬁvg(m

[N

1 1 3
e (A — Azl (1))
—(Ar = A1)z D, (1)), (5.8)
where, from ( [0], Theorem 1.8.2') uy(—0) € (H(Ay), H) L , and

vy
us(40) € (H(Ay), H)%,p. By virtue of ( [6], Theorem 1.15.2 ), the operator A7 is

1
L, onto (H(AR), H)%,p- Hence, (5.8) has form
(5.5). Let us prove that the function (5.7) belongs to the space
W2((—1,0,1); H(Ax), H). Let us now write (5.5) in boundary conditions (5.4)

an isomorphism from (H(Ag), H) 1

(—=1)™ g A + Bro + Nije T A=Az ](A - )‘[) > dy
+oky + ﬁkve(Al_M)z + NygellHe2)(-AD2] (4 A1) d,
F(=1) ™ [y + Ypoe” 2T 4 Ny 12222 (4 — A1) dy

1
+[77kv67(A ) + Voo + Noge™ (1—222)(A2+AI) 2](14 _ )\I) d
= gk, V=1for k=12 and v =2 for k =1, 2. (5.9)
Denote: wy := (A} — M) 2 dy, wy := (A} — M) 2 dy,

[N
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ws == (Ay — M) 2 ds, wy := (Ay — M) 2 dy, where m = max {my, my}.
System (5.9) has the form

(=)™ By apn (=1)™d1; v Wy
(=1)™ B9 a9 (—1)™2091 o1 Wo
R(\
(_1)m1512 19 (—1)m1512 Y12 T ( ) w3
(=1)™2By e (—1)™d22 722 Wy
(Al — )\I)_ 12 = 0 0
_ 0 (Al A]) mg m 0
0 0 (Ay — M)~
0 0 0
0 d;
0 dsy
(Ay — N)~"2 dy

where,

R(A
= (=
+[Bue

+(_1) [’7116_(’42_’\1) vz + N126—3312(A2—>\I)1/2]w3
‘F[5116_(A2_’\I)1/2 + Nzge_(l—f’fm(flz—/\1)1/2]104

1)m1[a eAl AI)1/2+N e —xz11(A1— )J)l/Q]wl
(

1/2 1/2
A1 —)I) + Noy e(IHa21)(A1=AD) ]w2

b

(R(N)w),

1) [y e 1A Nyyemmn(A=AD 2y,
(A1—AD)1/? + Ny €(1+:c21)(A1 )\1)1/2]w2

(A
= (-
+[Bare
( ) [ o~ (A2=2I) /2+N12e—x12(A2—)\I)1/2]w3
e~ A ADYE o Nppe~(1mm) (A2=ADY Py,

1/2

(R(MNw)s

1)™ oy SADYE 4 N e (A /\1)1/2]w1
(A1—=XI) 1/2+N 61+I21)(A1 )\I)l/Q]w2

(A
= (=
+[Brze

H(=1)™ 19 —(A2—>J)1/2+N e—m(Az—M)”Q]wS

+[512e (Ax— AI)1/2+N o~ (1—222) (A2~ ,\I)l/z]w4
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—~

R(/\)w)4
( 1)m2[a 6A1 AI)1/2+N e —x11(A1— M)l/g]wl
[Bazet™ M)1/2+N p(1+w21)(A1— >J)1/2] Wa
+(—1)" 720
+[(522€_(A —ADY? + N22€_(1_5”22)(A2—>\1)1/2]UJ4

|, Lemma 5.4.2/6 ) for |arg A| < ¢ and |A\| = oo
IR pazy = 0, IR | 5

+

—(Ag—AD)1/? + N12e—x12(A2—/\I)1/2]w3

By virtue of ( |

(A2 0

Therefore, by 6 # 0 and Neumann identity for |arg A| < ¢ and|A\| — oo,

-1

(=)™ By an (=1)™d11 1
(=1)™ P91 g (—1)™2031 7o
R(\
(=1)™ By aiz (—1)™d12 M2 + RO
(=1)™ B9 aga (—1)™d20 a2
(=1)™pBn an (=1)™d01 1 -
_ (=1)™ By am; (=1)™621 Y
(=)™ By aa (—1)™d12 2
(=1)™2 P91 aga (—1)™d20 a2
ok
- (=)™ By a;n (=1)™d0 v '
_ (=1)™By am; (=1)™61 Yz
XZ R(Y) (=)™ Bra aia (—=1)™d12 712
k=0
; (=1)™2B21 g (—=1)"202 72
So, system (5.10) has a unique solution for |arg A| <

and the solution can be expressed in the form

2
wj =Y [Chi+ Rip(N)](A — M) 2

k=1

Qkhj = 1727

2

wj =Y [Cii + Rig(N](A2 = A1) "= " gra,j = 3,4,
k=1

13

(5.11)

(5.12)

¢ and |A| sufficiently large,

where Cjj, are complex numbers and in view of (5.12) for JargA| < ¢ and

|A| = oo

HRjk()‘)HB(H) — 0, HRjk()‘>||B(H(Ak)) —0,k=1,2
for every 5, 5 = 1,2,3,4.

Therefore, we have

2
d; = [Cir+ Ris(W](A1 = M) 72 giy, j = 1,2,
k=1

(5.13)



14 MUSTAFA KANDEMIR

2
dy =Y [Cir+ Rip(N](Az = ) 2" ga, j = 3,4, (5.14)
k=1
Substituting (5.14) into (5.5) we have
2

w(@) = Y [(Cug+ Rip(N)e =AD"

k=1
+(Cok + Ro(A))e TN (4 = A= gy

2
+ Z[(C?)k + RBk()\))efx(Agf)\])l/Q

k=1
H(Cae + Rap(N))e Um0 A2 (4) AN~ g. (5.15)
O
5.2. Nonhomogeneous boundary value problem.
Let consider the boundary value problem
Lo(\, D) := —u"(z) + (A — Nu(z) = f(x), x € [-1,0) U (0, 1] (5.16)

Liou = Lyt = apoul™)(—1) + Bryu™) (—0) + 8™ (4+:0) + y4oul™) (1)
+Nkvu(mk)($kv) = Gkv, (517)
v = 1lfork=1,2andv=2for k=1,2.

Theorem 5.2. We assume that the following conditions be satisfied:
1) Ay, is a closed, densely defined operator in a Hilbert space H and

ROVA) < CL+ ) Jarg Al 27—, k=12, 0<p <7

where R(\, ApI) := (M — Ay)~! is the resolvent of the operator Ay;
2) 6+ 0;
Then the operator Lo(A) : uw — Lo(Nu := (Lo(AN)w, Ly, Lo, Ls, Ly), for |arg A| <
@ and |\ = 0o, is an isomorphism from W2((—1,0,1); H(Ay), H) onto
(LP(_l? 1); H) + (H(A1)7 H>911,p + (H(A1)> H>9217P + (H(AQ)v H)912,P
+(H(A2)> H)922,p>7

Gkvzz%—i—%p, v=1fork=1,2andv=2 fork=1,2, pe(1,00).

Proof. We have proved the uniqueness of solution for the boundary value problem
in Theorem 7. Let us define f(z) := fi(z) == fi(x), at @ € [-1,0); f(z) =
fao(x) = fo(x), at x € (0,1], f(z) = fi(z) =0, at x ¢ [-1,0); f(z) := fa(x) :=
0, at = ¢ (0,1]. We will show that a solution of problem (4.1)-(4.2) which belongs
to W2((—1,0,1); H(Ax), H) as a sum in the following form
w(z) = u(x) + ug(x)
= Uy () + ug1 (@) + u1z(x) 4 ug(z),
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where
ui(z) = wupi(x) + ug(x) for z € [—1,0),
ug(x) = ur2(x) + uge(z) for x € (0,1],
besides,
u(x) = () + uiz(2),
yo(x) @ =t (x) + tia(),

ugo(x) : = ugr () + uge(x),

where uq1(x) and wujp(x)are the restriction on [—1,0) and (0, 1], respectively, of
the solutions 11 (x) and u12(x) of the equation

Lo(AN)iio = f(x), z € R, (5.18)
and ug(z) is a solution of the boundary value problem
Lo(Mu = 0,
Liwo(MNu2o = gko — Liwo(A) 10, (5.19)

v=1fork=1,2and v=2for k=1,2.
A solution of equation (5.19) has in the form

2
N 1 - N1 F
() = o ) /Re’““ Lo(\, ipx) ™ Fiofr () dpn, (5.20)

where F}f), is the Fourier transform of the function fi(z), and Lo(\,04) is a
characteristic operator pencil of equation (5.18), that is, Lo(\,04) = —0il +
A — M, k= 1,2. Tt is shown that ([17], sec. 5.4.4) there exists the solution of
equation (5.18) in W2(R; H(A), H) and it satisfies the inequality

2 2
SO Nl sy + lselhwaesmann) < €D |[Fu, o lareAl <o
k=1 k=1 P
(5.21)
and, hence, uyo(x) € W7 ((—1,0,1); H(Ax), H). In view of ([6], Teorem 1.8.2) and

inequality (5.21), we have u§0 )( 0) € W2((—1,0); H(A ),H)m Lo u§0 )(+O) €
W2((0, 1);H(A2),H)%+%vp. Therefore, Lyouio € (H(Ag), )gk,p. Hence, prob-
lem (5.19) has a unique solution us(z) that belongs to

Theorem 5.3. We assume that the following condition be fulfilled:

1) Ay is a closed, densely defined operator in a Hilbert space H and
RO\ AN <CA+ A7, argh =7, |\ = 00, k=1,2,

where R(\, AiI) := (A — A)~! is the resolvent of the operator Ay;
2) the embedding H(Ax) C H is compact;
3) 0 +#0;
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Then, for the problem ( 1)-(5.2) the operator
L(A) © wp = L(A)ug := (L(D)ug, Liiug, Loyug, Lisug, Losuy), k=1,2
from W2 ((—1,0,1); H(A ) H) into
LP((_lv 1); H)+(H(A1>7 H>911,p+(H(A1>7 H)9217P+(H(A2>7 H>9127P
+(H<A2)> H)ezzm
is Fredholm.
Proof. The operator I can be written in the form

L=Lo+L,

Loug : = (L(D)ug, (¢11 + Nix)ug, (21 + Nop)ug, (d12 + Niz) u, (22 + Noz) ug)
Liu = (—=Aug, Liyug, LorupLoouy, Louy), k=1,2.
We can conclude from Theorem 8 that Lo from W7}((—1,0,1); H(Ax), H) onto
LP((_L 1>; H) + (H<A1)7 H)enm + (H<A1)7 H)921,P + (H<A2)> H>912,P
+<H(A2)7 H)9227;D>

has an inverse. From condition 2 for e > 0 and u, € W} ((—1,0,1); H(A;), H) we
have

< ¢ [Ju(z )||W2 ((0,1);H(A),H)

+C(@) lur(z)ll 1, 0,0 »

[(Crour) (xk)H(H(A),H)gkU,p < e fluk(ak )||W2 ((0,1);H(A),H)

+C(e )||Uk($k)||Lp ((0,1);H)
k=1,2,3,4, v=1,2, 2 € [0, 1].

| (Brou) (xk>||(H(A),H)

Ok 5D

Therefore, by virtue of Lemma 2.7 the operator LLy; from
Wp2((—1,0, 1); H(Ax), H) into

LP((_17 1)3 H) + (H<A1)7 H)911,P + (H<A1)7 H)921,P + (H<A2)7 H)912,P
+(H(A2)7H)922,p

is compact. The proof of the theorem is completed in view of application by
S.G. Krein ( [16], sec., 14, Thorem 14.1 ). O
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