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(N,e)-PSEUDOSPECTRA OF BOUNDED LINEAR OPERATORS
ON ULTRAMETRIC BANACH SPACES

JAWAD ETTAYB!*

ABSTRACT. In this paper, we prove that the essential pseudospectrum of
bounded linear operator pencils is invariant under perturbation of each com-
pletely continuous linear operators on ultrametric Banach spaces over a spheri-
cally complete field K and we establish a characterization of the essential pseu-
dospectrum of bounded linear operator pencils by means of the spectrum of
each perturbed completely continuous operators. Furthermore, we introduce
and study the notion of (n,e)-pseudospectrum of bounded linear operators
and the concept of (n,e)-pseudospectrum of bounded linear operator pencils
on ultrametric Banach spaces. We establish some results about them. Finally,
several examples are provided.

1. INTRODUCTION

In the classical operator theory, Hansen [10] introduced and studied the notion
of (n, e)-pseudospectra of continuous linear operators on separable Hilbert spaces.
Seidel [10] extended and studied the notion of (n, €)-pseudospectra of continuous
linear operators on complex Banach spaces. For more details, we refer to [10, 11,

].
Inspired by the ideas introduced in [10, 11, 16], we will extend and study the
(n, €)-pseudospectra of continuous linear operators on ultrametric Banach spaces.
The notion of ultrametric (n,e)-pseudospectra is useful in ultrametric spectral
theory of linear operators such as the spectra and the pseudospectra of linear
operators on utrametric Banach spaces.

This paper is motivated by many studies on spectral theory of linear operators
in ultrametric Banach spaces. For more details, we refer to [1, 2, 4, 5, &, 13].

The goal of this paper is to develop and study the notions of (n, €)-pseudospectra
of continuous linear operators and continuous linear operator pencils in ultramet-
ric Banach spaces.

Throughout this paper, K is a complete ultrametric field with a non-trivial
valuation |-|, £ is an ultrametric Banach space over K, B(€) denotes the collection
of each continuous linear operators on &£, £* = B(&, K) is the dual space of £ and
Q, is the field of p-adic numbers [1, 19]. For S € B(£), p(S),a(S), R(S) and N(5)
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denote the resolvent set, the spectrum, the range and the kernel of S respectively

Bk

2. PRELIMINARIES
We begin with the following:
Definition 2.1. [1] Let £ be a vector space over K. A function || -] : &€ — R, is

called an ultrametric norm if:

(i) For each uw € &, |Ju|| = 0 if and only if u = 0;
(ii) For each u € €& and A € K, ||[Au|| = |A]]jul];
(ili) For any u,v € &, |Ju + v| < max(||ul, ||v]])-

Definition 2.2. [!] An ultrametric normed space is a pair (&, || - ||) where € is a
vector space over K and || - || is an ultrametric norm on &.

Definition 2.3. [!] An ultrametric Banach space is a complete ultrametric normed
space.

Example 2.4. [!] Let M be a compact (topological) space. Define the space of
any continuous functions from M into K by

C(M,K) = {g: M — K, g is continuous}.

Then (C(M,K),|| - ||) is an ultrametric Banach space over K where ||g| =
SUP,en |g(w)] for all g € C(M,K).

Suppose that K is a spherically complete, we get the following:

Theorem 2.5. [19] For each u € E\{0}, there is u* € £* with u*(u) = 1 and
lur | = Jul =
Lemma 2.6. [13] Let € be an ultrametric normed space over K. If fi,--+ , f¥ are
linearly independent vectors in £*, hence there are vectors fy,--- , f, in & with
1, ifi = k; _
SF) =8, =4 C1<ik<n. 2.1

fi (fr) & {0’ ifi + k. >LESN (2.1)
Moreover, if fi,---, fn are linearly independent vectors in &, hence there are
vectors fr,---, frin E with (2.1) holds.
Lemma 2.7. [7] Let £, F be two ultrametric normed spaces over K. If S €
B(E,F), hence R(S)*t = N(S*).
Definition 2.8. [11] Let S € B(E). S is called an upper semi-Fredholm operator

if
a(S) = dim N(9S) is finite and R(S) is closed.
¢, (€) is the collection of each continuous upper semi-Fredholm operators on £.
Definition 2.9. [11] Let S € B(E). S is said to be a lower semi-Fredholm operator
if
B(S) = dim(E/R(S)) is finite.
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The set of each continuous lower semi-Fredholm operators on & is ®_(€). The
collection of each continuous Fredholm operators on £ is

O(E) =D (E)NDP_(E).
If S € ®(&), hence the index ind(S) of S is ind(S) = a(S) — B(9).
For additional details on ultrametric continuous Fredholm operators, see [5],
[13], [14] and [19].
Definition 2.10. [1] Let S € B(£). S is said to an operator of finite rank if
dim R(S) is finite.
The set of each finite rank operators on & is Fy(&).

Definition 2.11. [1] Let S € B(E). S is said to be completely continuous if,
there is a sequence (Sy,)nen € Fo(€) @ ||Sn — S| = 0 as n — oo.

C.(€) is the set of each completely continuous linear operators on £. In the
following lemmas, we suppose that K is a spherically complete.

Lemma 2.12. [0] If S € (&) and C € C.(E), hence S+ C € ®(E).

Lemma 2.13. [2] If S € ®(E), hence for each C € C.(E), S+ C € ®(E) and
ind(S + C) = ind(S).
We obtain the following definitions.

Definition 2.14. [1] Let S € B(E). The resolvent set p(S) of S on & is

p(S) ={peK: (S—pul)™" €BE)}
The spectrum o(S) of S is K\p(.5).
Definition 2.15. [15] Let S € B(E). Set v(S) = inf||S"||= = lim |S™||*, S is
called a spectral operator if

sup{lul : 1 € o(S)} = v(S).
Set
Us={pcK:(I—-uS)teB&)}
(Us is open and 0 € Ug) and
Cs = {B € K: B(0, |1]) € Us for some § € K, 1| > |8]}.

Definition 2.16. [1] Let S € B(E) and € > 0. The pseudospectrum o.(S) of S
on & is

1
0-(S) = o(S) Ufu € K: [|(S = uI) 7| > -},
with the convention ||(S — ul)™!|| = oo if u € o(S).

Definition 2.17. [2] Let S € B(€) and € > 0. The condition pseudospectrum
A:(S) of S is

AL(8) = o(8) U { € K- 15 = ulll(S = u) 7 > 2

with the convention ||S — pl||[|(S — pl) || = oo if u € o(S).
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We generalize the Definition 3.1 of [1] as follows.

Definition 2.18. Let S, B € B(€) and £ > 0. The pseudospectrum o.(S, B) of
(S, B) is

_ 1
O-E(SvB>:O-(S7B)U{:u€KH(S_MB) 1H>g}7
with the convention ||(S — uB)7!|| = oo if u € (S, B).

Similarly to the proof of Proposition 3.1 of [1], we obtain the following propo-
sition.

Proposition 2.19. If S, B € B(£) and € > 0, hence
(i) (S, B) = () 0=(S, B);
e>0
(i) If 0 < g1 < €9, hence o(S,B) C 0.,(S, B) C 0.,(S, B).
Similarly to the proof of Theorem 3.4 of [1], we get the following theorem.

Theorem 2.20. Assume that K is a spherically complete and ||€]] € |K|. If
S,B € B(E) and € > 0. Hence

0($,B)= | J o(S+DB).
DeB(€):||D|<e

Definition 2.21. [8] Let S, B € B(E). The essential spectrum o (S, B) of (S, B)
is

0.(S,B) ={pn € K: S — puB is not a Fredholm operator of index 0}.

Theorem 2.22. [8] Suppose that K is a spherically complete. If S;B € B(E)
with S*, B* exist and € > 0. Hence

0.(S,B)= () o(S+K,B).
KeC.(&)

We obtain the following:

Definition 2.23. [¢] Let S, B € B(€) and € > 0. The essential pseudospectrum
(S, B) of (S, B) is

Oee(S,B)=K\{p e K:S+D—puB e & () forall D € B(E), ||D] < e},

where @ (&) is the collection of each continuous Fredholm operators on £ of index

0.

Theorem 2.24. [3] If S, B € B(€) and € > 0, hence

Oee(S,B) = U o.(S+ C,B).

CeB(€):||C||<e
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3. MAIN RESULTS
We have the following results.

Theorem 3.1. Suppose that K is a spherically complete and ||E]| C |K|. If S, B €
B(E) and € > 0. Hence

0.(S,B)=0(S,B)U{peK:Juec&|ul|=1, [(S—uB)u| <c}.
Proof. If u € o.(S, B)\o(S, B), hence ||(S — uB)~ || > e~!. Thus
—uB)t 1
o IS = 6By Ml 1
ue\{0} [Ju €
Hence there is u € £\{0} with

I(s — Byt > 1L (3.1)

Set y = (S — uB) 'u € E\{0}, then (S — uB)y = u. By (3.1),
1S = uB)yll <ellyll. (3.2)

Since ||€]| C K], there is ¢ € K\{0} with [ly|| = |c|, put z = ¢!y, hence ||z|| = 1.
By (3.2), we have

|(S — uB)z| <e. (3.3)
Conversely, suppose that there is z € £ with ||z|| = 1 and
|(S — uB)z| <e. (3.4)

From Theorem 2.5, there exists ¢ € £* with p(z) =1 and ||| = ||z||7! = 1. Set
for each y € £, Cy = p(y)(uB — S)z. Hence for any y € &,

ICYll = leWII(S —uB)|
< elllyllii(s — uB)=|
< ellyll-
Thus C' € B(€) and ||C]| < e. Moreover for z # 0, Cz + (S — uB)z = 0. Then
IS U o(S + C, B). By Theorem 2.20, u € 0.(S, B). O

CeB(&):||C|l<e

Theorem 3.2. Assume that K is a spherically complete. Let S, B € B(E) and
e > 0. Hence

0ec(S,B) = 0..(S + K, B) for each K € C.(€).
Proof. If p & 0..(S, B), hence for each D € B(€) with ||D|| < ¢,
S+ D —uB e ®(€)andind(S+ D — uB) = 0.

From Lemma 2.12 and Lemma 2.13, for all K € C.(£) and D € B(&) with
| D] < e, we obtain

S+D+ K —uB e ®(€)andind(S+ D+ K — puB) =0. (3.5)

By (3.5), we get
uéo..(S+K,B).
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Then

Oee(S+ K,B) Co..(5,B).
Similarly, we get the opposite inclusion. Il
Remark 3.3. From Theorem 3.2, the essential pseudospectrum of bounded linear

operator pencils is invariant under perturbation of completely continuous linear
operators on £ over a spherically complete field K.

Theorem 3.4. Assume that K is a spherically complete and |E|| C |K|. If S, B €
B(E) with S*, B* exist and € > 0, hence

0ee(S,B)= () o0.(S+K,B).

KeC.(€)

Proof. If u ¢ m 0:(S + K, B), hence there exists K € C.(§) : p & 0-(S +
KeCe(8)

K, B). By Theorem 2.20, for any D € B(£) with ||D|| < e, (S+K+D—uB)™*

B(&). Hence for any D € B(€) with ||D|| < ¢,

S+K+D—uB e d(€)andind(S+ K+ D —uB)=0. (3.6)
By Lemma 2.12 and Lemma 2.13, for each D € B(E) : | D|| < e, we get

S+ D —uB e ®E)andind(S+ D — uB) = 0. (3.7)

Then

péoe.(S,B).

Thus

0ec(S,B)C [ 0-(S+K,B). (3.8)
KeC.(€)

Conversely, assume that u € o..(S, B). From Theorem 2.24, for each D € B(&)
with ||D| < e, p & 0.(S + D, B). By Theorem 2.22, there is K € C.(€) : p &
o(S+ D+ K, B), hence for each D € B(E) with | D|| < e, p € p(S+ K+ D, B).
Then
pe (] pS+EK+D,B). (3.9)
DeB(€):||D||<e
By Theorem 2.20, p & 0.(S + K, B). Consequently,
wé ﬂ o.(S+ K, B).
KeC.(€)

Thus
0ec(8,B)= () o0.(S+K,B).
KeC.(€)
O

Remark 3.5. Assume that K is a spherically complete and ||£]| C |K|. If S, B €
B(£) and € > 0, hence from Example 3.31 of [1] and Theorem 3.4, we obtain

Oee(S,B) = m o.(S + F,B).

FeFo(€)
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Proposition 3.6. Assume that K is a spherically complete and ||E|| C |K|. If
S, B € B(E), hence

(i) For anye > 0,0..(5,B) C 0.(S, B);

(ii) For each ey and €5 : 0 < €1 < &9, we get

0e(S,B) C 0ee, (S, B) C 0cr,(S, B).
Proof.
(i) Let p € 0..(S, B). From Theorem 2.24, p € U o.(S+ D, B).
DeB(€):||D|l<e
Since 0.(S+ D, B) C o(S+ D, B), we obtain u € U o(S+ D, B). From
DeB(E):||D||<e
Theorem 2.20, 4 € 0.(S, B).
(ii) Firstly, we show that for each ¢ > 0,
0.(S,B) C 0..(S, B).
If p & o..(S, B), hence for each D € B(E) with | D|| < e, we get S+ D — uB €
®(€) and ind(S+D —puB) =0. Ase - 0, S—uB € ®(€) and ind(S — uB) = 0.
Hence p & o.(S, B). Thus
0.(S,B) C 0..(S, B).
If p & oe.,(S, B), hence for each D € B(E) with ||D| < ez, S+ D — pB € ®(€)
and ind(S + D — uB) = 0. Since ¢ < &9, we get for each D € B(E) with
|D|| <e1, S+D —uB e ®(&) and ind(S + D — uB) =0, hence pp € 0., (S, B).
Consequently, o, ., (S, B) C 0..,(S, B). O

Proposition 3.7. Assume that K is a spherically complete and ||E|| C |K|. If
S,B € B(E): S*,B* exist and € > 0. Hence

B) = () 0e:(S.B).

e>0

Proof. Suppose that p € ﬂ 0ee(S, B) and ||| C |K|. By Theorem 3.4,

e>0

(NoecS,B)=( () o0-(S+EK,B)= () [)o(S+K B). (3.10)
>0 e>0 KeCe(€) KeC.(€)e>0
From (7) of Proposition 2.19, ﬂ 0.(S+ K,B)=0(S+ K, B). By (3.10), we get
e>0
ﬂ Oee(S,B) = ﬂ o(S + K, B). By Theorem 2.22, i € o.(S, B). Conversely,
e>0 KeC.(€)
assume that u € o.(5, B). By Theorem 2.22, u € ﬂ o(S+ K, B). By (i) of
KeC(€)
Proposition 2.19, u € ﬂ ﬂ o.(S+K, B).
e>0 KeCc (&)

pe) U () o(S+D+K,B).

£>0 DEB(E):||D||<e KECL(E)

and from Theorem

2.20,
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By Theorem 2.22, p € ﬂ U 0.(S + D, B). From Theorem 2.24, p €
e>0 DeB(E):|| D <e

m 0e(S, B). Consequently,

e>0

Ue(S’ B) = ﬂ O_E,E(S’ B)

e>0

We introduce the next definition.

Definition 3.8. Let S € B(£),n € N and ¢ > 0, the (n,e)-pseudospectrum
One(S) of S'is

70:(8) = o(8) U € K1 |(8 — ul) [ > 2},

by convention ||(S — ul)~2"||2* = oo if p € o(S).
From Definition 3.8, we have the following remark.

Remark 3.9. If n =0, then 0¢.(S) = 0.(95) is the pseudospectrum of S.
We continue by the following results.

Theorem 3.10. Let S € B(£),n € N and ¢ > 0. Hence
(1) For each e1,e9 with €1 < €9, 01, (S) C 01, (S);

(ii) o(S) = [ one(S).
e>0
Proof.
(i) If o € 0, (S), then ||(S — pud)2"||77 > ey > &5, thus p € 0., (S).
(ii) Since for each ¢ > 0, 0(S) C 0,.(S5), hence o(S) C ﬂanvg(S). For the
e>0
converse inclusion, if u € ﬂon,e(S), hence for each ¢ > 0, p € 0,.(5). If
e>0
i & o(S), hence e {p e K: (S —pul)2"||zx > e}, for ¢ — 0T, we obtain
1(S — pI)~2"||2" = oo which is a contradiction with (S — xI)™* is bounded on
p(S). Consequently p € o(S). O

We have the following:

Lemma 3.11. For eachn € N and € > 0, hence 0, .(AI) = {\} UB(\, ¢), where
B\ e)={peK:|u—)\ <e}.

Proof. Tt follows from Definition 3.8. OJ

Corollary 3.12. Let S € B(E) and € > 0, hence for any n € N, 0,41.(5) C
One(S).
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Proof. If i € 0p,41:(5), hence

1 on4l, 1
R CRV et Es

< IS — D)=,
thus p € 0,.(95). O]
Proposition 3.13. Let S € B(E),n € N and ¢ > 0. Hence for any A\ €
K*, 0, (AS) = )‘Un,ﬁ(s)-

Proof. Let pu € 0, (AS), then 1 € o(AS) or [(AS—pl) 2" ||z > 1, hence & € o(9)
or |(S — %I)*QHH%" > %, thus p € )\O‘mﬁ(5>. Similarly, we obtain the converse
inclusion. 0

Proposition 3.14. Let S € B(E),n € N ande > 0. Then for any A € K, 0, .(S+
M) =0,.(5) + A\

Proof. One can see that (S + AI) = o(S5) + A. Moreover,
I +8 = ul)™" |7 = |[(S = (= N1~
then p € 0, (S + AI) if and only if pu € 0, .(S) + A. O

Proposition 3.15. Let S € B(E) and X\ &€ o(S), then p € o((S — AI)7Y) if and
only if A+ i € a(9).

Proof. For each A & o(S5),

L
on
)

(S—= AP —pul = (S —=AD)7HI—pu(S—=AD] = (S =) u[(A+ i)] - S].

Then p € o((S — AI)™') if and only if A + % e o(S). O
We introduce the following definition.

Definition 3.16. Let S € B(E), S is said to be a Gi-operator if for all p ¢
o(S), (8 — pD) ) = gt

We give an example of Gj-operators.

a 0

Example 3.17. If a € K* and S = (0 4

) € My(K), then S is a Gy-operator.

Proposition 3.18. Let S € B(E) be a Gy-operator and € > 0, then o.(S) =
o(S)U{pneK:d(u,o(S)) <e}.

Proof. Since S is a Gy-operator, we have for all u & o(S), [|(S—pl)7!|| = m.
Let pn € a(S) or d(p,0(S)) = [|[(S — ul)7H|™! <&, then 0.(S) =o(S)U{p e K:
A, 0(S)) < e}. 0
Proposition 3.19. Let S € B(E). Then

(i) If S = M for some A € K, then S is a Gi-operator and o(S) = {\};
(ii) If S is a Gi-operator, hence AS + ol is a Gy-operator for any A\, € K.



ULTRAMETRIC (n,e)-PSEUDOSPECTRA OF BOUNDED LINEAR OPERATORS 21

Proof.

(i) If S = A, hence o(S) = {\} and for all u & o(S), [|[(S —ul)7|| = #:\' _
m. Thus S is a GGy-operator.

(ii) Since S is a Gi-operator, we have for all u & o(5), ||(S — pl)~ 1H _ ,ua(S))

If A =0, it follows from (7). If A # 0, hence p & o(AS + o) if and only if
B2 & o(S). Put B = 5=, then
(XS +al) = uD)7H = [[(AS = (p = a) D)7
(S = 5520~
Al
1
(52, 0(5))
1
d(p, o(AS +al))

O

Proposition 3.20. Let S € B(E) be a spectral operator, hence for any ¢ >
0,0.(5) € B(0, ||S]| + ).

Proof. Since S is a spectral, then sup |u| < ||S||, hence for each u € o(9), |u| <
pea(S)

1S, thus o(S) C B(0,||S||). Now let ¢ > 0 and let u & B(0,[|S|| + ¢), hence
ul = [[S] + & > [|S]], then
s _ 1

i+l S )
N |ul ul — e+ 15
thus 1 ¢ o5y (S). Consequently, o sy (S) € B0, + [[S]). Since & < & + ]
and from Proposition 2.19, 0.(S) C 0.4 g(5), hence for any € > 0,0.(S) C
B(0,e + [|5]]). O

I(S = pD)~| < sup

In the next proposition we assume that for any p € K, S # ul.

Proposition 3.21. Let S € B(E) be not a scalar multiple of identity. Set M =
inf{||S — zI[| : z € K}, hence for any ¢ > 0, 0.(S) C A= (S).

Proof. If pu € 0.(S), hence p € o(S) or ||(S — pl)7!|| > L. Moreover ||S — pl| >
M >0, hence [|S — pI|[[[(S — pI) 7] > 2. Thus p € A< (S). O

The following definition is introduced.

Definition 3.22. Let S, B € B(£),n € N and € > 0, the (n, £)-pseudospectrum
0n.e(S, B) of the operator pencil of the form S — uB is

onp 1
7,:(5.B) = 0(S.B) U {u € K¢ (8 — uB) | > 11,

with the convention ||(S — uB)™%"|| = oo, if u € o(S, B).

By Definition 3.22, we get the following remark.
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Remark 3.23. If n = 0, then 0(.(S5, B) = 0.(S5, B) is the pseudospectrum of the
operator pencil (S, B).

We get the following results.

Theorem 3.24. If S, B € B(E),n € N and € > 0, hence
(1) For each e1,e5 with e1 < €3, 0y, (S, B) C 0y, (S, B);

(ii) o(S,B) = () one(S. B).
e>0
Proof.
(i) If p € 04, (S, B), hence [|(S — pB) 2|77 > e7t > &5t thus p e One (S, B).
(ii) Since for any € > 0, o(5, B) C 0,,.(5, B), hence o(S, B) C ﬂ one(S, B). For
e>0
the converse inclusion, if p € ﬂ one(S, B), hence for any ¢ > 0, u € 0,.(S, B).
e>0

If & o(S, B), thus pp € {u € K : ||(S—pB)2"||2" > 71}, for € — 0T, we obtain
1(S — uB)~2"||2" = oo which is a contradiction with p & (S, B). Consequently
w e o(S,B). O

Corollary 3.25. If S, B € B(£) and € > 0, then for any n € N, 0,41.(5,B) C
One(S, B).

Proof. If pu € 0,41.(S, B), hence
1

S [CET:) e ko (3.11)
< (8= uB)™"||>, (3.12)
thus p € 0,.(5, B). O

Proposition 3.26. If S, B € B(€),n € N and € > 0. Then for each A € K* and
for each a € K, 0, .(AS +aB, B) = a+ Ao, = (S, B).

BY

Proof. If & o(A\S 4+ aB, B), then

(AS+aB—uB) e BE) < IS — QB)* € B(€)

= (st S CB)' e B(&),

hence o(AS + aB, B) = a+ Ao(S, B). Let p € 0.(A\S + aB, B), then

1 n
= < |(AS+aB—uB) ||z (3.13)
€
— M — _on 1
< WS - s, (3.14)
hence 5= € amﬁ(S,B), thus u € a + )‘U”»ﬁ(s’ B). Similarly, we obtain the

converse inclusion. O
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Proposition 3.27. Let S, B € B(E) with B is invertible, SB = BS, n € N and
€ > 0. Then

On, 5y (BS) € 0ne(S, B) C e (B™'S).
Proof. One can sce that o(B~'S) = o(S, B).

1B
9

-1
e (B719), then

(B8 — uI)~2"||7
= |(B7Y(S — uB)) "=
< |BIII(S = uB)~"|| 7.

Since B is invertible, then ||B|| > 0, thus £ < [|(S — uB)~
ne(S,B). If p € 0,.(S,B), then

2" (| 55
a7 hence pu €

< S uB) T
= |[(B(B™'S — ul)) ||
< IBYIN(BTS — pl) |2,
thus = < [[(B™'S — uI)="[|2, hence p € oy 51y (B7'S). O

Proposition 3.28. Let S,B € B(€) and A ¢ o(S,B), hence p € o((S —
AB)~', B) if and only if ; € o((S — AB)B).

Proof. For each A\ & o(S, B),
(S—AB)™' —uB=(S—AB)'[I —u(S—\B)B].
Hence p € o((S — AB)~", B) if and only if ;; € o((S — AB)B). O

Proposition 3.29. Let S, B € B(E) with S is invertible and ||S™'B|| # 0, then

for all i € B0, g52egy). 15— nB) | = 15
Proof. Since |u|||ST'B|| < 1, then (I — uS™'B)~ Z,u * hence
(S—uB) ' =(SI—pST'B) ' =T —pST'B)'S7 =D pMH(ST'B)F ST
k=0

Consequently, for any p € B(0, ||s——113|\)7

I(S = uB) 1H—HZM ST'B)*ST <Sup|!u( “BMIISTH < 1187

On the other hand, S~ = (I — uS™B)(S — uB)~!. Then
IS7HI < I1(1 = uSTEB)IIN(S — uB) | < [I(S = uB)~"|I.
Thus for all u € B(0, ”S,—llBH), (S — uB)7t| = [|S71. O
For B = I, we get.
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Lemma 3.30. IfS € B(E) is an invertible operator, then for all u € B(0, IISLH)’ (S—

u) = 30 S and ||(S — D)) = |51
k=0
We extend the Theorem 2.1 of [3] to ultrametric Banach spaces as follows:
Theorem 3.31. [3] Let S,B € B(E). If S is invertible such that ||S — Bl <
|S~|7Y, then B is invertible and

B =5"1Y (S - B)S,
k=0
and

ISHPIS — Bl
L= IS = BIl[l5=*l
For ¢ > 0, set 07(S) =o(S)U{pn e K:[|(S—pl)7!] > 1}.
Proposition 3.32. If S, B € B(E) and € > 0, hence 0Z(S + B) C o7, p(5)-

Proof. If B = 0, there is nothing to prove. If B # 0. Let u & o (S), hence

1 : 4B
1(S = pd) 7| < 7> then

1(S+ B —pI) = (S —p)l =Bl < Bl + < (S = p)7H".
By Theorem 3.31, S + B — ul is invertible and

o0

(S+B—pl)™" = (S—ul) Y (S —pl) = (S+B—ph)(S—pl)'*

IB™ =87 <

[_B(S - :u[)il]k?

M8

= (S—p)™!

e
Il

0

hence [[(S + B — uI)7Y| < ||(S — wI)7Y|, thus

1
e+|B]
Consequently, u & o*(S + B). O
Proposition 3.33. If S, B € B(£) and € > 0, hence 0.(S + B) C 0.4 (5).

Proof. If j1 & 0.4 (S), from the proof of Proposition 3.32, we have S + B — jul
is invertible. Put g(u) = (S+ B — pl)™' — (S — pI)™!, hence

lg(wll = I(S+ B = pI)=((S = ul) = (S+ B — p))(S — ul)~"|

18] -1
< IS+ B —pl)~|.
e+ B

B B 1
1(S+B—p) Y <|(S—pu)™ < <<

Then

I(S+B—pu) < gl + (S —pnD)~"|

1B -1
IS+ B —pl)~|[ +
e+ |Bll

IN

1Bl + &
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thus ||(S + B — ul)7!|| < L. Consequently, 0.(S + B) C 0ey 5 (S5)- O
We have the following examples.

8 8) € M3(Q,), then ¢(S) = {0} and for all u €

_(£_|_ =). From S? = Oy, (qg,), then for any m € N, (S —

Example 3.34. If S = <
p<S)7 (S - /’LI)_I

- oot
pl)™™ = (—1)’”(# m5 ). In particular for m = 27, we have for each ¢ > 0
and n € N,
2ns 1
Tne(9) = {0} U{n € Qp: HMX{|‘ M 17 }>>g}

1 2

Example 3.35. If S = (0 1

) € My(Q,), then o(S) = {1} and for all u €

_ 0 2 :
p(8), (S —ul)™" =11, — T ;) where N = (O O) . Since N? = O4,(qg,), hence
for any m € N, (S — pl)™™ = Iu) — (l_muf\fnﬂ. In particular for m = 2", we
have for each ¢ > 0 and n € N,
1 2"N 1 1
0ne(S) = {1} U{n € Qp : max{ |l =l > =

' (=) (1= p)>*! €
Example 3.36. If S = <(1) g) € My(Q,), then o(S) = {1,5} and for all
i€ p(S), hence for any m € N, (S — pul) ™ = <(1 _éﬁ)_ 5 —(,)u)_m) . Thus
for each ¢ > 0 and n € N,

1 1 1

one(S) ={L,5 U{pneQ,: max{| }.

’ > -
A= [5—pl e
We obtain the following proposition.

Proposition 3.37. Let S € B(E) be an invertible operator, hence for each p €
B(0, ﬁ) and for anym € N, |[(S—pI)~™| = ||S™™||. In particular, form = 2",

we have for each p € B(0, 7= 1”) and for alln € N,|[(S — uI)~2"|| = [|S7%|.

Proof. From Lemma 3.30, we have for all u € B(0, HS‘l |),
S 'u] Zuks (k+1) —1(2 [LkS_k) _ S—l([ + Zluks—k:)
k=0 k=1

), R(p) = ZukS’k. Hence for all u € B(0, HSl—l|)’
k=1

Set for all u € B(0, s£1|

(S — ul)™ = S7YI + R(u)). Then for each u € B(0,
N, S pl)~™ = S=™(I + R(u))™. Consequently,

5 _1”) and for each m €

for all u € B(0 ) and for each m € N, [|(S — pl)™™| < ||S7™]].

1
Sl
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On the other hand, S™!' = (I — uS™1)(S — ul)~!. Then for each u € B(0, ISLH)
and for each m € N, S~ = (I — uS™H)™(S — pl)~™. Thus,

for all © € B(0, HSllH) and for each m € N, ||S7™|| < |[(S — pud)™™]|.
Consequently,

for all u € B(0, 5 1”) and for each m € N [[(S — )™ = [|S™™.
In particular, for m = 2", we have

for each p € B(0, ||511||) and for alln € N, [|(S — uI)™%"|| = |57

O

We finish with some applications of the e-pseudospectrum of continuous linear
operators on ultrametric Banach spaces.

Example 3.38. Setting Z, = {pn € Q, : |u| < 1}. Let g € C(Z,,Q,), hence
o(g) ={g(u) 1 u € Zy}
and for any p & o(g), we get
e — gl| = max{|p — g(v)| : u € Zy}
and
(e — )M = max{ - u € Z,)
1= g(u)l v

where e : Z, — Q, is the identity function i.e. e(u) = 1 for any u € Z,.
Consequently,

0.(9) = {g(w)  w € Z,} U {p € Qp : inf{lpu — g(u)] : u € Z,} < &},

Example 3.39. Let g € C(Z,) be defined by for each u € Z,, g(u) = u. Hence
o(g) = Z,. Consequently,

0.(9) =Z,U{p € Q,:inf{|p—u|l:ueZ,} <e}.
Problem 3.40. Consider the generalized eigenvalue problem
(S—puB)u=0 (3.15)

where S, B € B(E) and u € €. If u € o(S, B), hence the equation (3.15) has one
solution u = 0.
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4. CONCLUSION

In this article, we demonstrated some results on the ultrametric essential pseu-

dospectrum of bounded linear operator pencils. On the other hand, we introduced
and studied the (n, €)-pseudospectrum of bounded linear operators and the (n, )-
pseudospectrum of bounded linear operator pencils on ultrametric Banach spaces.
We proved some results about them. In addition, we provided some illustrative
examples.

In the future, we shall study the (n,e)-pseudospectrum of closed, densely de-

fined linear operators and the (n,e)-pseudospectrum of closed, densely defined
linear operator pencils on ultrametric Banach spaces.
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