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THE LOGARITHM OF THE LEAST PRIME FACTOR II

RAFAEL JAKIMCZUK1 ∗

Abstract. Let p(n) be the least prime factor of the positive integer n. In a
previous note we prove the equation

∑n
i=2 log p(i) = o(n log n). In this note

we obtain more precise results.

1. Preliminary Results

In this note pn denotes the n-th prime number and p denotes a positive prime.
Then p1 = 2, p2 = 3, p3 = 5, p4 = 7, p5 = 11, . . ..

Let P (n) be the greatest prime factor of the positive integer n. N. G. de Bruijn
[1] proved the following asymptotic formula

n∑
i=2

logP (i) = an log n+O(n),

where a is a positive constant defined in [1].
Let p(n) be the least prime factor of the positive integer n. Clearly we have

n∑
i=2

log p(i) ≤
n∑
i=2

logP (i).

In a previous note [3] we prove the following theorem

Theorem 1.1. We have
n∑
i=2

log p(i) = ng(n),

where g(n)→∞ and g(n) = o(log n). Therefore
n∑
i=2

log p(i) = o(n log n).

Proof. See [3]. �

In this note we obtain more precise results.

We need the following theorems.
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The following theorem is sometimes called either the principle of inclusion-
exclusion or the principle of cross-classification. We now enunciate the principle.

Theorem 1.2. Let S be a set of N distinct elements, and let S1, . . . , Sr be ar-
bitrary subsets of S containing N1, . . . , Nr elements, respectively. For 1 ≤ i <
j < . . . < l ≤ r, let Sij...l be the intersection of Si, Sj, . . . , Sl and let Nij...l be the
number of elements of Sij...l. Then the number K of elements of S not in any of
S1, . . . , Sr is

K = N −
∑
1≤i≤r

Ni +
∑

1≤i<j≤r

Nij −
∑

1≤i<j<k≤r

Nijk + · · ·+ (−1)rN12...r.

Proof. See, for example, either [2, page 233] or [4, page 84]. �

Theorem 1.3. Let
∑∞

i=1 ai and
∑∞

i=1 bi be two series of positive terms such that
limi→∞

ai
bi

= 1. If
∑∞

i=1 bi is divergent then we have the following limit

lim
n→∞

∑n
i=1 ai∑n
i=1 bi

= 1.

Therefore
∑∞

i=1 ai is also divergent.

Proof. See [5, page 332]. �

Theorem 1.4. (Mertens) The following asymptotic formula holds∏
p≤x

(
1− 1

p

)
∼ e−γ

log x
,

where γ is Euler’s constant.

Proof. See [2, chapter XXII]. �

Theorem 1.5. The following asymptotic formula holds∑
p≤x

1

p
∼ log log x.

Proof. See [2, chapter XXII]. �

Theorem 1.6. (Prime Number Theorem)Let π(x) be the prime counting func-
tion. We have

π(x) ∼ x

log x
, pn ∼ n log n,

∑
p≤x

log p ∼ x.

We also need the following well-known formulae,

(a+ b)k =
k∑
i=0

(
k

i

)
ak−ibi, (1.1)

20 + 21 + 22 + · · ·+ 2n = 2n+1 − 1. (1.2)

In this note (as usual) b.c denotes the integer-part function. Note that

0 ≤ x− bxc < 1. (1.3)
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2. Main results

Let βph(n) be the number of numbers that do not exceed n such that their least
prime factor is ph. Therefore ∑

ph≤n

βph(n) = n− 1. (2.1)

We have the following theorem.

Theorem 2.1. The following asymptotic formula holds

βph(n) =

(
h−1∏
i=1

(
1− 1

pi

))
1

ph
n+Oph(1) (n ≥ 1),

where |Oph(1)| ≤ 2h−1 (n ≥ 1). Consequently these numbers have positive density

Dph =

(
h−1∏
i=1

(
1− 1

pi

))
1

ph
.

Proof. We have (see Theorem 1.2)

βph(n) =

⌊
n

ph

⌋
−

∑
1≤i≤h−1

⌊
n

phpi

⌋
+

∑
1≤i<j≤h−1

⌊
n

phpipj

⌋
−

∑
1≤i<j<k≤h−1

⌊
n

phpipjpk

⌋
+ · · ·+ (−1)h−1

⌊
n

php1 · · · ph−1

⌋
=

n

ph
−

∑
1≤i≤h−1

n

phpi
+

∑
1≤i<j≤h−1

n

phpipj

−
∑

1≤i<j<k≤h−1

n

phpipjpk
+ · · ·+ (−1)h−1

n

php1 · · · ph−1
+Oph(1)

=
n

ph

(
h−1∏
i=1

(
1− 1

pi

))
+Oph(1), (2.2)

where (see (2.2), (1.3) and (1.1))

|Oph(1)| ≤
h−1∑
i=0

(
h− 1

i

)
= (1 + 1)h−1 = 2h−1.

�

Theorem 2.2. The following asymptotic formula holds∑
ph≤logn

log phβph(n) ∼ e−γn log log log n. (2.3)

Proof. We have (Theorem 2.1, Theorem 1.6 and Theorem 1.4)

Dph ∼
e−γ

ph log ph
.

That is

log phDph ∼
e−γ

ph
.
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Hence (Theorem 1.3)
k∑

h=1

log phDph ∼
k∑

h=1

e−γ

ph
,

and theorefore (Theorem 1.5)∑
ph≤n

log phDph ∼
∑
ph≤n

e−γ

ph
∼ e−γ log log n. (2.4)

We have (Theorem 2.1)∑
ph≤logn

log phβph(n) =
∑

ph≤logn

(log phDphn+ log phOph(1))

=

( ∑
ph≤logn

log phDph

)
n+

∑
ph≤logn

log phOph(1). (2.5)

Now (see (2.4)) ( ∑
ph≤logn

log phDph

)
n ∼ e−γn log log log n, (2.6)

and, on the other hand, we have (Theorem 2.1, Theorem 1.6 and (1.2))∣∣∣∣∣ ∑
ph≤logn

log phOph(1)

∣∣∣∣∣ ≤ ∑
ph≤logn

log ph |Oph(1)| ≤ log log n
∑

ph≤logn

2h−1

= log log n
(
21−1 + 22−1 + · · ·+ 2π(logn)−1

)
= log log n

(
2π(logn) − 1

)
≤ log log n2π(logn) ≤ log log nec log 2

logn
log logn = n

c log 2
log logn log log n

≤
√
n log log n, (2.7)

where c > 1. Equations (2.5), (2.6) and (2.7) give (2.3). �

Note that the number of numbers not exceeding n such that their least prime
factor do not exceed log n considered in Theorem 2.2, namely∑

ph≤logn

βph(n)

is not a small number, since we have (see [3] and equation (2.1))∑
ph≤logn

βph(n) ∼ n.

In the following theorem we obtain a more precise result.

Theorem 2.3. The following asymptotic formulae hold∑
ph≤logn

βph(n) = n− e−γ n

log log n
+ o

(
n

log log n

)
, (2.8)

∑
logn<ph≤n

βph(n) ∼ e−γ
n

log log n
. (2.9)
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Proof. The following equality can be proved without difficulty by mathematical
induction (see Theorem 2.1)

k∑
h=1

Dph =
k∑

h=1

(
h−1∏
i=1

(
1− 1

pi

))
1

ph
= 1−

k∏
i=1

(
1− 1

pi

)
(k ≥ 1).

Therefore (Theorem 1.4)∑
ph≤n

Dph = 1−
∏
ph≤n

(
1− 1

ph

)
= 1− e−γ

log n
+ o

(
1

log n

)
. (2.10)

We have (Theorem 2.1)∑
ph≤logn

βph(n) = n
∑

ph≤logn

Dph +
∑

ph≤logn

Oph(1). (2.11)

Now (Theorem 2.1, Theorem 1.6 and (1.2))∣∣∣∣∣ ∑
ph≤logn

Oph(1)

∣∣∣∣∣ ≤ ∑
ph≤logn

|Oph(1)| ≤
∑

ph≤logn

2h−1

= 21−1 + 22−1 + · · ·+ 2π(logn)−1 = 2π(logn) − 1

≤ 2π(logn) ≤ ec log 2
logn

log logn = n
c log 2

log logn

≤
√
n. (2.12)

Equations (2.11), (2.10) and (2.12) give (2.8). Finally (2.9) is an immediate
consequence of (2.8). �

Now, we can obtain a better theorem that Theorem 2.2.

Theorem 2.4. Let k be a positive integer. The following asymptotic formula
holds ∑

ph≤logk n

log phβph(n) ∼ e−γn log log log n. (2.13)

Proof. We have∑
ph≤logk n

log phβph(n) =
∑

ph≤logn

log phβph(n) +
∑

logn<ph≤logk n

log phβph(n). (2.14)

On the other hand (see (2.9)) we have∑
logn<ph≤logk n

log phβph(n) ≤ log(logk n)
∑

logn<ph≤n

βph(n)

∼ k log log ne−γ
n

log log n
∼ ke−γn. (2.15)

Equations (2.14), (2.3) and (2.15) give (2.13). �

Now, we can prove a better theorem that Theorem 1.1.
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Theorem 2.5. The following inequality holds

n∑
i=2

log p(i) =
∑
ph≤n

log phβph(n) ≤ c
1

log log n
n log n, (2.16)

where c is a positive constant.

Proof. We have∑
ph≤n

log phβph(n) =
∑

ph≤logn

log phβph(n) +
∑

logn<ph≤n

log phβph(n). (2.17)

On the other hand (see (2.9)) we have∑
logn<ph≤n

log phβph(n) ≤ log n
∑

logn<ph≤n

βph(n) ∼ log ne−γ
n

log log n
. (2.18)

Equations (2.18), (2.3) and (2.17) give (2.16). �

We establish the following conjecture.

n∑
i=2

log p(i) ∼ e−γn log log n.

To finish, we have the following theorem.

Theorem 2.6. Let k ≥ 2 be an arbitrary but fixed positive integer. We have the
following asymptotic formulae∑

n
k
<ph≤n

log phβph(n) ∼
(

1− 1

k

)
n,

∑
n
k
<ph≤n

βph(n) ∼
(

1− 1

k

)
n

log n
,

∑
√
n<ph≤n

log phβph(n) ∼ n,

∑
√
n<ph≤n

βph(n) ∼ n

log n
.

Proof. Note that if
√
n < ph ≤ n we have p2h > n. Hence there exists an unique

multiple of ph not exceeding n such that ph is its least prime factor, namely ph.
Therefore in the four formulae of the theorem we have

βph(n) = 1. (2.19)

Now, the theorem is an immediate consequence of (2.19) and Theorem 1.6. �
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