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NORM-PEAK MULTILINEAR FORMS ON /4
SUNG GUEN KIM

ABSTRACT. Let n € Nyn > 2. A continuous n-linear form 7" on a Banach
space E is called norm-peak if there is unique (z1,...,2,) € E™ such that
lz1|| = --- = ||znl| = 1 and T attains its norm only at (£z1,...,£xzy). In this
paper, we characterize the norm-peak multilinear forms on ¢;.

1. INTRODUCTION

In 1961, Bishop and Phelps [3] showed that the set of norm-attaining functionals
on a Banach space is dense in the dual space. Shortly after, attention was paid to
possible extensions of this result to more general settings, specially bounded lin-
ear operators between Banach spaces. Lindenstrauss [13] studied norm-attaining
operators. The problem of denseness of norm-attaining functions has moved to
other types of mappings like multilinear forms or polynomials. The first result
about norm-attaining multilinear forms appeared in a joint work of Aron, Finet
and Werner [2], where they showed that the Radon-Nikodym Property is sufficient
for the denseness of norm-attaining multilinear forms. Choi and Kim [4] showed
that the Radon-Nikodym Property is also sufficient for the denseness of norm-
attaining polynomials. Acosta [1] studied norm attaining multilinear mappings.
Jiménez-Sevilla and Pay4 [7] studied the denseness of norm-attaining multilinear
forms and polynomials on preduals of Lorentz sequence spaces. Paya and Saleh
[14] presented new sufficient conditions for the denseness of norm-attaining multi-
linear forms. Note that the norm denseness problem of the set of norm-attaining
forms in the spaces of all continuous multilinear forms is closely related to sets
with the Radon-Nikodym Property. It is also linked to the broader topic of op-
timization on infinite dimensional normed spaces and variational principles (see
Stegall [16], Finet and Georgiev [6]).

Let n € N,n > 2. We write Sg for the unit sphere of a Banach space E. We
denote by L("E) the Banach space of all continuous n-linear forms on E endowed
with the norm ||| = sup,, .. ;. esmxxss [T (T1,+ ,20)]. Ls("E) denote the
closed subspace of all continuous symmetric n-linear forms on E. An element
(x1,...,2,) € E™ is called a norming point of T if ||z1|| = --- = ||z,]| = 1 and
T (xy, .y an)| = T
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For T' € L("E), we define
Norm(7') = {(xl, ceyTp) € E" i (xq,...,2,) is a norming point of T}.

Norm(T') is called the norming set of T'. Notice that (zy,...,x,) € Norm(7') if
and only if (e;xq,. .., €,2,) € Norm(7T') for some ¢, = £1 (k= 1,...,n). Indeed,
if (z1,...,2,) € Norm(T'), then

T (€121, ..., enxn)| = |1 €T (x1,....20)| =|T(21,...,2,)| = ||T],

which shows that (€121, ..., €,2,) € Norm(T). If (€121, ..., €,x,) € Norm(T') for
some €, = +1 (k=1,...,n), then

(X1, ..., 2p) = (el(ela:l), . ,en(enmn)> € Norm(T).
The following examples show that the norming sets can be empty, finite or infinite.

Example 1.1. (a) Let (ax)ren be a real sequence such that ay > 0 for all k£ and
220:1 ap = 1. Let n > 2 and

T((xgl))iENv R i 1€N> Z a; T i $En) c E(”CO).

We claim that Norm(7") = (. Obviously, ||T'|| = 1. Assume that Norm(7") # 0.
Let ((m( ))iENa (T En))ZeN> € Norm(7'). Then,

()

1= ‘T((Z'gl))ieN, ceey in lGN)’ ZGZ ’fE . |$§n)| S Zai = 1,
i=1

which shows that |x§1)| == |xZ")| = 1 for all i € N. Hence, (ml(l))ieN, ce (mﬁn))ieN ¢
co. This is a contradiction. Therefore, Norm(T') = ().
(b) Let

T((xz(l))ieNa R (xz('n)>i€N> = w&” X ~x§"> € L("co).
Then, ||T]| =1 and
Norm(T) = {((:I:l, 2, xgl), L)y (&L 2, xgn), . )) € (o)™ :

) <1, fork=1,...,n,5 > 2}-

(c) Let
(@ ier, o @ )ien) = a2l € £(60),
Then, ||T]| =1 and Norm(T') = {(%ey,...,£e1)}, where e; = (1,0,0,0,...).

(d) Let T € L("E) and (x1,...,2,) € Norm(7). By Hahn-Banach theorem
there are f; € E* such that

fi(z;) = |fjl| =1forevery j=1,...,n
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Let ¢ be a permutation on {1,...,n}. We define Ty, s, . 1 € L(*'E) by

n

Toogrota s v2) = [ [ For Wot)) TWnss - - Yon).

j=1
Then

(Zp(1)s - -+ T(n), T1, - - -, Tn) € Norm(Ty p, 1)

If Norm(T) # 0, T € L("E) is called a norm attaining n-linear form (see
[4]). T € L("E) is called a norm-peak n-linear form on E if Norm(T) =
{(+xy,...,%x,)} for some (z1,...,2,) € (Sg)".

For more details about the theory of multilinear mappings on a Banach space,
we refer to [5].

For m € N, let ¢7* := R™ with the the ¢;-norm and /%, = R? with the supremum
norm. Notice that if E = (7" or 2, and T € L("E), Norm(T) # ) since Sg is com-
pact. Kim [8-11] classified Norm(T') for every T' € L,(*¢2.), L(202,), L(303), L, (23)
or L,(*67). Kim [12] classified Norm(T) for every T € L(°R},,,), where R+ de-
notes the plane with the hexagonal norm with weight 0 < w < 1 ||(z,y)||hw) =
max {|yl, 2] + (1 = w)lyl}.

Saleh [15] showed that the norm-attaining continuous bilinear forms on L;(u)
are norm dense in all continuous bilinear forms if and only if p is completely
atomic. This motivates the study of the norming sets of T € L(%(;), since one
can expect many continuous bilinear forms with interesting norming sets in the
(1-setting.

In this paper, we characterize the norm-peak multilinear forms on /¢;.

2. MAIN RESULTS

The following presents an explicit formula for the norm of 7" € L("¢,).

Proposition 2.1. Let n > 2. Let T € L(™¢1) with

T((%(l))iem BRE (:Bz('n))ieN> = Z iy v, 517511) . 931(:)

for some a;,..;, € R. Then

1T = Sup{|ai1.“in| (ir, i) € N"}.
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Proof. Let (z™);en € Sy, for k=1,... n. It follows that

‘T<($El))ieN> S (wgn))ieN> ‘

1 n
< N agea 2] |2
(il,...,in)EN"
. n 1
< Sup{]ail...in\ (i1, yin) €N } (Z |q:Zl ) (Z |x§n)|)

i1€N in€N
= sup {|ai1...in| D(igy .y in) € N"}

= sup{|T(er o e0)| (i, i) €N < T

where (e;);jen denotes the canonical basis for /4.
Thus,
I = sup {Jasoi,|  (in.-.. i) € N}
0J

For simplicity we write T" = (a;,..i, ) (iy,....in)enn - We call iy, s the coefficients
of T. Notice that if ||T'|| = 1, then |a;,..;,| <1 for all (iy,...,4,) € N™.

Lemma 2.2. Let n > 2. Let T' = (a4, ) (iy,....in)enn € L("1). Suppose that
((t(l))le Ny-ees (tgn))ieN) € Norm(T).
fftg,l” . -tgj) # 0 for some (iy, ..., i,) € N", then |T(e; ..., ey )| =lay | = |T]|
and (ieirl, ..., xey ) € Norm(T').
Proof. 1t suffices to show the following claim:
Claim. If |ai/ .| < |[T'|| for some (iy,...,1,) € N", then ti,ll) P =0

n

Suppose not. It follows that

171 = [P (ien)
1 n
<D e 1] 1Y)
(31,eyin )ENT
1 n 1 n
= lag.q | 18] 1601+ > @iy | 1] 185
(i1 5+eyin )ENPA\{ (3 -y ) }
1 n 1 n
< AT 1)+ > @i 1251 1257
(i150--5in ) ENP\{ (i} ,-..ri7 ) }

IN

1 n 1 n
170 - 5]+ > 170 251 125

(i150enin ) ENPNL (3] yorning) }

I (ST - (D ) = I,

i1€N i1€N

which is a contradiction. Thus, the claim holds. This completes the proof. O
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We characterize the norm attaining n-linear forms on ¢;.

Theorem 2.3. Let n > 2. Let T = (a4,..i,)(is,....in)enn € L("1) with ||T|| = 1.
Then, T is norm attaining if and only if there is (ji,...,jn) € N" such that

Proof. (=). Suppose not. Let (z1,...,z,) € Norm(T). Write x; = (:L‘g-k))jeN
for k = 1,...,n. Obviously, there is (i, ...,4,) € N” such that |a;..;,| # 0 and
M. I,E:) # 0. It follows that

1

1 = |T(z1,...,2,)|
1 n
< Y e 2] 2
(k1,....kn)ENT
1 n 1 n
= i 2] 2]+ > g )] ||
(kl7"'7k7l)eNn\{(i17"'7i7l)}
1 n 1 n
< el 2] > (ot | 1]+ |27
(kl,...,kn)EN”\{(i1 7777 Z'n)}
1 n 1 n
< D)™+ 3 D] |2

(kl,‘..,kn)EN"\{(il,..‘,in)}

= O DO =1,

k1€N kn€N

a contradiction.

(<). Note that
|T(6j1, e 7€jn)| = |a,j1...jn| =1.

Thus, 7" is norm attaining. O

Corollary 2.4. Letn,m > 2. Let T = (a4,...i,) )1<iy,...in<m € L") with | T]| = 1.
Then, T is norm attaining if and only if there is (j1,...,Jn) € {1,...,m}" such
that |a’j1---jn| =1.

Theorem 2.5. Let n > 2. Let T = (4,..i, ) (is,....i)enn € L) with ||T| = 1.
Suppose that T is norm attaining. Let 0;,..;, = 1 if |a;,...,| =1 and d;,...,, = 0 if
|ai,....,| < 1. We define

Ts = (az’1~~-in5i1--~z‘n> e L(").

(i1,00ryin) ENP
Then, Norm(T') = Norm(Ty).

Proof. By Proposition 2.1, |T'|| = ||T5|| = 1.
(C). Let ((t@))ieN,...,(tg.”))ieN) € Norm(T).

2
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1 = T((ty))@, L (tﬁ"))ieN) ’

t(l t(n n Z iy 1] ---tgf)

'nZl

|ai,-~i%|<1 |a11 vin =1

(04

Zn i1

(by Lemma 2.2 )

B W (W) )
= Y (aig...i;@;...zn)t et ) (ah...in@l‘..@til el

layr . I<1 iy in =1

= |7 (e - (E)ien) \.

Thus, ((tgl))ieN, ce (tl("))ieN> € Norm(T5).

(D). Let ((tz(l))ieN,...,(tz("))ieN) € Norm(T5).
Write

T(( 1 ZEN7 ey (xz(n))zEN)

T6< (1) ZENa R ($§n))ieN> T Z Qiy--in 37511) o E:)

|ai1...in\<1

Let T_ € L(™¢;) be such that
1 ((IEI))ieN, cee (171('n)>i6N>
= Tg((.ﬁﬁgl))ieN, ey (xl(n))leN> — Z Ay iy 1’211) cee IE:)

|a,~1..4¢n |<1

By Theorem A, ||T_|| = 1. It follows that
1 Z ’T< tgl ZGN;"';(tZ('n))iEN>‘

- ‘Tg(tgl )ieN,---,(tE"))ieN)+ N7 g, t))

‘ail'“in|<1

1 n 1 n
‘T(s((tg Diews -, (8 ))i€N> - Z iy T -8V

|ai1..4in |<1

which implies that

1 n 1 n

|a¢14..¢n|<1
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Thus,
D @i )t =0
@iy ip | <1
and so
’T(<t§1)>’i€Na e (tz(n))ieN)’ = ‘Ta <(t£1))ieN: e (tgn))ieNN =1.
Thus, ((tgl))z‘eN, . (tz(n)>i€N) € Norm(T'). This completes the proof. O

We characterize the norm-peak n-linear forms on /;.

Theorem 2.6. Let T = (a;,..i,) @
Ay ook, € R.

Then, T is a norm-peak n-linear form on ¢ if and only if there is (ji,...,jn) €
N" such that |a;,...;,| = 1 and |ag,...,,| <1 for every (ki,.... k,) € N"\{(j1,...,7n)}-

inenn € L(™y) with ||T|| = 1 for some

.....

Proof. (=). Note that T' is norm attaining. By Theorem 2.3, there is (j1,...,j,) €
N" such that |a;,...;,| = 1.

Claim. |ay,..,| <1 for every (kq,...,k,) € N"\{(j1,-.-,Jn)}-

Suppose not. There is (ky,...,k,) € N* such that (ky,..., k) # (ji,...,jn)
and ]akflmk/ | = 1. Note that

(£ejy, ..., xe;,) # (:i:ekfl, oy Eey ).
Since |T(ej17 s 76jn)| = |a'j1“'jn| =1= |T<6k1a < >ekn)| = |a'k1“'kn|’
{(£ejy, ..., £e;), (j:ekll, ..., ey )} € Norm(T').

Thus, T is not a norm-peak n-linear forms on /1.

(<). Let

1 n 1 n n
T5(()jems -y (@) jen) = gzl -2l € £(M0).

By Theorem 2.5,

Norm(7T') = Norm(7s) = {(+£e;,, ..., Le;, )}
Thus, T is a norm-peak n-linear form on /;. O
Corollary 2.7. Letn,m > 2. Let T = (..., )1<iy....in<m € L") with | T] = 1.

Then T is a norm-peak n-linear form on 07" if and only if there is 1 < j1,..., jn <
m such that

‘a/jl”'jn‘ =1 and ‘akl”'kn‘ <1

for every (ki, ..., kn) € {1,...,m}" with (k1,...,k,) # (J1,- -, Jn)-
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