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SOME MODULAR RELATIONS OF ORDER SIX WITH ITS
APPLICATIONS TO PARTITIONS

CHANDRASHEKAR ADIGA'*, M. S. SUREKHA? AND NASSER ABDO SAEED
BULKHALI?

ABSTRACT. In the paper, we establish some modular relations involving cubic
functions which are analogous to Ramanujan’s forty identities. We also give
new proof of some modular relations of the same nature established earlier by
C. Adiga, K. R. Vasuki and N. Bhaskar [3]. Furthermore, we extract interesting
partition results from some of our modular relations.

1. INTRODUCTION

Throughout the paper, we use the customary notation

(CL; Q)O = 17
n—1
(@;q)n = [[(1—ag"), n>1,
k=0
(CL; q)oo = nlggo(a7 Q)m |Q| <1,
and .
(ala ag, ..., 0n, q)OO = H(a"u Q)oo
i=1
The well known Rogers- Ramanujan functions [15, 16, 19] are
o qn2 1
G(q) == = 7 (1.1)
,,LZ_O (@) (0,0 ¢°)
and

qn(nJrl) 1

= HZ:O @ D)n () (12)

S. Ramanujan [138] found forty modular relation for G(¢) and H(q), which are
completely listed in 1975 by B. J. Birch [9] called Ramanujan’s forty
identities. The forty identities have been established in a series of papers by L. J.
Rogers [20] in 1919, G. N. Watson [21] in 1933, D. Bressoud [10] in 1977, A. F. J.
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Biagioli [%] in 1989 and most recently H. Yesilyurt [22] in 2009. Althrough all the
identities can be proved using the theory of modular forms, the method employed
by Biagioli, it is more instructive to find proofs that Ramanujan might have found.
Outside the theory of modular forms, Watson method, Rogers method, which
generalized by Bressoud and also extended by Yesilyurt, are the general methods
that has been devised for proving identities from Ramanujan’s list. Recently, B.
C. Berndt et al. [7] have given the alternative proof of all the identities in the spirit
of Ramanujan’s mathematics. S.-S. Huang [11], S. -L. Chen and S. -S. Huang [ 1]
have established modular relations for the Ramanujan Gollinitz-Gordon functions
[12, 13] employing modular forms. N. D. Baruah et al. [5] have given alternative
proofs of them by using Schrorter formulas and theta functions identities due to
Ramanujan [17]. In the process they also found some new relations.

In this paper, we consider the following two functions S(q) and T'(¢q) , which
are analogous to Rogers-Ramanujan functions:

(=000 (— 4362 00(0% %) o (0 6% oo (0% 4°)
S(q) = =
@ =2 o, (@ e ’
~ f(=a,—)
T (13)
and
e (40)5(0% 6% (6% %) (0% 6%)
) = HZ:O (a% % (4% 4*)oe ’
_f(_q27_q4>
T (14
The identities (1.3) and (1.4) can be found in [1]. C. Adiga,

K. R. Vasuki and and N. Bhaskar [3] have established modular relations for S(q)
and T'(q). In this paper, we establish some new modular relations for S(q) and
T(q) and also give alternative proof of some of the modular relations
established by C. Adiga et al. [3]. In the last section, we mention some
applications of these new modular relations to the theory of partitions.

2. DEFINITIONS AND PRELIMINARY RESULTS

Ramanujan’s general theta function is defined by

fla,b) = > a2 Hah| < 1 (2.1)

n=—oo

The Jacobi triple product identity [2] in Ramanujan’s notation is

fla,b) = (—a; ab) oo (—b; ab) o (ab; ab) . (2.2)
The function f(a,b) satisfies the following basic properties [2, 0]:
fla,b) = f(b,a), (2.3)

f(lva) :2f(a7a’3)7 :
f(_17 CL) =0, (25)
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and, if n is an integer,

f(a,b) = a2 =D/2 £ (g (ab)" b(ab)™"). (2.6)
The three special cases of (2.1) are [0, 17]

w(q) == f(g,9) = Z 0" = (4 ¢")% (% ¢")oo; (2.7)
n(n+1)/2 __ q Q)
¥(q) : Zq —(q ) (2.8)
and
F=0) = f—¢.=¢) = Y (~1)"¢"* V2 = (g;9). (2.9)

Also, after Ramanujan, define

For convenience, we define
fn = f(_qn) = (qn;qn)ooa
for positive integer n. In order to prove our modular relations, we first establish

some Lemmas. From Entries 24 and 25 [0, pp.39-40 | the following Lemma
follows easily.

Lemma 2.1. We have

I 12 5 :

o(q) = 2 ¥(q) 7 fa) I x(q) 17
B f_f B Sifs N fi
o(—q) = T Y(—q) = T (—q) =

Lemma 2.2. [6, pp. 46-49]. We have
fa,b)f(—a,=b) = f(—a?, —b*)p(—ab), (2.10)
fla,b) + f(—a,=b) = 2f(a®b, ab*), (2.11)
fla,b) = f(=a,=b) = 2af(b/a,a’’), (2.12)
0(q") + 2q¢(¢%) = »(q). (2.13)

Lemma 2.3. [1] Let m = [
m(m —1)(s—r)

s—r]’ l=m(s—r)—r, k=—m(s—7r)+s and

h =mr —

, 0 <r < s. Here [z] denote the largest integer less
than or equal to x. Then,

(i) fla",q") =q7"f(d'.q"),

(i) f(=q7" —q") = (=1)"q7"f(=¢', =¢").
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Following Yesilyurt [22], we define
a,b if k=0 (mod 2),
fr(a,b) = fla,b) o ( ) (2.14)
f(—a,~b) if k=1 (mod 2).

Let m be an integer and «, 3, p and A be positive integers such that
am?® + B = pA.

Let 6 and ¢ be integers. Further let [ and ¢ be real and x and y be nonzero
complex numbers. Recall that the general theta functions f, f; are defined by
(2.1) and (2.14). With the parameters defined this way, we set

R(€757l7t7a7/87m7p7>\7x7y)

p—1
€ n2+pal®+2anm atanm ,,— —pa—anm
- Z (_1> kykq{A +pad?+2 l}/4f§<xq(1+l)p + T 1q(1 Dp )
k=0
n=2k-+t
X fepma (@™ yPgrorIn gy TPgPOm), (2.15)
Lemma 2.4. [22, Corollary 3.2]. We have

R(E’\’é?l?t?a?ﬁ?m?p?A’x?y) :R(57€7t7l7 17a/87am7A7pa7y7x)'
Lemma 2.5. [6, Corollory, p.49]. We have

w(q) = ¢(a°) +24f (4, 4"), (2.16)

f(a,¢°) = x(@v(=¢’), (2.17)

P(Q)p(—q) = ¥*(=4%). (2.18)
Lemma 2.6. [0]. We have

% {F(Ag"T ¢ JA) F(Bg" ™, ¢ B) + f(~Ag"7, —¢"7 ] A)

f(=Bg"™, _qH—V/B)} — Z <%) q2,um2
m=0

AR s oy BHTY 2.2 q2“’47m
(2p+4m) (p?—~*) (2p—4m)(p®—~?) 2p+4ym
f (B,mq = ) f <ABq AR
(2.19)
Lemma 2.7. [0]. We have
1

5 { 2@ ™) pla) + (=g )p(—a) } + 272D (g ()

pn—1
m2 —w2 m —w2 —4m —Z2wWm wm
:Zq4 f(q(2u )(2p+4 ),q(2u )(2n—4 ))f(quﬂ 2 7qu/2+2 ). (2.20)
m=0

We now establish some modular relations for S(q) and 7'(¢) using ideas similar
to those of Watson [21]. In Watson’s method, one expresses the left sides of
the identities in terms of theta functions. After clearing fractions, we see that
the right side can be expressed as a product of two theta functions, say with
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summations indices m and n. One then tries to find a change of indices of the
form

am+ fn =sM + a and ym + dn = sN + b,
so that the product on the right side decomposes into the requisite sum of two
products of theta functions on the left side.

Theorem 2.8. We have
2 10 3 2 10\ _ f4f20 { fgfg . f62f320}
RO ) +a5@)Sa0) = 5 s F\ P o fufo) 22D
2 10V 3a(.2 10y _ Jaf20 {fgfgo _ fifio }
HaTaT) = CSW@IST) = 5 255 Fo ot~ Bof2f% )

1 5 £2 2
T(q4)T(QS) * ng(q4>S(q8) B QQf4f32 {fléf;z%f;w B f1f24];24} ’ (2.23)

T(")T(¢") - ¢*S(¢")S(q") = —~ {&ﬁ*—ﬁﬁ}, (2.24)

(2.22)

B 2qfafse | fas fafie
T2(q6) +q332(q6) _ f93f12f36 (2 25)
fafiaf3s '
and I f2 f7
T2(¢%) — ¢*S%(¢°) = —23112/18 2.26
(@) =) = frap g2 (2:26)

Proof. For given integers m and n, we choose integers M and N such that
m—mn=6M 4 aand m + 5n = 6N + b,
where a and b have values selected from the set {0, £1,+2,3}. Then
m=5M+ N+ (ba+0b)/6 andn=N— M+ (b—a)/6.

It follows easily that a = b, and so m = 5M + N 4+ a and n = N — M, where
—2 < a < 3. We have

n m2 n2
p(@)e(~) = flg. ) f (=, =) = > (=1)"¢" . (2.27)
It follows that, values of a and b are associated as in the following table:
a 0 +1 +2 3
b 0 +1 +2 3
m|5M+ N |bM+ N +1|5M+ N +2|5M+N+3
n| N—M N-M N-M N-—-M

When a assume the values —2, —1, 0, 1, 2, 3 in succession, it is easy to see that
the corresponding values of m? + 5n? are, respectively,

30M? — 20M + 6N? — 4N + 4,
30M?* — 10M + 6N? — 2N +1,
30M?* + 6N?,
30M? + 10M + 6N? + 2N + 1,
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30M? +20M + 6N? + 4N + 4,

30M? + 30M + 6N? + 6N + 9.
It is evident, from the equations connecting m and n with M and N that, there

is a one-one correspondence between all pairs of integers (m,n) and all sets of
integers (M, N,a). We can write (2.27) as

o0

2_ 2_
<p(q)g0(—q5) _ q4 Z q30M 20M+6N2—4N
M,N=—0oc0
o0 oo
2_ 2_ 2 2
+q Z q3OM 10M+6N?—-2N + Z qsoM +6N
M,N=—0c0 M,N=—o00

o o
30M2+10M+6N242N 4 30M2+4+20M+6N24+4N
+4q § q +q q

M,N=—00 M,N=—0c0
0

9 30M24+30M+6N24+6N
+q Z q +30M+6N?+

=o(—") (=) + 24/ (=¢*°, —¢"°) f(—¢*, —¢°)
+2¢ f(=¢", =) f (=, —¢"). (2.28)

Using (1.3) , (1.4) and Lemma 2.1 in (2.28), we get (2.21). Change ¢ to —¢ in
(2.21) and employing Lemma 2.1, we obtain (2.22). In a similar way, we prove
the identities (2.23) and (2.24).

We have

o0

p(@e(—¢") = fla. ) f (=", —¢") = Y (~1)"g™

m,n=—0o0

For given integers m and n, we choose integers M and N such that
m—3n=6M+aand m+ 3n=6N +b,
where a and b have values selected from the set {0, £1,+2,3}. Then
m=3M+3N+ (a+b)/2andn=N—- M+ (b—a)/6.

It follows easily that a = b, and so m = 3M + 3N +a and n = N — M, where
—2 < a < 3. Thus, there is one-to-one correspondence between the set of all
pairs of integers (m,n), —oo < m,n < oo, and triples of integers (M, N, a),
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—00< M,N <00, —2<a<3. Thus

nm2 n2
P@)p(=g") = Y (=1rgm
=q4 Z (_1)M+Nq18M2—12M+18N2—12N
M,N=—0oc0
+q Z (_1)M+Nq18M2—6M+18N2—6N
M,N=—oc0
2 2 2 2
+ Z (_1)M+Nq18M +18N +q Z (_1)M+Nq18M +6M+18N2+6N
M,N=—c M,N=—0oc0

4 M+N 18MZ2+12M+18N2+12N
gt Y (—1)MEN ISRV

M,N=—0c0
0o

9 M+N 18MZ2+18M+18N2+18N
+q }: (_1) + q + + +

M,N=—0c0
=q' *(—¢°, —¢*) + af* (=4, —¢**) + ©*(—¢"®)
+af* (=4, =) + ' (—=¢°, —¢%).
Equivalently
(=) {e(q) — 0(@”)} = 2¢/*(=¢", —¢**) + 2¢* f*(—¢°, —¢*). (2.29)

Employing (1.3), (1.4), (2.16), (2.17) and Lemma 2.1 in (2.29), we obtain (2.25).
Changing ¢ to —¢ in (2.25) and then employing Lemma 2.1, we obtain (2.26).
O

Remark 2.9. Identities (2.25) and (2.26) are due to Adiga et al. [3] and our proofs
are different from the proofs given by Adiga et al. [3].

Theorem 2.10. We have

S(@)T(q) = %, (2.30)
S(q) +T(q) = i {wq) + %} . (2.31)

Proof. For given integers m and n, we choose integers M and N such that
—m+n=2M +aand m+n=2N + b,
where a and b have values selected from the set {0,1}. Then
m=N—-M+((b—-a)/2andn=M+ N+ (a+10)/2.

It follows that, values of a and b are associated as in the following table:
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a 0 1
b 0 1
m|{N—-M| N-M
n|M+N|M+N+1

When a assume the values 0, 1 in succession, it is easy to see that the corresponding
values of 3m? —m + 3n® + 3n are, respectively,

6M? + 6N? +4M + 2N

and
6M? + 6N? + 10M + 8N + 6.

It is evident, from the equations connecting m and n with M and N that, there

is a one-one correspondence between all pairs of integer (m,n) and all sets of
integers (M, N,a). Thus

2f(—q)(q®) = D (=1)mglmEmizgnrn)

— Z (_1)mq(3m2—m+3n2+3n)/2

m,n=—00

_ Z (_1)M+Nq(6M2+6N2+4M+2N)/2

M,N=—c0
00

+ q3 Z (_1)M+Nq(6M2+6N2+10M+6N)/2
M,N=—0c0
= (=4, =)V (= =) + P F(=", =) f(=d", —¢7)
( Using Lemma 2.3)
= f(=4, =) [(=¢*, =4") + f(=q, ") f(—=¢*, —¢")
=2f(=q, =) [(=¢*, =4"). (2.32)
Employing (1.3) and (1.4) in (2.32), we obtain (2.30).
Putting a = ¢* and b = ¢* in (2.10), we find that

2 A\ f(=q*, %) 6
f(=¢",—q¢") = AT o(=q"). (2.33)
The following three identities, from [], will be useful.
2 _ p(=¢°)
fla,0) = EE (2.34)
Y(=q) = x(=a)f(=q"), (2.35)
_ Ml =)
=5 T e 20
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Dividing both sides of (2.33) by ¥(—¢q) and employing (2.34) and (2.35) in

resulting identity, we obtain

Putting a = ¢ and b = ¢° in (2.10), we find that

5\ f(_q27_q10) 6
f(=q¢.—¢°) = Tad) o(=q").

Employing (2.17) in (2.38) and dividing both sides by ©(—¢q), we get
_ 2 6Y, (6
S(q) = xX(=a*)(q zw(q )
U(=a)(=¢*)x(q)
Adding (2.37) and (2.39), we deduce

xX(=¢%) | x(=¢)¥(¢®)e(q)
o) +50) = x(=q) (=) (=¢*)x(q)
Employing (2.36) in (2.40), we get

Theorem 2.11. We have
T(¢*)T(¢*) + ¢"25(¢*)S(¢*)
_ Ja0f56 { fif
4¢* foo fas fsofriz  fof3s fiao
T(¢")T(q*) +¢"5(¢")S(¢*)
S
4¢* fafrs faafire \ fofh f2y

P Sl )
lefAff70 f120f168 ’

_l_

f3 1 _ 2f122f1232}
[ 13 fa f24 264

and
T(¢*)T(q*) + ¢"*5(¢"*)S(¢*)
ffn__( Dff_, Sifh _Jilis)

= —|— —
4q* fr2 fas f36 f1aa f2f227f1208 f12f42f54 frafi2
Proof. We have

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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For given integers m and n, we choose integers M and N such that

Tm+n=12M +aand —5m +n=12N +b

where a and b have values selected from the set {0, 1, +2, +3, +4 45 6}. Then
m=M— N+ (a—0b)/12 and n = 5M + 7N + (5a + 7b)/12.

And so a = b, since m, n, M and N are all integers. Therefore, m = M — N and
n=5M + TN + a, where —5 < a < 6.

When a assume the values 0, +£1, +2, 43, +4, +5, 6 in succession, it is easy
to see that the corresponding values of 35m? + n? are, respectively,

60M? + 84N?

60M? 4+ 10M + 84N? £ 14N + 1,
6002 + 20M + 84N? + 28N + 4,
6002 4 30M + 84N? £+ 42N + 9,
60M? + 40M + 84N? + 56N + 16,
60M? + 50M + 84N? + 70N + 25,

60M? + 60M + 84N? + 84N + 36.

It is evident, from the equations connecting m and n with M and N that, there
is a one-one correspondence between all pairs of integer (m,n) and all sets of
integers (M, N,a). Thus

o

SO(Q)SO(—Q?’F’) = Z (_1)m(]35m2+”2

m,n=—00
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SD(Q)90<—(]35) _ Z ( 1)M+Nq60M2+84N2 + q Z M+Nq60M2:t10M+84N2j:14N
M,N=-00 M,N=

4 M+N _60M2+20M+84N24+28N
+qt Y (—pMNg -

M,N=—c0
o
9 M+N _60M2+30M+84N2+42N
+q (=1)" g

M,N=—0c0
00
2 2
+ q16 E : (_1)M+Nq60M +40M+-84N-£56N

M,N=—0c0
00

25 M+N _60MZ2+50M+84N24+70N
+q® ) (=)MNg *

M,N=—0o0
oo
36 M+N _60M2+60M+84N24+84N+36
+q Z (1) Ny +60M + +84N+

M,N=
= f(—q 60)f( @ =) +2¢f (=%, —q) f(—q"°, —¢™)
+ 2¢* f(—q 0 —*) f(=¢"°, —¢"*) + 2¢° f(—=¢*°, —¢"°) f (—¢™*, —¢'*°)
+2¢" F(=¢”, —¢"°) F (=%, — ") + 2¢* f(—¢"°, —¢""") f (—=¢™, —¢"**).
(2.45)
Changing ¢ to —¢q in (2.45), we obtain

(= ) (4%) = =26 f(—=¢", —¢"") F(—=¢"*, —¢"™*) + 2¢"° F(—=¢*°, —¢'*)

(=, =) = 2¢° (=4, —¢") F(=¢*, = ') + 24" F (=", —¢*)

f(=q ) = 2¢f (=4, =) f (4", —¢*) + f(—=¢", =) f(—=¢™, —¢™).
(2.46)

—q
—q'

Adding (2.45) and (2.46), we get

o(—0)0(q”) + e(@)e(—¢%) — 2p(—¢*)p(—¢**) =

44" F(—=*, —a" ") f (=™, —¢"*") + 4¢* f(—¢*, —¢®) f (=4, —¢"?).
(2.47)

Employing (1.3), (1.4) and Lemma 2.1 in (2.47), we get (2.41). In a similar
way, we prove the identities (2.42) and (2.43). This completes the proof of the
Theorem (2.11). O

Theorem 2.12. We have

T(*)T(¢*") + ¢°S(¢*)S(¢*")
f6f42 { fjf§)52

- o3t |y BRf il
2q f3f12f21f84

f22f82f1226f5304 f1f63 f4f252 f18f126

} . (2.48)
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and

T(q)T(¢*) + ¢°S(q)S(¢*)
_ f2f46 { ffng
2q2f1f4f23f92

age il Bl s

1312 fis fsa fafoo  fofizs 1 Fas } (2.49)

Proof. Settinge =0,0=1,l=t=0,z2=y=1,a=21,=3, m=1,p=6
and A =4 in (2.15), we find that

R(0,1,0,0,21,3,1,6,4,1,1) :=

5

2 _ —
Zq4k F1(g'26+42k (126-42ky ¢ (1846 (18Gky (2.50)
k=0

Using (2.7), (2.14) and Lemma 2.3 in (2.50) and then changing ¢* to ¢ , we deduce

R(0,1,0,0,21,3,1,6,4,1,1) := o(—¢%)(—¢")
+2¢* (="', —¢") (=4, —¢"°) + 2¢° F (—¢**. —¢**) F (—=¢°, —¢"?).

By Lemma 2.4, we also have
R(0,1,0,0,21,3,1,6,4,1,1) = R(1,0,0,0,1,63,21,4,126,1,1).
Thus

2qf( g
)

—¢'")V (=, —¢"°) + 2¢° f (=", —¢**) F(—¢°, —¢"?)
= ¢(q° (

p(a") +2¢°0(0)(™) + 460 (") (¢™?) — p(=a")o(=¢™).  (2.51)
Now, using (1.3), (1.4) and Lemma 2.1 in (2.51), we obtain (2.48).

In a similar way, settinge =0, 0 =1,z =y=1, a=23,=1,m=1,p=6
and A =4 in (2.15), we prove the identity (2.49). O]

Theorem 2.13. We have

3 s fefs
T(9)T(q°) —¢S(q9)S(¢°) = T ff (2.52)
2 r2 2 r2
MWL) =SS = g oht {Je el s
PTG - S0t - gl [ SR s
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T())T(¢**) — ¢°S(¢*)S(¢**)

f4f68 {fﬁflOQ f3f102 } (255)
2q3f2f8f34f136 fiafoos  fef21f3
T(*)T () + ¢’S(a*)S(¢*)
fafes fora J6 fioe
2q3f2f8f34f136 {f 2 12, o flzfm}’ (2:56)
T(")T(q") — ¢°S(¢°)S ("
f10f38 { f15f57 2 2f1f4f95f380 f22f1290} (257)
2q2f5f19f20f76 f30f114 f2f190 f4f380 ’
T(")T(¢*") — ¢°S(¢*)S(¢*"
f6f42 { f9f63 f2f126 2 3f1f4f63f252} (258)
2q2f3f12f21f84 f18f126 f4f252 f2f126 ’
T(q)T(¢*) — ¢°S(q)S(¢™
f2f46 f3f69 f2f46
=22 Fy fufar {fﬁflgs i } e (2:59)

Proof. Settinge=0=1,z=y=1,a=9,=3, m=1,l=t=0,p=6 and
A =2in (2.15), we find that

R(1,1,0,0,9,3,1,6,2,1,1) =

5
Z<_1)kq2k2fl(q54+18ka q54718k>f7(q18+6k’ q1876k). (2.60)

k=0
Using (2.7), (2.14) and Lemma 2.3 in (2.60), we deduce
R(1,1,0,0,9,3,1,6,2,1,1) :=
o(—"Ne(—¢") = 2¢° F(—=4™, —¢®°) f(—=¢**, —¢"%) + 2¢° F (=", —¢"®) F (—¢*°, —¢°).
By Lemma 2.4, we also have
R(1,1,0,0,9,3,1,6,2,1,1) = R(1,1,0,0,1,27,9,2,54, 1, 1).
Thus
2¢° f(=4”, =) f (=", —¢°) = 2¢° F (=", —¢*°) F (—=¢**, = ")
= (=" {e(—¢*) — p(—¢"%)}. (2.61)

Now, wusing (1.3), (1.4), (2.16), (2.17), Lemma 2.1 in (2.61) and then
changing ¢° to ¢, we obtain (2.52).

Settinge=0=1,r=y=1,a=76=5 m=1,l=t=0, p=06 and
A =2in (2.15), we find that

R(1,1,0,0,7,5,1,6,2,1,1) :=

5
2 _ _
Z(_l)kq% f1(q42+14k,q42 14k)f7(q30+10k,q30 10k)‘ (2.62)
k=0
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Using (2.14), Lemma 2.3, (2.7) in (2.62), we deduce
R(1,1,0,0,7,5,1,6,2,1,1) :=
p(=a?)o(=a") = 26 (=0, =a*) f (=4, ") + 28°F (=¢", —¢") f (=™, —¢"°).
By Lemma 2.4, we also find that
R(1,1,0,0,7,5,1,6,2,1,1) = R(1,1,0,0,1,35,7,2,42,1,1).
Thus
2¢° (=4, ="V f(=a™, ") = 2¢°F (=¢*°, =¢**) f (=4, —4"")

= o(=a")p(=q") — p(=a")p(—q"). (2.63)
Now, using (1.3), (1.4), Lemma 2.1 in (2.63) and then changing ¢* and ¢, we
obtain (2.53).

In a similar way, setting ¢ = 6 = 1, + = y = 1,1 =t = 0,
a=11,17,19,21,23 B = 1,1,5,3,1, m =1, p = 6 and A = 2,3,4,4,4 in (2.15),
we prove the identities (2.54), (2.55), (2.57), (2.58), (2.59). Changing ¢ to —q in
(2.55), we get (2.56). O

Remark 2.14. Identity (2.52) is due to Adiga et al. [3] and our proof is different
from the proof given by Adiga et al [3].

Theorem 2.15. We have
T(q4)T(q140) _ q36s(q4)s(q140) —

B [l L[ 3R, BT ) 260
2q12f4f16f140f560 f24f840 2 f72f10f228 f52f14f220 7 '

S(—q) {T(qgg)s(cf“) +q"'S(¢*®)T(¢") }
T(q*)S(q*)
fifaafize foos 1{ 1315 n f12f121} 42 sfifh 1T }
015 [ fosafasz | 2 fofor [ fiaf55 s (2765

[l fafz

T(q*)S(¢") — ¢"'S(¢**)T(¢"*)
) { Ta™)5() }
fafaafirg fros {1{ I3 13 +f12f121} 23f4f44 il
q4f1f4f828f2264f352 fafa2 fofo6

f%fffflfi Jafao } ) (2'66)

Proof. Setting A=1, B=—1, u=06,v=11n (2.19), we can find

A 0 ) + () 4)

5
= Z(_l)mql2m2f(_q420+140m’ _q4207140m)f<_q12+4m’ _q1274m)' (267)

m=0
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Using (2.7) and Lemma 2.3 in (2.67), we deduce

—{90 )+ o(—aNe(d)} — (=) e(—¢") =
2q48f(— ,—q“‘o)f(—q ,—Q)—Qq”f(—q O =) f(—¢"% —¢%). (2.68)

Now, using (1.3), (1.4) and Lemma 2.1 in (2.68), we obtain (2.64).
Setting ;1 = 6, and w = 1 in (2.20), we can find

1

5 {2(@)e(0) + ¢(=a")p(=a)} + 2070 (a™)P(e")

5
_ Z q4m2f(q132+44m7 (1132—44771)f(q?)—2m7 q3+2m). (2.69)
m=0
Using (2.7), and Lemma 2.3 in (2.69), we deduce

5 {#(0")0(0) + o(~a")p(~0)} + 20" (a?) ()

= o(*){e(a"™?) + 26" (D} + 24" F(¢°, ){ (6™, ¢'™°) + ¢' F(g™, )}
(2.70)

Employing (2.13), (2.10) in (2.70), we get

‘{¢¢”ﬂq (e }+m%4”wm%—w@%wf%

Now, using (1. 3), ( ) and Lemma 2.1 in (2.71), we obtain (2.65). Changing ¢
to —¢q in (2.65), we get (2.66).
U

3. Applications to the theory of partitions

In the sequel, for simplicity, we adopt the notation

n
(a17a27-- a’nvq H a’]7
Jj=1

and define
(@50 )0e = (¢ 7300,
where r and s are positive integers and r < s.

We also need the notion of colored partitions. A positive integer n has k
colors if there are k copies of n available and all of them are viewed as distinct
objects. Partitions of positive integers into parts with colors are called colored
partitions. For examples, if 1 is allowed to have 2 colors, say r (red), and
g (green), then all colored partition of 2 are 2, 1, + 1,, 1, + 1,, and 1, + 1,.

An important fact is that
1

(g% q°)k’



SOME MODULAR RELATIONS OF ORDER SIX WITH ITS APPLICATIONS TO PARTITIONS

is the generating function for the number of partitions of n where all the parts
are congruent to u (mod v) and have k colors.

Theorem 3.1. Let pi(n) denote the number of partitions of n into even parts
that are not congruent 0, £16 (mod 48), with the parts congruent to £8, £12, 24
(mod 48) having two colors and with parts congruent to £2, £6, £10, £14, +18,
+22 (mod 48) having three colors. Let pa(n) denote the number of partitions of n
into even parts, that are not congruent to 0, £4, £20 (mod 48), with the parts
congruent to £8, +£12, £16, 24 (mod 48) having two colors, with parts congruent
to £2, +6, £10, +14, £18, £22 (mod 48) having three colors. Let ps(n) denote
the number of partitions of n into parts that are either odd or congruent +12
(mod 48), with parts congruent to +1, +£3, £5, £7, £9, +£11, +13, +£15, £17,
+19, £21, +23 (mod 48) having two colors. Let ps(n) denote the number of
partitions of n into even parts that are not congruent 0, £12, £24 (mod 48), with
the parts congruent to £16 (mod 48) having two colors and with parts congruent
to £2, +6, £8, 10, £14, +18, £22 (mod 48) having three colors. Then, for any
positive integer n > 4, we have

2p1(n — 1) + 2pa(n — 4) = p3(n) — pa(n).

Proof. Employing (1.3) and (1.4) in (2.23) and simplifying, we obtain

(q4:i:7 q20:i:; q48>oo<q8:|:7 q12:|:7 q22(4]1; q48)go(q2:|:, qG:i:7 ql[):i:; q48)?(;o

4
((]14i7 q18i,1q22i; q48)§o + (qBi’ C]12i, q16i’ QQQZ’ q48)c2>o(q2i; q48)go
(q6i’ qloi’ q14i’1qlSi’ q22i; q48)§>0 - (q12i; C]48)oo(6111i, q3i; q48)go
(q5:t, q7:|:’ q9:|:’ q11:|:’ q13:|:, q15i, qu:, qlg:t, QZH:, q23:|:; q48)go
o (q4:|:’ q20:|:; q48)oo(q16:t; q48>éo<q2:|:’ q6:i:’ q8:|:7 qIO:I:; q48)go
(in, q18:|: 71q22:|:; q48)go ’

Note that the left and right sides of the last equality represents the generating
functions for 2p;(n — 1) + 2py(n —4) and p3(n) — ps(n) respectively and this yield
the desired result. O

Example 3.2. The following table verifies the case n = 5 in Theorem 3.1 :
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n4)=7]p(1)=0 ps(5) = 14 pa(5) =0
4 By » br
2, + 2, 3,4+ 1, +1,
2, + 24 3,4+ 1, + 1,
2 + 2, 3,4+ 1, + 1,
2, + 24 3+ 1, +1,
20 + 20 3, +1,+1,
2, + 2, 3+ 1, + 1,

T, +1,+1,+1,+1,
I, 41, +1,+1,+1,
Ty +1,+ 1,41, +1,
1, +1,+1,+1,+1,
1, +1L,+1,+1, +1,
L+, +1,+1,+1,

Theorem 3.3. Let p1(n) denote the number of partitions of n into even parts,
that are not congruent to 0, £12, +24 (mod 60), with parts congruent to £2,
+10, +£14, £20, +22, +26 (mod 60) having two colors, with parts congruent to
+6, £18 (mod 60) having three colors and with parts congruent to 30 (mod 60)
having four colors. Let py(n) denote the number of partitions of n into even
parts congruent to +2, +£6, £10, +£14, +18, £22, +26, 30 (mod 60), with parts
congruent to £2, +6, £14, +18, £22, 426 (mod 60) having three colors and with
parts congruent to +£10, 30 (mod 60) having four colors. Let ps(n) denote the
number of partitions of n into odd parts, that are not congruent to multiples of 5
(mod 60) with parts congruent to 1, 3, £7, +9, +11, £13, £17, £19, £21,
+23, £27, £29, (mod 60) having two colors. Let ps(n) denote the number of
partitions of n into even parts that are not congruent to 0, £12, +24, 30 (mod 60),
with parts congruent to 20 (mod 60) having two colors and with parts congruent
to £2, 14, £22, £26 (mod 60) having three colors and with parts congruent £10
(mod 60) having four colors. Then, for any positive integer n > 4, we have

2pi(n —4) + 2pa(n — 1) = ps(n) — pa(n).
Proof. Employing (1.3) and (1.4) in (2.21) and simplifying, we obtain

2q¢*
(g%, ¢3F, q16F, g25%; ¢O0) o (2F, q1OF, g14% | q20F  22% (26, 4602
1 L 2q
(g%, q13%; ¢50)3_(g30; ¢SO)L T (2%, ¢OF, q14%, 18+, 2% 26+, ¢60)3_
1 1
(q10%, ¢30; ¢50)4 - (g, 3F, ¢7F, OF, g1, q13% | ¢1TH ¢19% 21+ ¢60)2_

1 1

(ngi, q27i’ q29i; q60>c2>o o (q4i’ qGi7 qBi’ q16i’ q18i’ q28i; q60)m(q20i; qﬁo)go

1
(2%, M4, g2 26+; ¢60)3_(10%; ¢60)4
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Note that the left and right sides of the last equality represents the generating
functions for 2p;(n —4) + 2pa(n — 1) and p3(n) — ps(n) respectively and this yield
the desired result. O

Example 3.4. The following table verifies the case n = 5 in Theorem 3.3 :

pi(1) =0 pa(4) = p3(5) = 12 pa(5) =0
24+ 24 g+ 1+ 14
2, + 2, 3+ 1+ 1,
20+ 2w 3+ 1, + 1,
24 + 2, 3,+1,+1,
24 + 2y 3 +1,+1,
2, + 2, 3, +1,+ 1,

L+, +1,+1,+1,
Lo+ 1, + L+ 1, +1,
L+1,+1,+1,+1,
L+ 1, +1,+1,+1,
L+ 1+ 1y + 1, + 1,
Ty + 1+ 1y + 1, + 1,

Theorem 3.5. Let pi(n) denote the number of partitions of n into parts that are
not congruent to 0, £6, £12, £18 £24, £30 (mod 66), with parts congruent to
+3, £9, +11, +£15, £21 +22, £27 (mod 66) having two colors and with parts
congruent to 33 (mod 66) having four colors. Let pa(n) denote the number of
partitions of n into odd parts that are congruent to £1, £3, £5, £7, +9, +11,
+13, £15, £17, £19, £21, +23, +£25, £27, +29, +31, 33 (mod 66), with parts
congruent £1, +3, £5, £7, £9, £13, £15, £17, +19, +21, £23, £25, £27, +29,
431 (mod 66) having two colors and with part congruent to +£11, 33 (mod 66)
having four colors. Let ps(n) denote the number of partitions of n into parts that
are not congruent multiples of 3 (mod 66) with the parts congruent to £1, £5,
+7, +13, £17, £19, £22, £23 £25, £29, +31 (mod 66) having two colors and
with parts congruent to £11 (mod 66) having four colors. Then, for any positive
integer n > 4, we have

2p1(n —4) — 2pa(n — 1) + p3(n) = 0.
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Proof. Employing (1.3) and (1.4) in (2.54) and simplifying, we obtain

2q4

(ql:I:7 q2:i:’ q4:|:7 q5:|:’ q7:|:7 q8:|:’ q10:|:’ q13:|:’ C]14i, q16:i:’ q17:i:7 q19:i:’ q20:i:; q66>oo
1
<q23:|:7 q25:|:7 q26:|:7 q28:|:7 q29:|:7 q31:|:7 q32:|:; qﬁﬁ)oo(qfi:i:7 q9:|:7 qll:I:; q66)<2>o
1 2q
(g1, 21, ¢%2%, %7, ¢56)2 (¢33, %)L, (¢, 3%, %%, ™, %%, ¢50) %
1
<q13:|:’ q15:|:, q17:|:’ q19:|:’ q21:|:’ q23:|:’ q25:|:’ q27:|:7 q29:|:7 q31:|:; q66)go
1 _, 1
<q11:|:’ q33; q66)§o (q2:i:7 q4:|:, q8:i:7 qu:i:7 ql4:i:7 qui, QQOi; q66)oo
1

(qui, q28:|:’ q32:|:; q66)oo(qli7 q5:|:’ q7:|:7 q13:|:’ q17:|:’ qlgj:7 q22:i:7 q23:i:’ q25:i:; q66)go

1
<q29i7 q3li; q66)go(qlli; q66)go

Note that the last equality represents the generating functions for

2p1(n —4) — 2pa(n — 1) + p3(n) and this yield the desired result. O
Example 3.6. The following table verifies the case n = 5 in Theorem 3.5 :
1 3y + 14 5¢, Oy
3g+ 1, 44+1,4+1,
3+ 1, 24241, 24241,
3+ 1 24+ 1,+1,+1,

L+ 1, +1,+1,| 2+1,+1,+1,
ly+l,+1,+1,| 2+1,+1,+1,
L,+1,+1L,+1,| 2+, +1,+1,
L+ 1, +1,+1, [ I, 1,4+ 1,+1,+1,
L+1,+1,+1, | I, +1,+1,+1,+1,
Ty +1,+1,+1,+1,
l,+1,+ 1, +1,+1,
L,+1,+1,+1,+1,
L+1,+1, +1, +1,

Theorem 3.7. Let p1(n) denote the number of partitions of n into parts that are
not congruent to 0, £4, 5, £8, +12, £15, £16, 420, £24, +25, +28 (mod 60),
with parts congruent +1, +3, +6, +£7, 49, +11, £13, +17, £18, +19, £21,
+23, £27, £29 (mod 60) having two colors and with parts congruent to +10, 30
(mod 60) having four colors. Let ps(n) denote the number of partitions of n into
parts that are not congruent to 0, £2, +5, £12, +14, +15, £22, £24, £25, +26
(mod 60), with parts congruent to +1, £3, £6, £7, £9, +£10, +11, +13, £17,
+18, +£19, £20 £21, +23, £27, +29 (mod 60) having two colors and with parts
congruent to 30 (mod 60) having four colors. Let ps(n) denote the number of
partitions of n into parts that are not congruent to 0, 5, +£6, £12, +15, +18,
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+24, 425, 30 (mod 60), with parts congruent to +1, £3, +7, £9, +11, +13,
+17, £19, £20 £21, £23, +27, 429 (mod 60) having two colors and with parts
congruent £10 (mod 60) having four colors. Let py(n) denote the number of
partitions of n into parts congruent to +2, £4, £6, 8, +14, +16, +18, +22,
+26 (mod 60) . Then, for any positive integer n > 4, we have

2p1(n — 1) — 2pa(n — 4) = ps(n) — ps(n).
Proof. Employing (1.3) and (1.4) in (2.22) and simplifying, we obtain
2q
(2%, q1=, q22F 265, ¢50)_(q'F, 63, ¢°F, 7=, 4=, g1 ¢0)2,
1
(3%, gUTE, qI8% g19% g21E 23% (2TE (0%, 160)2 (gl0E (30, 460Y4
) ) ) ) ) ; ) ) o) ) ) o)
2q4
(@, ¢, %%, 255, ¢0) o (¢, 3%, ¢°F, ¢, ¢°F, ¢*10%; ¢50)2
1
(g%, 3% 1% gI8% gI9% g20E (1% (28% (2T% (20% 460)2
) ) ) ) ) ) ) b b ) o0
1 1
(@0 5L~ (q2F, ¢'F, BF, q1IE gI6F 2% 6% g28E, g60)
1
(%, 3%, 7, OF, qU1=, 3% gITE gI9% (0% (21% (23% 27+ (0%, 602
) ) ) b b ) ) ) ) ) ) ) ) o0
1 1
(q10%; ¢S0)4 - (%%, ¢, 5%, 5%, qUIE, qI6% qI8% 22 26%, ¢60) -

Note that the left and right sides of the last equality represents the generating
functions for 2p;(n — 1) — 2pa(n —4) and p3(n) — ps(n) respectively and this yield
the desired result. OJ

Example 3.8. The following table verifies the case n = 5 in Theorem 3.7 :

pi(4) =13  [p(1) =2 p3(5) = 22 pa(5) =0
3,4+ 1,,3,+1, | 1,1, 111, 4+1,
3+ 1,3, +1, 3,42, 3, + 2
2122+ 1, + 1, 3+ 1+ 1y, 3+ 1, + 1,
241,41, 3,41, +1,, 3, +1, +1,
241, + 1, 3+ 1,41, 3, +1,+1,
T, +1,+1,+1, 242+1, 24241,
L, +1,+1,+1, 241, 1,41, 2+1,+1,+1,
I, +l,+1, +1, 2+ 1,+1,+1,, 241, +1,+1,
Ly+ 1, +1,+1, L+ 1+ 1, + 1, + 1,
L +1,+1,+1, L, +1,+1,+1,+1,
T, +1,+1,+1,+1,
T, +1,+1,+1,+1,
L,+1,+1,+1,+1,
L+1,+1,+1,+1,
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