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ON THE SUB-SUPERSOLUTION PRINCIPLE FOR
p(z)-LAPLACIAN EQUATIONS

RABIL AYAZOGLUY2*, SEZGIN AKBULUT? AND EBUBEKIR AKKOYUNLU*

ABSTRACT. This paper deals with the sub-supersolution method for the p(x)-
Laplacian Dirichlet problem. A sub-supersolution principle for the Dirich-
let problems involving the p(z)-Laplacian is established by using induction
method.

1. INTRODUCTION

In recent years, the study of differential equations and variational problems
with nonstandard p(z)-growth condition has been an interesting topic. The p(z)-
Laplacian arises from the study of nonlinear elasticity, electrorheological fluids
and image restoration etc. For example, electrorheological fluids have an exten-
sive applications in robotics, aircraft and aerospace. We refer readers to [3, 18, 20]
for more detailed background of applications. There are many reference papers re-
lated to the study of differential equations and variational problems with variable
exponent. Far from being complete, we refer readers to [6,9,17] and references
cited therein. For example, the regularity of weak solutions for differential equa-
tions with variable exponent was studied in [2,12], and existence of solutions for
variable exponent problems was studied in a series of papers [1,4,5, 14].

Clearly, if p(z) = p, a constant, the operator is the well-known p-Laplacian, and
(P) is the usual p-Laplacian equation, but for non-constant p(x), p(x)-Laplacian
problems are more complicated due to the non-homogeneity of p(x)-Laplacian.

Mohammed [16] considered the existence and uniqueness of weak solutions of
the singular boundary value problem with constant exponent as follows

—Ayu = f(x,u), in Q,
u(z) > 0, in £,
u(x) =0, on 01,

where ) is a bounded domain in RY with C''* boundary for some 0 < w < 1,
Apu =div(|Vul - Vu) is the p-Laplacian and singular nonlinearity term f(z,t)
could show up when ¢t — 0*. Mohammed make the following two assumptions:
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(1) For each 6 € (0, 1), there is a constant Cyp > 1 such that g(6t) < Cpg(t) for
all t > 0;

(2) f(x,s) > a(x) for any (z,s) € (0,1).

In [11], the authors studied the existence of solutions of the nonlinear elliptic
problem with constant exponent,

—Ayu = Af(x,u), in Q,
u(x) > 0, in €,
u(x) =0, on 01,

where €2 is a bounded domain in RN, 1 < p < N, f: Q x (0,00) — [0,00) is
a suitable function and A > 0 is a real parameter. The nonlinearity term f is
allowed to be either f(z,s) — 400 or f(z,s) = +oo0 as s — 0T for each x € Q
and the assumptions (1) and (2) are not assumed.

In [8], Fan studied the sub-supersolution method for the p(z)-Laplacian equa-
tions. Author established a sub-supersolution principle for the Dirichlet prob-
lems involving the p(z)-Laplacian. Fan proved that the local minimizers in the
C" topology are also local minimizers in the WP topology for given energy
functionals. A strong comparison theorem for the p(x)-Laplacian equations is
presented in this paper. Some applications of the abstract theorems obtained in
this paper to the eigenvalue problems for the p(x)-Laplacian equations are given.

In [14], Liu et al studied the existence of positive solutions for the p(z)-
Laplacian Dirichlet problem

—div <|Vu|p($)_2 Vu) = Af(z,u), in Q,
u(z) > 0, in ©,
u(x) =0, on 09,

where Q C RY bounded domain with smooth boundary 99, and A > 0 is a real
parameter. The singular nonlinearity term f is allowed to be either f(x;s) —
+00, or f(z;s) — +oo as s — 07 for each x € . Their main results generalize
the results in [11] from constant exponents to variable exponents. They gave
the asymptotic behavior of solutions of a simpler equation which is useful for
finding supersolutions of differential equations with variable exponents, which is
of independent interest.

In [17], Motreanu consider a nonlinear Dirichlet boundary value problem in-
volving the p(z)-Laplacian and a concave term:

—div <|Vu|p(m)72 Vu) = m (2, \) [u|™ 2w+ f(z,u,)\), in Q,
u =0, on 0,

where Q0 C RY (N > 1) is an open, bounded domain with smooth boundary 99,
A€ (O, X) (for some A > 0) is a parameter and f satisfies some growth conditions.
Their main result show that the existence of at least three nontrivial solutions.
They used truncation techniques and the method of sub-supersolutions.

In this paper we study the sub-supersolution method for the p(x)-Laplacian
Dirichlet problem:
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—Apyu = f(z,u), in Q,
u(z) > 0, in ©,
u(x) =0, on 09,

where Q is a bounded domain in R? with C? () boundary,
Apiaye = div (|77 vu)

is the p(z)-Laplacian and Vu = (0y,u, Op,u, O, u). The goal of this paper is to
study the sub-supersolution method by using induction principle for the Dirichlet
problem involving the p(z)-Laplacian, which is a new research topic.

This paper is organized as follows. In Section 2, we recall some basic facts
about the variable Lebesgue-Sobolev spaces and the degree theory for operators
of (S4) type. Section 3, is devoted to the main results of the paper.

2. PRELIMINARIES

For completeness, we first recall some facts on the variable exponent spaces
LP@) (Q) and WP (Q). For more details see [7,10,13,15,19]. Suppose that
Q is a bounded domain of RY with smooth boundary 9Q. Write O, (ﬁ) =
{peC(Q):p(x)>1forany z € Q}, p~ :=inf, gp(z), p™ = sup,cqp(z) for
any p € C (©2). Denote by R(€) the set of all measurable real-valued functions
defined on 2. Note that two measurable functions in R(Q2) are considered as the
same element of $(£2) when they are equal almost everywhere.

Let p e Cy (ﬁ) We define the variable exponent Lebesgue space by

LP®) (Q) = {u e R(Q) : /Q lu (2)[P®) dx < oo} :

then LP(® (Q) endowed with the norm

p(z)
|ul,() = inf (5>0:/Q dr <15,

becomes a Banach space. We refer the reader to [7, 10, 13] for the basic properties
of the variable exponent Lebesgue and Sobolev spaces.

The modular of LP(*) (Q) which is the mapping py) : LP® () — R is defined
by

ulz)
5

Pp(z) (1) = / lu (:1:)|p($) dz, Yu € LP®) Q).
Q

Proposition 2.1 ([7,10,13]). If u,u, € LP® (Q), n = 1,2, ..., we have
(1) |ulp) <1(=1;>1) & ppa) (u) <1(= 1> 1);

) - +
i) [ulpe) >1 = !u|§(x) < Pp(a) (u) < |U|Z(a:)3

(
g + -
(#1) |ulp@) <1 = |U|Z(z) < P (u) < |U|z(x)§
(iv) Hm |up|p@) = 0(—= 00) & lim pp)(u,) = 0(— 00).
n—oo n—oo
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The variable exponent Sobolev space W) (Q) is defined by
W@ (Q) = {u e LP® (Q) : |[Vu| € LP@ (Q)},
with the norm
lly piay = [Ulp@) + [Vttlpm), Yu e W (Q).

We note that we can use the following equivalent norm on W@ (Q): The
modular of W@ (Q) which is the mapping Ay : W@ (Q) — R is defined
by

My (@) = [ (I96P + [uP) da

for all u € Whr@) (Q).
Proposition 2.2 ([7,10,13]). Let u, u, € W@ (Q):
() lully pay < T(=1L>1) & Ay (u) < 1(=1;> 1)7

(@) lully oy > 1 = Hulhp(;,;) < Ayt () < [l

Hqu,p(m) <l — HuHIl),p(m) < Ap($)7v( ) < ”qup x)’

i) T, [ ) = 0= 20) & T Ayr(1) = 0 (> 00).

Proposition 2.3 ([7,10,13]). Let m,h € C; () with m(z) < h(z) for all

@)
z € RY and v € L"(Q). Then, |u|™" L%(Q)
and with

m- mJr
he) = P (]

m(x)

The space Wol’p(gg) (Q) is denoted by the closure of C5°(€2) in W' (Q) which
is equipped with the norm for u € VVO1 P(@) (Q)

1,p(z
lull oy = [Vl Yu € WP ().
(z) (x)

)Mm(w)

If p~ > 1, then the spaces <|-|p(x),Lp(m)(Q)> and <||-||p($),W01’p(x) (Q)) are
separable and reflexive Banach spaces (see [10,13]).

Proposition 2.4 ([7, 10, 13]) Let Q C RY be bounded and p € C(Q). If q €
C(Q) and 1 < q(x) <p*(z) = pr(x) for any x € Q, then the embedding

W ip) (Q) oy [a@) (Q)

18 compact.

Proposition 2.5 (Holder-type ineq.) ([4,7,10,13]). If p € L (Q), the con-
jugate space of LP@ (Q) is LP® (Q), where 1/p(z) + 1/p' (z) = 1. For any
u € LP® (Q) and v € LP'® (Q), we have

1 1
woda| < (= 1 ) iy ol < 2l ol
/Q <p_ TP ARCIE P(x)

The dual space (Wol’p(gc)(Q))* will be denoted by Wo_l’p/(x)(Q), where 1/p (z)+
1/p (z) = 1.
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Proposition 2.6 ([9]). The operator

p(x)
Lu:/ [Vl dx
o Dp(x)

satisfies the following propositions:

(i) L: WP (Q) — (Wol’p(z) (Q)>* is a continuos, bounded and strictly mono-
tone operator;

(i1) L is a mapping of type (Sy), i.e., if w, — u (weakly) in Wol’p(m) (Q), and

lim (L(uy,) — L(u), u, —u) <0,
n—oo

then u, — u (strongly) in Wol’p(w) ().
We deal with the p(x)-Laplacian Dirichlet problem

_Ap(x)u = f(i[f,U), in 2,
u(x) >0, in €, (P)
u(x) =0, on 01,

where ) is a bounded domain in R* with C? () boundary,
Ayt = div(|Vu[""™ 2 V)

which is so-called p(z)-Laplacian and Vu = (9,,u, Opu, Oy,u). Let f € C(Q x
R,R) is a Carathéodory function satisfies conditions:

(f1):
|f(z, )] < ay + by [t V(z,t) e QxR

provided that a; + by > 0, ay,b; > 0 are constants and ¢ € Cy (ﬁ) with

3p(x)
glz)+2<p(x) = ———,2 < p(x) < 3,Vxr € Q.
(z) (@) = 52 2 < o)
(f2) :
fi(x,t) >0
or there is an a > 0 constant such that
|fi(z, )| < a

for all x € 2, t € R.

For u,v € R(Q) we write u < v if u(z) < v(x) for a.e. x € Q. Define
ut(x) = max{u(x),0} and v~ (x) = min{—u(z), 0}.

Definition 2.1. (i). Let u=,u* € W™ (Q)nC (Q) satisfy u=,u™ > 0 in
ae. © € Q. We say u~ and u' are a subsolution and a supersolution of (P)
respectively, if

/‘Vu_|p(x)_2Vu_Vvdx§/f(x,u_)vdx, (2.1)
Q Q

and

/‘Vu+|p($)_2Vu+Vvdx2/f(x,u*)vd:c, (2.2)
Q Q
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for all v € Wol’p(z)(Q) with v > 0 and suppv CC Q. We say u is a solution of
(P), if it is both a subsolution and a supersolution of (P).

(). A function u & W5 (@) 1€ () s called a (weak) solution of (P) i
/ ‘Vu|p(m)—2 VuVudr = / f(x,u)vdx, Vo € W()Lp(m)(Q)
Q Q

Lemma 2.1. Let a,b € RY, then we have

(157726~ a2 a,b — a)

_ % <|b|”(””)‘2 . |a|p(x)_2> b—af +% <|b|p(a¢)—2 n |a|p(x)—2) (1b> = la]?) .
Proof. We have
no= (7= [aP 0,0 - a)
_ P @ — <|b|P(:c)—2b+ a[P)=2 a) (a,b)

on the other hand

T)— T)— 1 T)— T)—
(1P 4 1aP™72) o= al* + 5 (P72 +1aP@72) (6f* — [af?)
= 5 (BP9 4107 (b + ol — 2 (a,0))
1 o) o)
5 (B2 4107 (bl = laf?)

= P 4 [P = (PP b+ o a) (a0

[ =] =

Thus I; = I,. This completes the proof. [ |

Lemma 2.2. Let p~ > 2, then we have

<|b|p(lﬂ)72 b— |a|p(”":)72 a,b— a)
1 _ _
> 5 (|b|p($) 2 + |a|p(x) 2) |b— a|2 > 22—;2+ |b— a’p(l‘)‘

Proof. Let f(z,t) =t*@=2 p(x) >2,t € R,, x € Q. Then by Lemma 2.1,
it is easy to see that the f function is strictly increasing. Therefore

(\t1|”(”)‘2 ty — [t tg) (t —ty) > 0 for all t;,t, € R, (2.3)

Thus by using following elementary ineguality

(laf +[61)* < 227" (Jal® + [B])
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we get

b—al”™ = |b—al*|b— a7
p(x)—2

= |b— a|2 (|b — a|2) 2

p(z)—2

[b—al* (]b]* =2 (a,b) + [al*) *

@)~ p(e)=2
< |b—af2"5 (b + faf)

+_ +_
< |b — &|22p o glgo—l (|b’P(m)*2 + ’a‘p(:v)72>
< 2P+—3 |b N CL|2 <’b|p(x)—2 + ‘a|p(m)—2> .

Finally if we apply (2.3), we get
(wwﬂﬁb—hw“*ﬂmb—a>EQ%WWb—aW@.
This completes the proof. |

3. MAIN RESULTS
The basic principle of the sub-supersolution method for (P) is the following:
Theorem 3.1. Let p € C, (Q) with 2 < p~ < p(z) < pt < 3, Vo € Q.

Assume that [ satisfies (f1) and (f3) conditions. Let u~, ut € Wol’p(m)(Q) are
subsolution and supsolution respectively of (P). Let

ut >0,u” <0 on 09, (3.1)
and

u” <ut forae xeQ. (3.2)
If w is any solution of (P), then

u <u<ut forae xef

Proof. Proof consists of several steps.
Step 1. Let’s choose a A > 0 such that the mapping
z— fz,2) + Az (3.3)
is not decreasing for a.e. = € 2. This mapping can be created by virtue of (fs).
Namely it is enough to choose a > 0 such that
a>max{—f(z,u):z€Q, ueu (z),u(z)}. (3.4)

Remark 3.1. In the special case, f(x,t) = [t|?®) ¢, ¢ (x) > 2, V(z,t) € QxR
function provides the condition (3.4) with |f'(¢t)| < b.
Now, suppose that uy = u and show that the boundary value problem

— Ap@)Ukt1 + A1 = f@,up) + Ay in Q, g = 0 on 00 (3.5)

has a unique weak soluation w1 € Wa"™ (Q) by using induction method through
Uk (l{? = 0, 1, 2, )
Step 2. (i). Firstly, let us show (notice) that
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um =ug <up < <up < uggqe for ae. x € Q. (3.6)
For k = 0, (3.5) equation satisfies

/ <|Vul|p($)_2 Vu Vo + )\ulv) der = / (f(z,up) + Aug) vdz (3.7)
Q Q

for all v € Wy "™ (Q). By subtracting the (3.7) from the (2.2) we obtain

/ [<|Vuo|p(x)_2 Vug — |Vu1|p(x)_2 Vuy, VU) + A (ug — uq, U)] dz <0,
Q
where ug = u~. Provided that v > 0, let v be

v=(up—u)t € Wol’p(m)(Q).
We conclude that

/ (‘VUOVD(QC)_2 Vuy — ‘Vul\p(z)_Q Vuy, V(ug — U1>+> dx
Q

-I—/\/ (UO — uyq, (ug — u1)+) dz < 0.
Q
On the other hand
V(ug —up)t = { V(ug — uq) for a.e. on {ug > ui},

0 for a.e. on{u; > up}.
If we use the Lemma 2.2 we obtain
/ (|Vuo|p(w)_2 Vg — [V P72 Vg, Vg — Vu1> dx
uo2>u1
> 92" / Vg — Vg [P da.
uo>u1

Consequently,

/ [|Vuo — Vullp(m) + A (up — u1)2 dr <0,
uo>U1

and then we have
up(z) < uy(zx) for ae. x € Q.

(77). Now by using induction method assume that

ug—1(x) < ug(z) for ae. z € Q. (3.8)
From (3.5) we obtain

/ (|Vu;g+1|p($)_2 Vup1 Vo + )xukHU) de = / (f(z,ug) + Aug) vdz,  (3.9)
Q Q
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and

/ <|Vuk|p(gc)_2 VuVou + )xukv) dr = / (f(x, up—1) + AMug—1) vdx
Q Q

for all v € Wol’p(gg)(Q). Provided that v > 0, it can be shown as
v = (up —upgr) "

then we have

927" / (19 (e — )" Nt = 1)?) i
Up > U1

< /Q [f(z,up—1) + Mug—1 — fx,ug) + Aug] (ug — uk+1)+ dx < 0.

The last inequality is obtained from equations (3.3) and (3.8). Therefore we
obtain uy < ug,1 for a.e. x € €, and so the result we want is proven.
Step 3. Now, we show that for a.e. = € Q)

up <ut k=0,1,2... (3.10)

We obtain that the (3.10) is satisfied from (3.1) and (3.2) when k£ = 0. For any
k, up < ut is provided a.e. on Q. Let us subtract the (3.9) from (2.1) equation
we say that

v = (ukﬂ — qu)Jr )
Then, by using (3.10) and (3.3), we get

22-p" / X <‘V (ukﬂ — u+) |p(x) A (Uk+1 — u+)2> dx
Up 12U

< / [f(x,uk) + Ay — fo,u®) + /\uﬂ (Uk+1 — u+)+dx <0.
Q

So we proved that u;, < ut.

Step 4.
1. From (3.6) and (3.10), for a.e. x € Q2 we have
u < o<up <upp <<t (3.11)
Therefore
u= lim wy. (3.12)
k—o0

On the other hand, because of the following condition
uy, — u strongly in L1@+2(Q) . (3.13)
Thus, (3.11) can be proven by Majorant Theorem. Indeed we obtain

/Q [(ur () = (2))| "2 dz < (g™, ¢7) /Q |V ()| dx < +oo,

where V (z) := max {|u (z)], |[u"(x)|} € C(©2). In addition to these by using
(3.12), (3.13) we get the result we want.
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2. Since the Carathéodory function f satisfies (f1) and(f2), the Nemytsckij op-
erator N; generated by f, N¢(u) (z) = f (z,u (z)) is well defined from LI®+2((Q)

. q(z)+2
into L@+ (Q):
(2)
Np(u) : LI@+2(Q) = it (Q)
continuous and bounded (see [10]). The restriction ¢(z) + 2 < p*(z) ensures that
the imbedding Wy '™ (Q) << LI®+2(Q) is compact. Hence, the diagram
N (z) 1 (z
WP (Q) s LI02(Q) L6 (Q) — Wy 70
shows that Ny is a compact operator (continuous and maps bounded sets into
relatively compact sets) from W™ () into W, 7' (Q) :

Ny WePD(Q) s Wy 7 @),
An element u € W "™(Q)n C (Q) is said to be solution of (P) problem. If
—Bypayu = Ny(u)
in the sense of Wy " ™(Q) i.e.
(=Dpyu,v) = (Ny(u),v)
for all v € Wol’p(gg)(Q), where (.,.) : Wol’p(x)(ﬂ) — Wo_l’p,(x)(Q) or

/ |VU’p(m)_2 VuVudr = / f(.T,U)UdiL‘,VU € W()Lp(x)(Q>
Q Q

3. If we multiply both sides of (3.5) by w1 € Wol’p(x)(Q), we get

(= Dpytrrs + Augrr, uppr) = (f (2, uk) + Xuag, tpyr) - (3.14)
Then, by applying partial integration to both sides of (3.14) we get

/|Vuk+1|p(x) dx+)\/ui+1dx:/f(x,uk)uk+1dx+/\/ukuk+1dx, (3.15)
0 Q Q Q

for any ug4q € Wol’p(x)(Q). Notice that
u (z) < (z) <ut(z) for ae. x €,
and
u”,ut e Wi (@)
and since Wy P™(Q) < LI@+2(Q) we get

[y 12 < Ot [ty » Cr > 0.

q(z)+
Thus

ug(z)] <V (x) := max {|u (z)
and since LI@+2 (Q) < L2 (Q) then

fuly < ChJul

Jut(@)|} e L2 (Q) — L? () (3.16)

9 < CyChy HUHP(@ ,Cy >0 (3.17)

q(z)+
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and

/ IV (2)|"F? dz < +00. (3.18)
Q
By using (f1) condition, (3.16), (3.17),(3.18) inequality, Proposition 2.3 and

Proposition 2.5, we get
/f(x,uk)uk+1dx
Q
< a1/ \Uk+1\d$+bl/ |Uk|q(gc)+1 |Uug41| do
Q 0

a a "
< 51/ i+lda:+7l/dx+2b1]|uk|q< 1
Q Q

a(@)+2 |tk |q(w)+2
q(x)+1

ai |Q| ai —41 T41
S 5 ; Upyr A + 5 T by max {‘V‘Z(IJ)FH ; |V|Z(;)L+2} |1 g2y 2
ay |Q| aq
<% [ ude+ S0+ Calunnly (3.19)
and
)\/ukuk+1dx
Q
A A
E/QIUIC’Q dx + §/Q|Uk+1|2d$
2 A 2 A 2
S C4 ‘V‘q(x)JrZ + 5 o ]uk+1| dx S C5 + 5 o |Uk+1‘ dz. (320)

By using (3.19), (3.20) and Proposition 2.1 for [|uj1l|,,) > 1 in (3.15), we have

g Py + A / i2,ydi

< /\Vukﬂlp(m) da:—i—)\/uiﬂda::/f(x,uk) uk+1d:c+)\/ukuk+1dx
Q Q Q Q
aq |Q| aq A
< 3 /Q g |* do + 5 TG llwllye + 5 ; ugs|* dz + Cs,
where 0 < A < a;. Since p~ > 2 we get
||uk+1Hp(a¢) < K. (3.21)

Thus (3.21) inequality proves that the {uy} sequence is smooth bounded for all
k € Nin Wo*"(Q) space. On the other hand, because of Wy *™(Q) space is
reflective, there is a {uy, } C {uy} sequence such that u;,, — u weak in WP ().
Since the operator —A\,(,) satisfies the (S ) condition (see Proposition 2.6) then

U — U
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strongly in W, ™" (Q) as k; — 400 and
Uk, — U
strongly in L?(Q) as k; — +o0, therefore

Apyun; = Dpaytt

strongly in W, 7' (Q) as k; — +oc.
Step 5. Finally, let us show that u is a weak solution of (P) problem. For this
let us assume v € Wy (Q) < LI@+2(Q). Then, from (3.14) we get

/ (‘Vukj ’p(ac)—2 Vug, Vo + )\ukjv> dx = / (f(x, U, —1) + )\ukj,l) vdx. (3.22)
Q Q

Let k; — +o0, then
F(@,uy 1) = f(z,u) strongly in L@/ (@)

ur,—1 — u strongly in L* ().
Thus, by using (3.22) equality, we obtain

/ (qu]p(z)fz VuVov + Auv) dr = / (f(z,u) + Au) vdz.
Q

Q
Finally

/ IVul' VuVude = / fx, wyvdz, Yo € WiP@(Q).
Q Q
This completes the proof. |
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