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RETRACTED ARTICLE: ON WEIGHTED GENERATOR OF
TRIPLE SEQUENCES AND ITS TAUBERIAN CONDITIONS

ASIF HUSSAIN JAN'* AND TANWEER JALAL?

ABSTRACT. This paper presents a new perspective on the relationship be-
tween the (N, p,q,r) method and P-convergence for triple sequences.Our pri-
mary goal is to derive Tauberian conditions that dictate the behavior of the
weighted generator sequence (zj,y) in relation to the sequences (P;), (Qm),
and (R,,), with the intention of establishing a fresh interpretation. These con-
ditions control the Op- and O-oscillatory properties and establish a connection
from (N, p,q,r) summability to P-convergence, subject to certain restrictions
on the weight sequences. Furthermore, we demonstrate that specific cases, such
as the Op-condition of Landau type and the O-condition of Hardy type with
respect to (P,), (@) and (R,,), serve as Tauberian conditions for (N, p,q,7)
summability under additional conditions. Consequently, our findings encom-
pass all the classical Tauberian theorems, including conditions related to slow
decrease and slow oscillation in specific contexts.

1. INTRODUCTION

Understanding the origins and evolution of ideas that emerged in the late
nineteenth century to expand summability theory from single sequences to mul-
tiple sequences is a challenging task. Prior to 1990, when Pringsheim published
an article [10] titled ”Zur Theorie der zweifach unendlichen Zahlenfolgen” (On
the Theory of Doubly Infinite Sequences), it appeared that no researchers were
actively working on the theory of multiple sequences. However, Pringsheim intro-
duced the concept of convergence in his paper, known as P-convergence, which
was further explored by Hardy [9] and Bromwich [5] in their comprehensive treat-
ment of double sequences. This development greatly accelerated research on
this new type of sequences. Regarding the application of weighted mean meth-
ods to double sequences, the work of Baron and Stadtmiiller [1] is the earliest
known contribution in this area. In [1], researchers scrutinized relations between
(N, p, q) method and P-convergence for double sequences and they found out that
necessary conditions for (boundedly) P-convergence of a double sequence which
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is (boundedly) (N,p,q,r) summable are O-condition of Hardy type relative to
P=(P), Q= (Qn) and R = (R,)

sup (A1002imn) = O (&) , sup (Ao102imn) = O (é—m) and sup (Ago12imn)

mneN Py ) inen ImeN
Tn
=0 —
R,

with regularly varying sequences (P,,), (@) and (R,). Using non-factorable
weights instead of factorable weights used in the preceding one as base, Stadtmiiller
[18] both generalized O-Tauberian conditions given by Méricz [11] for the (C, 1, 1)
method and indicated that these conditions could be weakened. Following that,
Chen and Hsu [0] constituted some Tauberian theorems for double sequences
concerning with the implication from (NN, p, ¢) summability to P-convergence un-
der Landau-type conditions, Schmidt-type slow decrease conditions, and more
general ones including the concept of deferred means. Moricz and Stadtmiiller
[15] reduced assumptions claimed by Stadtmiiller [18] and they investigated some
conditions needed for (boundedly) (N,p,q) summable double sequences to be
(boundedly) P-convergent using the classes A, and A, constructed based on non-
factorable weights. Introducing the concepts of double weighted generator se-
quences in certain senses, Belen [2] pointed out that certain conditions formed
via these sequences such as

Al()V;L}l(O) (AH(U)) = OL (;jm ) and AOanﬁ;O) (An(u)) = OL (QQn )
m—1 n—1

are Tauberian conditions for (N, p,q) method with some additional conditions
imposed on the sequences of weights (p,,) and (g,).

This paper focuses on investigating the relationship between the (N, p,q,7)
method and P-convergence for triple sequences. Our objective is to establish
Tauberian conditions that govern the behavior of the weighted generator sequence
(2imn) With respect to (B), (Qm), and (R,), in terms of Oy - and O-oscillation.
We achieve this by exploring the transition from (N, p, ¢, r) summability to P-
convergence, while imposing certain restrictions on the weight sequences. Within
this framework, we demonstrate that specific cases, such as the Op-condition
of Landau type relative to (P), (Qm), and (R,), as well as the O-condition of
Hardy type relative to (P,,), (Qm), and (R,), can be regarded as Tauberian
conditions for (N, p,q,r) summability under additional conditions. As a result,
these findings encompass the classical Tauberian theorems, including conditions
related to slow decrease and slow oscillation in certain contexts.
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2. PRELIMINARIES

In this section, we will start by providing basic definitions and notations
related to double sequences and their weighted means. We will then introduce
the weighted generator sequences and the weighted Kronecker identities, which
are based on the sequence (2y,). We will discuss their weighted means and
generator ones in certain senses, as well as the weighted de la Vallée Poussin
means for triple sequences.

Additionally, we will introduce the concepts of slow decrease relative to (P),
(Qm), and (R,), as well as slow oscillation relative to (Py,), (Qm), and (R,,) for
triple sequences. We will demonstrate how a relationship exists between these
newly described concepts.

Finally, we will conclude this section by identifying the class SV A, providing
its characterization, and discussing two of its subclasses.

Let K := R or K := C be the field of all real or complex numbers, respectively.
Further, let N be the set of all nonnegative integers.

The function X : N x N x N — R(C) allows for the creation of a sequence
of triples consisting of real or complex numbers. Initially, Sahiner et al. [17]
introduced and examined various concepts related to triple sequences and their
statistical convergence. For the further information on triple sequence, refer ([,

Y ’ ])'

If the set w3(K) denotes the set of all triple sequences, then w?(K) together
with coordinate-wise addition and scalar multiplication defined by ((2ymn) , (Wimn)) —
(Zlmn + wlmn) and ()\7 (Zlmn>> — ()\Zlmn)v

w?(K) = KNV N = £ — (zm) | 2 NX N x N = K, (I,m,n) = 2(I,m,n) := 2y}

is a linear space over K. Each linear subspace of w?(K) is called a triple
sequence space. Besides, the following subsets of w?(K) are obviously triple se-
quences spaces:

A(K) :={2 = (Zimn) | (Zmn) is convergent in Pringsheim’s sense, that is,

P — lim z,,, has a finite value ; ,
l,m,n—o0

or equivalently,

A(K) ={z = (2imn) | ¥V € > 0, I ng = no(e) € N such that |z, — | < e
holds for all I,m,n > ng},
2 (K) :={2 = (2tmn) ||Ztmnlloc = SUD| 2tmn |< 00 for all I, m,n € N} .

These spaces represent the set of all P-convergent triple sequences and the
set of all bounded triple sequences, respectively.
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Note that (zy,,) may converge without (z,,) being a bounded function of
[,m and n. To put it more explicitly, P-convergence of (zy,,) may not imply
boundedness of its term in contrast to the case in single sequences. For instance,
the sequence (zj,,) defined by

5" ifl=1m,neN
Zimn = & BT ifn=3,IneN
0 otherwise

is P-convergent, but it is unbounded.

Some notations that will be used in places throughout this paper are given
below.
Notation 2.1: Let (2zy,,) be a triple sequence.

e The symbol z,,, = O (1) means that |z;,,| < H for some constant H > 0
and each [, m,n > ny.

e The symbol zj,,,, = Op (1) means that z,,,, > M for some constant M > 0
and each [, m,n > ny.

e The symbol z,, = o(1) means that z,, — 0 as [,m,n — 0.

Let 2 = (2imn) € w*(K) and let (p;), (¢m) , (rn) € w (R>?) such that

l m n
P :Zpi—>oo,Qm::qu—>oo and Rn::qu—>oo as l,m,n — oo
i=0 5=0 k=0
(2.1)
where w (R>?) represents the set of all single sequences of positive real numbers.

The weighted means of (z,,,) determined by the sequences of weights (p;), (¢m)
and (r,) are defined by

n

m
111
g e TEZ
Ilmn E E ple k~ijk
PlQm n

j=0 r=
m
oloo . o0 . 1 .
Olmn *— 5 plzzmna Olmn = djZijn;
Qm 4
J=0
n
001 .__ 1
Olmn +— _R Tk Zimk
n
k=0

for all (I,m,n) € Nx N and P,Q,,R, > 0.
A triple sequence () is called (N, p, ¢, r) summable to £ if P—lim o}ll = /.

Imn
Similarly, (N, p, *,7), (N, *,q,7) and (N, p, ¢, *) summable sequences are defined
via triple sequences (0}5,.), (opny,) and (opo,), respectively. It can be easily seen
that necessary and sufficient condition for regularity of the (N, p, ¢, r) method is

condition (2.1). To put it another way, (21m,) € ¢(K) N3 (K) is also (N, p,q,7)
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summable to same number under condition (2.1). Nevertheless, the opposite of
this proposition is not true in general. The question of whether some conditions on
the terms 2;,,,, under which its (N, p, ¢, 7) summability implies its P-convergence
exist comes to mind at this point. The condition 7" {2, } making such a situation
possible is called a Tauberian condition. The resulting theorem stating that P-
convergence follows from its (N,p,q,r) summability and T {z,,,} is called a
Tauberian Theorem.

In conjunction with the weighted means, there are many special means occur-
ring depends on choosing of the sequences of weights (p;), (¢n) and (r,,). Included
by the weighted means and also commonly used by researchers in literature, some
means are listed as follows.

e In case p; = ¢ = 1, = 1, it leads to the arithmetic means (or called
Cesaro means of order (1,1,1)) of a triple sequence where P, = [ + 1,
Qn=m+1land R, =n+1forall [,m,n & N.

eIncase p =1/(l+1), ¢ =1/(m+1) and r, = 1/(n + 1), it leads to
the harmonic means (or called the logarithmic means) of a triple sequence
where P, ~ logl, Q,, ~logm and R, ~ logn for all [, m,n € N.

o In case pp = 1/((I + 1)log(l + 1)), ¢gn = 1/((m + 1)log(m + 1)) and
rn = 1/((n + 1)log(n + 1)), it leads to the harmonic means of second
order (or called the iterated logarithmic means) of a double sequence
where P, ~ logl, Q,, ~logm and R, ~ logn for all [, m,n € N.

e Incasep; = (I+1), g = (m+1)# and r,, = (n+1)? with a, 3,7 > —1, it
leads to untitled means of a double sequence where P, ~ (I+1)*"!/(a+1),
Qm ~ (m+1)*1/ (B+1)and r, ~ (n+1)7*1/ (y+1) for all [,m,n € N.

For (2mn) € w*(K), we define

A11120mn = A100A010A001 Zimn = D100 (A010A001Zlmn) = Aoio (AIOOA()OlZlmn)

= Zi,mn — Rlmn—1 — 2fl-1,m;n — 2lm—1n + Zl-1,m—1,n—1,
A10025lmn = Zimn — 2lm,n—1,
AOIOZlmn ‘= Zlmn — Rlm—1,n

AOOIZZmn = Zlmn T Rl—=1,m,n
for all [, m,n € N.

The weighted Kronecker identities for a sequence (z,,) are defined by:

l
1
100 . 1710000
Zlmn — UZmn(Z) = Fl g P 1 A100Zimn =: V}mn (Awoz),
i=1
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1 ©
010 010(9)
Rlmn — Uzmn ) = = E ijlA(JlOuljn = Vimn (Aowz)

and

1 m
001 _ 010(®)
Zlmn — Ulmn(Z) = _R E quﬁomzlmk = Vzmn (Aomoz)
n .
=1

for all [, m,n € N.

The sequence (Vl},?g (Alooz)) is the (N,p,*, ) mean of (P_1A1002imn) and

called the weighted generator sequence of (zj,,) in the sense (1,0,0). Concor-
dantly, the sequence <VZOIO 0 (Agloz)) is the (N, x, ¢, *) mean of (Qn—1801021mn)

mn

and (Vlggfl(o) (A0012)> is the (N, *,*,7) mean of (R,_1A12mn,) and called the

weighted generator sequence of (z,,) in the sense (0,1,0) and (0,0, 1) respec-
tively. More generally, the triple weighted Kronecker identity for a sequence

(2imn) are defined via <Vl100 (Alooz)>, (Vow(ﬂ) (A010Z)> and <V001<0> (Aomz))

mn Imn Imn
as follows:
111 111(®
Rlmn — Ulmn( ) V}mn (Alllz)
where

‘/1111(0) (AHIZ) ‘/2100(0) (A1o Z) + ‘/1010(0) (AO Z) + ‘/1001(0) (AO 12)

PlQ ZZZR 1Qj 1 R 1A111 2450
M =1 j=1 k=1
for all [, m,n € N.

mn

(Zimn) in the sense (1,1, 1).

The sequence <V21“(0 (A1112)> is called the weighted generator sequence of

In addition, the (N,p,q,7) means of order v € N of sequences (zj,,) and
<V1“(O) (Anlz)) are defined by

Imn

1 m n (v—1) .
PO-R Zi‘:o Zj:l D I%Qijail},j () ifv>1
111<“>(Z) — lQm n

Imn
Zlmn ifv=0

and

PlQmRn Zz =0 Z] 0 2k PidiTk Z}]lfl( oY (Amz) ifo>1

mn

V111(0> (AHlZ) ifv=0

Ilmn
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respectively.
Throughout this paper, oLl and V111" will be used instead of o111 (2) and
Vl}nlﬁb(l) (Aq112) for the sake of convenience.

The weighted de la Vallée Poussin means of (z,,,) are defined by:

1
Tligjf(z) = (P,LL _ B) (Qn N Qm Z Z Z Pid;TkZi5k,

i=l4+1 j=m+1 k=n+1
w>0ln>m,x >n

and

= (Pl — Pﬂ) (Qm — Qn Z Z Z PiqTkZijk,

i=p+1 j=n+1 j=x+1
pw<ln<m,xy<n

for all I, m,n € N.

At present, we define concepts of slow decrease relative to (P), (@) and (R,,)
and slow oscillation relative to (P), (Q.,) and (R,) for triple sequences. In the
wake of defining of that, we mention a relation between them.

A sequence (z,,) € w3(R) is said to be slowly decreasing relative to both (B),
(Qm) and (R,,) provided that

lim liminf min (2 — zpn) > 0; (2.2)
A—1t Im;n—o00 <P <AP,

k—1t QmSQJSR
5—1t Rp<Rp<6

that is, for each € > 0 there exist ng = ng(e) € N;A = A(e) > 1, k = k(e) and
d = d0(€) > 1 such that

Zijk — Zimn = —€ Whenever ng <1 <i,ng <m < j,ng<n<k

P Q; Ry,
dI<Z2Z <A< 2 <R 1I<ZELS
e e N el

Condition (2.2) is equivalent to

lim liminf min (U, — u;) > 0.
A—=1t Im,n—o0 F<P<AP

k—1T Qm<Q;<k
o—1+ Rp<Rp<6

The set of all slowly decreasing sequences relative to both (P), (Q,,) and
(Ry) is denoted by &9 pg r)-
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A sequence (zp,,) € w?(C) is said to be slowly oscillating relative to both (),
(Qm) and (R,,) provided that

lim lim sup |Zijke — Wimn| =0 (2.3)
A=1t mn—oo  p<p.<Ap,
k—1T QmZQ;<KkQm

that is, for each € > 0 there exist ng = ng(e) € NyA = A(e) > 1, k = k(e) > 1 and
d = 0(e) > 1 such that

|Zijk — Zimn| < € whenever ng <1 <i,ng <m<jng<n<k,

P, Q; Ry,
dlI< 2 <N1< 2L <k 1< <
aln _P_ 5 >~ S R, _R_

l m 0

Condition (2.3) is equivalent to

The set of all slowly oscillating sequences relative to both (F)), (@) and (R,,) is
denoted by &9 p g r)-

A sequence (2j,,) € w*(R) is said to be slowly decreasing relative to (P;) provided
that

lim liminf min  (Zymn — Zimn) > 0, (2.4)
A—=1t Iim,n—oco P<P;<A\P

or equivalently,

lim liminf min  (Zpn — Zimn) > 0.
A—=1— Imn—oo AP<P; <P,

The set of all slowly decreasing sequences relative to (P) is denoted by Sop-

Besides, a sequence (2y,,) is said to be slowly decreasing relative to (F}) in the
strong sense if (2.4) is satisfied with

min (25 — 2z;;5) instead of  min  (Zimn — Zimn) -
P <P,<\P, P <P,<A\P,

QmSQj <kQm
RnnggaRn

The set of all slowly decreasing sequences relative to (P,) in the strong sense is
denoted by GDGET(P).

A sequence (zj,,) € w?(C) is said to be slowly oscillating relative to () provided
that

lim limsup max |z, — 2 =0 2.5
A1+ ,,my,Hoz p<p<ap, " o (2:5)

or equivalently,
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lim limsup max  |2pn — Zima| =0
A—1-— 1,m,n—00 AP <P; <P

Besides, a sequence (zj,,) is said to be slowly oscillating relative to (B) in the
strong sense if (2.5) is satisfied with

max |z — 26| instead of  max  |Zimn — Zimnl -
B <Pi<AF P<Pi<AF,
QmSQ}S”Qm
RnSRkS(SRn

The set of all slowly oscillating sequences relative to (F,) in the strong sense is
denoted by GOGST(P).

Similarly, the sets 69 q), EDEZT(Q), 6O ), and BOST(Q) can be analogously
defined.

Indeed, for all large enough [, m and n, that is, [,m,n > ng, A > 1, k > 1 and
0 > 1, we find

min (Zijk — Zimn) = min (Zijk — Wijk + Wik — Wimn)
P <P;<\P, P <P;<\P,
<<
2.
Ro<Ry<oRy neTeetn
> min (zijk - ulj]g) + min (uljk - szn) . (2'6)
P <P;<\P, Qm<J<kQm
QmSQjSKQm
Rm<R;<kRy,

Taking lim inf and limit of both sides of (2.6) as {,m,n — oo and A, k,J —
1Trespectively, we get that the terms on right-hand side of (2.6) are greater than
0 . Therefore, we reach (2pmn) € D (pg).

It can be also said that if (2im,) € EDET(Q)NGD (pyNED k), then (24mm) €
&9 (pg,r)- Similarly, if (2imn) € BOST(P)NS ) or (2imn) € GOST(Q)NS(pyN
6@(13), then (Zlmn> € GD(P,Q,R)-

In the remainder of this section, we mention the classes including all positive
sequences (p;) whose sequence of partial sum (P)) is

e a regularly varying sequence of positive index,

e a rapidly varying sequence of index oo (see [3] for more details).

Let p = (pi) be a sequence that satisfies (p;) = (P, — P,—1), where Py =0
and P, # 0 for all [ € N.

(i) A sequence (FP,,) of positive numbers is said to be regularly varying if for all
A>0

P
lim —2m = () exists,

m—00 m
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where 0 < p(\) < oo (cf. [1]).

In spite of the fact that this definition has been used by many authors as a
starting point for studies including regularly varying sequences, these sequences
possess quite useful properties, the most important of which is probably the
following characterization theorem.

Theorem 2.2 [13] (Characterization Theorem) The following statements are
equivalent:

(i) A sequence (P,) of positive numbers is a regularly varying sequence.
(ii) There exists a real number a > 0 such that ¢(\) = A* for all A > 0.

(iii)The sequence (F;) has the form P, = (I + 1)*L(l) for [ > 0 with constant
a > 0 and slowly varying function L(.)on(0,00), i.e. the function L(.)ispositive,
measurable, and satisfies

1mw:1f0rall>\>0.

To emphasize such «, a sequence (F)) is called a regularly varying sequence
of positive index «, as well. Note that a regularly varying sequence of index ao = 0
corresponds to a slowly varying sequence.

The set of all sequences of positive numbers (p;) with py > 0 satisfying (c) is
denoted by SV Aieg(a)-

Here, it is useful to give the following implication proved by Bojanic and Seneta

4

Lemma 2.3 [1] If a sequence P = (P,) of positive numbers is regularly varying,

thenpg1—>1asl—>oo

(ii) A sequence (F)) of positive numbers is said to be rapidly varying of index oo
if

p 0 ifo<A<l,
%—> 1 ifA=1, as m — oo. (2.7)
[ oo ifA>1

The set of all sequences of positive numbers (p,,) satisfying (2.7) is denoted by
SV A,ap . In addition, it may be written conventionally as A* because the right
hand side of (2.7) is the limit of A\* as a@ — o0.



160 ASIF HUSSAIN JAN, TANWEER JALAL

3. AUXILIARY RESULTS

In this section, we state and prove some auxiliary results to be benefited in the

proofs of our main results. The next lemma presents two representations of

difference between general terms of (2;,,,) and (¢}1!) and it can be proved when

it is make convenient modification in Lemma 1.2 proved by Fekete [?].
Lemma 3.1: Let z = (z,,,) be a triple sequence.

(i) For sufficiently large p > [, n > m and x > n, we have

111

Rlmn — OpmnC
PNQWR 111 111 111 111
= o ~ Opumn — Olpn + Olmn
(B = B) (@ — Q) (R = ) 7o~ T = i+ i)
P 0 R
T <y LTy B Sy L g
Pu_Pl(M l ) Qﬁ Qm(ln l ) Q_Qn<lx l )

N (P, — P)(Q, _1Q (Ry — Q) Z Z Z Pi0;7k (Zijk — Zmn) - (3.1)

i=l4+1 j=m+1 k=n+1

(ii) For sufficiently large p < I, n < m and x < n, we have

111

imn — Omn
PHQU‘R 111 111 111 111
= Otmn — Opymn — Olgn +o
(B = Ba) @ — Q) (e = Tg) n ™ imn = i ¥ )
P Q, R
e T om gm) ot =)+ (gt gt
PZ—PM(H l ) Qm Qn(ln l ) Q Qx(lx l )

1
N (P, = P,) (Qm — Q) (R, — Qy) Z Z Z P07k (Zimn — Zijie) - (3.2)

i=p+1 j=n+1 k=x+1

Interpreted differently from the statement given in Lemma 3.1, the following
lemma points out two representations of difference between the general terms of
(Zimn) and (ofM) via the weighted de la Vallée Poussin means of (2, )-
Lemma 3.2: Let z = (24,,,) be a triple sequence.

(i) For sufficiently large p > [, n > m and x > n we have

111 _PMQnRx ( 111 ;mx) _ ﬂ (0111 _ unx)

Rlmn = Opmn = PlQm unx Ilmn Pl pwmn lmn
QU 111 RX 111
(Ulnn Tll:gr)f) 0. (Ulnx - Tll;%) (Thmn — Ztmn) -
 Qn Qn

(ii) For sufficiently large p < I, n < m and x < n, we have
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111 PMQT]RX (Tlmn 111) + ﬂ( Ilmn 111 )

Zlmn = Oy, = — —0 T — 0
mn PQmR, \ "™ Bnx P\ x pmn

R
+ O (rfm = o) + + 2 (e = obE) + (e — )

Proof: (i) For sufficiently large x> [, n > m and x > n we have from definition
of the weighted de la Vallée Poussin means of (2y,,)

T (2)

1 Iz n
~ (P, = P) (Qy— Qu) (Ry — R») PP IR BRLLE

1

3

i=0 j=0 k=0 =0 j=0 k=0 =0 j=0 k=0  i=0 j=0 k=0
_ PNQURX 0_111 . PTL 0_111
(Pu = P) (Qn = Q) (B = Bn) "™ (B = F) (Qy = Q) (B — Rn) "™
B HQmRn 0_11 + P,u 0111
(Pu o Pl) (Qn - Qm) (Rx B Rn) i (Pu - Pl) (Qn o Qm) (Rx B Rn) e
(3.3)
It follows from Eq. (3.3) that
- Uinln(u)
_ PMQ”]RXO_H _ ﬂgnl _ &0111 _ &0111 _ (B — P) (@n — @m) (By — Rn)T,LLnX
PQuRy " PP Q™ Ry PiQm R, mn

_ PuQnRx oM &0_111 o %0111 _ &0111 _ PuQnRx by Qn &
_ PMQTIRX 111 unx P,u 111 unx QTI 111 nnx
- PIQmRn (O 7 ) Pl ( ) (alnn Tlmn)

Hunx Imn pumn Imn Q
m

R
— 2 (ot — ) = ot (3.4

If we implicate in the term w,,, to both sides of equality (3.4), then we can observe
that the proof of (i) is completed.

(ii) The proof is similar to that of part (i) of Lemma 3.2. So, we omit it.
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To be also commented as a result of Lemma 3.1, the mentioned representa-
tions below give the difference between the weighted de la Vallée Poussin means
and the weighted means of (uy,,).

Lemma 3.3: Let z = (2;,,,) be a triple sequence.
(i) For sufficiently large p > [, n > m and x > n, we have

Than (2) = Ol (2)
_ P.Qy Ry (0111 gl gl +(71111)
(PM - Pl) (Qn - Qm) (Rx - Rn) HIX pmn i mx mn
¥ Q
b (o= o) + g2 o — ol
P;L—Pl(u l ) Qn_Qm(ln l )
Ry 111 111
+ m (Ulmx — Ol -
(ii) For sufficiently large u < [, n < m and y < n, we have
Ty (2) = iy (2)
BLuQn Lty 111 111 111 111 111
= Tlwn ~ Opmn ~ Olyn — Olmy T O
(P = P (@ — Q) (B — ) (i = Tomn = b = T+ %)
By 11 111 Qy 111 111
+ Pm——ﬂ (T — %mn) + Qm——Qn (Tl — Ulnn)
R
b (ol o).
In [7], Canak pointed out that a generator sequence (V,,SO)(AZ)> converges under

some proper conditions. Getting inspired the one for single sequences, we demon-
strate under which conditions the weighted generator sequence of (z,,) in sense
(1,1,1) is P-convergent.

Lemma 3.4: For a sequence z = (2m,) € w*(R) and (p;) , (gm) (1) s € SV Areg(a)
let the hypotheses

lim liminf (¢! — 777Xy >0 lim liminf (oil! — 7#7%) >0
mn Ilmn ’ Inn Imn )
A—=1t I;m,n—o00 ® k—1t Iimn—o0 n
lim liminf (o't — 747%) >0
6—1+t I,m,n—oc0 ( Imx lmn) -
lim limsup e L I 3.5
A1+ l,mn—o0 ( unx lmn) — ( )

for p > 1, 7 >m and xy > n and

: : 111 lmn) < : : ( 111 lmn) <
lim limsup (aumn T ) < 0, lim limsup (03, —7,1") <0,
A= 17 i, x—o00 K17, x—o0

lim liminf (o), —77") >0 (3.6)

A K1 = 1,1, X—>00 HnX Bnx /7 —
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pw<Il,n<mand xy <n hold.

If conditions

. - '
,\,ngh l171nn7111—r)lofo (Timn = Zmn) 20 (37)

and
lim liminf (Zpn, — 7o) >0 (3.8)

A k=17 fy1,X—00

are satisfied, then the weighted generator sequence (Vl}r}% (A111U)> is P-convergent
to 0 .

Proof: Suppose that (3.5)-(3.8) are satisfied. To prove that

P— lim (Vlll(O) (A1112)> == 0,

Imn
l,m,n—o00

we investigate 2y, — ojll (2) in two cases p > I,n > m,x >nand p < I,n <

m,x <n.
Firstly, we consider the case p > [, n > m and x > n. Putting

p=argmin{P;, > AP} =min{i >m: P, > AP}

n =argmin{Q; > kQ,,} =min{j >m: Q; > kQ}
and

x = argmin {Ry > AP,} = min{k >n: Ry > éR,}

with A, k,0 > 1, we observe by Lemma 2.3 that p;/F, — 0, ¢n/Qm and r,/R,,
— 0 as l,m,n — oo and hence

P, _ AP Py Puia | p Pu B
>0 )\ d L= L2 <) K Al 1 .
RER N ™ BT R TR gy M B9
Qn /{Qm Qn Qn—l qn dn Qn
> —Rand—:——l—— —|———_I£1+01 3.10
Qm Qm Qm  Qm  Om Qn Qm ( 1) @10
and
R, _ SR, R, R ¢ g R
s M s and 2 et e o5y Dt sy o 3.11
0. > . an - R +Rn_ +Ran (1+0(1)) (3.11)

which mean
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P
?‘;—>)\, %—H@ andg—z—n5 as [,m,n — oo (3.12)

respectively. If we get lim sup of both sides of identity (3.1) as [, m,n — oo, then
we arrive by (3.12)

: 111
lim sup (zlmn — Uzmn)
l,m,n—00

< lim sup LI limsup (o, — 7/%) + limsup L limsup (— (o /X))

l,m,n—00 PQO l,m,n—00 ux Timn =00 1 l,mn—o0 pmn Timn
+ lim sup @ lim sup (— (Jllnlnl — 7)) 4+ limsup (— (T — Zimn))
m—00 m l,m,n—00 l,m,n—00
= X limsu (o — ) A\ fimnt (o, — ) = e Bmint (ol 712
— 0 liminf (J}TEX — Tl’;:z?f) — liminf (7™ — 2z -

l,m,n—o00 l,m,n—o00

If we get limit on both sides of last inequality as A, x,0 — 17, we obtain

Hm sup (Zimn — Ojy) < - lim  limsup (o,,\ — 7/X) — lim liminf (o, — 7/
l,m,n—o0 A,0=1F [ m n—syoo A—=1t [ i;mn—o0

— lim liminf (o}} —7/2%)  — lim liminf (o} — /0%
k—1t I,;mn—o0 n 6—1t I,mmn—o0 X

— lim  liminf (72" — zp0n) -
A 01+ Lmyn—soo ( Imn mn)

From hypotheses in (3.5) and (3.7), it follows that

lim sup (Zmn — o) < 0. (3.13)

l,m,n—o00

On the other hand, we consider the case 1 < I, 7 < m and y < n. Putting

= argmax {F, > A\P;} = max{l >i: P, > AP},

n = argmax {Q,, > kQ;} = max{m > j : Q,, > kQ,}
and
X = argmax {R,, > 0Ry} = max{n > k: R, > R}

with A\, k,0 > 1, we observe by Lemma 2.3 that p;/F; — 0, ¢;/Q; — 0 and
r/Ry — 0 as fi,7, X — oo and hence

& < l and i = —P’Hl _ Panr > l _ Py —PﬁH ﬁ
;A P, P, P A P Py B
1 1 1
= 5= o)1+ o(1) = 11— o(1)) (3.14)
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Qi 1,g Qi Qi _Gan 1 030 Qi Qs
Qm R Qm Qm Qm K Qﬁ—H Qﬁ Qm
1 1 1
=———0o(1)(1 1)) = —(1—-o(1 3.15
~ — —o(1)(1+o(1)) = (1 - o(1) (3.15)
and
Ry 1 Ry  Ryy1i qge1r 1 gz Ry By
X < and X=X XL - AT _XT X
n ) R, R, R, 0 Ryy1 Ry R,
1 1 1
=5 50(1)(1 +o(1)) = 5(1 —o(1)) (3.16)

which mean
P; 1 R 1
#%X, gz%— dR—:%g asﬁ,ﬁ,)2—>oo,

respectively. If we get lim inf of both sides of identity (3.2) as [, 77, X, — 00, then
we arrive by (3.12)

T 111
lim inf (zlmn almn)
l,m,n—00
> lim IHf liminf (o5 —7,0") + liminf —= % lim inf (= (G — 7))
T, X—> 00 lQm n ,u 77 X—)OO M—)OO 1 7, X—00
Qs Ry
+ liminf =" liminf (— (o, — 7)) 4 liminf —* liminf (= (o)% — 70))
fi—00 Qmﬁ'ﬁ;(‘)oo n lmX X—00 nﬁf]i*)oo X KX
T 3 Ilmn
+ fimint (oo = 77)
— L lim inf ( 111 7_lmn) — ~lim sup ( 111 Tlmn) . l lim sup (0_111 o 7_lmn)
N 1,77, X fimn, Iin
AKS 7R —00 T — Tumx A i gosoo \ P pnx K agosee %
1
: 111 Imn Ilmn
s 1~1{I{SUP (Ulmx - mzx) + hm mf (zlmn — TMX) .
i, X =00
If we get limit on both sides of last inequality as A, k,§ — 17, we obtain
lim inf (zlmn olln{b;)
l,m,n—00
> lim liminf (ot — 7™") — lim lim sup oll _ plmn
T Ak, 01— fi,7,X—00 ( HnX WX) A" i 00 ( pmn Amx)
— lim limsup (o2 — 7)) + liminf (2, — 7077 .
K= 17 fif, 00 ( tim WIX) 1,m,n—00 ( mn HUX)
From hypotheses in (3.6) and (3.8), it follows that
S 111
zlinrrqlql—rgo (Ztmn — Ol (2)) > 0. (3.17)

If we combine inequalities (3.13) with (3.17), we reach
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lim (zlmn 111 (z)) =0

Olmn
l,m,n—o00

mn

which means by the triple weighted Kronecker identity that (Vll” ? (A1112)> is
P— convergent to 0 .

4. MAIN RESULTS FOR THE (N,p,q,7) SUMMABLE TRIPLE SEQUENCES

In this section, we introduce several Tauberian theorems concerning triple
sequences where the concept of P-convergence can be derived from the summabil-

ity condition of (N, p,q,7), given certain requirements on the weighted generator
sequence <Vﬁnl,i Y (Amz)> in terms of slow decrease or slow oscillation. Addi-

tionally, certain conditions are imposed on the sequences (p;), (¢n), and (7).
Subsequently, we provide some related corollaries based on these outcomes.

Theorem 4.1 Let (2imn) € £3,(R) and (p1) , (¢m) ; (Tn) € SV Areg(a)- If @ sequence
(Zimn) 18 (N, p, q,7) summable to a number ¢ and

(Vli,},i“” (Amz)) € 6D (p) N GD (g NED(p) N GDGT(Q)

or

(Vi (A112)) € Sp) N 6D(q) N ED(r) N GDET ),

or

(vm(‘” (Amz)) € &(p) N GD (g N D N SDST(p), (4.1)

Imn

then (zyn,) is P-convergent to /.

Proof: Without loss of generality, assume that (zp.,) € €3 (R) is (N,p,q,7)
summable to ¢ and (‘/2111 ? (A1112)> S 6@(13) N GQ(Q) N 6@(3) N 6@65(13)

mn
prove that (z,,) is P-convergent to ¢, we demonstrate that <Vl}r}}l( ) (A1112)> is

P-convergent to 0 . Because (o1l (2)) is P-convergent to ¢ and the (N, p,q,7)
method is regular under the boundedness condition of (z,,), we attain that
<O'l1n11%1(2)(2)> is also P-convergent to the same number. It follows from the triple

weighted Kronecker identity that (Vlm (A1112)> is P - convergent to 0 . For

mn

i >1,n>and xy >n, if we replace z,,, by Vl}ﬁ}b (A1112) in Lemma 3.1(i), we
obtain
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111 111D
Vl -V

mn Imn
P.QyR 111 111M 111 111(1> 111
= (P _ Pl) (Qn“_ncgnf) (R _ Rn) (V/M]x Vumn Vznn V;mx ‘/Zmn )

P, 1 & @y (o 111
bt (vl,;; _ ) (v _v )
a : Qn Qm \ ! :

Pu . P nn mn
R 111(M 1111
+ RX—R (Vlmx = Vi )

WG, eI > 33w (v -

i=l4+1 j=m+1 k=n+1
PMQH X

= vlll(l) Vlll(l) Vlll(l) Vlll(l) v111(1)>
(P - ‘Pl) (Qn - Qm) (R — Rn) ( S wmn Inn Imx Imn

e (V) g g (v )
w4l n m

4 (Ve - )
X

1
- (Py—P)(Qy — Qn) (R, — Ry) Z Z Z PidsT ( lﬁ:lm) Vljli(m)

l+1] m—+1 k=n+1
1

TR R@ QR Z 3> pa (1 - i)

=l+1 j=m+1 k=n+1

P.QnR M M M W M
< pldn iy <V111 _yi® pu® | pan® >
T (P = P) (@ — Q) (By — Ry) N . K mx :

P, <1 ) @y M &%
i@ ) (Vlll _yiu >
+ PM — Pl ( umn Ilmn Qn Qm Inn Im
R 1110 1110
— min (v“(” — V) = min (VA -V (4.2)
i nEI=

Putting p = argmin {7, > AP}, n = argmin {Q; > xkQ,, } and x = argmin {Q > 6R,,}
with A\, k,0 > 1, we can observe inequalities (3.9), (3.10) and, accordingly, (3.11).
Grounding that Vlm( (Aj1u) — 0asl,m,n — oo, we could remark VAR (Ap12)—

mn ijk
VI (Ajz) = Ofori=1lorp, j=mornand k =n or x as [,m,n — oc.
Since the sequences (P), (@) and (R,) are strictly increasing sequences, we
attain from (4.2) that
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V111<0> V111(1>

Imn Imn

PMQ”] X 1111 111 1111 111 1111
o e (e A R N N A

P 111D 111(1) Q 111 1111
+ P—Igl (Vumn - ‘/Emn ) Qn Qm (‘/Enn Vimn >
R 1110 1110
— min (Vll(o) — V11(0)> — min <V11-(0) — Vll(o))
Pp<P;i<\Pm \ " " Qn<Q;<rQn \ ™ m
QnSQgSNQn
MO+ A=)+ A=Dr+A0—-1)+AN=1)0+(k—1)+ (0 — 1)k
< 1 1 1
(4.3)
_ : 111(® 111(©) 11100 1110
nglptg,\a (V;Jk = Vijn > Rn<g1J1§nQ (v“m = Vimn )
Qm<Q;<kQm
R.<R;<kRn
where
P, P,/P A
P-P R/h-1-(-pt )
G @l E (140
Qn_Qm Qn/Qm_l (5_1)
and
L R )

R,—R, R/R,—17~ (6-1)

If we get lim sup on both sides of inequality (4.3) as [, m,n — oo, then we reach
for any A\, k,6 > 1

lim sup (I/an( Vln(l)) < — liminf min <V;,1€1(0) 1/2]1,?(0 )

l,m,n—00 mn tmn l,mn—oo P <P;<A\P K
Qm SQ] <KkQm
Rn<Rp<kxRpn

.. . (0) (0)
— liminf min <V21,i1 -y )
Lm,n—00 Qm<Qj<hQm \

If we get limit on both sides of last inequality as A, x,d — 17, then we find

lim sup (Vl}rﬁ(o) V“l(l)) <0 (4.4)

Ilmn
l,m,n—o0
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mmm(wg>@m@)e@@mmGQ@mGQmm@Mﬂw.mmm%a
similar procedure to above for i < [, n < m and y < n, if we replace zj,, by

Vl},}ﬂb(o) (A1112) in Lemma 3.1(ii), we obtain

V111<0) V111(1>

lmn Imn
PﬂQﬁRx ( 111 1111 111 111< ) 111
- VIO iy Vi)

(P = Pa) (@ — Qg) (B — Py \ i Vi ¥ Vi
P~ (1) (1) Q (1) (1)

o (Vi = Vi) 5= (Vi = Vi)

B — P\ g Qm — Q7 \! g

R @™ yr111®

1

+ (Pl _ Pﬂ) (Qm Qn Z Z Z Piq;Tk < 1717171( - V;jk111(0)>

i=(+1 j=n+1i=x+1

PﬂQﬁ X < 111 1111 111 111D 111
- pII® _pan® pn® p® g )
(P = Pr) (Q = Qq) (B — Py) N1 i T i 2
P (1) (1) Q (1) (1)
VARSLOI Vo ) (Vll _ )
+ Pl P~ ( Ilmn opmn Qm Qn Imn lnn
R 111 111D
+ —Rn "R, (VZmn = Vimy )

m (0) (0)
TR @ - Qo) Z >3 pae (v - 12)

1= u+1] n+1i=x+1

1

' (P — Pﬂ) (Qm — Q Z Z Z Pig;Tk < lgllil(()) Vlll(o )

i=a+1 j=n+1i=x+1

Z -7 <c§iciﬁ@§> ey (‘/’5’51 o =it =V V)
g (i =)+ g (v i)
g (Ve - va)
e, (Vi =)+ (2 V) 49
n<j<m
x<k<n

Putting i = argmax {P, > AP}, 1 = argmax {Q),,, > k@, } and x = argmax {R,, > 0 R}
with A\, k, 0 > 1 we can observe (3.13), (3.14) and, accordingly, (3. 11) Ground-
ing that VI (A}12) — 0 as I,m,n — oo, we could remark V1™ (Ayy;2) —

Imn

Vz‘;llm(Anw)—>0f0r@'=lOl"ﬂaj:morﬁandk:norxas'u’nx_)m’
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Since the sequences (P), (@) and (R,) are strictly increasing sequences, we
attain from (4.5) that

1110 1111
|

mn Imn
PQ5 Ry (1) ) & (1) M
> Ao <V111 @ pn® oyt pul )
= (P = P3) (Qum — Qp) (Ry — Py) \ 1™ pm i mx Vi
P; ) ) Qi 11 11
Pl o PI1 : : Qm - Qﬁ ! b
R; (1) &S,
= (Vi = Vi) (4.6)
Rn . R)~< l Ilmy
AR 46— AR
> SRR (oo +min (VY - V)
(1-=MN1—-r)(1-9) RQn<Qj<Qn I
+ o min (VR v
sp<p<p N "
FQm<Q;<Qm
ORm<Ri<Rn
where
Pi __R/R A1 — o(1))
P—-P, 1-P,/P — 1—X\
b QalQu _ F1—o(1)
Qm_Qﬁ 1_Qﬁ/Qm_ 1—-k 7
and
Ry Ry/R. _ 0(1-o(1))

= Y

Ry—Ry 1-Rg/R,~ 1-4
for 1/\ = A, 1/k =Fk,1/6 = 5, and 0 < \, &, < 1. If we get lim inf of both sides
of inequality (4.6) as fi,7, Y — oo, then we reach for any 0 < A\, %,d < 1

.. (0) (1) .. . (0) (0)
lim inf <VZH1 S ) > liminf min (Vllu —Vlﬁl >

l,m,n—o0 mn n Im,n—00 RQm<Q;<Qm mn
+ liminf min (V LR 11(0))
- ljk ijk .
I,m,n—o0 A\P,<P;<P, J J

FQmZQ;<Qm

If we get limit on both sides of last inequality as 5\, /?;,5 — 17, then we arrive

lim inf (v“l“’) - V““”) >0 (4.7)

Imn Ilmn
l,m,n—o00

due to <V1“(O) (A1112)> € 6D p) NED ) NED R NEDET p). If we combine

Imn

inequalities (4.4) with (4.7), we reach
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. © : e¥
lim V' = lim VU

Ilmn
l,m,n—o0 l,m,n—00

which means that (Vl}r}é(o) (A1112)> is P-convergent to 0 . Therefore, we conclude

from the triple weighted Kronecker identity that (zy,,) is P-convergent to /.
In regard to Theorem 4.1, we can point out the following theorem.

Theorem 4.2: Let (zimn) € Bo(R) and (1), (gm) € SV Areg(a)- If a sequence
(Zimn) is (IV, p, g, ) summable to a number ¢ and conditions

—Aloovlnl(m (Alllz) OL(l) QmAmon}ll(O) (A 112) OL( )
Rn 1110 o
and T_AO()lVEmn (Aulz) = OL(l) (48)

n

are satisfied, then (2, ) is P-convergent to £.

Proof: Assume that (z,,) is (IV, p, ¢, ) summable to ¢ and conditions (4.8) are
satisfied. If we indicate that conditions (4.8) imply one of the conditions (4.1),

shall we say, <Vl111 (Amz)> € &y,) 16D (g NED () NEDET(g), then we

prove this theorem with the help of Theorem 4.1. Put p = argmin {P; > AP},
n = argmin{Q); > kQ,,} and x = argmin {Ry, > 0R,,} with A\, x,6 > 1. Then, we
have for ng <m <i<pandng <n

Vi — v = Z AVl > -, Z Pr
j=m+1 k= m+1
P;U'

for any constant M; > 0. If we get lim inf and limit of both sides of last inequality
as m,n — oo and A — 1Trespectively, then we reach

lim liminf min <V111(0) Vl111(0)> >0

A1+ mn—00 Pp<Pi<AP, \ 7 mn

which means that (Vlm 0 (Anlu)) € 6D (p). On the other hand, we obtain for

mn

ng <m,n and ng < m,n < j,k<n,x

(0) o (0) q
Vlll _Vlll Z A(ﬂvl}ql Z —M2 Z r

ijn Ilmn

> — (% - ) > —My(k — 14+ Mo(1))

n
for any constant My > 0. If we get lim inf and limit of both sides of last inequality
as [,m,n — oo and k — 1trespectively, then we reach
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lim liminf min (Vlll‘o) _ V111(0)> >0

K 1+ L n—00 Qm<Q; <kQm \ U™ tmn

which means that (V#}L(O) (A1112)> € 69 (). Similarly, we can easily observe
that (Vﬁ;}t(o) (A1112)> € 6OGT(Q) is verified. Therefore, we conclude with the

help of Theorem 4.1 that (zy,,) is P-convergent to /.

Analogous results for triple sequences of complex numbers can be formulated as
follows.

Theorem 4.3: Let (2imn) € €2, (R) and (pi), (gm) , () € SV Areg(). If a se-
quence (2ynn) is (N, p, q,r) summable to a number ¢ and

Imn

(vul«» (Amz)> € D (p) NG NED(p NGOGT(Q)
or
(Vlirbllw) (A1112)> € GD(p) N GD(Q) N GD(R) NGOGT(P)

or

(Vi (Ain2)) € 89(p) N ED(g) N D (1) N GOGT(R)

mn
then (z,,) is P-convergent to /.

In regard to Theorem 4.3 , we can point out the following theorem.

Theorem 4.4: Let (2imn) € €2, (R) and (pr), (gm) , (1) € SV Areg). If a se-
quence (2ynn) is (N, p, ¢,r) summable to a number ¢ and conditions

P 0 m 0
p_zlAloonm( (Amz) = 0(1), Q—Aoszm( "(Amnz) = 0(1)

mn mn
m

R 111(0)

and R_nAOOIVI (A1112) = O(1)

mn

are satisfied, then (2,,) is P-convergent to . Before finishing this section, we
discuss some conditions needed for (N, p, ¢, r) summable triple sequences to be
convergent.

Theorem 4.5: Let (2imn) € (3,(R) and (pi), (gm), (Tn) € SV Areg(a)- If a se-
quence (Zpnn) is (N, p, q,r) summable to a number ¢ and conditions

i (2 ) 20 0

and
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lm  liminf (zm, — 7)) >0 (4.10)

A K,0—1— I,m,n—o00 KX/ =

are satisfied, then (zj,,) is P-convergent to £.

Proof: Assume that (2,,) is (IV, p, ¢, 7) summable to ¢ and conditions (4.9) and
(4.10) are satisfied. To prove that (zj,,) is P-convergent to the same number,
it is enough to prove that conditions in (3.5) and (3.6) are verified. For p > [,
n > m ans x > n, we have from Lemma 3.3(i)

T (2) = T (2) =
P.@Qn Ry

111 111 111 111
Imn + )

(P, — P)(Q, — Qm) (R, — Ry) (O pmn = T — In

b Q
P F (Timn = Cpmn) + o.—an (in = Oign) +

Ry

7 7 (0,111 _ 0,111 ) )
x ~ 1tlm

Ilmn Imx

(4.11)

_|_

Putting y = argmin {P; > AP}, n = argmin {Q; > k@, } and x = argmin{R;, > 0R,}
with A\, k,0 > 1, we can observe inequalities (3.9), (3.10) and, accordingly, (3.11).
Grounding that o, (u) — € as I,m,n — oo, we could remark o}, — ol — 0
fori=1or u, j=mormnand k=nor x as [,m,n — oo. If we get lim inf of
both sides of equality (4.11) as [, m,n — oo, then we obtain

Jiminf (o1, = 7i7m,)
A K 0 S 11 111 111 111 111
> ()\ — 1) (KZ _ 1) ((5 — 1) l}inr,%l—{lof; (O—an “ Ounx — Timn + Olnn + Jlmx)
o 111 111 o 11 11
X1 i (ot = Oumn) 477 Sl (i = i)
T AT
where
P, P,/ P A
T )
pP,-P P,)/P,—17 (A-1)
L )

Qn_QmiQn/Qm_l_ (5_1)

and
R, RJR, _ ¢
R,—R, R/R,—17~ (6-1)

If we get limit of both sides of last inequality as A, k,0 — 17, then we arrive

(1+0(1)).
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lim liminf (0111 —T“"X) > 0.
A Gt Lo © Hmn Tlmn

In the same vein, for yp <1, 7 <m and y < n , we have from Lemma 3.3(i)

Ot (2) = T (2)

~ TNimn
111 111 111 111)

P.Q
=) (@ = @) (o = o = o & i
+ PN (0_111 0_111 ) 4 Qm ( 111 111) 4 Rn ( 111 111) )

Imn — mn Imn — Olm
Pu_f)l # Qn_Qm Rn_Rn X

Olmn Inn

(4.12)

If we get lim inf on both sides of equality (4.12) as [, m,n — oo, then we obtain

lim inf (Ullnlé(z) = Thn (%))

l,m,n—o00
A K )
111 111 111 111 111

> (Omn_a _Ulmn+aln+0lm)

A—1) \—1)\5=1) \Tumn = Tumx " x

: : 111 111 : : 111 111
+ liminf (o, — 0 + liminf (o, — 0
A — l,m,n—00 ( tmn umn) K — 1l Imn—ox ( imn l’r]n)

lim inf (0111 . ) .
5 — 1 Lm.n—oo Ilmn Imx

+

If we get limit of both sides of last inequality as \, x,0 — 1T, then we arrive
. . . 111 o unx >
)\,nl,ggl-F l171nH7lzl—r>lofo (%1 (2) = Tipin (2)) 2 0.

In addition to what is attained above, for u < I, n < m and x < n, we have from
Lemma 3.3(i)

ok~ 7t
TR, a0

b BT g O~ o) o L (ot~ o)
g (o = ) (4.3

If we get lim sup on both sides of equality (4.13) as [, m,n — oo, then we obtain
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lim sup (02”171( — T
l,m,n—o0
< i lim sup (01” — 0111) + A
S O —DE 1) e i =o)L e o)
)
< 1i 11 1 I 11 1
o 22 (= ) 4 (= 1) (5 = 1) o (O~ i)
: 111 111
P fmep (T = %)

If we get limit on both sides of last inequality as A, x,0 — 17, then we arrive

lim limsup (02”171( — Tl‘;gff) < 0.
Ak, 0—1F l,m,n—o00

Hence, we can state that conditions in (3.5) are verified. Following a similar proce-
dure to above for < [, 7 < m and x < n, we can behold that conditions in (3.6)

are also verified. In that case, we reach from Lemma 3.4 that (V#}L(O) (A1112)> is

P-convergent to 0 . Therefore, we conclude from the triple weighted Kronecker
identity that (zy,,) is P-convergent to /.
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