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ON SOME INEQUALITIES INVOLVING BETA-LOGARITHMIC
FUNCTION

MUSTAPHA RAISSOULI' AND MOHAMED CHERGUI?*

ABSTRACT. The Beta-logarithmic function, providing simultaneously a gen-
eralization of the logarithmic mean and the beta function, has been recently
introduced by the authors. In this paper we deal with approximating this
function when investing some advanced integral inequalities. Many old/new
inequalities involving the standard beta function and the logarithmic mean are
immediately deduced.

1. INTRODUCTION

The widely recognized beta function, commonly referred to as the first-order
Euler’s integral, is defined for any x,y > 0 by

B(x,y) = /0 w1 — ) du. (1.1)

There is an extensive amount of literature that discusses properties of this stan-
dard function as well as its applications in various fields, for example [1, 2, 7].
Over the last years many generalizations have been given for this interesting
function, as chronologically cited in what follows.

e In 1997, Chaudhry et al. [3] extended the beta function by setting for any
x,y>0and p >0,

Blz,y:p) == /01 w1 — w)PLexp (u(_—p)) du. (1.2)

1—u

e In 2014, Choi et al. provided in [9] a double parameterized version of (1.1)
defined for any z,y > 0 and p,q > 0 by the following formula:

Bz, y:p,q) = /01 w11 — 1) exp (—9— 4 ) du. (1.3)

U 1—wu

If p =0, (1.2) is identical to (1.1), and if p = ¢, (1.3) is then reduced to (1.2).
Many properties involving these generalized beta functions have been investigated
in [16].
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e We have recently [15] defined the beta-logarithmic function, a new parametric
extension of the beta function defined for a, b; x,y > 0 by,

1
BL(a,b;x,y) = / a' " (1 — w)Y ! du. (1.4)

0
Many algebraic properties and applications of BL(a,b; x,y) were established in

[15]. In particular, we pointed out that for all a, b; z,y > 0, we have the following
expansion:

BL(a,b;z,y) = Z B(x 4;1'?1;73;—1— m) (log a)m(log b)n. (1.5)
n,m=0 ’ ’

Our generalization also covers the bivariate logarithmic mean L(a,b). The fol-
lowing formulas clearly show this fact.

BL(1,1;z,y) = B(z,y) and BL(a,b;1,1) = L(a,b), (1.6)
where L(a, b) is defined for two positive numbers as follows [14],
L(a b)—a—_b—/lal_“budu L(a,a) =a (1.7)
" loga —logh ’ T '

It is worthy to recall that a mean stands for any binary map m satisfying the
following in-betweenness property

min(a,b) < m(a,b) < max(a,b), for any two positive numbers a,b > 0. (1.8)

Recently, an important study on means has been undertaken in [17] based on
their representation by integrals. The fundamental target of the current work is to
establish approximations for the beta-logarithmic function BL(a, b; x,y). Section
2 is devoted to providing inequalities of BL(a,b;x,y) when using Chebychev’s
inequality. In section 3, we state some other inequalities by employing various
versions of Griiss type inequalities. In Section 4, we focus on obtaining further
inequalities by applying some Ostrowski-type inequalities, particularly those that
involve functions with bounded first and second derivatives.

2. APPROXIMATIONS VIA CHEBYCHEV’S INEQUALITY

In this section, we outline some inequalities for BL(a, b; x, y) using Chebyshev’s
integral inequality. We first need to briefly define a class of functions that are of
great importance in mathematical analysis.

Definition 2.1. Let ¢ and ¥ be two real functions defined on a nonempty interval
I of R. ¢ and 1) are called synchronous (resp. asynchronous) on [ if the following
inequality

(¢(u) = 6(v)) (¥(u) = P(v)) > (L) 0

holds for any u,v € I.

This class of functions satisfies Chebyshev’s inequality, which will be useful in
what follows. It reads as follows [10, 11].
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Lemma 2.2. Consider three real functions ¢,1,w defined on a non-empty inter-
val I C R such that w(u) >0 for allu € I and w, wpy, wp and wi are integrable
on I. If ¢ and ¢ are synchronous (resp. asynchronous) on I, the following
inequality holds:

Jtwydux [w@otup duz () [w@ow du [ et de @)

I I I
Using this lemma, we establish our first main result as indicated below.

Theorem 2.3. Let a,b > 0 and z,y > 0. Assume that (a —1)(b—1) < (>)0
then there holds,

B(z,y) x BL(a,b;x,y) > (S)BL(L, by x,y) x BL(a,1;x,y) (2.2)
Proof. For fixed a,b > 0 and x,y > 0, we define on (0, 1) the following functions:
p(u) =a'™, P(u) =", and w(u)=u"""(1—-u)’"

First, we note that w is positive and integrable on (0;1). On the other hand, we
have for all u € (0,1)

¢'(u) = —(log a)a'™ and ¥'(u) = (log b)b".
Consequently,
¢ and ¢ are synchronous (asynchronous) < loga logb < (>)0
& (a—1)(b—1) < (>)0.
Applying Chebychev’s inequality (2.1), we obtain

/OIW(U) du x /OlcU(U)Cb(uW(u) du > (<) /Olw(u)¢(u) du /Olw(u)w(u) du.

Thus, substituting ¢(u), ¥(u), and w(u) by their expressions, the following in-
equality holds

1 1
/ u” (1 —w)Y " du x / u” (1 —w)V e T du > (<)
0 0

1 1
/ a7ty (1 —w)Y du / bt (1 —w)¥ ! du.
0 0

By taking into account the formulas (1.1) and (1.4), the result of the theorem is
deduced. O]

Using Lemma 2.2 again, we can state the following result.

Theorem 2.4. For any positive real numbers a,b,x, and y > 0, we have the
following inequalities:

(i) If (x = 1)(b—a) > ()0 then

BL(a,b;z,y) > (<) y B(z,y) BL(a,b; 1,y) (2.3)
(@) If (y = 1)(a = b) = (<)0 then

BL(a,b;z,y) > (<)z B(x,y) BL(a,b;x,1) (2.4)
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Proof. On (0, 1), we consider the following functions:
o(u) =a'v*, YPu)=u""", and w(u)=(1—u)’"
For any u € (0, 1) we have,
¢ (u) = a' b log(b/a) and '(u) = (z — 1)u" 2.

So, if the condition (z —1)(b—a) > (<)0 is fulfilled then f and g are synchronous
(asynchronous) on (0,1). In addition, the function w is positive and integrable
n (0,1). Applying the Chebychev’s inequality (2.1) we obtain,

1 1
/ (1 — ) ! du x / a' b ut T (1 — w)Y T du
0 0
1 1
> (g)/ a'7u b (1 —u)? du/ ™t (1 —w)¥ " du.
0 0

That is,
B(1,y) BL(a,b;x,y) > (<) BL(a,b,1,y) B(z,y),
which is equivalent to (2.3).

We can proceed in the same way to prove the statement (i7) by making the
following choices:

p(u) = a* " b", Plu)=(1—-u)¥", and w(u)=u"""

The steps that follow these choices do not pose any complications and are there-
fore not repeated here. O

3. APPROXIMATIONS VIA GRUSS TYPE INEQUALITIES

We continue establishing inequalities involving the beta-logarithmic function
in this section. This objective will be attained by investing some Griiss type
inequalities. The first version proved by Griiss in 1935 [10, 1] is recited in the
following lemma.

Lemma 3.1. Let us consider two real functions ¢ and 1 integrable over (a,b)
and satisfying for all u € (a,b)

my < (u) < My and  my < b(u) < My,

where mq, mq, My and My are real constants. For any nonnegative real function
w integrable on (a,b), the following inequality holds

/abw(U) du x /ab O(u)y(w)w(u) du — /abgb(u)w(u) du x /abqp(u)w(u) du
= }L(Ml —m)(Ms = mz)(/bw(u) du>2. (3.1)

a

To establish further findings via the Griiss inequality, we also require the fol-
lowing lemma, which can be shown with the classical tools of real analysis.
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Lemma 3.2. Let s and r be two positive real numbers. We have,

(1 — 1) s
sup — ) =
t€(0,1) (s47)str

These last two lemmas allow us to state the following theorem.

Theorem 3.3. The following inequality
b—al (-1 (y— 1!

: - <
BL(a, bz, y) = L(a,b) B(z,y)| < —, oty = 2

(3.2)

holds for all a,b > 0 and x,y > 1.
Proof. Let us define on (0,1) the functions,
d(u) = a' " b*, Y(u) = vt (1 — ), and w(u) = 1.
For every u € (0,1), by using successively (1.8) and Lemma 3.2 we get,

(= 1)y — 1

min(a,b) < ¢(u) < max(a,b) and 0 <YP(u) < Gty 2

Usmg (3.1), we deduce
| (x -1 (y— 1!

du—/qf) dux/@/z ) du| < @ty 22
ThlS last inequality combined with (1.1), (1.6) and ( 4) leads to (3.2). O

The following inequalities can be stated as well.

Theorem 3.4. Let x,y > 1 and a,b > 0, there hold

i1 1
’Bﬁ(a,b;x,y) — W‘ < 1 max(a, b) (3.3)

and BL(a,b;z,1 1
‘Bﬁ(a,b;x,y) — %‘ < ) max(a, b). (3.4)

Proof. Define the following auxiliary functions on (0, 1):
p(u) = v () = a7 0" (1 —u)? !, and w(u) = 1.
If x> 1and y > 1 then for all ¢t € (0,1) we have,
0<¢(u) <1and 0 <y(u) <max(a,b).
By applying (3.1) to the functions ¢ and 1, we find:

1 1 1
/ a' ettt (1 — w)Y T du — / u” "t du / a7 (1 — )t du| <
0 0 0

— max(a, b),

4

which is equivalent to (3.3).
To obtain (3.4), we perform the same steps considering the functions defined on
(0,1) by:

Su) = (L= and (u) = a" b,
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What follows is straightforward. Thus, the proof is completed. O
Corollary 3.5. Let x,y > 1 and a,b > 0. Then

BL(a,b;1 BL(a,b;x,1 1
(0,bi1,y)  BL(a,bi, )‘ < — max(a, b). (3.5)

x Y 2
Proof. Combining (3.3) with (3.4) and using the standard triangular inequality
we get (3.5). O

Theorem 3.6. The following inequalities

BL(a,biw,y) ~ L(1L,a) BE(L, b, y)| <

ja— 1] max(1,8) (& — )" (y — v~
4 (x+y—2)rty=2

(3.6)
and
BL(a,bi2,y) — L(1,0) BL(a, Lz, y)| <

b —1| max(1,a) (@ —1)*" ' (y — v~
4 (x+y—2)rty—2

(3.7)

are satisfied for all x,y > 1 and a,b > 0.
Proof. For u € (0,1), let us set
d(u) = a' " P(u) = 0" v (1 — ), and w(u) = 1.

For every u € (0,1), we have min(1,a) < ¢(u) < max(1,a). Thanks to Lemma
3.2, we obtain

(z -1t (y—1)u"
(z+y—2)r+v=>
Applying (3.1) to the functions ¢ and v, we get
a — 1] max(1,b) (z — 1)1 (y — 1)¥~!

0 < ¢(u) < max(1,b)

1
. _ 1—u < |
'Bﬁ(a, b;z,y) /0 a"duBL(1,b,2,y)| < 1 (& +y— 2t

Noticing that fol a'~"du = L(1,a), the inequality (3.6) is attained.
With similar steps, (3.7) can be proved when taking on (0,1) the following
functions,
d(u) =" and Y(u) =a w1 —w) . O
Investing the inequality (3.1), we can state the following theorem.

Theorem 3.7. Let a,b,c,d >0 and z,y, z,t > 1. The following inequality holds

BL(ac,bd;z+2z—1,y+t—1)—BL(a,b;x,y) x BL(c,d; z,t)

< max(a, b) max(c, d)
- 4

Uy yer (3.8)

where,
Gt M et VSO Gt ) M Ul O
(ZE + Y — 2)x+y—2 (Z +t— 2)z+t—2

\ij'?,w,t =
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Proof. We define on (0, 1), the following functions:
dlu) = a b u (1 —w)? L (u) = d w1 —w) and w(u) = 1.
We have the following,

(=1 (=1
(x +y—2)rtv—2

0< ¢(u) < max(a, b)

and 1 t—1
(-1 (-1~
0 < v) < max(ed) C LU
Applying (3.1) to the functions ¢ and ¥, we get (3.8). O

Corollary 3.8. Let a,b > 0 and x,y > 1. We have the following inequality
BL(a* b* 22 — 1,2y — 1) — (BL(a,b;z,y <

)
(max(a, b))2 (z — 1)20-2 (y — 1)20-2
4 (ZE + Y — 2)2x+2y—4

(3.9)
Proof. Substituting in (3.9) z,t,c and d by z,y,a and b respectively, we get the
required result. O

Theorem 3.9. The following inequality

B(r,y) BL(a,bix,y) = BL(a, 1,,y) BL(L,b.x,y)| <

la — 1] |b — 1|

0 (B(z,1))%, (3.10)

holds for all positive numbers a,b, x and y.
Proof. Let us put for every u € (0, 1),
d(u) =a*™™, Pu) =0 and w(u) =u""" (1 —u)’".

We have for u € (0,1), min(l,a) < ¢(u) < max(1l,a) and min(1,b) < ¥(u) <
max(1,b). Using (3.1), we get

/Olw(u) du X /01 ¢(u)(u)w(u) du — /01 d(u)w(u) du x /01 b (w)w(u) du’ <

et )’

Replacing in this last inequality ¢(u), ¢ (u) and w(u) by their expressions, we get
the inequality (3.10). O

Another important result will be stated in the following theorem.

Theorem 3.10. Let a,b > 0 and x,y > 1. Then there holds

L(a,b) BL(a,b;x,y) — BL(a,b,z,1) BL(a,b,1, y)‘ < ;l(L(&, b))2. (3.11)
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Proof. Let us define on (0,1) the functions,
du) =u"t, u) = (1 —uw)?" and wu)=a"""b"
We have for u € (0,1), 0 < ¢(u) <1 and 0 < (u) < 1. Applying (3.1), we get

L/ mX/¢ MM—A}@ mX/¢ )mh
1(/0 w(u )du)2.

Taking into account the integral representation in (1.7) and substituting ¢(u), ¥ (u)
and w(u) by their expressions, we deduce the inequality (3.11). O

We end this section by yielding further inequalities for BL(a, b; z, y), making use
of the following result, recognized by Griiss’s premature inequality [5, Theorem
55].

Lemma 3.11. Let ¢ and 1) be two integrable functions defined on [0, 1]. Assume
that, for all u € [0, 1], we have m < (u) < M for some constants m, M € R.
We have

\/01 ¢(u)y(u) du—/o1 o (u) dux/01¢(u) du‘

gM;m<AwHMM—(A}mm@3U.(mm

Moreover, 1/2 is the best possible constant.

Theorem 3.12. For any x,y > 1 and a,b > 0, we have
BL(a, b2, y) — L(a,b) x B(z.y)| <

(@ =1 (y =)
2(z +y — 2)rty2

Proof. Let us consider x,y > 1 and a,b > 0. We define on [0, 1] the following
functions,

(L, 1?) ——_LQ(a,b)]l/z. (3.13)

d(u) = a* " b* and (u) =u""t (1 —wu)¥h
For all u € [0,1] we have from Lemma 3.2, 0 < ¢(u) < (x(xlf; 12§‘Z+;)y? ", Using
(3.12), we obtain

’A}@ @—/¢ mew w
2(;1c+y—2l"+y2 /¢ /¢ 1/2'

Substituting in this last inequality by the formulas in (1.1), (1.4) and ( 6), we
find (3.13). O]

At the end of this section, we present the following statement.
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Theorem 3.13. For all x,y > 1 and a,b > 0, the following inequality holds,

BL(a,b;x,y) — L(a,b) x B(:E,y)‘ <
|b—al
2

Proof. Let us take x,y > 1 and a,b > 0. We define the following two functions
on [0, 1],

[B(Qg: ~ 1,2y — 1) - B¥x, y)] ERTRT)

du) =u" ' (1 —u) ' and Y(u) =a'""b"

For all u € [0, 1], we have from Lemma 3.2, min(a,b) < ¢(u) < max(a,b).
Using (3.12) again, we get

‘/01 d(u)h(u) du — /01 o(u) du x /01 V(u) du) <

’b;“’ </01¢2(u) du — </01qb(u) au)’)".

By the formulas in (1.1), (1.6) and (1.4), the inequality (3.14) is deduced. O

4. APPROXIMATIONS VIA OSTROWSKI TYPE INEQUALITIES

In this section, we will use certain Ostrowski-type inequalities to establish other
inequalities involving the beta-logarithmic function. We begin by recalling the
following, [5, Theorem 52].

Lemma 4.1. Let ¢ be a bounded measurable function on I = (a,b) such that
1 < ¢(u) < o, for all uw € I. Assume that ¢'(u) exists and is bounded on I.
Then,

‘bia/ab‘ﬁ(“)w(“) du—ﬁ/jﬂw du x /abw(U) du‘ <

e — e sup W), (41)
uel

Further, 1/8 is the best possible constant.

Theorem 4.2. Let a,b >0 and x,y > 1. We have the following inequality,

BL(a,b;x,y) — L(a,b) B(z,y)| <

O U
8(x+y— 2)rty—2

Proof. Consider the functions defined on [0, 1] by ¢(u)
Y¥(u) = a'7*b*. On one hand, we have

| log(b/a)| max(a,b). (4.2)

w1 (1 — u)?~! and

-y -1
(l‘ + Yy — 2)1‘+y—2

0< plu) <
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On the other, |¢/(u)| = |log(b/a)|a'~*b*, and so,
sup. [/ (w)] < |log(b/a)| max(a, b)

u€(0,1]

By virtue of (4.1), we have

‘/Olgb(t) du—/gb dux/¢ du‘<

(x—1)* 1 (y—1)v~
8(x_’_y_2)x+y 2

This leads straightforward to (4.2) by the use of the explicit expressions of ¢,
and w and the formulas (1.1), (1.4) and (1.6). O

‘log b/a)| max(a,b).

Theorem 4.3. Let a,b >0 and x,y > 2. The following inequality holds

Bﬁ(a,b,az,y) - L((I, b) B(.Qf,y) <
b—al (x—2)"%(y — 2)"*
8 (x +y—4)rtyv—
Proof. Let us take the following two functions defined on [0, 1] by
(u) = a' " b* and Y(u) = v (1 —u)? .
We know that, min(a,b) < ¢(u) < max(a,b). Moreover, we have
W) = v (1 -w) 7 (@ = 1)1 —w) —uly — 1)]
v — 2% (y — 2
(ZIZ' + Y — 4)x+y*4
Now, applying (4.1) we deduce that,

’/01¢(u) du—/¢ dux/w du)<

b—a|(x—2)"2(y —2)¥2
8 (x+y— 4)x+y*4
Utilizing (1.1), (1.4) and (1.6), (4.3) is established. O

max(x — 1,y —1). (4.3)

max(x — 1,y — 1).

max(z — 1,y — 1).

In order to determine more inequalities for the beta-logarithmic function, we
recall the following important integral inequality established by Ostrowski in 1938

[13].

Lemma 4.4. Consider a differentiable ¢ function on (a,b) such that for all u €
(a,b), we have |¢'(u)] < M for some fized real number M > 0. Then, for any
€ (a,b), we have

u

/gb du‘ < (u=232) )(b—a)M (4.4)

b—a (b—a)?

Further, the constant 1/4 is the best possible.
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Theorem 4.5. Consider four positive numbers a,b,x, and y with a # b and
x,y > 2. For every s € (0,1), we have

Bﬁm@xw%—ﬁﬂwg“%l—@wlgAﬂ(1+@—1f> (4.5)

4

with,

(z—2)"%(y —2)»?
(z +y — 4)++v—4

Ay = max(a,b)

(log(b/a) — x — y + 2)? x_1|)

4log(b/a) '
Proof. For any u € (0,1), we set ¢(u) = a'~“d*u*' (1 —u)?~!. For all u € (0,1)
we have,

max(:v—l -1, ‘

Sl = @b (1w ()
(=272 (y 22
EEERETE I

where w(u) = —u? log(b/a) + (log(b/a) — (x +y —2))u+x — 1. If 2,y > 2 then,
it is easy to check that the function w attains its maximum point for a certain

value u € {0,1,ug} with uy = [1 — 12(%/ Q)} This implies that,

sup |w(u)] = max(|w(0)], lw(1)], [w(uo)|)

u€(0,1)
(mgww—x—y+m2+x_4> (46)
41og(b/a) '
Now if we apply (4 4), we get, for all s € (0,1),

/“¢ yau| <27 (54 (s 5))

This, when added to the expression of the function ¢, achieves the proof. O

< max(a,b)

:max(m—l,y—l,

To state another result, we will use a particular version of Ostrowski’s inequality
[7, Corollary 11] recalled in the following lemma. This will enable us to establish
another upper bound for the left term of (4.5).

Lemma 4.6. Let ¢ be a differentiable and integrable function on (a,b) such that
¢ is continuous on (a,b) with ||¢'||; =: fb | (u)|du < co. We have

’/1 u)du — () (b — a) _( @—a%w a+bDu¢m. (4.7)

Theorem 4.7. Consider four positive numbers a,b,x and y with a # b and
x,y > 2. For all s € (0,1) there holds,

’Bﬁ(a, biz,y) —a' " b s (1 — s)y_l‘ <

1
Z,Y —
Ba,b (2 +

s—%>3aabz Ly—1), (48)
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where

(log(b/a) — = —y +2)°
4log(b/a) —i—:z:—l‘).

Proof. We consider again the function ¢(u) = a'=*b* u®! (1 — u)¥~!, defined for
u € [0, 1]. We have,

¢ (u)] = a* b u*? (1—u)? 2 x|—u* log(b/a)+(log(b/a)— (z+y—2)) u+z—1].
So,

1
nwmzé|dwwm

< sup | —u®log(b/a) + (log(b/a) — (z +y —2)) u+z — 1|x
u€(0,1)

By = max (x—l,y—l,

1
/ @b (1= ) du < BL(a,bw — 1,y — 1)
0

(log(b/a) — x — 2
max(:v—l -1, ‘ (log(b/a) — = — y +2) —|—ZL‘—1|>.
4log(b/a)
According to (4.7), we get for every s € [0, 1],
1
| [ ot a6 < (3 +1s = 31) 1 1
Whence, inequality (4.8) is deduced. 0J

Now, we will use another integral inequality known in the literature as Ostrowski-
Griiss inequality stated by Dragomir and Wang in [%, Corollary 2.2].

Lemma 4.8. Let f : [ C R — R be a differentiable mapping on a nonempty
interval I C R, and let a,b € I with a < b. Suppose that [ € Ll([a,b]) and for
all u € [a,b], we have |f'(u)| < M for some M > 0. The inequality

/f ) du — ) i("’)(x—a;b)‘g%(b—a)m (4.9)

—a
holds for all x € [a,b].

Theorem 4.9. Consider four positive numbers a,b,x and y with a # b and
x,y > 2. For every s € (0,1), we have

1Yy
—2 (r4+y—4)rtv
(log(b/a) — = — y +2)*
—1)). (41
Tog(b/a) b (4.10)
Proof. Let the function ¢ be defined on (0,1) by ¢(u) = a'~*b* v (1 — u)¥~".
We have for all u € (0, 1),

BL(a,b;z,y) —a' b s" (1 —s)Yt

x max(a, b)

Xmax(x—l,y—l,

(z — 22 (y — 2

|90 (u)| < max(a, b) (ZL‘ +y— 4):c+y—4

max(z — 1,y — 1).
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Employing (4.9) we obtain, for each s € (0, 1),

!w<s>—-/€1 oy du| < L OO o)

(x +y—4)ztyv—1

(log(b/a) —x — y + 2)?
1Ly—1, —1)
X max (z | Tog(b/a) +o -1
This added to the expression of the function ¢ concludes the proof. ]

To establish more inequalities for the beta-logarithmic function we will use some
variants of Ostrowski type inequalities which involves the second derivatives. We
the recall the following result due to Milovanovié¢ and Pecari¢ [12].

Lemma 4.10. Let f : [a,b] — R be a twice differentiable mapping such that
| /" loo:= sup |f"(u)] < oco. Then the inequality

u€(a,b)

2 [1) + =@ £ O 0B b_a/f e

I Nl o1 (%7
- (—a)h§+ = ay]’(4“)

holds for all x € (a,b).

Employing this lemma, we point out the following theorem.

Theorem 4.11. Let a,b,x, and y be four positive numbers with a # b and x,y >
3. For all s € (0,1), we have

Loy g a1 yo1| o K1+ Korl 1,2
. _ _ < 1 e - _ - .
‘Bﬁ(a,b,x,y) 5@ b 5" (1 —s) < 1 [12 + (s 2) ], (4.12)
where,
(log(b/a) —x —y +4)°
K = —2,y—2 —2
1 max (a: 7 , 4log(b/a) +x X
(log(b/a) —x —y +2)?
—1l,y—1 -1
max (x Y , 4log(b/a) +x X
(= 3 (y = 3
max(a, b) oty —6)T
and
-9 T—2 -9 y—2
K5 := max(a, b) (z=2""(y—2)

(z +y —4)=tvt
max(|log(b/a) — x —y + 2|, [log(b/a) +z +y — 2|).
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Proof. For the function p(u) = a'~“b*u*1 (1 — u)?"! defined for u € [0,1], we
have,
" (u) = a7 b w3 (1—u)Y 3 (—u? log(b/a)+(log(b/a) — (z+y—4)) u+z—2)x
(—u® log(b/a) + (log(b/a) — (z +y — 2))u+ = — 1)+
a' T b ut % (1 — u)Y?[—2ulog(b/a) + log(b/a) — x — y + 2].
(1 —w) g(b/a) +log(b/a) y+2]
On one hand, we know from (4.6) that

sup | —u? log(b/a) + (log(b/a) — (x +y —2)u+z — 1| <

u€(0,1)
(log(bfa) —x—y+2
fogbja) " 1’) |

max (x—l,y—l,

We can also prove that

sup | —u? log(b/a) + (log(b/a) — (z +y — 4))u+x — 2| <

u€(0,1)
(log(b/a) —z —y+4)*
fogb/a) 1 ° 2') |

max (x—Q,y—Z,

On the other hand, we have

sup | —2ulog(b/a) +log(b/a) —x —y + 2| <
u€(0,1)
max(|log(b/a) — x —y + 2|, |log(b/a) + = +y — 2|).

Using Lemma 3.2, we get

-3 r—3 -5 y—3
sup al—u he uac—S (1 _ u)y—3 S max<a, b) (Z’ ) (y )6
ue(0,1) (x+y —6)=tv-

and

-9 z—2 -9 y—2
sup alfu pu ufo (1 _ u)y72 < max(a, b) (l’ ) (y )4
ue(0,1) (z+y—4)=tv

Consequently, ¢” is bounded on (0,1) and we have
16" o< Ky + K.
By using (4.11), we get (4.12). O

At the end of this article, we will employ the subsequent Ostrowski-type in-
equality established by Cerone et al. in [1].

Lemma 4.12. Let f : [a,b] — R be a twice differentiable mapping on (a,b) such
that || " ||ee< 00. Then we have the inequality,

1) [ wa- (- ) ri)] <

1 , 1 a+b\>
[ﬂ(b—a) +§<x— 5 )

(b—a)2
6

I Moo 1" Mo (4.13)
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for all x € [a,b).
By this lemma, we obtain the following theorem.

Theorem 4.13. Let a,b,x, and y be with a # b and x,y > 3. For all s € [0,1]
we have,

1
‘Bﬁ(a, b;z,y) + (s - 5) a' it s (1 — )Y

(— s log(b/a) + (log(b/a) — (x +y —2)) s +a — 1) —a'*b" s (1 — s)? 71| <

L1 1\
2472 \" 2
Proof. Let us take once again the function defined on [0, 1] by ¢(u) = a'~*b* u*~! (1—

u)¥~1. Using the same notations as in the previous theorem we have, || ¢” ||<
K + K. So, applying (4.13) we get for all s € [0, 1],

< K1+K2.

(K1 + K;) < (4.14)

a' b s (1 — s) T — BL(a, by w,y)—

(s - %) a' "5 b* "% (1—5)Y"% (=5 log(b/a)+ (log(b/a) — (v +y—2)) s+x—1)| <

Ky + K,
6 ?
which is exactly (4.14). O

(K1 + Ks) <

Taking in (4.14) s = 1/2 we obtain the next approximation.

Corollary 4.14. Let a,b,x and y be four positive numbers with a # b and x,y >

3. We have,

BL(a, b, y) — Vab(1/2)"2] < %

If weset s=0o0r s=1in (4.14) we get the following corollary.

(4.15)

Corollary 4.15. Let a,b,x and y be four positive numbers with a # b and x,y >

3. We have,
K+ Ky

BL(a,b;z,y) < s

(4.16)
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