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L7 INEQUALITIES FOR POLYNOMIALS WITH RESTRICTED
ZEROS CONCERNING THE GROWTH

RAIHANA RASHID*! AND W. M. SHAH?

ABSTRACT. If P,, denotes the class of polynomials of degree at most n, then
for P € P,,, a consequence of Maximum Modulus theorem yields for R > 1,
[P(R, e < R"[|P]|oo-

Various generalizations and refinements of this result are available in literature.
In this paper, we consider a general class of polynomials P, , 1 < u < n, with
restriction on zeros in a specific way and obtain Zygmund-type inequalities
concerning the growth of polynomials. Besides obtaining a refinement of a
result due to Aziz and Shah, we improve a result of Aziz and Rather.

1. INTRODUCTION

Let P, ., 1 < p < n be the class of polynomials
P(z) :ao—i—Zajzj, (1.1)
J=H

of degree at most n. We choose this class of polynomials to obtain results that
are more general and useful.
For P € P, ,, define

1 2w ' %
17, = {g / |P<e’9>|%ze} << (1.2
0

and

Hﬂ&Zﬁ%W@L (1.3)

The study of Bernstein-type inequalities that relate the norm of a polynomial to
its derivative and their various versions is a classical topic in Analysis. One of
the basic and famous result in this regard due to Bernstein [7] read as:
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If P(2) is a polynomial of degree n, then

[P |oe < nl[Pllso- (1.4)

Also concerning the maximum modulus of P(z) on |z| = R > 1, we have
IP(R, e < R Pl (15)

Inequality (1.5) is a simple consequence of Maximum Modulus Principle.
Zygmund [19] proved an integral analog of inequality (1.4) in the following way
1P'lg < nllPllg, ¢ > 1. (1.6)

Whereas the following inequality which is extension of inequality (1.5), can be
proved by using a result of Hardy [8],

IP(R, g < B*[|Plly, B>1,4>0. (1.7)

Arestov [1] proved that (1.6) remains true for 0 < g < 1 as well. Aziz and Rather
[2] obtained a generalization of inequalities (1.6) and (1.7). In fact, they proved
that

If P € P,, then for every R > 1 and ¢ > 1,

|P(R2) = P(2)[ly < (B = D Plly. (1.8)

There exist number of results in the literature as refinements and generalizations
of inequalities of (1.6) and (1.7) in various ways for references see [9, 11, 17,

]. Aziz and Rather [3] considered a more general case for investigating the
dependence of

IP(Rz) = 5P(rz)|l on [Pl

for every f € C with |8] <1, R >r > 1, ¢ > 0 and extended inequality (1.8) for
0 < ¢ <1 as following.

Theorem A. If P € P,, then for every f € C with || < 1 and R > r > 1,
q >0,

[P(Rz) = BP(rz)llq < [R" = 5r°[[| Pllg- (1.9)
Also for the class of polynomials not vanishing in |z| < 1, they proved:
Theorem B. If P € P, and P(z) # 0 in |z| < 1, then for every 8 € C with
Bl <land R>r>1,q>0,

[(R" —pr*)z+ (1 = 5)
1+ =l

|P(R2) — AP(r2)], < T RT)

Also Aziz and Shah [6] proved a more general result in the following way.

Theorem C. If P € P,,, and P(z) # 0 in |z| < k, k > 1, then for R > 1 and
q >0,
R"—1

P(Rz) = P(2)||q £ 57—+
1P(Rz) = P(2)l4 Gt 21

1P]lg- (1.11)
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Where
o { et el 1
Chur = (1.12)
Rr—1|q
Lt gy | [t

The result is best possible in case k =1 and equality holds for P(z) = z" + 1.

In this paper, we consider a class of polynomials from P, , which does not vanish
in |z| <k, k > 1 and obtain the following result which includes Theorem B as a
special case and refines Theorem A. As a generalization of some already known
results, we prove a result concerning the rate of growth of polynomials while
putting restriction on the zeros.

2. MAIN RESULTS

Theorem 1. If P € P, ,, with P(z) # 0 for |z| < k, k > 1, then for every
complex number § with |f| <1, R>r>1,1<pu<n, and q¢ >0,

|R™ — Br"|
|1P(Rz) = BP(rz)llq < 7—— [IPlla; (2.1)
T e+l
where
] bl LG
o = kP . (2.2)
| Lt g | o [kt

For r =1, Theorem 1 gives
Corollary 1.1 If P € P, ,, with P(z) # 0 for |z| < k, k > 1, then for every
complex number B with |f| <1, R > 1 and q > 0,

[’R" — B
|[P(Rz) — BP(2)q < T T2 1P llq (2.3)
.k q
where for 1 < pu <n,
Ri_1]a -1
¢ =kt . (2.4)
1+ fo=L )G gl
R"—1 | ao

Remark 1. Choosing f = 1 in (2.3), Corollary 1.1 reduces to a result due to
Aziz and Shah [0].

Taking ¢ — oo in (2.1), we get

Corollary 1.2 If P € P, ,, with P(z) # 0 for |z| < k, k > 1, then for every
complex number 8 with || <1, and R >r > 1

R

[P(Rz) = BP(rz)lle < 7 1P ]loo; (2.5)
1€k + 2lloo

where for 1 < 1 <n, ¢ is same as defined in (2.2).
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Theorem 2. If P € P, , and P(z) # 0 in |z| < k, k > 1, then for every complex
number B with |f| <1, R>r > 1, ¢ >0 and real «,

(B — Br)z + e (1 -3

ek + 2l

|P(R2) — pP(r2)], < Mip, o)

where ¢}, ;. is same as defined in (2.2).
Equalzty in (2.6) holds for polynomial P(z) = az" + b, |a| = |b] = 1.

For k =1 in Theorem 2, a result due to Aziz and Rather [3] is obtained and on
choosing r = 1, we get the following result.

Corollary 2.1 If P € P,, and P(z) # 0 in |z| < k, k > 1, then for every

complex number B with |f| <1, R >1 ¢ >0 and real

(R" — B)z + e(1 — B)
s + 2llg

|
|1P(Rz) — BP(z)|lq < 1P1lg, (2.7)
where c;, ;. is same as defined in (2.4).
Choosing 8 = 1 in Corollary 2.1, we get Theorem C.
Taking ¢ — oo in (2.6), we get the following result.

Corollary 2.2 If P € P,, and P(z) # 0 in |z| < 1, then for every complex
number 5 with |B| <1, R >r > 1 and real a,

|(R" = pr)z + e (1 — B

)|
P, 2.8
Tt e+ 2l 1P| (2.8)

[P(Rz) = BP(rz)|[e <

where c}, ;. is same as defined in (2.2).

Corollary 2.3 If P € P,, and P(z) # 0 in |2| < k, k > 1, then for every
complex number § with |f| <1, R>r>1,q>1 and real «,

- Brn)z + em(l — 6>| }HPHq

1€ + 2llg

|P(R2)], < {W i (2.9)

where c;, ;. is same as defined in (2.2).

Proof. We have by Minkowski inequality,
|P(R2)|lq = [|P(Rz) — BP(rz) + BP(rz)|
< [[P(Rz) = BP(rz)|lq + [BIIP(rz)llq-
Using (2.6), we obtain
— prY)z + e (1 -
1 + 2l

{|<R“ — BrM)z + (1 — B)]

e + 2llq

P2, < I Nypp, + 1811262

<

+ Iﬁ\T"}HP(Z)IIq-
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Remark 2. For 5 =1 and r = 1, Corollary 2.3 reduces to a result of Aziz and
Shah [0].

Before proceeding to our next result, we define the following:

If P(z) is a polynomial of degree n, then its polar derivative with respect to «
written as D, P(z) is defined by

D.P(z) =nP(z) + (a — 2)P'(2).

D,P(z) is a polynomial of degree at most n — 1 and generalizes the ordinary
derivative in the sense

P'(z) = lim D, P(z).

a—00

Concerning the inequalities for |D,P(z)| in terms of |P(z)| an interested reader
may go through [0, 11], [14]-[17]. Now, the following result is regarding the growth
of polar derivative of a polynomial.
Theorem 3. If P € P, ,, and P(z) have no zeros in |z| < k, k > 1 except s—fold
zeros at a point zy with |zo| < 1, then 0 <r < R < k and every complex number
a with |a| > R,

max | D, P(2)] < <R+ |ZO|> ANT N I‘£1|E:%}§|P(z)|

|z|=R r— |Zo|

_ (R * |ZO‘> {0uk(Ar = 1) + 6, R} g‘lﬁ |1P(2)]

k + |20l
(|l + R)R"

max | P(2)], 2.10
(R4 |z0|) (R — |20])* I21=1 |P(2)]| ( )

where

RU Vo] + k
= (n_s>< Rtk ) (2.11)
and

n—s

A = <M> ! (2.12)

ri 4 kP

Equality holds for the polynomial P(z) = (2" + k“)ﬁ.

3. PRELIMINARY OBSERVATIONS AND LEMMAS

Lemma 1 If P € P,, and P(z) has no zero in |z| < k where k > 1, then for every
R>r>1and|z|=1,
|P(rz)| < |P(Rz)|. (3.1)

Lemma 1 can be obtained from a result of Aziz and Rather [1].
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Lemma 2 [0] If P € P, ,, 1 < <n having no zeros in |z| < k k > 1, then for
every complex number f with |B| <1, R>r > 1 and |z| =1,

[ |
P(Rz) — pP(rz)| < I Q(Rz) — 6Q(rz)|, 3.2
|P(Rz) (r2)l < e P o |Q(Rz2) (rz)] (3.2)

where Q(z) = 2"P(=).

Lemma 3 [3] If P € P, then for every complex number B with |G| <1, R > r >
1, ¢ > 0 and real «,

/27r
0

| =

(P(RE®) = BP(re™) + = (R"P(e" R) - 5" Pl )" db

< |R"— gr|* / ¢i%)[4d6. (3.3)

Lemma 4 [3, Lemma 5] If P € P, then for every real or complex number [3 with
1Bl <1, R>r>1,q>0 and real «,

/27r
0

(P(Re®) — BP(re®)) + ¢ (R"P(e |R) — Br"P(e /1)) ]qde
<|(R" = Br") + ¢*(1 - B)|* / )|7dh. (3.4)

Lemma 5. [, Theorem 2| If P(z) = ag+ Z a;z’, 1 < p <n, be a polynomial
J=n

of degree n having no zeros in |z| < k, k> 1 for 0 <r < R <k, then for every

complex number o with |a| > R,

n(RFY ol + k*) | [ RE+km\ "
gll’th!D PR < = T I‘gglP( 2)]
Re 4 k) *
_{<rﬂ+/{:“> —1}rzrlun|P( )|
_ n(RHa| — R

B min PG (33

Equality in (3.5) holds for P(z) = (z# + k) n.

Lemma 6. [12] If P € P, then R > 1,
ﬁlﬁglP( z)| < R”fn‘wflp( z)|. (3.6)

n

The estimate is best possible and equality holds for polynomial P(z) = az".
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4. PROOFS OF THEOREMS

Proof of Theorem 1. Let F(0) = P(Re")—3P(re??) and G(0) = R"P(e" /R) —
BrP(e /r), then by Lemma 3, for every real o, R >r > 1 and q > 0, we get

2

2
/ |F(0) + "G (0)]%df < |R™ — 6r"|q/ |P(e)|9d6. (4.1)
0 0
Inequality (4.1) in particular gives for ¢ > 0,
2 2 2
/ / [F(8) + d°G(6)|"dbda < 27| R™ — Br7|? / P 7d0. (4.2)
o Jo 0

Now for every real & and A > B > 1, we have
|A+ |7 > |B + | .

This gives for every ¢ > 0,

2m 2m
/ A + 6]t 2/ B+ ¢ da. (4.3)
0 0
G(0
If F(6) # 0, we take A = % and
s ot 1
B:c:‘Lk:k”“‘Jrl 1<u<n.

’ 14 s | S ot

T aQ

Clearly by (3.2), we have A > B > 1 and therefore by making use of inequality
(4.3), we get

q

GO 4o

/0 " P©) + €9G(0) %da = |F W/o s )

—irop [

2w
—|FO [ A+ crda
0

G(0) ! -

F(G) +e

27
> |F(6))" / B + é°[ida
0
27 ]
PO / ¢+ € 0dar (4.4)
0
This gives

2w 2w
|P(Re") — BP(r6i0)|q/ |ch 4 € |%da < / |F(0) + G (0)|%da.
0 0



200 RAIHANA RASHID AND W. M. SHAH
Implies
27 ) ) 27 ] 2T 2T )
/ |P(Re™) — BP(re')|?d6 / ¢ g+ €] %dar < / / |F(0) + "G (0)|"dadb.
0 0 0 0
(4.5)

For F(0) = 0, inequality (4.4) is trivially true. Combining Inequalities (4.5) and
(4.2), we get

2w
/ \P(Re™®) — BP(rei®)|do /
0 0

Therefore for every ¢ > 0, we get

2w

27
¢t x + €]%da < 27| R" — BT"!‘]/ |P(e)]2dh.
0

2 . ) 2 n o __ n|q 27 .
/ |P(Re?) — BP(re)|7d < ;’R 57“ | / | P(e®)[9d8.
0 Jo 1y +efada Jo
Hence
[R" — i)
|P(Rz) — BP(rz)|lq < 75— IP|ls-
el

This completes the proof of Theorem 1.

Proof of Theorem 2. Take F'() = P(Re?)—BP(re??) and G(§) = R"P(¢ /R)—
BrP(e /r), then by Lemma 4, for every real o, R > r > 1 and ¢ > 0, we get

2 2 2T
/ / [F(0) + ¢G(0)"d0dar < 2| (R" — Br™)= + (1 —B)|q/ () |7do.
o Jo 0
(4.6)
Now for every real a, A > B > 1 and ¢ > 0, we have
2m 2m
/ |A+ e|%da > / |B + e"|da. (4.7)
0 0
G(0) :
If F(6) # 0, we take A = ‘m‘ and B = ¢ ;, and making use of (4.7), we get
2 ) 27 ] G(e) 7
F [ q = |F q 1 jo| T\V )
| P+ ecoraa = r@) [+ e 23 o
27 G(@) ) a
— F q (103
|F(0)] /o 7(0) + e da

2
— ()" / A+ dofida
0

27
> [F(O)" / B + ¢|4da
0

27
— |F(0)|q/ |CZk + e |9da.
0
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This gives

2T 2T 2T 2
/ F(0)|7do0 / ¢+ € 0dor < / / F(0) + d°G(0)|"dbda.  (4.8)
0 0 0 0

Combining (4.8) and (4.6), we get

27

27
/ |P(Re™) — BP(ré’ )|qd0/ |c:;’,€+ew‘|qda
0

2m
< 27|(R™ — Br)z + € (1 — B)lq/ | P(e”)|9df.
0
This gives for every g > 0,

|(R" — Br")z + e (1= B)

[P(Rz) = BP(rz)|l <

This completes the proof of Theorem 2.

Proof of Theorem 3. Here P(z) = (z — z9)°¢(z), where ¢(2) = ag + Zau

1 < p<n-—s,is a polynomial of degree n — s having no zero in |z| < k k > 1.
Then by Lemma 5, for 0 < r < R < k and every complex number « with |a| > R,

we have
n—s/p
R* + k#
( ) max |¢(z)]

(n = s)(R*Ha| + k")
max [ Dag(2)] < T

n—s/u
RF + K+
{2

(n—s)(R* ol = R") .
- R o o g‘liglcb(Z)l- (4.9)

rh+ ko J2l=r

Now by definition, the polar derivative of P(z) with respect to « is given by
DoP(2) =nP(2) + (a — 2) P'(2)
=n(z— Zo)scb(Z) +(a—2){s(z = 20)°70(2) + (2 — 2)°¢ () }
)+ (0= 2)¢ (2)} + s(o = 2)(2 = 20)"'8(2)
z— zo)sDa (2) +s(a—2)(z — 20) 1 o(2). (4.10)
Therefore, for |z| =
[DaP(2)] < (R + |20])"|Dad(2)] + s(la] + R)(R + |20])* (2]
(B [20])" max [ Dag(2)] + s(laf + R)(R + |20])* " max [6(2).

<
<
|2I=R

(4.11)
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Also
|P(2)] |P(2)]
o) = 122 < L

and
s = PAL S _IPG)

Clz—zlr T (R4 2))®

Therefore, using Lemma 6, we get

1 R"
max |0()] < s max | P < s max [Pl (412)

Using (4.9) and (4.12) in (4.11), we get

p=1|q n i p\ "
|DQP<z>|s<R+|zO|>S[(”‘S)<R "*’”{(H *k) max |(2)

R+ K ri ko Jol=r
Re g\ A\ (n—s)(R*Ya| — R*)
I vy - g‘liglcb(Z)l - R o fﬁi‘i|¢(z)|
s(la| + R)R"
P
Bt )R =z 1P

= (R+ |ZO|) Ru _|_ ku ri + kj“ (T — |ZO|)S |z|:r

n—s/p
RF + K+ 1
- —1p———min|P
{<+k) }<k+|zo|>sgf;%' <Z>l}

(n —s)(R*a| — R¥) 1 )
_ P
kG P )

s(|la) + R)R"
(R + [20]) (R = |20])* Jsl=1

n=1|p, B B K el
(n—s)(RF |+k){<R +k> ;maX|P(Z)|

(4.13)
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This gives

A
L max|P(2)]

D.P(z)] < (R+ |0|)’ |9 T o Ns
IDLP) < (Rt 20l)* |8 oo e

S —
— R+ fal)d AR (e ( 2 DO ) i e
s i e )
_ fj_”z" B max | P(2)] - ]:i—"jj” {Bu(A1 = 1) + 8,0} min |P(:)
s(|la) + R)R"

B+ o) (B = o) s PG

Where 6, and A; are given by (2.11) and (2.12) respectively. This completes
proof of Theorem 3.
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