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PROLATE SPHEROIDAL WAVELETS AND
MULTIDIMENSIONAL CHROMATIC SERIES EXPANSIONS

DEVENDRA KUMAR!

ABSTRACT. Chromatic series were originally introduced for bandlimited func-
tions. The n'" chromatic derivative of an analytic function is a linear com-
bination of k" ordinary derivatives with 0 < k < n, where the coefficients
of linear combination are based on a suitable system of orthogonal polynomi-
als. Chromatic derivative and series expansions of bandlimited functions have
been used as a replacement for Taylor’s series and they have been shown to be
more useful in practical signal processing applications than Taylor series. In
this paper we have shown that the theory can be extended to prolate spher-
oidal wavelet series that than combine chromatic series with sampling series
in higher dimensions. The multidimensional case has much reacher structure
than in the univariate case and will find more applications in image processing
and analysis.

1. INTRODUCTION

The theory of chromatic derivatives and series expansions have been introduced
by A. Ignjatovic in [6,7] as an alternative representation to Taylor series and they
have been shown to be more useful in practical applications than Taylor series
(see [3,4,5,6,7,8,9,10]).

An entire function f has a Taylor series expansion of the form f(t) = > 7 ! n(, Jin,

This series clearly is not globally convergent since it uses the values of f and all
its derivatives at a single point. Unlike the sampling series representation [13].

Z f(n sm7rt—n) (1.1)

w(t—mn)

n=—0oo

of any function f € PW, (The Paley-Wiener space of functions bandlimited to
[—7,7]) plays an important role in signal processing. The expansion (1.1) may
be viewed as a global expansion because it uses function values at infinitely many
points uniformly distributed on the real line. The Taylor series has very limited
applications because a truncated Taylor series is a polynomial and not bandlim-
ited. The chromatic derivatives are basically related to the Fourier transforma-
tion. The main idea is that, under the Fourier transformation, differentiation in
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the time domain corresponds to multiplication by powers of w in the frequency
domain. Indeed, the n'® chromatic derivative K™[f](t,) of an analytic function
f(t) at tg is a linear combination of the ordinary derivatives f®*)(¢y),0 < k < n,
where the coefficients of the combination are based on systems of orthogonal
polynomials.

The Ignjatovic theory is a local theory and requires knowledge of the function
(signal) only in a neighborhood of the origin, may be viewed as an alternative to
the Shannon sampling theorem which is used to approximate bandlimited func-
tions, but involves the values of the function at infinitely many different points.
Interestingly, in contrast to the Taylor series, the partial sums of the sampling
series converges uniformly, but are not local since they require knowledge of the
function at all the integers.

The second approach [12] to study the local theory is the use of prolate spher-
oidal wave functions (PSWFs). These do not strictly lead to chromatic derivatives
since they are not polynomials. However, They are entire functions whose ex-
pansion converges very rapidly and can be approximated by polynomials of low
degree. These functions are solutions of an integral equation and solve the prob-
lem of finding the bandlimited function of unit total energy whose energy on a
finite interval is maximized. In common with polynomials they can be extended
to the entire real line and even to the complex plane. However, in contrast to
polynomials, they are bounded on the real line and are entire functions of ex-
ponential type in the complex plane.These functions forms an orthogonal basis
both of the space of bandlimited functions and of L? on the concentration inter-
val. The aim of this paper is to show how both approaches may be combined in
higher dimensions.

2. CONSTRUCTION OF CHROMATIC DERIVATIVES

Let W (w) be a non-negative weight function such that all of its moments are
finite, i.e., such that

o, = / w"W(w)dw < oco.

o0

Let {P,(w)} be the family of polynomials orthonormal with respect to W (w):

/oo Py (w) Py ()W (w)dw = 5(m — n),

—00

and let K"(f) = P, (—i%) (f) be the corresponding linear differential operators
obtained from P, (w) by replacing w*(0 < k < n) with (—i%)k. These differential
operators are called chromatic derivatives associated with the family of orthogonal
polynomials { P, (w)} because they preserve the spectral features of a bandlimited
signal.

Let ¢(z) be the Fourier transform of the weight function W (w),

plw) = [ e ww)d

o0
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Since ™ (0) = i"j1,,, p(2) is analytic around the origin. It is shown in [2] that
lim sup(j, /n!)/™ < oo if and only if

/ eI (w)dw < oo

o0

for some ¢ > 0 and in this case ¢(z) is analytic in a strip Sy(c/2) = {2z : Im(z) <

c/2}.
The chromatic derivative is a generalization of ordinary derivative and leads to
a series referred to as the chromatic expansion of a function f € C* as

f(2) ~ Y K" (F) )K" ()(z —w). (2.1)

n=0
If f(z) is analytic in the strip Sq(c/2) and Y o |K™(f)(0)|* converges, then
for all u € R, the series (2.1) converges to f(z) uniformly in every strip {z :

|[Im(z)| < ¢/2 — e}, for every € > 0.

3. ORTHOGONAL POLYNOMIALS AND MULTIDIMENSIONAL CHROMATIC

DERIVATIVES
Notations:
a=(ag,...,aq) € N}, a!l = aylan! ... agl, |a| = ay + as + ag,
«
0 = Ooipy -+ Oy pys T = (T1,...,2q) € RL, 2% =2 ... a?,

Here Ny denote the set of non-negative integers and |« is the degree of mono-
mial x®.
A polynomial P in d variables is a linear combination of the form

P(z) = E coT”,co are complex numbers.

«

We denote the set of all polynomials in d variables by Hd and the set of all
polynomials of degree at most n by Hi The set of all homogeneous polynomials
of degree n will be denoted by P4

Pl=<S P:Px)= Z Ca ,{ dimension of Py is rn—( n )}

|al=n
Every polynomial in d variables can be written as a linear combination of
homogeneous polynomials

P(x) = Z Z Cor?.

k=0 |a|=k

In one variable, monomials are ordered according to their degrees as 1, z, 22, . . .;
but in several variables such order does not exist. To overcome this problem we
shall use the lexicographic order, i.e., a« > [ if the first nonzero entry in the
difference a — 8 = (ag — f1, 0 — Ba, ..., g — Pg) is positive.
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Definition 3.1. If <, > is an inner product on Hd, a polynomial P is orthogonal
to a polynomial @) if < P,Q >= 0. A polynomial P is orthogonal to a polynomial
if P is orthogonal to all polynomials of lower degree, i.e., < P,Q >= 0 for all
Q € []* with degQ < degP.

We define a linear functional on []? by
L(2%) = 84,0 € N¢

where s = (s,) : N9 — R is a multi-sequence. The elements of the set {« € N? :

la| = n} be arranged as oV, a®, ... a(™) according to the lexicographic order.
Define the vector moments s, = L(z*); 2% = 2% = (2%) 021, = (:Co‘(j));’;l is a
column vector whose elements are the monomials z* for |a| = k, arranged in

lexicographic order.
Also, we define the matrix

Mn,d = (S(k)-l-(j))z,j:() and An,d = detMmd

The elements of moment matrix M, 4 are L(xz®*F) for |a| < n,|8] < n. If
{P.}|aj=n is a sequence of polynomials in Hi we get the column polynomial
vector P, = (P, - s Pagry))?, where a® .. al™m) is the lexicographic order
in {a € N : |a] =n}.

Let L be a moment functional. A sequence of polynomials { P, }q|=n in Hi is
said to be orthogonal with respect to L if

L(z™PT) =0 for n>m, and L(2"P!) =s,,
where s, is an invertible matrix of size rd x rd.

Definition 3.2. A moment linear functional L is said to be positive definite if
L(p?) > 0 for all p € []% p # 0. The associated sequence {sq } with L will be also
called positive definite.

Let M denote the set of non-negative Borel measures on R having moments of
all orders. We assume that p € M is absolutely continuous so that du = W (z)dz,
with W being non-negative so that Ly (f) = [ f(z)W (z)dz is positive definite.
We also assume that for some ¢ > 0

/ el (2)dx < oo, (3.1)
Rd

so that polynomials are dense in L?(u) [1,p.74]. Condition (3.1) is satisfied, if
4 is compactly supported.

If P(xy,...,24) is a polynomial in 1, ..., x4 then
0 0 0
Pl—,...,— | =P —=—
(8951’ ’8xd) (81;)
and
dlal| _ dlal|

Jz> — Ox'0xs?...0x5"
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Let {P}5°, denotes the sequence of orthonormal polynomials with respect to
L. Let L?,(R?) denote the space of all square integrable functions with respect
to weight functions W.

Let z = (21, 29, ..., 24) € C? and define the inner product

d d
< zyw >= szw_k,z,w € C? so that ||z]]* = Z | 2] 2.
k=1 k=1

If 2z, = 2k + dyp, || R2|]> = S00_ 22, [[Im(2)]? = S2¢_, 42 and for every real
a>0,S4(a) ={z € C%: || Im(2)| < a}.

Definition 3.3. Let f : C? — C}; the n'" chromatic derivative K(f) of f(z)
with respect to the polynomials { P} is defined as

0
K'f)=k, | —1=— ,
(f)=r ( Z@z) (f)
where k,, is the column vector.

It is clear from Definition 3.3 that n® chromatic derivative of f is a column
vector with ¢ components, with each component a linear combination of partial
derivatives and if w € R? is fixed, then

K;z<€i<w,z>) — Pg(w)€i<w’z>.

Now let ¢,,(w) € L}, (R?) with a Fourier transform given by @, (w) = @y, (w)e<wv>.
Define a function fe,, : Si(c/2) — C by a W (w)— weighted inverse Fourier trans-
form of ¢,,:

fon() = [ onl)e <= W (w)dv (32
Then fp,,(2) is analytic on Sy(c/2) and for all n and z € Sy(c/2)
K"fonl(2) = [ ralw)pn(w)e' =W (w)du.
Rd

It has been shown that [2] if condition (3.1) holds, then {k,(w)} is a com-
plete system in L%, (R?) and the expansion in terms of these polynomials of a

appropriate function ¢,,(w)e'<*"“> converges:
Pm(w)e > =3 (K[ fom](w)] hin (w)
n=0

for some fixed u € Sy(c/2) and @, (w)e!<¥> € L%, (RY).

Definition 3.4. For z € Sy(c/2) set
U(z) = / "< W (w)dw
Rd
and

«

KN U(z) ="0(z) = /Rd P (w)e™~"*>W (w)dw
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Let A%, denote the vector space of functions f : Sy(c/2) — C which are analytic
on Sq(c/2) and satisfy 307 0>, _, |K"[fom]|* < oo. The mapping

[e.e]

f(2) = mg(w) = D _[K"[f1(0)] Fon(w) (3-3)

n=0

is an isomorphism between the vector spaces A%, and L%, (R?Y), and its inverse is
given by (3.2). For f € A3, we denote ¢,,¢(w) by Fy[f](w) then for z € Sy(c/2),
we have

£ = [ Flfl)e == W (w)du. 3:4)
R
Then formally we find the chromatic series expansion of a function f € C'*° as
f(2) ~ D K () W (2 — w)
n=0

where U,,(z — u) = (U2(z — u))jaj=n. It has proved in [2] if f € A}, then for all
u € R? and € > 0, the chromatic series of f(z) converges to f(z) uniformly on
S(c/2 —¢).

Combining (3.3) and (3.4) we get the chromatic expansion evaluated at 0 as

o0

f(z) =) [K"f1(0)] W (2).

n=0

This method works for all the classical orthogonal polynomials, but is most
desirable when a closed form can be found for fep,,(2).

4. PROLATE SPHEROIDAL WAVE FUNCTIONS AND CHROMATIC SERIES
EXPANSIONS

The prolate spheroidal wave functions (PSWFs) have a combination of local
and global properties that might make them a suitable generalization of chromatic
expansions. PSWFs are characterized as:

(i) the eigen functions of a differential operator arising from a Helmholtz
equation on a prolate spheroid:

d2¢n g, T d¢n g, T
() _ 22(/. ()
dt? dt

(1) the maximum energy concentration of a c—bandlimited function on the
interval [—, 7]; that is @g ., is the function of total energy 1(= ||dg0.-||?)
such that [ (f(t))?dt is maximized, ¢, . is the function with the max-
imum energy concentration among those functions orthogonal to ¢o -
etc.. The eigen functions {¢, ..} are not polynomials, although they
share many of their properties. These solutions are the PSWFs and con-
stitute an orthogonal basis of L?[—7, 7].

(7’2 — t2) - 02t2¢n,o,7— = Mn,a,rgbn,a,r (41)
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Let us take the orthogonal system consisting of their Fourier transform
{P,(w) on [—7,7]. Then, for any ¢,,(w)e!<**> € L?|—x, 7] we have

()< = 3 / " ()W (1) B (1)) B ()

< P (W)U Py (w) Syw= K"[fom](u)
P (w)e' <> = N [K [ fon) ()] Pa(w),

then for any ¢,,(w) € L?|—7, 7], we have
f(2) =D K" [fon)(0)fon(2) (42)

Since the [fyn,] are entire functions, the chromatic derivative is given by a
power series which converges very rapidly but only locally. A better choice would
be to approximate the f[¢,,] by Legendre polynomials on the interval [—m, .

5. PROLATE SPHEROIDAL WAVELETS AND CHROMATIC SERIES

The first spheroidal wave function g, the one with maximum concentration
on [—7, 7|, may be used to generate a basis of B, by the expedient of taking its
integer translates. The set of all such translates po(t — n) has been shown to be
a Riesz basis of B, [11]. In reference of wavelet theory, ¢ is a scaling function
or father wavelet and the closed linear span of {¢g(t —n)} is the space denoted
as Vp, in this case, our Paley-Wiener space B,. A Riesz basis has a dual basis
{@o(t — n)} which together with {¢o(t — n)} constitute a bi-orthogonal system.

Now we can find chromatic series by using the generalization to (4.1).

The coefficients will be given by

So(- = n)pm(w)e W (w)dw
Rd

_ Q’;O(w)e—m<w,z>¢m (w)eKwﬂDW(w)dw
Rd

= K"[f¢o](n).

Hence the chromatic series in this case is
F(2) = S K [fo)(n) [ ol (z — n). (5.1)
n=0

Thus we study two possible approaches in multidimensions based on PSWF's.
The first involves the standard expansion in PSWF given by (4.1) which uses only
local values for the series while the second given by (5.1) involves global values.
If we combine the two, we have an over determined system, but can use some
terms from (4.1) to get good local approximation and then some from (5.1) to
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get global approximation. If f is highly concentrated on [—7, 7], the former series
works better, if not, the latter works better.
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