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INTEGRABILITY AND CONVERGENCE OF MODIFIED SUM
UNDER SOME GENERALIZED COEFFICIENT CLASS IN

L1-METRIC

PRIYANKA NAGPAL1∗ AND KARANVIR SINGH2

Abstract. The class S
′

r, a generalization of the class S
′

of Fourier coefficients
is used to investigate the integrability and convergence of modified sum

hη(y) =
1

2

η∑
m=0

∆qm +

η∑
m=1

η∑
=m

∆q cosmy

under L1-metric. The criterion for L1-Convergence of rth derivative of modified
sum hη(y) is also obtained under the same class of Fourier coefficients.

1. Introduction

The challenge of L1-convergence of trigonometric series through coefficients en-
tails determining the features of coefficients which make a expansion

f ∗(y) =
q0
2

+
∞∑
κ=1

qκ cosκy (1.1)

a Fourier series to its value f ∗ and ||Sη− f ∗||L1 = 0(1) as η →∞ iff qη log η = 0(1)
as η →∞, while Sη represents ηth partial sum of series (1.1).
Various researchers have established numerous theorems regarding the L1-convergence
of trigonometric expression (1.1) based upon the different classes of coefficient se-
quence {qη}. Some of the coefficients classes are written below:

Definition 1.1. A sequence {qν} follows convex class if

∆2qν ≥ 0,

where ∆qν = qν − qν+1 and ∆2qν = qν − 2qν+1 + qν+2.

Definition 1.2. [1] A sequence {qν} follows quasi-convex class if
∞∑
ν=1

(ν + 1)|∆2qν | <∞.
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Definition 1.3. [12, 14] A sequence {qν} with qν → 0 as ν → ∞, follows the
class S if ∃ a sequence {Qν} satisfying

(i) Qν ≥ Qν+1,

(ii)
∞∑
ν=0

Qν <∞,

(iii) |∆qν | ≤ Qν , ∀ ν.

After that Shah and Boas[10, 2] defined the concept of quasi-monotone sequence
as

Definition 1.4. [2, 10] A positive number sequence {qν} is called quasi-monotone
if

qν+1 ≤ qν

(
1 +

α

ν

)
,∀ ν > ν0(α)

.

By elaborating the concept of quasi-monotone sequence, Singh and Sharma
[13] gave a class S ′ as

Definition 1.5. [13] A sequence {qν} follows class S ′ , if ∃ a sequence {Qν}
satisfying

(i) qν → 0 as ν →∞,
(ii) {Qν} is quasi-monotone,

(iii)
∞∑
ν=0

Qν <∞,

(iv) |∆qν | ≤ Qν , ∀ ν.

Telyakovskii[14] established the theorem regarding the L1-convergence of ex-
pression(1.1) for the coefficient class S. Moving ahead, modified cosine sums

hη(y) =
1

2

η∑
κ=0

∆qκ +

η∑
κ=1

η∑
j=κ

∆q cosκy

was introduced by Rees and Stanojević[9] and they had derived the criterion for
integrability and convergence of series(1.1) in L1-norm.
Regarding the convergence of hη(y) in L1-metric, following theorem was proved
by Garrett and Stanojević[5]:

Theorem 1.6. If null sequence {qη} follows definition1.2, then hη(y) converges
to f ∗(y)in L1-metric.

Ram [8] demonstrated that the conclusion of Theorem1.6 is likewise implied by
coefficient class S. After that, Singh and Sharma[13] considered the coefficients
from class S ′ to prove Theorem1.6 and the conclusions given by Ram [8]. They
established the result given below:

Theorem 1.7. If {qη} ∈ S
′
, then hη(y) converges to f ∗(y) in L1-metric.

Tomovskii[15] elaborated the class S as follows:

Definition 1.8. [15] A sequence {qν} follows class Sr, r ∈ NU{0} If ∃ a sequence
{Qν} s.t.
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(i) qν → 0 as ν →∞,
(ii) Qν ↓ 0, ν →∞,
(iii)

∞∑
ν=0

νrQν <∞,

(iv) |∆qν | ≤ Qν ∀ ν.

Kaur and Bhatia [6] had extended Theorem1.7 to the wider class of coefficient
sequences Sr, where r ∈ NU{0}.

Motive of this research article is to generalize Theorem1.7 and results given by
Kaur and Bhatia [6] for the extended class S

′
r, where r ∈ NU{0}, of coefficient

sequence. Here, Coefficient class S
′
r is discribed as:

Definition 1.9. A sequence {qν} follows class S
′
r, r ∈ NU{0} if ∃ a sequence Qν

s.t.

(i) qν → 0 as ν →∞,
(ii) {Qν} is quasi-monotone,

(iii)
∞∑
ν=0

νrQν <∞,

(iv) |∆qν | ≤ Qν ∀ ν.

If value of r is taken to be 0, then the class S
′
r corresponds to coefficient class

S
′
.

Clearly S
′
r+1 ⊂ S

′
r as

∞∑
ν=0

νrQη <
∞∑
ν=0

νr+1Qν <∞.

But the converse need not to be true. To illustrate it with the help of an example,

consider ∆qν =
1

νr+2
, r = 0, 1, 2, ...

So qν =
∞∑
κ=ν

∆qκ =
∞∑
κ=ν

1

κr+2
→ 0 as ν →∞.

Now define Qν = maxı≥ν |∆qı|
i.e. |∆qν | = Qν ∵ |∆qν | is monotonically decreasing sequence.

Qν+1 = |∆qν+1| =
1

(ν + 1)r+2
<

1

νr+2
< Qν < Qν

(
1 +

α

ν

)
, for some positive α,

Thus, {Qν} is quasi-monotone sequence.
∞∑
ν=1

νrQν =
∞∑
ν=1

1

ν2
<∞, that shows {qν} ∈ S

′
r.

But
∞∑
ν=1

νr+1Qν =
∞∑
ν=1

1

ν
, a divergent series, which shows {qν} /∈ S

′
r+1, which im-

plies S
′
r * S

′
r+1

Here, we have cosidered the L1-convergence of single sequences. Various other
types of convergences for the sequences are given by Nuray [7] and Choudhury
and Granados [3].

2. Main Results

Here, in this research paper, following two theorems will be proved:

Theorem 2.1. If {qη} ∈ S
′
r, then ||f ∗ − hη||L1 = 0(1), η →∞.
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Theorem 2.2. If {qη} ∈ S
′
r, then ||f ∗r − hrη||L1 = 0(1), η → ∞, where hrη(y)

represents the rth derivative of hη(y).

3. Lemmas

To prove the aforementioned theorems, the following lemmas are needed:

Lemma 3.1. Let {Y`} be quasi-monotone sequence of constants and
∑
`rY` <∞,

then `r+1Y` = 0(1), r ∈ NU{0}.

Proof.

`r+1Y2η = `r`Y2`,

= `r (Y2` + Y2` + Y2` + ...+ Y2`) .

As {Y`} be quasi-monotone sequence of constants, So

Y2` ≤ Y2`−1

(
1 +

α

2`− 1

)
≤ Y2`−1

(
1 +

α

`

)
∀ ` ≥ 1.

Similarly, we can write Y2` ≤ Y2`−2

(
1 +

α

`

)2
∀ ` ≥ 1

and Y2` ≤ Y`+1

(
1 +

α

`

)`−1
∀ ` ≥ 1.

Therefore,

`r+1Y2` = `r(Y2` + Y2` + Y2` + ...+ Y2`),

≤ `r
(
Y`+1

(
1 +

α

`

)`−1
+ Y`+2

(
1 +

α

`

)`−2
+ ...+ Y2`−1

(
1 +

α

`

)
+ Y2`

)
.

By expanding through binomial expansions, we get

`r+1Y2` < eα
∞∑

ı=`+1

ırYı.

Therefore,

(2`)r+1Y2` ≤ 2r+1eα
∞∑

ı=`+1

ırYı → 0(1) as η →∞.

Generalizing the above expression to the next term, we get

(2`+ 1)r+1Y2`+1 ≤
(

2 +
1

`

)r+1

`r+1Y2`+1,

≤
(

2 +
1

`

)r+1

`r+1Y2`

(
1 +

α

2`

)
,

→ 0(1) as `→∞.
Therefore, `r+1Y` = 0(1) as `→∞.

�

Lemma 3.2. Let {Ym} be a quasi-monotone sequence and
∞∑

m=1

mrYm < ∞ for

r ∈ Z+, then
∞∑

m=1

mr+1(∆Ym) <∞.
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Proof. Consider

η−1∑
m=1

mr+1(∆Ym) =

η−1∑
m=1

mr+1Ym −
η∑

m=1

(m− 1)r+1Ym,

=

η∑
m=1

[mr+1 − (m− 1)r+1]Ym − ηr+1Yη,

≤

(
∞∑

m=1

mrYm

)
− ηr+1Yη.

Proof of Lemma3.2 follows from the given statement and Lemma3.1. �

Lemma 3.3. [4] Let |b∗κ| ≤ 1, then∫ π

0

∣∣∣∣∣
m∑
κ=0

b∗κDκ(y)

∣∣∣∣∣ dy ≤ P (m+ 1)

as P is +ve constant.

Lemma 3.4. [15] Let |b∗κ| ≤ 1,where {b∗κ} ∈ < ∀ κ. Then ∃ a constant P s.t.∫ π

0

∣∣∣∣∣
m∑
κ=0

b∗κD
r
κ(y)

∣∣∣∣∣ dy ≤ P (m+ 1)r+1

for any η ≥ 0 and r = 0, 1, 2, 3,...

Lemma 3.5. [11]

||Dr
η(y)||L1 = 0(ηr log η), r ∈ NU{0},

where Dr
η(y) represents rth differential of Dirichlet Kernel.

4. Proofs

Explanation for Theorem 2.1:

f ∗(y) = lim
η→∞

[
q0
2

+

η∑
κ=1

qκ cosκy

]
,

After implementing Abel’s Tranformation,

= lim
η→∞

[
η−1∑
κ=0

∆qκDκ(y) + qηDη(y)

]
,

=
∞∑
κ=0

∆qκDκ(y).
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∵ limη→∞ qηDη(y) = 0 If y 6= 0.

hη(y) =
1

2

η∑
κ=0

∆qκ +

η∑
κ=1

η∑
j=κ

∆q cosκy,

=
q0
2

+

η∑
κ=1

qκ cosκy − qη+1Dη(y),

=

η∑
κ=0

∆qκDκ(y).

Therefore, f ∗(y)− hη(y) =
∞∑

κ=η+1

∆qκDκ(y).

∫ π

0

|f ∗(y)− hη(y)|dy

=

∫ π

0

∣∣∣∣∣
∞∑

κ=η+1

Qκ
∆qκ
Qκ

Dκ(y)

∣∣∣∣∣ dy,
= lim

M→∞

∫ π

0

∣∣∣∣∣
M−1∑
κ=η+1

∆Qκ

κ∑
ν=1

Dν(y)
∆qν
Qν

+QM

M∑
κ=1

Dκ(y)
∆qκ
Qκ

−Qη+1

η∑
κ=1

Dκ(y)
∆qκ
Qκ

∣∣∣∣∣ dy,
< lim

M→∞

[
M−1∑
κ=η+1

∆Qκ
κr

κr

∫ π

0

∣∣∣∣∣
κ∑
ν=1

Dν(y)
∆qν
Qν

∣∣∣∣∣ dy +QM

∫ π

0

∣∣∣∣∣
M∑
κ=1

Dκ(y)
∆qκ
Qκ

∣∣∣∣∣ dy
]

+Qη+1

∫ π

0

∣∣∣∣∣
η∑

κ=1

Dκ(y)
∆qκ
Qκ

∣∣∣∣∣ dy,
since

∣∣∣∣∆qκQκ

∣∣∣∣ < 1, therefore,

∫ π

0

|f ∗(y)− hη(y)|dy < lim
η→∞

[
1

(η + 1)r

M−1∑
κ=η+1

κr|∆Qκ|
∫ π

0

∣∣∣∣∣
κ∑
ν=1

Dν(y)
∆qν
Qν

∣∣∣∣∣ dy +Qη+1(η + 1)

]
+QM+1(M + 1),

≤ C
∞∑

κ=η+1

(κ+ 1)r+1∆qκ, where C is arbitrary constant

<∞,

(By applying Lemma 3.1 for r = 0, Lemmas 3.2 and Lemma 3.3).

Corollary 4.1. If the coefficient sequence of cosine series(1.1) is from the class
S

′
r, r ∈ NU{0}, then

||f ∗ − Sη||L1 = 0 (1 ), η →∞ Iff |qη+1 | log η = 0 (1 ), η →∞.
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Proof. Consider

||f ∗ − Sη||L1 = ||f ∗ − Sη + hη − hη||L1 ,

≤ ||f ∗ − hη||L1 + ||Sη − hη||L1 ,

= ||f ∗ − hη||L1 + ||qη+1Dη(y)||L1 ,

≤ ||f ∗ − hη||L1 + |qη+1|
∫ π

0

|Dη(y)|dy.

Thus, proof concludes by Theorem 2.1 and Lemma3.5. �

Remark 4.2. For r = 0, results are same as the results under the class S
′

[13].

Proof of the Theorem 2.2.

Proof.

hη(y) =
1

2

η∑
κ=0

∆qκ +

η∑
κ=1

η∑
j=κ

∆q cosκy,

=
q0
2

+

η∑
κ=1

qκ cosκy − qη+1Dη(y),

= Sη(y)− qη+1Dη(y).

Taking the rth derivative on both sides, we get

hrη(y) = Srη(y)− qη+1D
r
η(y)

Clearly,

f ∗r(y)− hrη(y) =
∞∑

κ=η+1

qκκ
r cos

(
κy + r

π

2

)
+ qη+1D

r
η(y)

By implementing Abel’s transformation,

f ∗r(y)− hrη(y) =
∞∑

κ=η+1

∆qκD
r
κ(y)

Next,∫ π

0

|f ∗r(y)− hrη(y)|dy

=

∫ π

0

∣∣∣∣∣
∞∑

κ=η+1

Qκ
∆qκ
Qκ

Dr
κ(y)

∣∣∣∣∣ dy,
= lim

M→∞

∫ π

0

∣∣∣∣∣
M−1∑
κ=η+1

∆Qκ

κ∑
ν=1

Dr
ν(y)

∆qν
Qν

+QM

M∑
κ=1

Dr
κ(y)

∆qκ
Qκ

−Qη+1

η∑
κ=1

Dr
κ(y)

∆qκ
Qκ

∣∣∣∣∣ dy,
< lim

M→∞

[
M−1∑
κ=η+1

∆Qκ

∫ π

0

∣∣∣∣∣
κ∑
ν=1

Dr
ν(y)

∆qν
Qν

∣∣∣∣∣ dy +QM

∫ π

0

∣∣∣∣∣
M∑
κ=1

Dr
κ(y)

∆qκ
Qκ

∣∣∣∣∣ dy
]

+Qη+1

∫ π

0

∣∣∣∣∣
η∑

κ=1

Dr
κ(y)

∆qκ
Qκ

∣∣∣∣∣ dy.



320 PRIYANKA N., K. SINGH

Since

∣∣∣∣∆qκQκ

∣∣∣∣ < 1,

Therefore,∫ π

0

|f ∗r(y)− hrη(y)|dy < lim
M→∞

[
M−1∑
κ=η+1

|∆Qκ|
∫ π

0

∣∣∣∣∣
κ∑
ν=1

Dr
ν(y)

∆qν
Qν

∣∣∣∣∣ dy +QM(M + 1)r +Qη+1(η + 1)r

]
,

≤ C
∞∑

κ=η+1

(κ+ 1)r+1∆qκ, where C is arbitrary constant

<∞.

(By implementing Lemmas 3.1, 3.2 and 3.4)
�

Corollary 4.3. If coefficient sequence {qη} ∈ S
′
r, r ∈ NU{0}, then

||f ∗r − Srη ||L1 = 0(1), η →∞ Iff |qη+1|ηr log η = 0(1), η →∞.

Proof. Consider

||f ∗r − Srη ||L1 = ||f ∗r − Srη + hrη − hrη||L1 ,

≤ ||f ∗r − hrη||L1 + ||Srη − hrη||L1 ,

= ||f ∗r − hrη||L1 + ||qη+1D
r
η(y)||

L1 ,

≤ ||f ∗r − hrη||L1 + |qη+1|
∫ π

0

|Dr
η(y)|dy.

By implementing Theorem 2.2 and Lemma 3.5, we get the result of corollary 4.3.
�
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5. Garrett, J. W. & Stanojević, Č.V. (1975). On L-convergence of certain cosine sums. Notices
Amer. Math. Soc., 22, A-166. https://doi.org/10.2307/2040759

6. Kaur, J. & Bhatia, S. S. (2007). Integrability and L1-cnvergence of certain cosine
sums. Kyungpook Mathematical Journal, 47, 323-328. https://www.researchgate.net/

publication/263629541

7. Nuray, F. (2021). Statistical convergence of sequences of subspaces. Gulf Journal of Mathe-
matics, 10(2), 31-37. https://doi.org/10.56947/gjom.v10i2.474

https://doi.org/10.1016/C2013-0-08001-2
https://doi.org/10.1112/plms/s3-14A.1.38
https://doi.org/10.56947/gjom.v15i2.1394
https://doi.org/10.56947/gjom.v15i2.1394
https://eudml.org/doc/69659
https://doi.org/10.2307/2040759
https://www.researchgate.net/publication/263629541
https://www.researchgate.net/publication/263629541
https://doi.org/10.56947/gjom.v10i2.474


INTEGRABILITY AND L1-CONVERGENCE 321

8. Ram, B. (1977). On convergence of certain cosine sums in the metric space L1. Proc. Amer.
Math. Soc., 66(2), 258-260. https://doi.org/10.2307/2040941
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