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MAJORIZATION PROPERTY FOR SPECIFIC CLASSES OF
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ABSTRACT. The majorization property plays a significant role in understand-
ing the behavior of certain classes of analytic functions and their mappings. In
this research, we introduce two novel classes of analytic functions, denoted as
S¢[E, F; ;7] and T (6, p, y) using the usual operator H. Our primary focus
is to investigate the majorization properties of these newly defined classes of
analytic function. Some applications of the results are discussed in the corol-
laries with different operators.

1. INTRODUCTION AND DEFINITIONS

The majorization property is a concept used in geometric function theory, a
branch of complex analysis that deals with the study of holomorphic functions,
their properties, and their geometric behavior. In the context of geometric func-
tion theory, majorization refers to a specific kind of order relation between two
complex-valued functions defined on some domain in the complex plane.

We consider two analytic functions, v and v, on a domain D. We say that u(§)
majorizes v(£) on D, denoted as (see [10])

u(§) ==<v(§); (€ D),
if there is an analytic function ¥(§), such that

(W] <1 and u(§) = () v(E); (£€ D), (1.1)

where D = {{ € C: |{| < 1} is an open unit disk.

In complex analysis, a function is called univalent (or one-to-one) in a region,
if it never takes the same value twice within that region. Subordination is a
fundamental concept used to compare the behavior of two univalent functions.
We have two univalent functions u and v, defined in D, then the function u is
said to be subordinate to the function v (denoted as u(§) < v(§)), if there exists
a Schwarz function w, which is analytic in D and satisfies |w(§)| < 1, w(0) = 0,
¢ € D such that u(§) = v(w(§)), V€ € D.
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As a result, we can define quasi-subordination as follows by combining subor-
dination and majorization:

We define the quasi-subordination relationship between the functions u and v
as follows (see [ ]) We say that the function u(§) is quasi-subordinate to the
function v(§), denoted as u(§) <, v(§), if there are two analytic functions ¢(¢)

and w(¢) in D such that % is analytic in D and
[¢(€)] <1 and w(0) =0, [w()| <[f[ <1 (§€D).
Additionally, the quasi-subordination relationship is established by the equation
u(€) = o(§) v(w(§)); (V€€ D). (1.2)

Remark 1.1. (i) If we set ¢(£) =1 in (1.2), the definition of quasi-subordination
simplifies to the conventional definition of subordination.

(ii) If we put w(§) = £ in (1.2), the definition of quasi-subordination simplifies to
the conventional definition of majorization.

Let A be the class of all functions of the form
FO =€+ agé®; (€D, (1.3)
Ai=2

which are analytic in open unit disk D, and consider H, : A — A be an operator
such that S g analytic in D with

Hs (£)(€)
AL
ARG
and satisfies
EH, (f)(§) = 0 Hyr (£)() + CH (f)(E), VfeA (1.4)

for some v, ¢, 0 € C, and p is a real number with x> 0 (see [2]).

Remark 1.2. (i) If we take 0 = A+1, ( = =\, p =1—mn, and 7 = n+ A for some
integers A > —1 and 0 < 7 < 1, then the operator H; is reduced to the integral
operator Z*(f3, p) with 8, p € R\ Z; introduced by Cho et. al. in [1].

(ii) fwetakeo=1—- A, p=1—a,y=a—Aand ( =\, for —co < A <2,0<
a < 1, then the operator H, is reduced to the fractional differintegral operator
Q2 introduced by Owa and Srivastava in [12].

Now, using the operator Hg, we express the analytic function classes listed
below.

Definition 1.3. The function f € A is in the class S¢[E, F; ;7] iff

1E(HSEQ) .\ L 1+E¢
“‘( H.1(0) C’O<1+F€ (15)

with (,yeCand -1 < F < E <1
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If we take the value of ¢, i and ~y as defined in Remark (1.2)(i), then this class
becomes S [, E, F] which is defined by Patel et. al. in [13].
Again if we take the value of ¢, p and v as defined in Remark (1.2)(ii), then this
class becomes S*(«, E, F) which is defined by Patel and Mishra in [14].

Definition 1.4. The function f € A is in the class T;(60, p, ) iff

i (s(Hsﬂf))'
p+C+y\ Hsf(§)

where ¢, 7 € C, and —% <0< %

If we take the value of o, {, ;1 and 7 as defined in Remark (1.2)(i), then this class
become T)[6; 7).

If we take the value of o, {, 1 and v as defined in Remark (1.2)(ii), then this class
become T} .

) < efcosh + isind; (£ € D), (1.6)

Several mathematicians have lately addressed various majorization issues for
univalent and multivalent functions, as well as meromorphic and multivalent func-
tions including separate operators and groups, (see [1], [5], [0], [7], [3], [9], [17],

[15]).

The majorization problems of the classes S¢[E, F;u;v] and T¢(0, p, v) are
explored in this study in the following sections:

2. MAIN RESULTS

Theorem 2.1. We consider a function f € A and an another function g €
Sc[E, Fipu; ). If Hof(€) is majorized by Hsg(€) in the domain D, then

|Ho1 f(E)] < [Hora g(8)],  for [§] < e, (2.1)
where the least positive root of following equation is €.
W(E = F) + 7y Fle = 2IF| + W)e = [2+ [u(E — F) +~ F]e
+ =0, (2.2)
and -1 < F<E <1, 0,7, (€C, uisareal number with y > 0.

Proof. Since g € S¢[E, F; y; 7] then, from (1.5) and definition of majorization
H;(f(H;g(f)) - ) _ 1+ Eu(®)
p\ Hyg(§) 1+ Fu(§)’
with u(0) = 0 and |u(§)| < [£| < 1, V& € D.

Now, from the above equality

§(H9(€) _ (C+N+(u(E—F)+(C+F)u) (2.3)
H.g(€) L+ Fu(g) | |

Using the relation (1.4), that is,

§(Hlg()) = oHsu () + ¢ Hs g(6),
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for o, ¢ € C, we have from (2.3) as

Hs19(&) _ v+ (WE = F) + v F)u(s)
H,g(¢) o(l+Fu(g)

which implies that

0 (1 + [P |€]) | Hss1 9(6)]
H, < .
Ol < B =P+ F] 18

As H, f(§) is majorized by Hg g(£) in open unit disk D, then

Hf(§) = o(€) Hag () (2.5)
Multiplying (2.5) by ¢ after differentiating with respect to &, we get

E(HL £(8) = €0(€) (HLg(8)) + €6 (€) Hy g(8),

on using relation (1.4), we have

o Hepy f(€) = €¢'(€) Hyg(€) + 0 ¢(€) Hayr g(€),

that implies
o | Har FE)] < €116 ()] [H g(E)] + o] [6(E)] [ Hosr 9(£)]- (2.6)

As a consequence, considering that the ¢ (Schwarz function) meets the inequality,

(see [11) 2
5 o) < 90k

on using (2.4) and (2.7) in (2.6), we have

10— 18O )1 + |FI €]

(1= 16P) (Il = lu(E = F) + 7 Fl €]

(€€ D), (2.7)

[Hor1 f(8)] S[ + |¢(£)|] |Hsr19(6)]-

(2.8)
Setting |£| = €, |¢(§)| = v, then inequality (2.8) leads to
‘Hs—i-l f(f)‘ < <2(67 FL) |HS+1 g(§)| : (29)
(=) (|7l = |u(E~ F) + 7 F| )
where
Gales k) = e(1 = K1 +|Fle) + 5(1— )[3] — |u(E — F) + 7 Fle].
Then, from (2.9)
|Hor1 f(E)] < F(e, k) [Haa 9 ()], (2.10)
where
T(e, k) = Gle K) (2.11)

(1= e) (17l = |u(E — F) + 7 Fle)
from relation (2.10), in an attempt to prove our result, we have to specify
e =maz{e € [0,1); T(e,k) <1; Vke[0,1]}
=maz{e € [0,1); G(e,r) > 0; V€ [0,1]},
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where
Gle, k) =(1 = &)1 = k) 17| = [u(E = F) + 7 F¢|
—e(1 = K2 (14 |Fle).
A simply calculation shows that the inequality G(e, k) > 0 is equivalent to

u(e,w) =| Il = [u(B = F) + 7 Fle| (1 - ¢)
—€e(1+k)(1+|Fle) >0,
while the function u(e, k) has the least value at k = 1, i.e.

min{u(e, k) : k € [0,1]} = u(e, 1) = v(e),
where

v(e) =|u(E — F) +~ Fle = (2|F| + |y])¢?
— 24 (B = F) +~ Flle+ =0,

it follows that v(e) > 0; Ve € [0,¢), where ¢ = eo(p,7, E, F) is the least
positive root of equation (2.2), which proves the conclusion of (2.1). O

Theorem 2.2. We consider a function f € A and an another function g €
Te(0, p, ). If Hyf(&) is majorized by Hyg(&) in domain D, then

[Ho 1 f(O] < [Hang(E)l - for [¢] < e, (2.12)

where the least positive root of following equation is €.

€ (ln+CH] e =[C| =+ [tand]) +2¢[sect| — (|u+C+] e =[] —|p+|[tand]) = 0,
(2.13)
and vy, ¢ € C, —% <0< %, w18 a real number with p > 0.

Proof. Since, g € T¢(6, p, 7v) then, from (1.1) and the subordination relation
e’ (f(Hég(E))
ptC+r\ Hag(8)
with (0) = 0 and |u(§)] < €] <1 Ve D.
From (2.14), we have

EHg(§)
Hyg(€) _(M+C+7)<

Now, using (1.4) in (2.15), for v, ¢, o0 € C and p > 0, we have the following:
Ho19(8)  (u+¢+7)e"® =+ (v + p)itand

) = ¢"®©cosh + isind, (2.14)

w@) 4 jtand
ﬂ) (2.15)

1+ itanb

Hyg(¢) o(1+ itand) ’
which implies that
lo| |sech|
H, < H, . 2.16

Now, since H, f(&) is majorized by H, g(§) in D, we have
H, f(§) = ¢(§)H,g(§)- (2.17)
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Multiplying (2.17) by £ after differentiating with respect to £, we get
S(HL () =€0(€) (Hg(€)) + €0 (&) Hyg(¢),

on using relation (1.4), we have

0 Het f(€) = €6 (€) Hy g(€) + 0 $(&) Hopr 9(6),
that implies

o] |Hosr FE)] < (€11 ()] [He g ()] + lo] [6(E)] | Hasr g(€)]- (2.18)
As a consequence, considering that the ¢ (Schwarz function) meets the inequality,
(see [11])
, 1-— 2
Gol< 98 e D) (2.19)

using (2.16) and (2.19) in (2.18), we have

£1(1 — |p(&)]?)|sech)]
(1= 1&P) (I + ¢+l eléh = [¢] = |+ ] [tand)

) +|¢(§)|) |Hop1 9(8)]-
(2.20)

|Hop f(&)] < (

Setting || =€, [¢(€)] =k (0 < Kk < 1), then inequality (2.20) leads to

C1<€7 l{)
Hs 1 = HS 1 y 2.21

where
Gl ) = (1 — k)| sect] + k(1 — &) (jp+ € + ] e = IC| — |1+ ltand]).
Then, from (2.21)
[Hor f(E)] < Fale, k) [Hega 9(E)], (2.22)

Gi(e, k)
(=€) (In+C+ales = [¢] = lu+lltand])
From relation (2.22), in order to prove our result, we have to specify
e1 = maz{e € [0,1); Ti(e, k) <1 Vre[0,1]}
=maz{e € [0,1); Gi(e,k) >0 Vk € [0,1]},

where

Ti(e, k) = (2.23)

where
Ghle,m) = (1= )(1 = m) (e + 7] — [¢] — |+ [tanb]) — (1 — )] sech].
A quick calculation illustrates that the inequality Gi(e, k) > 0 is equivalent to
ui(e, k) = (1 =€) (| + ¢ +let =[] — [+ l[tand|) — (1 + K)|sech] > 0,
while the function wu;(e, k) takes its lowest value at x = 1, that is,
min{uy(e, k) : k € [0,1]} = uy(e, 1) = vy (e),
where

vi(6) = (1 = @) (|l + 4+l e = I¢| = |+ yltand]) — 2¢sech] = 0.
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It follows that wve(e) > 0 Ve € [0,€], where ¢ = €(0, v, u, () is the least
positive root of equation (2.13), which proves the conclusion of (2.12). O]

3. COROLLARIES AND CONSEQUENCES

Corollary 3.1. We consider a function f € A and an another function g €
Sé\,p[n, E, F]. If TX(B, p) f(&) is majorized by T*(B, p) g(€) in domain D, then

218, p) FOI < (T8, p) 9(©)] for €] < e, (3.1)

where the least positive root of following equation is €.

|(1=n) E+(A+2n—1)F|e*— (2| F|+|\+n]) €= (2+](1—n) E+(A+2n—1)F|)e+|n+A| = 0,
(3.2)
and -1 < F<E<1,A>-1,0<n<1,B,peR\Z,.

Corollary 3.2. We consider a function f € A and an another function g €
T\0; ). If TM(B, p) f(€) is majorized by (B, p) g(€) in domain D, then

218, p) FOI < (T8, p) 9(©)] for [€] < e, (3-3)

where the least positive root of following equation is €.
(e° —|A| — |1+ Al[tanf])e* — 2|sechle — (e — |A| — |1 + A|[tanf]) =0,  (3.4)
and A\ > —-1,0<n<1, -5 <0<F, B, peR\Z,.

Corollary 3.3. We consider a function f € A and an another function g €
SMa, E, F). If Q* f(€) is majorized by Q* g(€) in domain D, then

QYOI <1 g(€)] for €] S e, (3.5)

where the least positive root of following equation is €.

(1—a)E+ (2a—A=1)F|e’ = 2|F|+]a=A)e = (2+[(1 —a)E+ (2a— A — 1)F|)e
+la— =0, (3.6)

and — 1< F<E<I1 —oco<A<2,0<a<1.

Corollary 3.4. We consider a function f € A and an another function g €
T, If @ f(€) is majorized by Q* g(€) in domain D, then

QO <1 g(&)] for €] < s, (3.7)

where the least positive root of following equation is €s.
(e° = |1 = M|tand| — |A|)€* + 2|secl]| e — (e — |A| — |1 — A|[tand]) =0, (3.8)
and —00 < A <2, =3 <0< 7.

Acknowledgement. Authors are thankful to the reviewer for his constructive
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