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A WELL-DEFINED GODUNOV-TYPE SCHEME IN A
NAVIER-STOKES MODEL WITH A FRICTION TERM

JULES OUYA1∗ AND AROUNA OUEDRAOGO2

Abstract. In this paper, particular attention is paid to Godunov-type nu-
merical scheme for solving partial differential equations. We numerically ap-
proximate the weak solutions of the Navier-Stokes problem in the compressible
case in one dimension of space with a friction term. The solutions of this model
exhibit various properties that must be maintained accurately through numer-
ical methods. Indeed, the solutions may satisfy stable regimes, the scheme
mush maintain positive density throughout the flow. By developing a suitable
approximate Riemann solver, a finite volume method is formulated to preserve
as well as possible (or even exactly) those steady states of particular physi-
cal interest. Numerical simulations illustrate the effectiveness of the suggested
computational method.

1. Introduction

Our focus lies in simulating the 1D unsteady compressible Navier-Stokes system.
Assuming the fluid is subject only to the force of friction, the problem is written
as follows ∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x(ρv
2) + ∂xp(ρ) = ∂x (µ∂xv)− rρv2,

(1.1)

where, ρ(t, x), v(t, x) and µ > 0 represent, respectively, the density, velocity and
viscosity of the fluid; with (t, x) ∈ [0,+∞[×R. We restrict ourselves to the isen-
tropic case, where the fluid pressure p is written as p(ρ) = kρα with k > 0 and
α > 1. Finally, the quantity of motion is given by q = ρv. In (1.1), the first
equation expresses the conservation of mass and the second, the evolution of the
quantity of motion.
The main purpose of this paper concerns numerical implementation of finite vol-
ume schemes associated with Godunov-type solvers (see [18]). The Godunov
scheme, proposed by Serguey Godunov in 1959 [16, 26], is a conservative numeri-
cal scheme used for solving partial differential equations. This scheme employs a
finite volume method to solve exact or approximate Riemann problems between
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each cell. The simplest form of the Godunov scheme is first-order accuracy in
both space and time, but it can be extended to higher-order methods. The Go-
dunov scheme and its linearized extensions, known as Godunov-type schemes, are
commonly used to illustrate finite volume schemes.
Motivated by the articles [11], [1, 2, 4, 6] and D. Hoff [19], we use the Godunov-
type scheme to approximate the weak solutions of our problem (1.1). In [19],
the existence of weak solutions has been established. For additional results and
references on the existence theory for the compressible Navier-Stokes system, we
recommend consulting [10, 22] and the reference texts [12, 23]. It is worth noting
that recent advancements [8] address more intricate pressure laws and introduce
novel compactness arguments. For outcomes related to density-dependent vis-
cosities, we suggest referring to [7, 24, 28].
The paper is structured as follows: Section 2 is devoted to the search for sta-
ble solutions, in particular those at rest and the establishment of the entropy
inequality. In Section 3, we construct the finite volumes scheme, the Godunov
scheme and the Godunov-type scheme, focusing on the discretization of the dif-
fusion and friction terms. Finally, in Section 4, we illustrate numerical results
with particular emphasis on the value of viscosity.

2. Preliminaries

We introduce the new variables

W =

(
ρ
ρv

)
; F (W ) =

(
ρv

ρv2 + p

)
; D(W )∂xW =

(
0

µ∂xv

)
; S(W ) =

(
0

−rρv2
)
,(2.1)

where the vector W accounts for the conservative variables, F (W ) for the compo-
nent of the convective flux, D(W )∂xW designed the viscosity term respectively,
and S(W ) for the friction term . Thus, (1.1) is written as

∂tW + ∂xF (W ) = ∂x (D(W )∂xW ) + S(W ), (2.2)

where W belongs to the set of admissible states Ω defined by

Ω = {W = (ρ, q)t ∈ R2; ρ ≥ 0, q ∈ R} ⊂ R2.

Remark 2.1. The admissible space Ω contains zones defined by ρ = 0 in which, a
priori, the system no longer makes sense. So, from now on, let us emphasize we
do not consider vacuums regions where ρ = 0.

The primary goal of this study is to develop a finite volume scheme that can effec-
tively approximate the weak solutions of equation (1.1), with a specific focus on
steady states. Steady states are particularly significant in numerical simulations,
as many real-world experiments are expected to eventually converge to these sta-
ble states over long periods of time. Therefore, it is crucial for the scheme to
accurately approximate these specific solutions. In the following, we approach
the weak solutions of (1.1) with a Godunov-type scheme (see [16, 18, 26]).
Indeed, this paper focuses on steady states described by∂x(ρv) = 0,

∂x (ρv
2 + p(ρ)− µ∂xv) = −rρv2,

. (2.3)
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Our focus is on steady states at rest, where the velocity v is zero. Consequently,
the steady states we are interested in are solutions of equationv = 0,

∂xρ = 0,
. (2.4)

Thus, we obtain the following definition of the steady states: v = 0 and ρ = cst.

In order to exclude non-physical solutions, the in-homogeneous system is given
an entropy inequality.

Lemma 2.2. A weak solution of the Navier-Stokes system satisfies the following
entropy inequality :

∂tE(W ) + ∂xG(W ) + rρv3 ≤ ∂x

(
µ∂x

v2

2

)
, (2.5)

where E is the entropy or energy function and G is the entropy flux defined by

E(W ) = ρv2

2
+ e(ρ) and G(W ) = ρv

(
v2

2
+ e′(ρ)

)
, with e′′(ρ) = p′(ρ)

ρ
.

3. Finite volumes scheme

The aim of finite volume schemes is to try to approximate weak solutions for
the problem {

∂tW + ∂xF (W ) = 0

W (x, t = 0) = W0(x),
(3.1)

with W0(x) ∈ Ω.

Figure 1. One-dimensional discretization of space.

In this paper, we adopt this method which is more adapted to the hyperbolic char-
acter of the Navier-Stokes system. We will briefly present finite volume schemes
in a general framework and then recall the basics of the Godunov [27, 18] scheme
and Godunov type schemes [27, 26]. Here, we consider the homogeneous model in
its (3.1) form. The case with a viscosity term will be dealt with in the next sub-
point. The first step in the finite volume method is to discretize the space. This



216 J. OUYA AND A. OUEDRAOGO

involves dividing the space into cells as shown in Figure 1. Consider a uniform
mesh defined by the sequence of points (xi+1/2)i∈Z where

xi+1/2 = xi−1/2 +∆x,

with ∆x the step in space, assumed to be constant. Thus we have the cells
ci = (xi−1/2, xi+1/2) centered at xi. In the same way, we define the sequence
(tn)n∈N by t0 = 0 and tn+1 = tn + ∆t where ∆t is the time step that will be
restricted by a CFL (Courant-Friedrichs-Lewy) condition.
We note W n

i the approximation of the solution W (x, tn) at date tn . In fact,
this value corresponds to the approximation of the average of the exact solution
W (x, tn) over the cell ci , as follows:

W n
i ≃

1

∆x

∫ xi+1/2

xi−1/2

W (x, tn)dx. (3.2)

This approximation is initialized by averaging the initial condition over each cell,
given for all i ∈ Z

W 0
i =

1

∆x

∫ xi+1/2

xi−1/2

W0(x)dx. (3.3)

A finite volume scheme is obtained by integrating the system (3.1) over ci ×
[tn, tn+1[, ∫ xi+1/2

xi−1/2

∫ tn+1

tn
(∂tW (x, t) + ∂xF (W (x, t))) dxdt = 0.

This implies that∫ xi+1/2

xi−1/2

(
W (x, tn+1)−W (x, tn)

)
dx+

(
F (W (xi+1/2, t))− F (W (xi−1/2, t))

)
dt = 0.

Using (3.2) and by choosing the flow approximation, called the numerical flow:

F∆

(
W n

i ,W
n
i+1

)
≃ 1

∆t

∫ tn+1

tn
F
(
W (xi+1/2, t)

)
dt, (3.4)

we obtain the first-order finite volume scheme, given by :

W n+1
i = W n

i −
∆t

∆x

[
F∆

(
W n

i ,W
n
i+1

)
− F∆

(
W n

i−1,W
n
i

)]
, (3.5)

where the numerical flow F∆ defines an approximation of the physical flows at
the interfaces.

3.1. Godunov scheme.
In this subsection we present the Godunov scheme [26, 16]. At date tn, we assume
that an approximation to the piece-wise constant solution W∆(x, t

n) = W n
i is

known if x ∈ (xi−1/2, xi+1/2). This approximation is now extended to the date
tn +∆t by solving the following problem{

∂tW (x, t) + ∂xF (W (x, t)) = 0

W (x, tn) = W∆(x, t
n).

(3.6)
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Locally, on each interface xi+1/2, we have to consider a Riemann problem written
in the form 

∂tW (x, t) + ∂xF (W (x, t)) = 0

W (x, tn) =

{
W n

i if x < 0

W n
i+1 if x > 0.

(3.7)

We note WR

(
x− xi+1/2

t
,W n

i ,W
n
i+1

)
the exact solution of the Riemann problem

(3.7). Thus, for ∆t sufficiently small, the solution to the (3.6) problem is given
by

W∆(x, t
n + t) = WR

(
x− xi+1/2

t
,W n

i ,W
n
i+1

)
, (3.8)

where t ∈ (0,∆t) and x ∈ (xi, xi+1).

Let
(
λ±
i+1/2

)
i∈Z

be the fastest and slowest wave speeds resulting from the exact

solution of the Riemann problem (3.7) at the interface xi+1/2. By construction of
the solutions of the Riemann problem all these wave speeds are bounded whatever
i ∈ Z. We impose the condition CFL (Courant-Friedrichs-Lewy) defined by

∆t

∆x
max
i∈Z

(
|λ−

i+1/2|, |λ
+
i+1/2|

)
≤ 1

2
⇒ ∆t

∆x
max
i∈Z

(
|un

i |+
√

p′ni

)
≤ 1

2
, (3.9)

it follows that W∆(x, t
n+∆t) is a non-interacting juxtaposition of Riemann prob-

lems positioned at each interface. We see that on each cell (xi−1/2, xi+1/2) the
solution W∆(x, t

n+∆t), given by (3.8), is not constant over (xi, xi+1). It is made
up of constant states separated by shock waves and rarefaction waves. We project
this solution onto the piecewise constant functions in the sense of L2. To do this,
we define the approximation at date tn +∆t, as follows:

W n+1
i =

1

∆x

∫ xi+1/2

xi−1/2

W∆(x, t
n +∆t)dx. (3.10)

It is also possible to reformulate the diagram in the conservative three-point form
(3.5).

Lemma 3.1. At ∆t > 0, consider WR the solution of the Riemann problem (3.7).
Then, under the condition CFL (3.9), we have

2

∆x

∫ xi

x
i− 1

2

WR

(
x− xi− 1

2

t
,Wi−1,Wi

)
dx = Wi −

2∆t

∆x

(
F (Wi)− F (WR(0;Wi−1,Wi))

)
(3.11)

and

2

∆x

∫ x
i+1

2

xi

WR

(
x− xi+ 1

2

t
,Wi,Wi+1

)
dx = Wi −

2∆t

−∆x

(
F (Wi)− F (WR(0;Wi,Wi+1))

)
.(3.12)

Proof. Since WR is the solution to the Riemann problem, then this function
verifies

∂tWR + ∂xF (WR) = 0. (3.13)
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If we integrate this equation over the block [xi−1/2, xi]× [0,∆t], we obtain∫ ∆x
2

0

∫ ∆t

0

∂tWR

(x
t
,Wi−1,Wi

)
dxdt+ ∂xF

(
WR

(x
t
,Wi−1,Wi

))
dxdt = 0.

This implies∫ ∆x
2

0

WR

( x

∆t
,Wi−1,Wi

)
dx−

∫ ∆x
2

0

W0(x)dx+

∫ ∆t

0

F

(
WR

(
∆x/2

t
,Wi−1,Wi

))
dt

−
∫ ∆t

0

F (WR (0;Wi−1,Wi)) = 0.

Since x > 0, then we have W (x, t = 0) = Wi. Under CFL condition (3.9), we

have F

(
WR

(
∆x/2

t
,Wi−1,Wi

))
= F (Wi). Furthermore, F (WR (0;Wi−1,Wi))

is independent of t, so

1

∆x/2

∫ ∆x
2

0

WR

( x

∆t
,Wi−1,Wi

)
dx = Wi −

∆t

∆x/2
(F (Wi)− F (WR(0;Wi−1,Wi))) .

Hence (3.11).
Similarly, by integrating the equation (3.13) on the block [xi, xi+1/2]× [0,∆t], we
obtain∫ 0

−∆x
2

WR

( x

∆t
,Wi,Wi+1

)
dx−

∫ ∆x
2

0

W0(x)dx−
∫ ∆t

0

F

(
WR

(
−∆x/2

t
,Wi,Wi+1

))
dt

+

∫ ∆t

0

F (WR (0;Wi,Wi+1)) dt = 0.

Since x < 0, then we have W (x, t = 0) = Wi. Under CFL condition (3.9), we
have

F

(
WR

(
−∆x/2

t
,Wi,Wi+1

))
= F (Wi). In addition, F (WR (0;Wi−1,Wi)) is

independent of t, so

1

∆x/2

∫ 0

−∆x
2

WR

( x

∆t
,Wi,Wi+1

)
dx = Wi −

∆t

−∆x/2
(F (Wi)− F (WR(0;Wi,Wi+1))) .

□

The Godunov scheme (3.10) can be written as :

W n+1
i =

1

∆x

∫ xi

xi−1/2

WR

(
x− xi−1/2

∆t
,Wi−1,Wi

)
dx+

1

∆x

∫ xi+1/2

xi

WR

(
x− xi+1/2

∆t
,Wi,Wi+1

)
dx.

By changing the variable x− xi+1/2 ←− x, it follows that

W n+1
i =

1

∆x

∫ ∆x
2

0

WR

( x

∆t
,Wi−1,Wi

)
dx+

1

∆x

∫ 0

−∆x
2

WR

( x

∆t
,Wi,Wi+1

)
dx.
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Consequently, the relations (3.11) and (3.12) give us

W n+1
i =

1

2

(
W n

i −
∆t

∆x/2
(F (W n

i ))− F (WR(0;Wi−1,Wi))

)
+
1

2

(
W n

i −
∆t

−∆x/2
(F (W n

i ))− F (WR(0;Wi,Wi+1))

)
= W n

i −
∆t

∆x
(F (WR(0;Wi,Wi+1))− F (WR(0;Wi−1,Wi))) ,

which can be reformulated in the conservative form (3.5) with a numerical flow
given by

F∆(W
n
i ,W

n
i+1) = F

(
WR(0;W

n
i ,W

n
i+1)

)
. (3.14)

Note that the Godunov scheme is consistent since WR(
x

t
,W,W ) = W so that

F∆(W,W ) = F (W ).

3.2. Godunov-type scheme.
The exact solution of the Riemann problem must be computed for the Godunov
scheme. This solution is often difficult to show. In 1983, Harten, Lax and van Leer
[18], proposed using an approximation of the solution of the Riemann problem in
place of the exact solution to construct a new class of numerical methods. Harten,
Lax and van Leer noticed that the consistency of the scheme can be obtained by
considering the projection of the exact solution of the Riemann problem onto the
constants in the L2 sense. On the basis of this observation, they proposed substi-

tuting the exact solutionWR(
x
t
;Wi,Wi+1) by an approximation W̃R

(
x
t
;Wi,Wi+1

)
satisfying the following integral consistency relation:

1

∆x

∫ ∆x
2

−∆x
2

WR

(x
t
;Wi,Wi+1

)
dxdt =

1

∆x

∫ ∆x
2

−∆x
2

W̃R

(x
t
;Wi,Wi+1

)
dxdt. (3.15)

Under the previous consistency condition, it is possible to reformulate the mean
of the exact solution of the Riemann problem explicitly. To fix ideas, the approx-
imate Riemann solver will be taken in the following form:

W̃R

(x
t
;Wi,Wi+1

)
=


Wi if x < λL

i+1/2∆t

W ( x
∆t
) if λL

i+1/2∆t < x < λR
i+1/2∆t

Wi+1 if x > λR
i+1/2∆t

(3.16)

where λL
i+1/2 and λR

i+1/2 are characteristic velocities. However, it is important to

note that the cone of dependence of the approximate solver defined by λL
i+1/2 and

λR
i+1/2 must contain the cone of dependence of the exact solution defined by λ−

i+1/2

and λ+
i+1/2 .

Lemma 3.2. Let WR
(

x
∆t
;Wi,Wi+1

)
the exact solution of the Riemann problem

(3.7), then

1

∆x

∫ ∆x
2

−∆x
2

WR

( x

∆t
;Wi,Wi+1

)
dx =

1

2
(Wi +Wi+1)−

∆t

∆x
(F (Wi+1)− F (Wi)) ,(3.17)
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under CFL condition defined by

∆t

∆x
max

(
|λL

i+1/2|, |λR
i+1/2|

)
≤ 1

2
. (3.18)

As a consequence of this result, let us now note that, according to (3.17), the
condition of integral consistency (3.15) becomes

1

∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;Wi,Wi+1

)
dx =

1

2
(Wi +Wi+1)−

∆t

∆x
(F (Wi+1)− F (Wi)) .(3.19)

Proof. By integrating the Riemann problem (3.7) on the interval [−∆x
2

, −∆x
2

]times[0,∆t],
we obtain the following equality:∫ ∆x

2

−∆x
2

WR

( x

∆t
;Wi,Wi+1

)
dx =

∫ ∆x
2

−∆x
2

WR(x, 0)dx−
∫ ∆t

0

F

(
WR

(
∆x/2

t
;Wi,Wi+1

))
dt

+

∫ ∆t

0

F

(
WR

(
−∆x/2

t
;Wi,Wi+1

))
dt. (3.20)

Using the definition of the initial condition of the Riemann problem (3.7), we
have ∫ ∆x

2

−∆x
2

WR(x, 0)dx =
∆x

2
(Wi +Wi+1) . (3.21)

The CFL condition ensures that for t ∈]0,∆t], we have

WR

(
∆x/2

t
;Wi,Wi+1

)
= Wi+1 and WR

(
−∆x/2

t
;Wi,Wi+1

)
= Wi. (3.22)

Therefore, (3.20) becomes

1

∆x

∫ ∆x
2

−∆x
2

WR

( x

∆t
;Wi,Wi+1

)
dx =

1

2
(Wi +Wi+1)−

∆t

∆x
(F (Wi+1)− F (Wi)) .

□

Knowing an approximate Riemann solver satisfying the integral consistency
condition (3.15), we can construct a conservative scheme consisting of three
points. At date tn we assume that an approximation to the piecewise constant

solution is known W̃∆(x, t
n) = W n

i if x ∈ (xi−1/2, xi+1/2). Then, we introduce an
approximation to the solution at date tn +∆t, given by

W̃∆(x, t
n +∆t) = W̃R

(
x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
if x ∈ (xi−1/2, xi+1/2), (3.23)

where W̃R satisfies the consistency condition (3.19). Note that under the CFL

condition (3.18), the approximate solution W̃∆ is in fact a non-interacting jux-
taposition of the approximate Riemann solvers posed on each interface. At date
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tn+∆t we consider the projection in the sense L2 of W̃∆ on the piecewise constant
functions to define the update as follows:

W n+1
i =

1

∆x

∫ xi+1/2

xi−1/2

W̃∆(x, t
n +∆t)dx. (3.24)

We will now show that this Godunov-type scheme can be rewritten in the con-
servative and consistent form (3.5). Indeed

W n+1
i =

1

∆x

∫ xi

xi−1/2

W̃∆(x, t
n +∆t)dx+

1

∆x

∫ xi+1/2

xi

W̃∆(x, t
n +∆t)dx, (3.25)

then, using the definition (3.23), we obtain

W n+1
i =

1

∆x

∫ xi

xi−1/2

W̃R

(
x− xi−1/2

∆t
;W n

i−1,W
n
i

)
dx

+
1

∆x

∫ xi+1

xi

W̃R

(
x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx (3.26)

+
1

∆x

∫ xi+1/2

xi+1

W̃R

(
x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx.

The integral consistency condition (3.19) allows us to rewrite the previous ap-
proximation as follows:

W n+1
i = W n

i −
∆t

∆x

(∆x

2∆t
(W n

i −W n
i+1) +

(
F (W n

i+1)− F (W n
i )
)

− 1

∆t

∫ xi

xi−1/2

W̃R

(
x− xi−1/2

∆t
;W n

i−1,W
n
i

)
dx

+
1

∆t

∫ xi+1/2

xi+1

W̃R

(
x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx

)
. (3.27)

This gives the following conservative form:

W n+1
i = W n

i −
∆t

∆x
(F∆(Wi,Wi+1)− F∆(Wi−1,Wi) ,

where the numerical flow function finds the following expression :

F∆(Wi,Wi+1) = F (W n
i+1)−

∆x

2∆t
W n

i+1 +
1

∆t

∫ xi+1

xi+1/2

W̃R

(
x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx

Or else

F∆(WL,WR) = F (WL) +
∆x

2∆t
WL −

1

∆t

∫ 0

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx

or again

F∆(WL,WR) =
1

2
[F (WL) + F (WR)]−

∆x

4∆t
(WR −WL)

+
1

2∆t

∫ ∆x
2

0

W̃R

( x

∆t
;WL,WR

)
dx− 1

2∆t

∫ 0

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx.
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Note that we have a scheme in conservative and consistent form if W̃R
(

x
∆t
;W,W

)
=

W since we then obtain F∆(W,W ) = F (W ).

3.3. Godunov-type scheme for the Navier-Stokes model with viscosity
and friction terms.
The special feature of this scheme, as mentioned earlier, is the use of the approx-
imate solution of the Riemann problem. In the previous subsection, we presented
the Godunov-type scheme for the homogeneous system. In this Section, we ex-
tend the Godunov-type schemes to take into account the viscosity term and the
friction term. We adopt the space and time discretization introduced at the be-
ginning of this Section 3. It is assumed that at time tn, a piecewise constant
approximation to the solution of (1.1) is known and defined as follows:

W∆(x, t
n) = W n

i if x ∈ (xi−1/2, xi+1/2).

We are looking for an approximation of the solution at time tn+1 = tn + ∆t. To
approximate the solution of the system (1.1), according to [16, 9, 17], the update
W n+1 is given by

W n+1
i =

1

∆x

∫ xi+1/2

xi−1/2

W∆ (x, tn +∆t) dx, (3.28)

where W∆ (x, tn +∆t) represents the non-interacting juxtaposition of the approx-
imate Riemann solvers defined on each cell (xi, xi+1) by

W∆ (x, tn +∆t) = W̃R

(
x− xi+1/2

t
;W n

i ,W
n
i+1

)
, if (x, t) ∈ (xi, xi+1)× (0,∆t).

Note that W̃R

(
x
t
;WL,WR

)
denotes the approximation of the solution of the fol-

lowing Riemann problem:
∂tW + ∂xF (W ) = ∂x (D(W )∂xW ) + S(W )

W (x, t = 0) =

WL if x < 0

WR if x > 0.

(3.29)

According to [18](see also equality (3.15)), the approximate Riemann solver must
satisfy the following integral consistency condition:

1

∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;WL,WR,

)
dx =

1

∆x

∫ ∆x
2

−∆x
2

WR
(
x,∆t;WL,WR

)
dx, (3.30)

where WR
(
x,∆t;WL,WR

)
represents the exact solution of the Riemann problem

(3.29). However, because of the diffusion term, the Lemma 3.2 can no longer be
applied here and the mean of WR is, a priori, no longer accessible. Indeed, as
long as ∆t is sufficiently small that

WR

(
− ∆x

2
,∆t;WL,WR

)
= WL and WR

(
∆x
2
,∆t;WL,WR

)
= WR,

integrating (3.29) over the domain (−∆x/2,∆x/2)× (0,∆t) gives us
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1

∆x

∫ ∆x
2

−∆x
2

WR
(
x,∆t;WL,WR

)
dx =

1

2
(WR +WL)−

1

∆x

∫ ∆t

0

F
(
WR

(
∆x/2, t;WL,WR

))
dt

+
1

∆x

∫ ∆t

0

F
(
WR

(
−∆x/2, t;WL,WR

))
dt+

1

∆x

∫ ∆x
2

−∆x
2

∫ ∆t

0

S
(
WR

(
x, t;WL,WR

))
dxdt

+
1

∆x

∫ ∆t

0

D
(
WR

(
∆x/2, t;WL,WR

))
dt− 1

∆x

∫ ∆t

0

D
(
WR

(
−∆x/2, t;WL,WR

))
dt,

(3.31)

where we use the notation D(WR) instead of D(WR)∂xWR for simplicity.

The consistency condition (3.31) (due to (3.30)), satisfied by the approximate

Riemann solver W̃R

(
x
∆t
;WL,WR

)
allows us to reformulate the update W n+1

i as

a usual finite volumes scheme. Indeed, from (3.28), we obtain

W n+1
i =

1

∆x

∫ xi

xi−1/2

W̃R

(x− xi−1/2

∆t
;W n

i−1,W
n
i

)
dx

+
1

∆x

∫ xi+1/2

xi

W̃R

(x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx. (3.32)

At the interface xi+1/2, we perform the following change of variable
x −→ x− xi+1/2, to obtain

1

∆x

∫ xi+1/2

xi

W̃R

(x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx =

1

∆x

∫ 0

−∆x
2

W̃R

( x

∆t
;W n

i ,W
n
i+1

)
dx,

and

1

∆x

∫ xi+1

xi+1/2

W̃R

(x− xi+1/2

∆t
;W n

i ,W
n
i+1

)
dx =

1

∆x

∫ ∆x
2

0

W̃R

( x

∆t
;W n

i ,W
n
i+1

)
dx.

To simplify notation, we define,

I−i+1/2 =
1

∆x

∫ 0

−∆x
2

W̃R

( x

∆t
;W n

i ,W
n
i+1

)
dx, I+i+1/2 =

1

∆x

∫ ∆x
2

0

W̃R

( x

∆t
;W n

i ,W
n
i+1

)
dx.

Then (3.32) is rewritten as follows:

W n+1
i = I+i−1/2 + I−i+1/2

=
1

2

(
I+i−1/2 + I−i−1/2

)
+

1

2

(
I−i+1/2 + I+i+1/2

)
+

1

2

(
I+i−1/2 − I−i−1/2

)
+

1

2

(
I−i+1/2 − I+i+1/2

)
We have, for all i ∈ Z

1

2

(
I−i+1/2 + I+i+1/2

)
=

1

2∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;W n

i ,W
n
i+1

)
dx, (3.33)
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and

1

2

(
I−i−1/2 + I+i−1/2

)
=

1

2∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;W n

i−1,W
n
i

)
dx. (3.34)

Using (3.31) and the equalities (3.33)-(3.34), we obtain

W n+1
i = W n

i −
∆t

∆x

(
F∆

(
W n

i ,W
n
i+1

)
− F∆

(
W n

i−1,W
n
i

) )
+

∆t

∆x

(
Di+1/2 −Di−1/2

)
+

∆t

2

(
Si−1/2 + Si+1/2

)
, (3.35)

where we approached the integral on (0,∆t) of D
(
WR

(−∆x/2
∆t

;WL,WR

))
and

D
(
WR

(∆x/2
∆t

;WL,WR

))
by constants given by DL and DR, with the numerical

flow function defined by

F∆

(
WL,WR

)
=
1

2
(F (WL) + F (WR))

− ∆x

4∆t
(WR −WL) +

∆x

2∆t

(
I+LR − I−LR

)
, (3.36)

where

I−LR =
1

∆x

∫ 0

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx, I+LR =

1

∆x

∫ ∆x
2

0

W̃R

( x

∆t
;WL,WR

)
dx.

Consequently, the scheme (3.35) will be fully determined once the Riemann solver

W̃R and the approximation of the viscosity term (diffusion term) and the friction
term have been chosen. The characterization of these functions is the subject of
the following subsections.

3.3.1. Discretization of diffusion and friction terms.
The construction of the local approximation of the terms DLR (WL,WR) and
SLR (WL,WR) must allow the scheme (3.35) to preserve stationary solutions. It
is important to note that this function DLR (WL,WR) and SLR (WL,WR) are a
local approximation on each interface of the viscosity term and friction term,
respectively. It is therefore necessary to define the stationary solutions interface
by interface. In line with the stationary solutions (2.4), we introduce the definition
of local stationarity as follows.

Definition 3.3. A solution is locally stationary if for all states WL and WR , we
have

ρLvL = ρRvR and B (WL, DL, SL) = B (WR, DR, SR) (3.37)

where B (W,D, S) = ρv2 + p(ρ).

Now, if
(
WL,WR, DL, DR, SL, SR

)
verifies the local equilibrium (3.37),DLR (WL,WR)

and SLR (WL,WR) must be fixed so that W̃R

(
x
∆t
;WL,WR

)
remains stationary;
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i.e.

W̃R

( x

∆t
;WL,WR

)
=

{
WL if x < 0

WR if x > 0.
(3.38)

The stationarity relation (3.38) allows us to propose a discretization of the vis-
cosity term. Note that the integral consistency condition (3.31), for a stationary
solution in the form (3.38), is rewritten as follows:

2∆x
(
DR −DL

)
+
(
SL + SR

)
= F (WR)− F (WL). (3.39)

(We will establish the proof of (3.39) after defining the Riemann solver).

Consequently, as soon as (WL,WR, DL, DR, SL, SR) satisfies (3.37), the approx-

imate diffusion term DLR =
(
D

ρ

LR, D
q

LR

)t
and the approximate friction term

SLR =
(
S
ρ

LR, S
q

LR

)t
must satisfy

∆xD
ρ

LR = ∆xS
ρ

LR = 0, 2∆xD
q

LR + S
q

LR =
(
ρRv

2
R + pR

)
−

(
ρLv

2
L + pL

)
. (3.40)

Since the equation of continuity (evolution of density) does not contain nei-
ther a viscosity term nor a friction term, we impose S

ρ

LR = D
ρ

LR = 0, for all
(WL,WR, DL, DR, SL, SR). We will now consider D

q

LR and S
q

LR to propose a def-
inition consistent with the second member ∂x (µ∂xv)− rρv2 and such that (3.40)
is verified as soon as (WL,WR, DL, DR, SL, SR) defines a local stationary solution
(3.37). To solve such a problem, we now state a condition that must be satisfied
by D

q

LR and S
q

LR.

3.3.2. Approximate Riemann solver.
To complete the characterization of the numerical scheme (3.35), we need to

define appropriately the Riemann solver W̃R (x/t,WL,WR) in accordance with
the consistency condition (3.31). We utilize an approximate Riemann solver that
involves two constant intermediate states, denoted asW ⋆

L andW ⋆
R, in the following

manner

W̃R (x/t,WL,WR) =


WL if x/t < λL,

W ⋆
L if λL < x/t < 0

W ⋆
R if 0 < x/t < λR

WR if x/t > λR,

(3.41)

where λL < 0 and λR > 0 are the wave velocities.
In order to avoid instability problems (see [18, 27]), we impose a sufficiently
wide cone of dependence on the approximate Riemann solver. Consequently, the
characteristic velocities λL and λR are fixed as follows:

λL ≤ min
(
− |vL| −

√
p′L,−|vR| −

√
p′R

)
λR ≥ max

(
|vL|+

√
p′L, |vR|+

√
p′R

)
,
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so that the cone defined by λL < x/t < λR contains the cone of dependence of
the exact solution of the Riemann problem (3.29). Moreover, using the definition
(3.41), we give the expressions of I−LR and I+LR to deduce the new expressions of
the numerical flux given by (3.36). We will consider cases where the waves are
symmetrical, i.e. λR = λ = −λL. For two intermediate states W ⋆

L and W ⋆
R, we

have

I−LR =
λ∆t

∆x
W ⋆

L +

(
1

2
− λ∆t

∆x

)
WL and I+LR =

λ∆t

∆x
W ⋆

R +

(
1

2
− λ∆t

∆x

)
WR,(3.42)

Then we have

I+LR − I−LR =
λ∆t

∆x
(W ⋆

R −W ⋆
L) +

(
1

2
− λ∆t

∆x

)
(WR −WL) . (3.43)

From this, (3.36) derives

F∆

(
WL,WR

)
=

1

2

(
F (WL) + F (WR)

)
+

λ

2
(WL −W ⋆

L) +
λ

2
(W ⋆

R −WR) .(3.44)

For one intermediate state W ⋆
L = W ⋆

R = W ⋆ = WHLL, we have

I+LR − I−LR = (WR −WL)

(
1

2
− λ∆t

∆x

)
. (3.45)

Consequently, the numerical flow given by (3.36) is written as

F∆

(
WL,WR

)
=

1

2

(
F (WL) + F (WR)

)
− λ

2
(WR −WL) . (3.46)

In this case of one intermediate state, the integral consistency

1

∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx =

1

2
(WL +WR)

− ∆t

∆x
(F (WR)− F (WL)) +

∆t

∆x

(
DR −DL

)
+

∆t

2

(
SL + SR

)
(3.47)

is rewritten as follows (using (3.42))

1

∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx = I+LR + I−LR

= 2λ
∆t

∆x
W ⋆ +

1

2
(WR +WL)− λ

∆t

∆x
(WR +WL) . (3.48)

By identifying (3.47) and (3.48) we obtain

W ⋆ =
1

2
(WR +WL)−

1

2λ

(
F (WR)− F (WL)

)
+

1

2λ

(
DR −DL

)
+

1

4λ∆x

(
SL + SR

)
. (3.49)
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With two intermediate states, we have

1

∆x

∫ ∆x
2

−∆x
2

W̃R

( x

∆t
;WL,WR

)
dx = I+LR + I−LR

=

(
1

2
− λ

∆t

∆x

)
WR + λW ⋆

R

∆t

∆x
+

(
1

2
− λ

∆t

∆x

)
WL + λW ⋆

L

∆t

∆x
. (3.50)

By identifying (3.48) and (3.50) we obtain

W ⋆ =
1

2
(W ⋆

L +W ⋆
R) . (3.51)

From expression of W ⋆ given by (3.49), we have

ρ⋆ =
ρR + ρL

2
− qR + qL

2λ
= ρHLL

and

q⋆ =
qR + qL

2
− ρRv

2
R + pR − ρLv

2
L − pL

2λ
+

1

2λ
D

q

LR +
1

4λ∆x
SLR

= qHLL +
1

2λ
D

q

LR +
1

4λ∆x
SLR.

At steady state, we have qR = qL = q; W ⋆
R = WR and W ⋆

L = WL, (3.51) becomes

W ⋆ =
1

2
(WR +WL) . (3.52)

Identifying (3.52) with (3.49) we obtain (3.39) given by

2∆x
(
DR −DL

)
+
(
SL + SR

)
= F (WR)− F (WL).

We state the main properties satisfied by the scheme (3.35).

Theorem 3.4. Let the following type CFL restriction :

∆t

∆x
max
i∈Z

(
|λL

i+1/2|, |λR
i+1/2|

)
≤ 1

2
.

The scheme constructed (3.35)-(3.51)-(3.39) is consistent with (1.1). Let W n
i be

in Ω for all i ∈ Z. The updated state W n+1
i , given by the scheme (3.35)-(3.51)-

(3.39), satisfies the following properties:

1. Positiveness preservation:: ρni ≥ 0 for all i ∈ Z,

2. Preservation of all smooth steady states: W n+1
i = W n

i for all i ∈ Z as
soon as (W n

i )i∈Z verifies

un
i = 0 and ρni = c for all i ∈ Z.

for given constant c.

3. A discrete entropy inequality in the form:

En+1
i − En

i

∆t
+

Gi+1/2 −Gi−1/2

∆x
≤ −SE

i +D
E

i , (3.53)
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where

Gi+1/2 =
G(W n

i+1) +G(W n
i )

2
− ∆x

4∆t

(
E(W n

i+1)− E(W n
i )
)
+

∆x

2∆t

(
IE+
i+1/2 − IE−

i−1/2

)
,

with

IE+
i+1/2 =

1

∆x

∫ ∆x
2

0

E
(
W̃R

( x

∆t
;W n

i ,W
n
i+1

))
dx,

IE−
i+1/2 =

1

∆x

∫ 0

−∆x
2

E
(
W̃R

( x

∆t
;W n

i ,W
n
i+1

))
dx,

and the diffusion and friction terms satisfy

2∆xD(WR)
n

i+1/2 + S(WR)
n

i+1/2 = F (W n
i+1)− F (W n

i ).

4. NUMERICAL RESULTS

Some numerical results are given here to illustrate how the proposed scheme
behaves.
Using one intermediate state (being at equilibrium). For fixed values of α = 2,
k = 5, r = 1.5 and a number of control volumes varying between 50 and 600, and
by varying the value of the viscosity of the fluid, we obtain, at different times, the
graphs below. We repeat the evolution of the density and that of the momentum.

(a) Approximate solution for N = 50,
µ = 0.001, t = 0.001

(b) Approximate solution for N = 600, µ =
0.0015, t = 0.02
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(a) Approximate solution for N = 120
µ = 0.01, t = 0.02

(b) Approximate solution for N = 500, µ =
0.02, t = 0.02

Comments: We note that:

• For a fixed number of cells: when the value of the viscosity µ increases
progressively, up to a value of about 0.01, instabilities start to appear and
become significant as time progresses (the last two figures, for instance).
This can be explained by the fact that our constructed scheme is consistent
to one order in space, but the viscous term is of second order, so when µ
increases at a given moment it is the viscous term that becomes dominant.
As a result, instabilities appear especially for a ”slightly long” time.
Another reason is that, naturally, compressible fluids are generally less
viscous. The viscosity of the reference fluid, air, is around 10−5.
• As for the simulation time, if it is long, close to 0.1, we are forced to take
a number of cells less than 100, otherwise the values will explode, unless
the viscosity is very small, less than 10−3. The gas diffuses fairly quickly.
• The density remains positive throughout the flow.

5. Conclusion and perspectives

In this paper, a numerical study has been carried out on the compressible 1D
Navier-stokes equations. Taking into account the effects of friction, the quadratic
friction term, a Godunov-type scheme has been constructed to approximate the
weak solutions of the problem under the CFL condition (meaning that a wave
can only travel through half a mesh). The results show that the scheme remains
stable and captures the quiescent states for very small values of viscosity.
We plan to make significant corrections to this first-order scheme (e.g. extending
it to second order, a more appropriate discretization of friction and diffusion
terms) in order to deal with cases of ”slightly” higher viscosity. Considering
the problem in a higher dimension would also be useful, since real problems are
generally of this kind.



230 J. OUYA AND A. OUEDRAOGO

References

1. Berthon, C., & Chalons, C. (2016). A fully well-balanced, positive and entropy-satisfying
Godunov-type method for the shallow-water equations. Mathematics of Computation,
85(299), 1281-1307. https://doi.org/10.1090/mcom3045

2. Berthon, C., Crestetto, A., & Foucher, F. (2016). A well-balanced finite volume scheme for
a mixed hyperbolic/parabolic system to model chemotaxis. Journal of Scientific Computing,
67, 618-643. https://doi.org/10.1007/s10915-015-0097-1

3. Berthon, C., & Desveaux, V. (2014). An entropy preserving MOOD scheme for the
Euler equations. International Journal on Finite Volumes, 1-39. https://hal.science/
hal-01115334

4. Berthon, C., & Marche, F. (2008). A positive preserving high order VFRoe scheme for shal-
low water equations: a class of relaxation schemes. SIAM Journal on Scientific Computing,
30(5), 2587-2612. https://doi.org/10.1137/070686147

5. Berthon, C., Bulteau, S., Foucher, F., M’baye, M., & Michel-Dansac, V. (2022). A very
easy high-order well-balanced reconstruction for hyperbolic systems with source terms.
SIAM Journal on Scientific Computing, 44(4), A2506-A2535. https://doi.org/10.1137/
21M1429230

6. Berthon, C., M’Baye, M., Le, M. H., & Seck, D. (2021). A well-defined moving steady states
capturing Godunov-type scheme for Shallow-water model. International Journal on Finite
Volumes. https://hal.science/hal-03192954/

7. Bresch, D., Vasseur, A. F., & Yu, C. (2021). Global existence of entropy-weak solutions
to the compressible Navier–Stokes equations with non-linear density dependent viscosities.
Journal of the European Mathematical Society, 24(5), 1791-1837. https://doi.org/10.
4171/JEMS/1143

8. Bresch, D., & Jabin, P. E. (2018). Global existence of weak solutions for compress-
ible Navier–Stokes equations: Thermodynamically unstable pressure and anisotropic vis-
cous stress tensor. Annals of Mathematics, 188(2), 577-684. https://doi.org/10.4007/
annals.2018.188.2.4

9. Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation
laws: And Well-Balanced schemes for sources. Springer Science & Business Media. https:
//doi.org/dnb.ddb.de.

10. Chen, G.-Q, and Hoff, D. & Trivisa, K. (2000). Global solutions of the compressible Navier-
Stokes equations with large discontinuous initial data. Comm. Partial Differential Equa-
tions, 25:2233-2257. https://doi.org/10.1080/03605300008821583

11. Al-Taki, B., Atsou, K., Casanova, J. J., Goudon, T., Lafitte, P., Lagoutière, F., & Minjeaud,
S. (2021). Numerical investigations of the compressible Navier-Stokes system. ESAIM: Pro-
ceedings and Surveys, 70, 1-13. https://doi.org/10.1051/proc/202107001

12. Feireisl, E. (2004). Dynamics of viscous compressible fluids (Vol. 26). Oxford University
Press.https://books.google.bf/books?id=Luu4VS4qgmIC

13. Gallice, G. (2003). Positive and entropy stable Godunov-type schemes for gas dynamics
and MHD equations in Lagrangian or Eulerian coordinates. Numerische Mathematik, 94,
673-713. https://doi.org/10.1007/s00211-002-0430-0
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