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MODIFIED VIM FOR WAVE EQUATIONS
NAHID FATIMA*

ABSTRACT. During the past few years, there has been a significant amount of
interests in the Variational Iteration Method (VIM), which is a method that
is utilized for the purpose of solving nonlinear differential equations. Minor
adjustments have been made to ‘VIM as part of the Modified Variational Iter-
ative Method (MVIM)’. For a specific type of nonlinear differential equation,
the implementation of the MVIM method results in unnecessary calculations
and additional time spent on repeated calculations for series solutions. The
drawbacks of VIM are addressed by introducing a modified version, and its
usefulness is demonstrated through a few examples.

1. INTRODUCTION

The variational iteration approach (VIM), which He constructed and published
in 1999 [5], will be utilized to investigate the linear wave equation, the nonlin-
ear wave equation, and the wave-like equation in both limited and unbounded
domains. Numerous researchers [1 1, 12] have proved the dependability and useful-
ness of the approach for a wide variety of scientific applications, including linear
and nonlinear applications within the scientific community. Numerous writers
have demonstrated the superiority of this approach over other current methods,
like the perturbation method, the Adomian method etc. If there is an exact so-
lution, the approach provides fast convergent successive approximations of it; if
not, for numerical purposes, a couple of estimates can be employed. The method
is effectively implemented in the references [1, 2, 3, 4, 5, 6, 7,8, 9, 10, 11, 12, 13,

, 15] and their corresponding works. The computing burden of the perturbation
method is detrimental, particularly as the degree of nonlinearity rises. In addi-
tion, the Adomian approach is hampered by the intricate methods required to
compute the Adomian polynomials, which are required for nonlinear situations.

For nonlinear operators, the MVIM does not have any particular constraints,
such as linearization or minimal parameters. Extensive research has been devoted
to the study of linear and nonlinear wave equations, wave-like equations [1] in
confined domains, and the wave equation given in an unbounded domain.

There are three types of functions: source, nonlinear, and linear, respectively:
g(x,t), f(u), and F(u). In many different physical issues, the wave equation is
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crucial. Numerous branches of science and engineering require an understanding
of the wave equation.

Wave equations have been the subject of extensive research. The D’Alembert
approach, the separation of variables method, and many more are examples of
conventional techniques. The purpose of this study is to find precise solutions
by making good use of the Modified Variational Iteration Technique (MVIM).
As previously mentioned, the approach effortlessly manages linear and nonlinear
problems, whether they are homogeneous or heterogeneous, in a bounded or un-
bounded domain. It is dependable and effective in this regard. In contrast to
the Adomian decomposition method, which typically employs computational al-
gorithms to handle the nonlinear terms, the MVIM employs the nonlinear terms
directly without any stipulations or restrictive assumptions.

Many numerical methods for solving PDEs have been developed within two
decades. These methods include the Adomian decomposition method (ADM) [2]
for obtaining a more meaningful solution. In the references [5, 8, 15], the au-
thors applied the homotopy method for PDE. Some authors employed fractional
wave equation, burgers equation, and wave equation. They proved and compared
various numerical methods such as ADM, HAM, VIM, HPM as effective and
promising methods.

We have introduced a modified variational iteration method (MVIM). The lack
of rounding mistakes and the modest resource requirements of this method make
it the preferable numerical method. He [0, 7] has used the variation iteration
method to derive analytical solutions to nonlinear partial differential equations
with variable coefficients and autonomous ordinary differential equations.

It is noteworthy to mention that none of the open literature presents the so-
lution of Wave equation employing MVIM. Also, the examples considered in this
paper are missing from the literature.

There are two objectives to this work. Our initial objective is to examine the
physical wave models in order to derive precise solutions, while avoiding any con-
straining that could potentially alter the solution’s physical characteristics. The
validation of the efficacy of modified variational iteration in resolving scientific
and engineering challenges constitutes our second objective.

2. MODIFIED VARIATIONAL ITERATION METHOD

Modified Variational Iteration technique represents a marginal modification to
the initial Variational Iteration methodology. Understanding the subsequent par-
tial differential equation will assist in comprehending the fundamental principle
underlying the modified variational iteration method (MVIM).

Lu(z,t) + Ru(z,t) + Nu(z,t) = g(z,1) (2.1)

u(z,0) = f(z), (2.2)
Where
L=29/ot, (2.3)
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R is a linear operator which has partial derivatives with respect to x, Nu(z,t) is
a nonlinear term and g(x,t) is an inhomogeneous term. Partial differential equa-
tion covers a large branch of applications such as soliton equations like Burger’s
equations, coupled Burger’s equations, Schrodinger equations, K —dV equations,
modified K — dV equations and many others important equations. The subse-
quent iteration formula was derived using the variational iteration method.

U1 =U, — /t{L(Un) + R(U,) + NU,, — g}dT (2.4)

We can rewrite the equation as

t
Uns1 = U, — / {R(U, — Up1) + (Gn — Gp1) }dr (2.5)
0
where,

U_1 == 0, U() == f(l’), U1 == U(]—/O {R(UO—U_1>+(G0—G_1)—g}dT and Go(l‘,t)

(2.6)
is obtained from
NU,(x,t) = Gp(z,t) + O(") (2.7)
By solving the equation iteratively, one can acquire an approximation of the
solution in the form
u(z,t) = Upy(x,t), (2.8)
where n is the final iteration step. This is the required Modified Variational
iteration method (MVIM)

3. HOMOGENEOUS WAVE EQUATIONS

We will now consider the below homogeneous wave equation

Upp = Ugy — U, 0 <z <7, t>0 (3.1)
Where the initial condition are
u(z,0) = 0,u,(x,0) = 2cosz (3.2)
Uy = 2tcosz (3.4)
R(U,) = R(U,)z + R(3U,) (3.5)
R(U,) = R(Uy),s + R(3U,) (3.6)
= —4tcosx (3.7)
¢
Uy = Uy — / (t— D)R(Uy — U_y)dr (3.8)
0
= Uy + (4¢* cos 1) /6 (3.9)
Similarly,
t
U2 = U1 - / (t — T)R(Ul — Uo)dT (310)
0

Uy = U, — (t° cos ) /15 (3.11)
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w, (1,1) = cos (2t — (2)3/31 4 (2t)° /5! — (26)7 )7V + ..) (3.12)
Recall that
u= nh_)rglo Un, (3.13)
This provides the precise solution.
u(z,t) = cosx sin 2t. (3.14)

4. THE WAVE-LIKE EQUATION
Now let’s look at the wave-like equation below
Uitt) = 2* /2uz,0 <z < 1, > 0 (4.1)
Initial condition,
u(z,0) = 0,u(z,0) = 22 (4.2)

Stationary conditions is being obtained.

1-X=0 (4.3)
AME=1t)=0 (4.4)
N =0 (4.5)
So that
A=E—t (4.6)

The iteration formula can be obtained by replacing the value of the Lagrangian
multiplier in functional (2.4). Taking into account the initial values provided, we
can choose

up(z,t) = xot (4.7)

Applying this choice in (2.7) results in the consecutive approximations that
follow:

uo(z,t) = 2%t (4.8)
ui(z,t) = 2%t + 2°t% /3! (4.9)
Up (1, t) = 22(t + 23+ /5! + 17 )T+ ..) (4.10)
and using the fact that
u= lim w, (4.11)
n—oQ

that leads to the exact solution

u(z,t) = z*sinht (4.12)
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5. WAVE EQUATION IN UNBOUNDED DOMAIN
In conclusion, an unbounded domain is examined regarding the wave equation.
ut = ux, —00 < T < 00,t >0 (5.1)

Initial condition,
u(z,0) = sinz, u(x,0) =0 (5.2)

It is important to mention that the D’Alembert method is commonly employed
to solve this equation. Due to the unbounded nature of the domain, boundary
conditions are not specified. The equation’s correction function is

un+1)(z,t) Zun(fvat)Jr/o ME)(0%un(w,€)) /06" = (0% (tin ) (w, €))/0x)dE (5.3)

The conditions generated is stable.

1-XN =0 (5.4)
AME=1)=0 (5.5)
XN =0 (5.6)
So that
A=E—t (5.7)

By plugging this Lagrangian multiplier value into the functional (3.2) we get the
iteration formula.

un+1)(z,t) = un(z, t)+/0 (=) ((Pun(x,€)) /06— (0% (1) (x,€)) /Dx*)dE, n > 0.
(5.8)

Given the starting values, we can choose wuy(z, t) = sin z. By utilizing this
particular choice in (3.5), we derive the subsequent iterative approximations:

up(z,t) = sinx (5.9)
(u1(z,t) = sinz — t?/2!sinx (5.10)
uy(z,t) = sinz — t2/2!sinx + (t*/4!) sinz (5.11)
uy(x,t) = sinz — t?/2!sinx + t* /4! sinz — t°/6! sin x (5.12)
U (z,t) = sina(1 — /20 + /41 —15/6! + .. ) (5.13)
and using the fact that
u= lim w, (5.14)

n—oo

that leads to the exact solution

u(z,t) = sinx cost. (5.15)
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6. CONCLUSIONS

In this work, we have examined a few of MVIM-related issues in depth, and we’ve
drawn the conclusion that the method can be used to mitigate some of VIM’s
drawbacks. By removing unnecessary terminology and redundant calculations,
MVIM streamlines the VIM language. When it comes to reducing workload and
speeding up computations, MVIM is clearly the more appropriate. Engineers
and non-experts alike can benefit from MVIM since it provides a closed-form
approximation of a solution to a nonlinear condition. Utilizing variational it-
eration theory, the technique for finding a solution is straightforward, and only
a small number of iterations are required to obtain precise results. Specifically,
Variational Iteration Method (VIM) includes repetitive calculations and the com-
putation of unnecessary terms. Therefore, by utilising the Modified Variational
Iteration Method (MVIM), we are able to overcome the shortcomings of the
Variational Iteration Method (VIM), which in turn prevents the repetition of old
computations and thus minimising extra effort and calculations.

Acknowledgement. The author Dr. Nahid Fatima would like to thank Prince
Sultan University for the help and this work was supported by the research grants
SEED project Prince Sultan University, Saudi Arabia [Grant Number SEED-
CHS-2023-136].

REFERENCES

1. Ates, I and Yildirim A. (2009). Application of variational iteration method to fractional
initial-value problems. Int J Nonlinear Sci Numer Simul, 10, 877-884. D0OI:10.1515/
IJNSNS.2009.10.7.877

2. Chun C. (2008). Variational iteration method for a reliable treatment of heat equations
with ill-defined initial data. Int J Nonlinear Sci Numer Simul, 9, 435-440. https://doi.
org/10.1515/IJNSNS.2008.9.4.435

3. Fatima, N. (2022). The Study of Heat Conduction Equation by Homotopy Perturbation
Method. SN COMPUT. SCI, 3(65), 1-5. https://doi.org/10.1007/s42979-021-00947-4

4. Fatima, N., Haque, S. (2023). Variational Iteration Method for Solving Nonlinear Partial
Differential Equations in Fluid Dynamics. Preprints, 2023111201. https://doi.org/10.
20944/preprints202311.1201.v1

5. He JH. (1999). Variational iteration method — a kind of non-linear analytical tech-
nique: some examples. Int J Non-Linear Mech, 34 699-708. https://doi.org/10.1016/
S50020-7462(98)00048-1

6. He JH. (2007). Variational iteration method some recent results and new interpretations.
J Comput Appl Math, 207, 3-17. https://doi.org/10.1016/j.cam.2006.07.009

7. He JH. (2006) Some asymptotic methods for strongly nonlinear equations. Int J Mod Phys
B, 20, 1141-1199. http://dx.doi.org/10.1142/50217979206033796

8. H. Ahmad., T. Khan (2019) Variational iteration algorithm-I with an auxiliary parameter
for wave-like vibration equations. Journal of low freq.Noise Vibration and active control,
38 (4),1113-1124. https://doi.org/10.1177/1461348418823126

9. Hesameddini E and Latifizadeh H. (2009) Reconstruction of variational iteration algorithms
using the Laplace transform. Int J Nonlinear Sci Numer Simul, 10, 1377-1382. https:
//doi.org/10.1515/IJNSNS.2009.10.11-12.1377

10. Mace B. (1984) Wave reflection and transmission in beams. J Sound Vib. 97, 237-246.
https://doi.org/10.1016/0022-460X(84)90320-1


DOI:10.1515/IJNSNS.2009.10.7.877
DOI:10.1515/IJNSNS.2009.10.7.877
https://doi.org/10.1515/IJNSNS.2008.9.4.435
https://doi.org/10.1515/IJNSNS.2008.9.4.435
https://doi.org/10.1007/s42979-021-00947-4
https://doi.org/10.20944/preprints202311.1201.v1
https://doi.org/10.20944/preprints202311.1201.v1
https://doi.org/10.1016/S0020-7462(98)00048-1
https://doi.org/10.1016/S0020-7462(98)00048-1
https://doi.org/10.1016/j.cam.2006.07.009
http://dx.doi.org/10.1142/S0217979206033796
https://doi.org/10.1177/1461348418823126
https://doi.org/10.1515/IJNSNS.2009.10.11-12.1377
https://doi.org/10.1515/IJNSNS.2009.10.11-12.1377
https://doi.org/10.1016/0022-460X(84)90320-1

MODIFIED VIM 253

11. Mokhtari, R. (2008) Variational iteration method for solving nonlinear differential-difference
equations. Int J Nonlinear Sci and Numer Simul, 9, 19-24. http://dx.doi.org/10.1515/
IJNSNS.2008.9.1.19

12. Momani S and Noor MA. (2006) Numerical methods for fourth-order fractional integro-
differential equations. Appl Math Comput, 182. 754-760. https://doi.org/10.1016/j.
amc.2006.04.041

13. Noor, MA and Mohyud-Din ST. (2007). Variational iteration technique for solving higher
order boundary value problems. Appl Math Comput, 189, 1929-1942. https://doi.org/
10.1016/j.amc.2006.12.071

14. Noor, MA and Mohyud-Din ST. (2009). Modified variational iteration method for solving
fourth-order boundary value problems. J Appl Math Comput, 29, 81-94. http://dx.doi.
org/10.1007/s12190-008-0090-z2

15. Saberi, NJ and Tamamgar M. (2008) The variational iteration method, a highly promising
method for solving the system of integro-differential equations. Comput Math Appl, 56,
346-351. https://doi.org/10.1016/j.camwa.2007.12.014

! DEPARTMENT OF MATHEMATICS AND SCIENCES, PRINCE SULTAN UNIVERSITY, 12271
RivADH, KINGDOM OF SAUDI ARABIA
Email address: nfatima@psu.edu.sa


http://dx.doi.org/10.1515/IJNSNS.2008.9.1.19
http://dx.doi.org/10.1515/IJNSNS.2008.9.1.19
https://doi.org/10.1016/j.amc.2006.04.041
https://doi.org/10.1016/j.amc.2006.04.041
https://doi.org/10.1016/j.amc.2006.12.071
https://doi.org/10.1016/j.amc.2006.12.071
http://dx.doi.org/10.1007/s12190-008-0090-z
http://dx.doi.org/10.1007/s12190-008-0090-z
https://doi.org/10.1016/j.camwa.2007.12.014

	1. Introduction
	2.  Modified Variational Iteration Method
	3.  Homogeneous Wave Equations
	4. The Wave-Like Equation
	5. Wave Equation in Unbounded Domain
	6. Conclusions
	References

