Gulf Journal of Mathematics ISSN: 2309-4966
Vol 17, Issue 2 (2024) 115-135 https://doi.org/10.56947 /gjom.v17i2.1890

ON THE RELATIONSHIP BETWEEN THE LOGARITHMIC
LOWER ORDER OF COEFFICIENTS AND THE GROWTH OF
SOLUTIONS OF COMPLEX LINEAR DIFFERENTIAL
EQUATIONS IN C\ {z}

ABDELKADER DAHMANTI! and BENHARRAT BELAIDI?*

ABSTRACT. In this article, we study the growth of solutions of the homoge-
neous complex linear differential equation

FE+ A1) f* D o+ M)+ Ao(2) f =0,
where the coefficients A;(z) (j =0,1,...,k — 1) are analytic or meromorphic
functions in C \ {z0}. Under the sufficient condition that there exists one

dominant coefficient by its logarithmic lower order or by its logarithmic lower
type. We extend some precedent results due to Liu, Long and Zeng and others.

1. INTRODUCTION AND MAIN RESULTS

There are numerous valuable results showcasing the applications of Nevanlinna
theory in the field of complex differential equations (see e.g. [20, 23, 21]), as well
as in areas such as value sharing of meromorphic functions (see e.g. [l, 25,

, 28]). Nevanlinna theory has been applied to get insight into the properties
of solutions of complex differential equations, particularly their growth. In this
context, researchers have explored domains beyond the complex plane. In the year
2016, Fettouch and Hamouda in [10] firstly investigated the growth of solutions
of linear differential equations where the coefficients are analytic or meromorphic
functions in the extended complex plane except a finite singular point C \ {z}.
Subsequently, by adopting the same idea, further research has yielded significant
findings regarding the growth of solutions to linear differential equations (see e.g.
(7,8, 11, 12,13, 17,18, 21, 22]). The concepts of logarithmic order and logarithmic
type of Chern, [9, 10] have always been used to study the growth of solutions to
linear differential equations and linear difference equations for that case when the
coefficients are entire or meromorphic in C of zero order (see e.g. [3, 1, 5, 6, 15]).
Among these studies Ferraoun and Belaidi in [15] compared the logarithmic lower
order of coefficients with the growth of solutions of higher order linear differential
equations. Inspired by this work, in this article we introduce the logarithmic lower
order and the logarithmic lower type of meromorphic function in C \ {2} and
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use them to investigate the growth of solutions to the same higher order linear
differential equation and its relation with the growth of coefficients which are
analytic or meromorphic in C\{zp}. An earlier version of this work was posted on
arXiv [11]. Here we use some fundamental results and some standard notations of
the Nevanlinna distribution theory of meromorphic functions (see [19, 20, 28]). At
first, let’s recall some notations and definitions which can be found in [11, 16, 22],
for all R € (0,00) and p > 1, we define exp; R = €R,epr+1 R = exp(exp, R),
log, R = log R and log,,; R = log(log, R). Let f be a meromorphic function in
C—{2} and let n(t, f) be the number of poles of fin {z € C: ¢ < |z—z|}U{oc}
( counting multiplicities), where 7(t, f) is the number of distinct poles of f.
Subsequently, the counting function of f near zy is defined by

N, (r, f)=— /T n(t, f) — n(eo, f)dt —n(oo, f)logr

, /
and __— B
Nty = — [ HEDEIE D0 qee, p1og

where the proximity function of f near z; is defined by
1 2 )
ma(rif) = o= [ 108" |flz0 = re)ldo.
The characteristic function of f near z is defined by

TZO(T, f) = sz(T, f) + NZO<T’ f)

Definition 1 ( [22]). Let f be a meromorphic function in C — {2}, p and ¢ be
two integers with p > ¢ > 1. The [p, g]-order and the [p, g]-type of f near z, are
respectively defined by

log, T.,(r, f) log,_y Toy (7, f)
o ,20) = limsup —2—222 0 7 ,%p) = limsu P
[P <f 0> T—)Op lqu % P <f 0) r—)Op (10gq_1 %)U[p,q](fsz)

if oppq (s 20) € (0,+00). If f is an analytic function in C — {2}, then

: log, 1 M, (r, f) : log) M., (r, f)
Olp,q ([f+ 20) = limsup L= . Tpgm(f20) = limsup p__=

r—0 1qu % r—s0 (logqil %)U[P,Q](fvzo)
if o7, (f, 20) € (0,400), where M (r, f) = max{|f(2)| : |z — 20| = r}.

Definition 2 ([11]). Let f be a meromorphic function in C — {2}, p and ¢ be
two integers with p > ¢ > 1. The lower [p, ¢]-order and the lower [p, q]-type of f
near zo are respectively defined by

im i 10g+ T, (Ta f)
Pipq)(f; 70) = lim inf W

o dogg T (r f)
) I[p,q](f? ZO) o llglolf (logq_l %)/‘L[P,q](frzo)

if f1p.q)(f, 20) € (0,+00). If f is an analytic function in C — {20}, then

1Og;+1 My (r, f) T (f,20) = liminf log; My (r, /)
Iqu% T r—0 (log,_, %)u[p,q](f,m)

Hip.a)(f, 70) = lim inf
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if M[Pv‘ﬂ(f? ZO) S (07 +OO)

Now we introduce the definitions of the logarithmic order, the logarithmic type,
the logarithmic lower order and the logarithmic lower type of a meromorphic
function f in C — {z} as follow.

Definition 3 ([13]). Let f be a meromorphic function in C—{z,}, the logarithmic

order of f near 2 is given by

. lo +Tz T,
o112)(f; 20) = O10g(f, 20) = limsup gl—(’(lf)
r—s0 oglog <

and if oyo(f, 20) € [1,4+00), then the logarithmic type of f near z; is defined by

) T
T[1,2}(f7 20) = Tiog(fs 20) = hl;n_sjép W'

If f is an analytic function in C — {}, then

. 10 +10 +MZ 7*7
0_[1,2}(f> 20) = Ulog(f, ZO) = lim sup 8 g 0( f)

r—0 loglog ’

and if o10¢(f, 20) € [1,+00), then the logarithmic type of f near z is defined by

. 10g+ M, (T, f)
T[1,2]7M(f7 ZO) = TlO&M(fv zO) = ln;n_s}tgp (log %)Ulog(f’zo) '

Definition 4. Let f be a meromorphic function in C — {2}, the logarithmic
lower order of f near zy is given by

gt T, ()
ol 20) = e 20) = i g 25

Y

and if puog(f, 20) € [1,400), then the logarithmic lower type of f near z, is given

by
_ o T ()
Tpa(fs20) = Tiog(f, 20) = Hminf o0 L)os (F0)

If f is an analytic function in C — {2}, then

.. lo + lo + Mz T,
M[172](f7 ZO) - ,ulog<f, ZO) = hm lnf g g f( f)
r—0 log log -

Y

and if puog(f, 20) € [1,400), then the logarithmic lower type of f near z; is given
by

.. dogt M, (r, f)
T (f5 20) = Tiog e (f 20) = lim inf (log DT0)”

Remark 1. According to (Lemma 2.2, [10]) if f is a non constant meromorphic
function in C — {2}, then g(w) = f(z0 — 1) is meromorphic in C and they satisfy
1
T(Ra g) = TZO(E? f)

Consequently all the properties of the logarithmic order for the meromorphic
functions in C are hold, such as all the non-constant rational functions which
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are analytic in C — {2} are of logarithmic order equals one, where there is no
transcendental meromorphic function in C — {2} of logarithmic order less than
one, further, constant functions have zero logarithmic order and there are no
meromorphic functions in C — {2} of logarithmic order between zero and one

(see, [9, 10]).

Definition 5. The [p,q| exponent of convergence of the sequence of zeros and

distinct zeros of a meromorphic function f in C — {2} are respectively defined
by

logy Noo(r,5) logy N (7, %)
/\[Pvlﬂ (f7 ZO) = lim sup P . 1 ! ) )‘[p,q] <f7 ZO) = lim sup L 01 !
r—s0 log, + r—s0 log, -
Definition 6. The logarithmic exponent of convergence of the sequence of poles
and distinct poles of a meromorphic function f in C—{zy} are respectively defined
by
1 log* Noy(r, f) _— log* Ny (r, /)
AMog (=, 20) = limsup ——-"-+—1, Mog (=, 20) = limsup ————"">—1.
: g(f 0> rﬂop log log% : g<f 0) r_mp log log%
Before we start stating our results, we may mention some of the previous results
obtained on the growth of solutions of linear differential equations in the extended
complex plane except a finite singular point C\ {z} and we focus particularly

on those involving the lower order. In [21], Liu and his co-authors considered the
following complex homogeneous second order linear differential equation
f"+ AR+ B(2)f =0, (1)

where A(z) and B(z) are both analytic functions in C\ {2}, and obtained the
following theorems.

Theorem A ([21]). Let A(z) and B(z) be analytic functions in C\{z} satisfying
w(A, z0) < u(B,z) < oo. Then, every non trivial solution f(z) of (1) that is
analytic in C\{z0}, satisfies oo(f, 20) > (B, ).

Theorem B ([21]). Let A(z) and B(z) be analytic functions in C\{z} satisfying
(A, z0) = (B, z0) with 7,;(A, 20) < Tp1(B, 20). Then, every non trivial solution
f(2) of (1) that is analytic in C\{z}, satisfies oo(f,20) > (B, 20).

For more general case, in a recent paper [11], we considered the following higher
order linear differential equation
O+ A2 fE D 4+ Al(2) )+ Ao(2) f =0, (2)

where A;(2) (j =0,1,...,k—1) are analytic functions C— {2} , and we obtained
the following results.

Theorem C ([11]). Let Ag(2), ..., Ax_1(2) be analytic functions in C\{z}. As-

sume that
max { opp.q (Aj,20) 1§ # 0} < ppg (Ao, 20) < g (Ao, 20) < +00.
Then, every analytic solution f(z)(Z 0) in C\{z} of (2) satisfies
Hip) (Ao, 20) = Hip+1,4) ([ 20) < Opr1g (S 20) = 0pp.g (Ao, 20).
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Theorem D ([11]). Let Ag(2), ..., Ax_1(2) be analytic functions in C\{z}. As-
sume that

max {U[Il,q](Aja 20) 1] # 0} < fipg) (Ao, 20) < 07, (Aos 20) < +00
and
max {7p.q.01(A4): 20) * Olpg) (A 20) = pipg (Aos 20) > 0} < T 4 11 (Ao, 20) < +o0.
Then, every analytic solution f(z)(# 0) in C\{z0} of (2) satisfies pupp.q(Ao, 20) =
Hip+1)(f; 20) < Opi1,g1 (S 20) = Oppg (Ao, 20)-

As we mentioned before, in this article you may find several similarities between
the results obtained in [15] for complex plane C and the present results which we
also consider them as extensions to the above theorems and other results to the
case that all the coefficients are zero order analytic or meromorphic functions in
C\{z0}. The first five theorems are for the special case that the coefficients of (2)
are analytic or meromorphic in C\{z} and Ay(z) dominates them, the rest of
the results are for the case when the dominant coefficient is an arbitrary A(z).
In fact, we obtain the following results.

Theorem 1. Let Ay(2), ..., Ap_1(2) be analytic functions in C\{z} of finite log-
arithmic order such that puog(Ao, 20) > 1 with max {o105(A;,20) : j # 0} <
thog (Ao 20) < 10g( Ao, 20) < +00 and

Z Tlog(Aj7 ZO) < Ilog(A(]? ZU) < +00.
Tlog(Aj,20)=110g (A0,20),70
Then, every analytic solution f(2)(% 0) in C\{z0} of (2) satisfies 1 < pog(Ao, 20) =
ti22(f, 20) < op21(f, 20) = G10g(Ao, 20) = Apa(f — @, 20) = A (f — ¥, 20), where
©(2)(# 0) is an analytic function in C\{20} satisfying op2(p, 20) < tog(Aos 20).-
Theorem 2. Let Ay(2), ..., Ap_1(2) be analytic functions in C\{z} of finite log-
arithmic order such that peg(Ao, z0) > 1 with max {alog(Aj, 20) 1 J # 0} <
Hiog (Ao, 20) < O10g( Ao, 20) < 400 and
oMy (1, A
hm Sup Z]#O O( ])
r—0 mZO (ra AO)

Then, every analytic solution f(2)(Z 0) in C\{z0} of (2) satisfies 1 < piiog(Ag, 20) =
22 (fs 20) < op2)(f, 20) = Ulog(AO7Z()_): A2/ (f —®,20) = A (f =, 20), where
©(2)(# 0) is an analytic function in C\{20} satisfying op.2(p, 20) < thog(Aos 20).
Theorem 3. Let Ay(2), ..., Ar_1(2) be meromorphic functions in C\{z} of finite
logarithmic order such that u.e(Ao, 20) > 1 with

lim inf Mz 2o) (r, Ao)
r—0 TZO (T, Ao)

max {o1og(A4;,20) 1 j # 0} < puiog (Ao, 20) < 1g(Ag, 20) < 400

=0>0,

and
Z T]Og(Aj, ZQ) < 5zlog(A0? Z()) < +00.

Olog (Aj,20)=Ht10g (A0,20),57#0
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Then, every meromorphic solution f(z)(# 0) in C\{z0} of (2) satisfies 1 <
thog (Aos 20) <tz (f, 20).

Theorem 4. Let Ay(2), ..., Ap_1(2) be meromorphic functions in C\{z} of finite
logarithmic order such that fuog (Ao, z0) > 1 with

A oy (r, A
lim inf 2o\ 220) (r; Ao) =6>0 and limsup 20 Mo (1 Ay)

r—0 TZO (7’, Ao) r—0 Mz, (Ta AO)
Then, every meromorphic solution f(z)(# 0) in C\{z} of (2) satisfies 1 <
thiog (Ao, 20) < pi2,2(f, 20)-
Theorem 5. Let Ay(2), ..., Ap_1(2) be meromorphic functions in C\{z} of finite
logarithmic order with )qog(ALO, 20) +1 < puog(Ao, 20), max {o10(A4;5,20) : j # 0} <
thog (Ao, 20) < O10g(Ao, 20) < 400 and

> Tiog (A}, 20) < Tiog(Ao, 20) < +o00.
Tlog(Aj,20)=t10g (A0,20),570
Then, every meromorphic solution f(z)(# 0) in C\{z} of (2) satisfies 1 <
tog (Ao, 20) < pi2,2)(f, 20)-

Theorem 6. Let Ay(2), ..., Ap_1(2) be analytic functions in C\{z} of finite log-
arithmic order. Suppose there exists an integer s (0 < s < k—1) such that As(z)
satisfies fuog(As, 20) > 1 with max {alog(Aj,zO) s 3} < piog(As, 20) < +00 and

> Tiog (A}, 20) < Tiog(As, 20) < +00.
Olog (Aj :ZO):Nlog (As,z0),j#s

Then, every meromorphic solution f(z)(% 0) in C\{zo} of (2) satisfies pup.2(f, z0) <
Hlog(As7 ZO) S Mlog(fy ZO)'

Remark 2. As for the case when the dominant coefficient is Ay(2), we can replace
the condition

Z Tlog(Aja ZO) < zlog(A& Zo) < +o00

Tlog (Aj,20)=H10g (As,20),5 75

Zj;ﬁs Mz (rvAj)
Mmzq (T7AS)

in Theorem 6 by limsup,__,, <1

Theorem 7. Let Ay(z),..., Ax_1(2) be meromorphic functions in C\{z} of fi-
nite logarithmic order. Suppose there ezists an integer s (0 < s < k — 1)

such that As(z) satisfies puog(As, 20) > 1 with liminf, ?ZO((:’;?S)) =0 >0,
ZO b S
max {o10g(A;j, 20) 1 J # 5} < puog(As, 20) < +00 and
Z T]Og(Aj, Zo) < 5zlog(A87 Z()) < +o00.
O'log(AjvZO):Mlog(AS»ZO)vj?éS

Then, every meromorphic solution f(z)(# 0) in C\{z0} of (2) satisfies 1 <
:U’log(As’ ZO) S Nlog(.ﬂ ZO)'
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Remark 3. We can also replace the conditions max {og(Aj,20) : j # s} <
Hiog(As, 20) < +00 and

Z Tiog (A, 20) < 0T10e(As, 20) < 400
Ulog(Aj720):/"10g(145720)7j7£5

Zj;és mZ() (T’,A]')

g (r, ) < 1 or we replace the condition

in Theorem 7 by limsup,__,,

Mz (7"7A5)

liminfT_mm =06 > 0 by Alog(AL,ZO) + 1 < puog(As, 20), which clearly
ZO ) S S
includes the assumption that fuee(As, 20) > 1.

Remark 4. The results in Theorem 6 and Theorem 7 may be understood as an
extension respectively of Theorem 6 and Theorem 2 in [12] when an arbitrary
coefficient A, dominating the others coefficients by its lower logarithmic order
and lower logarithmic type.

SOME LEMMAS

We need the following lemmas to prove our results. First, we define the loga-

rithmic measure of a set £ C (0,1) by my(E) = [, %.
Lemma 1 ([11, 22]). Let f(2) be a non-constant analytic function in C\{z} and

let V., (r, f) be a central index of f(z) near the singular point zy. Then

logy Vao (7, f) logy Vo (7, f)

= 1 —p 0 ’ - 1 1 f_ P 0 : .
Olpa)(f; 20) = limsup —=— el Hip.a)(f; 20) = limin log, L
Lemma 2 ([18]). Let f be a non-constant meromorphic function in C\{z}. Then
there exists a set Ey of (0,1) that has finite logarithmic measure such that for all
7 =0,...,k, we have

) (Lt f>)j<1+o(1)>,

f(zr) 20 — Zr
as v — 0, r ¢ Ey, where z, is a point in the circle |z — 29| = r that satisfies
| f(2r)] = max;— )= | f(2)]-
Lemma 3 ([11, 22]). Let f be a non-constant analytic function in C\{zo} with

Hip.a)(f, 70) < 0p.q(f, 20) < 00. Then
(i) there exists a set By C (0,1) that has infinite logarithmic measure such
that for all |z — zg| = r € Ey, we have
log T (r, lo M, (r,
U[p,q](fy ZO) — lim gp 0(1 f) — lim gp+l (i( f)
r—0 logq = r—0 logq pn

(i1) there exists a set Es C (0,1) that has infinite logarithmic measure such
that for all |z — 29| = r € E3, we have

. logp TZO (TJ f) . logp+1 MZO (T7 f)
Hipa)(f 20) = rlino log, % - rh—H>10 logq% '

By using similar proofs as for Lemma 3, we can prove the following lemma.
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Lemma 4. Let f be a non-constant analytic function in C\{20} with i = pueg(f, 20) <
Owg(f, 20) = 0. Then

(i) there exists a set Ey of (0,1) that has infinite logarithmic measure such
that for all |z — 29| = r € E4, we have

log log M., (T, f) 1; log T~ (r, f)

r—0 log log % r—0 loglog %

(ii) there exists a set Es of (0,1) that has infinite logarithmic measure such
that for all |z — zy| = r € Ej5, we have
loglog M (r, f) _ . 1ogTo(r, f)

li — lim =2 J
0 loglog * 50 log log a

Lemma 5. Let Ay(2),..., Ax_1(2) be analytic functions in C\{z} of finite log-
arithmic order. If there ezists an integer s(0 < s < k — 1) such that 1 <
max { ftiog(As, 20), O10g (A}, 20) 1 j # s} < «, then every analytic solution f(z)(#

0) in C\{20} of (2) satisfies pa(f, 20) < c.

Proof. Suppose that f(z)(# 0) is an analytic solution of (2) in C\{z}. By (2),
we have

F(2) I E NP L
e R e RG] "
bt )| EE e

By Lemma 2, there exists a set F; C (0,1) that has finite logarithmic measure
such that, for all » € Fy and r — 0, we get

f(j)(zr)_ Vo7, f) 7 o .
—f(zr) _(—Zo—zr> (14+o0(1)), 7=0,..k. (4)

Since max {olog(Aj,zo) 27 =0,., k=15 # s} < a < 400, then for any given
e > 0, there exists r; € (0,1) such that for all |z — 29| = r € (0,71), we have

1 O’]Og(Aj,Z())-‘rE 1 a—+e
4,62 < M (1 4) < exp { (10 1) boo{(sr) b izs
r T

By Lemma 4, there exists a set F5 C (0,1) that has infinite logarithmic measure
such that, for any given € > 0 and for all r € E5 we get

1 ﬂlog(A87ZO)+a 1 a+e
\As<z>»SMzo<r,As>Sexp{(1og—> }SeXp{(log—> } (6)
T T

Substituting (4) -(6) into (3), for any given € > 0 and for all r € E5N(0,71) \ Fy,
we obtain

1 a+e
Vo (r, f) SkreXp{(log;) }'1—1—0(1)‘. (7)
It follows by (7) and Lemma 1 that, y2,9/(f,20) < o O
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Lemma 6 ([13]). Let Ag(2), ..., Ax_1(2) be analytic functions in C\{z} of finite
logarithmic order with max {alog(Aj,zO) 7 =0,..,k— 1} < B < +o00. Then,

every analytic solution f(z)(2 0) in C\{z0} of (2) satisfies op.2(f, 20) < 5.

Lemma 7 ([16]). Let f be a non-constant meromorphic function in C\{z}, let
A >0, >0 be given real constants and j € N. Then

(1) there ezist a set Eg C (0,1) of finite logarithmic measure and a constant
C' > 0 that depends only on X\ and j such that for all |z — z| = r €
(0, 1)\ Eg, we have

2200 j

< c[gTzow, Nog Ty (Ar, )| ®)

(1) there exist a set B C [0,2m) that has a linear measure zero and a constant
C' > 0 that depends on X\ and j such that for all 6 € [0,27)\E7, there
exists a constant rqg = ro(6) > 0 such that (8) holds for all z satisfying
arg(z — 29) € [0,2m)\E; and r = |z — zo| < 1.

Lemma 8. Let Ay(z),..., Ax_1(2) be analytic functions in C\{zo} of finite loga-
rithmic order with max {U]Og(Aj,Z()) D j # O} < Olog(Ao, 20) = 0 < 400. Then,
every analytic solution f(z)(#£ 0) in C\{20} of (2) satisfies 0iog(Ag, 20) — 1 <
012,21 (f5 20) < O10g(Aos 20) and o (f, 20) = O10g(Aos 20) if Olog( Ao, 20) > 1.

Proof. By (2), we have

fP()

(k—1) > (4
o <] 0 i

f(2) f&) 1

By Lemma 7, there exist a set Fg C (0,1) having finite logarithmic measure and
a constant C' > 0 that depends only on A, such for all » ¢ Es, we have

f(j)(z)

(9)

+ |Ar-1(2) + 4 A (2)]

<(J[ T., (\r, f)rj, j=1,..k (10)

Setting oy = max {alog(Aj,zo) D] O} < Olog(Aog, 20) = 0 < +00. Then for any
given €,0 < 2¢ < 0 —0y, there exists a r3 > 0 such that for all |z—zg| =7 € (0,73)

, we get
1 oo+e
|A;(2)] Sexp{(log—> } j=1..,k—1. (11)

By Lemma 4, there exists a set F; C (O, 1) of infinite logarithmic measure such
that, for all r € Ey and |Ag(2)| = M., (r, Ap), we have

| ofz |>exp{(1og) } (12

Substituting (10), (11) and (12) into (9), for all » € £, N (0,73) \ Es, we obtain

oo (16) Ve[t ) e { (1))
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From (13) and 0 < 2¢ < 0 — 0, we get
0p2(f,20) >20—1—¢ if o>1 and opy(f,20) >0—¢c if o>1. (14)

Since 0 < 2e < 0—0y, then opp9(f, 20) > 0—1> 0andif ¢ > 1, then o 9(f, 20) >
o. Further, by (14) and Lemma 6, we have 0 < 0 — 1 < op9(f, 20) < 010g( Ao, 20)
and 1 < 0 < opg(f,20) < 010g(Ao, 20) = 0. Thus, we obtain 01,4(Ao, 20) — 1 <
02,2 (f5 20) < O10g(Aos 20) and 1 < 0164(Ao, 20) = op2,91(f5 20)- [

Lemma 9 ([7]). Let f be a non-constant meromorphic function in C\{z} and
let k € N. Then

f(k)(z) = 0 r 0 l
) ) = O(log T%y (1, f) +1 gr),

for all r € (0,1)\Eg with my(Es) < co. If f is of finite order, then

N _ o1ee Y.y
7)) = Ollog). € (0,1).

Lemma 10 ([22]). Let f be a non-constant meromorphic function in C\{z} and
let k and j be two integers such that k # j. Then

(k) 1
o ) < OTolr )+ 1o ).

M (1,

M (1,

for all r € (0,74]\Fy with my(Eg) < 00.

Lemma 11 ([27]). Assume f # 0 is a solution of (2), set g = f — ¢. Then g
satisfies

g+ A1 g+ A+ Agg = — oW+ AT+ A+ Agp | (15)

Lemma 12 ([16]). Let f be a non-constant meromorphic function in C — {z}
and set g(w) = f(z0 — L). Then g(w) is meromorphic in C and we have

T(R7 g) = Tzo(%u f)

Lemma 13 ([2]). Let f be a meromorphic function in C with p > q > 1. Then
Tpa)(f) = oppq (f)-

Lemma 14. Let f be a non-constant meromorphic function in C\{z} with p >
q>1. Then

T (F™, 20) = 01 (. 20), n € N.

Proof. 1t is sufficient to prove that oy, o(f’,20) = 0pq(f,20). By Lemma 12,
g(w) = f(z0 — 1) is meromorphic in C and oy, (9) = 0ppq(f,20). By Lemma
13 we have o(,4(9)) = 0jpq(g) where f'(z) = Hg¢'(w). Set h(w) = ¢ (w).
Clearly oppq(h) = 0pp,q(9’). In the other hand by Lemma 12, we have oy, g(h) =

O

O, (f's 20). So, we deduce that oy, 4(f, 20) = g ([, 20).
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Lemma 15 ([22]). Let f be a non-constant meromorphic function in C — {2} .

Then .
?) = Tzo(ra f) + 0(1)

Lemma 16 ([13]). Let F(z) # 0, Ay(2),..., Ap-1(2) be analytic functions in
C\{z0} and let f be a non-constant analytic solution in C\{zo} of the equation

F® + Ay ()0 o+ Ay(2) [+ Ag(2)f = F(2), (16)

Tzo (’l",

such that
max {O'[gz](F, Zo), O'[Q}Q](Aj, ZQ) : (] =0,..., k — 1)} < 0'[272}(]07 Zo).
Then X[2,2]<f7 Zo) = /\[2,2](f, Zo) = 0-[2,2](f7 Zo)-

PROOF OF THE THEOREMS

Proof of Theorem 1.
Proof. Suppose that f(z)(# 0) is an analytic solution of (2) in C\{z}. By (2),

we get

f(k)(z) +Ak71(2)m_|_..._|_A1(z)f/(z). (17)

f(2) f(2) f(z)

By (17) and Lemma 9, there exists a set Fg C (0,1), having finite logarithmic
measure, such that for all r € (0,1) \ Es, we have

—Ao(z) =

k
M, (1, Aoz Z +Zsz r, A;j(z)) + O(1)
"~ (18)
< O(log T, (1, f(2) +10g +Zmzo (7, Aj(

then we obtain

N

T.,(r, Ag(2)) = m, (1, Ag(2)) < O(logTzO(r,f(z)) + log %) + Y T, (r, Aj(2)).

1

<.
Il

(19)
First, we assume o = max{crlog(Aj,zo) =1,k — 1} < fiog(Ao, 20) = p.
Then for any given 0 < 2¢ < u — o, there exists 1 € (0,1) such that for all
|z — 2| =7 € (0,r1), we get

1 Hiog(Ao,20)—€
T.,(r,Ag) > <log —) (20)
r

and

1 o+¢e
TZO(T’,A]') S (log;) s jzl,,k’—l (21)
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Substituting (20) and (21) into (19), for the above € and for all |z — 29| = r €
(0,71) \ Es, we obtain

1\"~ 1 1\7"
log . < O(logT.y(r, f) + log ;) + (k—1)( log . : (22)
Then, by 0 < 2¢ < p — o, we have
1\ 1
(1—o0(1))( log— < O(log Ty(r, f) + log ). (23)
r r

This implies that, p — e < ppo(f, 20) because fuog(Ao, 20) > 1. Since ¢ > 0
is arbitrary, we obtain 1 < fuog(Ao,20) < p2,(f, 20). On the other hand, by
Lemma 5, we have pp9(f,20) < fhiog(Ao, 20). Thus, we get that every analytic
solution f(z)(2 0) in C\{z0} of (2) satisfies 1 < fu0g(Ao, 20) = pi2.2)(f, 20). Now
we prove that Apo(f — ¢, 20) = Ao (f — @, 20) = op2(f, 20) = Owg(Ao, 20) >
1. Set ¢ = f — ¢. By Lemma 8 and since o(2)(# 0) satisfies op9)(¢, 20) <
thog (Ao, 20) < 010g(Ao, 20), then we have o72.9)(9, 20) = 012,91(f, 20) = O10g(Ao, 20) >
thog (Ao, 20) > 1. By Lemma 11 g satisfies (15), Set G = " + Ay jph=1) ... 4
Ay’ + Agp. If G = 0, then by the first part of the proof (or by Lemma 8),
we get op29)(¢, 20) > pp,21(:20) = fiog(Ao, 20), which is a contradiction, thus
G # 0. Since G # 0, then by Lemma 14, we have op (G, 20) < 072,2/(, 20) <
tiog (Ao, 20) < Ol0g(Aos 20) = 0p2,9)(9, 20). By Lemma 16, we obtain X[2,2] (9,20) =
/\[2,2] (9,20) = 0[2,2] (9, 20). Then, we deduce that /\[2,2](f—90» %) = )\[2,2](f—90a %) =
U[z,z](fa 20) = Olog(Aos 20).

Now we assume that max {o1g(A;, 20) : j # 0} = piog(Ao, 20) = p and

1 = Z Tlog<Aj7 ZO) < Ilog<A0’ ZO) - L

Tlog(Aj,20)=H10g (A0,20),570
Then, there exists a set J C {1,...,k}, such that for j € J, we get oio5(A;j, 20) =

fiog (Ao, 20) = p with 7y = ZjEJTlog(Aj,zo) < Tiog(Ao, 20) = 7, where for j €
{1,...,k}\ J, we have o1o5(A;, 20) < puog(Ao, 20) = p1. Hence, for any given ¢ (0 <

e < 221, there exists a constant r € (0,1), such that for all |z—z| = r € (0,72),
we have
1 Hlog(Ao,20)
Tzo (7’, Aj) S (Tlog<Aj7 Zo) + 5) (log ;) y j € J, (24)
1\
T, (r,Aj) < <10g —) . JEe{L . kPN, 0<og<p (25)
r

and

1 Hiog(Ao,20)
T.,(r,Ag) > (z — 5) (log ;) ) (26)
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By substituting (24)-(26) into (19), for the above e and for all |z — 25| = r €
(0,72) \ Es, we get

(z—¢) <log %)M < O(log Ty (r, f) +log %) + 2 (nes(dy20) +) (log %)M

jeJ
1\”°
log =
+ Z (ogr>

Fe{l, k\J

< O(log Ty (r, f) + log %) + (r+ (k= 1)e) (10% %)M

—I—(k—l)(log%)ao

(27)
and so
1\" 1
(1—0(1))(z — 71 — ke) | log ) O(log Ty (r, f) + log ;) (28)
By (28), it follows that
1 < pnog(Aos 20) < pp 2 ([ 20)- (29)

From (29) and Lemma 5, we conclude that every analytic solution f(z)(# 0) in

C\{z0} of (2) satisfies 1 < pog(Ao, 20) = pp2(f,20). We prove that Ago(f —
©,20) = A2 (f — ¢, 20) = 012,9(f, 20) = 0105(A0, 20) > 1, similarly as in the proof
for the first case. O

Proof of Theorem 2.

k—1
Ej:l mzy (TvAj

Proof. We assume that limsup,__,, ) < B < 1. Then for r — 0, we

Mz (r,40)
have
k—1
Z Mz, (707 AJ) < BmZo (7“, AO) (3())
j=1

Substituting (30) into (18), for all € (0,1) \ Es, we obtain

(1= AT (r, Ag) = (1= B)my(r, A) < O(log Ty (r, /) +log 1) (31)

By the definition of pue( Ao, 20) = g, for any given € > 0 there exists r3 € (0,1)
such that for all |z — zg| =7 € (0,73), (20) holds. Then by substituting (20) into
(31), for any given ¢ > 0 and for all r € (0,73) \ Es, we get

(log %)M_E < O(logT.y(r, f) + log %), (32)

which implies that, u — e < pp9(f, 20) because fuog (Ao, 20) > 1. Since € > 0 is
arbitrary, we obtain

1 < hiog(Ao, 20) < pp,9(f; 20)- (33)
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It follows by (33) and Lemma 5 that 1 < puee(Ao, 20) = pp2,21(f5 20). Similarly as
in the proof of Theorem 1 we prove that Apoy(f — ¢, 20) = Ao (f — ¢, 20) =
U[z,z}(ﬁ Zo) = Ulog(A07ZO> > 1. O

Proof of Theorem 3.

Proof. Suppose that f(z)(# 0) is a meromorphic solution of (2) in C\{z}.
As in the proof of Theorem 1, first, if ¢ = max {O’log(Aj,Zo) g =1,k —
1} < pog(Ao, 20) = p, then for any given 0 < 2¢ < p — o, there exists ry €
(0,1), such that for all |z — z| = r € (0,74), (21) holds. By the condition

m0(n0) _ 5~ 0 and the definition of iog (Ao, 20) = p, for the above

r—0 T (1 Ao) =
g, there exists r5 € (0, 1) such that for all |z — 29| =r € (0,75), we have

lim inf

5 5 1\* 3 1\*
mZo(ra AU) > §T20 (T, AO) > 5 log; > log; . (34)

By substituting (21) and (34) into (19), for any given 0 < 2¢ < p — o, and for all
|z — 20| =7 € (0,74) N (0,r5) \ Es, we obtain

o+te

(log%)uE§O(1ogTz0(T,f)+log%)-I—(k—l)(log%) , (35)
that is
(1—0(1))(10g%)“ E < O(log Ty, (r, f)—l—log%). (36)

It follows that, 1 < p —e < ppy(f, 20). Since € > 0 is arbitrary, we get 1 <

thog (Ao, 20) < pp2)(f, 20). Next, if max {o10g(Aj,20) 1 j # 0} = puog(Ao, 20) =
wand 7 = Zolog(Aj720):%%(140720)’#0 Tiog (A, 20) < 0Ty04(Ao, 20) = 07, then by

the condition liminf, =40 — 5 < 0 with 6 < 1 and the definition of

r—0 Tz, (r,A0) -
Tiog(Ao; 20) = T, for any given e > 0, there exists a constant r¢ € (0, 1) such that
for all |z — 29| =17 € (0,76), we have

1 A0) 2 (5 2) T 1 Au) 2 (5 -2) (=) (dow 1 )
= (01— (1 +0)e +22) <10g %)“ (37)
> (52— (+ ) (1og1)

For any given e (0 < (7 + k)e < 0 — 71), there exists r; € (0,1), such that for
all [z — 2| =7 € (0,r7), (24) and (25) hold. Then, by substituting (24), (25) and
(37) into (19), for the above e and for all |z — z| = r € (0,76) N (0,77) \ Eg, we
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get
1 H
(67 — (T + 1)e) (log —)
1 K
SO(logTZO(r,f)—i—log +Z Tiog ( Aj,zo)—i—e)(log—)
jeJ "
1\”°
+ Z (log —) (38)
JE{L, e kNI "
1 1\
< O(log T%(r, f) + log ;) + (11 + (k= 1)e) log;
k-1 f10gt)”
og— |
So

(1—0(1)) (6 — 71 — (T + k)e) <10g %)H < O(log Ty (r, f) + log %) (39)

By (39)7 we obtain 1 < Mlog(Ao, Zo) < M[2,2}(f7 Zo)- U
Proof of Theorem 4.

Proof. Let f(2)(# 0) be a meromorphic solution of (2) in C\{z}. For any given
e > 0, there exists rg € (0,1), such that for all |z — 25| = r € (0,73), (30) and
(34) hold. Then, by substituting (34) into (31), for any given € > 0 and for all
|z — 20| =7 € (0,rs) \ Es, we have

1\"° 1
(log ;) < O(logTzO(r, f) +log ;) (40)
It follows that 1 < /fllog(A(], Z()) < M[QQ}(f, Zo). Il

Proof of Theorem 5.

Proof. Let f(2)(# 0) be a meromorphic meromorphic solution of (2) in C\{z}.
By (18), for all r € (0,1) \ Es, we obtain

Ty (1, Ao(2)) = Mz (7, Ao(2)) + Neo (1, Ao(2 ))

41
< O(log T (1, f —|—1og +ZmZOTA )+ N (r, Ao(2)). (41)

Also as in the proof of Theorem 1, first, if 0 = max {alog Ajzg) i g=1,.. k-
1} < fuog(Ao,z0) = p, then for any given ¢ (0 < 2& < p — o), there exists
re € (0,1), such that for all |z — 2| = r € (0,79), (20) and (21) hold. By the
definition of /\bg(AiO, 2p) = A, for any given ¢ (O <2< pu—A— 1), there exists
r10 € (0,1), such that for all |z — zo| = r € (0,r19), we have

1 Alog( Zo)+1+€
Nao(r, o) < (1og ) | (12)
T
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By substituting (20), (21) and (42) into (41), for sufficiently small € satisfying
0<2 <min{p—o,u—A—1} and for all [z — zo| =r € (0,79) N (0,710) \ Es,
we get

1\+¢ 1 1 ote A+1+e
(log —) < O(log Ty (r, f)+log —)—i—(k—l)(log —) +<10g —) . (43)
r r r r
It follows that
(1—o)(1oe1) <010, 1. 1), (14)

that is 1 < fuog(Ao,20) < pyo(fs 20). Now, if max {o15(A4;,20) : j # 0} =
thog(Aos 20) = p and 71 = Zo’log(Aj,zo):ulog(Ao,zo),j;ﬁO Tiog(Aj 20) < Ilog(A()v %) =T,
then for any given & (O <e< ™ ), there exists a constant r1; € (0,1), such that
for all |z — zo| =7 € (0,711), (24), (25) and (26) hold. By substituting (24)-(26)

and (42) into (41), for sufficiently small ¢ satisfying 0 < € < min {%, “‘T)‘_l

and for all |z — zg| =7 € (0,719) U (0,711) \ Eg, we obtain

I

(z—¢) <10g %)“ < O(log Toy (1, f) + log %) + 2 (sl z0) ) <10g %)

jed

1 1 oo l 1 A14+e
o 3 (o) (1)

Ge{l,... kP\J

< O(logTzO(r, f) +log %) + (7'1 + (k — 1>5) (log %)M

1 oo 1 Al+e
—i—(k—l)(log—) +(log—> :
T T

(45)

So
(1—o(1)(z— 71 — ke) <log %)M < O(logT.y(r, [)). (46)
From (46), we deduce that 1 < fueg( Ao, 20) < pp2.91(f5 20)- O

Proof of Theorem 6.

Proof. Let f(2)(# 0) be an analytic solution in C\{z} of (2). We suppose that
:ulog(fa ZO) < 0. By (2)7 we have

FO(2) FE=D(2) fE(2)
' (47)
+ A l(z)er...Jer(z) f(z>
TG (2) fe (=)
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By (47) and Lemma 10, there exist a constant 2 € (0, 1), and a set Eg C (0, r12],
having finite logarithmic measure, such that for all r € (0,715] \ Ey , we get

k , k-1
f(J)(Z)
M, (1, As(2)) < Z me, (r, ) )+ Z ma, (r, Aj(2)) + O(1)
L= f&(z2) L=
J=0,j#s J=0,j#s
(48)
1 k-1
< O(Ty(r, f(2) +1og ) + > may(r, 44(2)).
Jj=0,j#s
Then
TZO(T’ AS(Z)) = mZo(ra AS(Z)) < O( ZO(T f( ) +10g Z TZo Ty A
Jj=0,j#s
(49)
First, we suppose that o = max{alog(Aj,zo) 7 =0, k—1,7 # s} <
fiog(As, 20) = p. Then for any given 0 < 2¢ < p — o, there exists r3 € (0,1)

such that for all |z — 29| = r € (0,713), we have

1 ;U'log(As,ZO)fs
T, (r, Ag) > <log —) (50)
T

and
1 o+¢e
T, (r,A;) < (log—) , j=0,...,s—1,s+1,...k—1. (51)

Substituting (00) and (51) into (49), for the above € and for all |z — zo| = r €
(0,712) N (0,713) \ Fy, we obtain

<10g ) (r, f) + log %) Fk—1) (log %)+ (52)
Thus,

(1—o(1)) <log %) o < O(Ty(r, f) + log %), (53)

which implies that, 1 < g — ¢ < pog(f, 20). Since € > 0 is arbitrary, we get 1 <
thog (As, 20) < puiog (f, 20). On the other hand, by Lemma 5, we have ppo(f, 20) <
thog(As, 20). Hence, pipg 9)(f, 20) < ttiog(As, 20) < piaog(f; 20). Now we suppose that
max {o10g(Aj, 20) : § =0,k — 1,7 # s} = puog(As, 20) = p and
T = Z%g(A, 20)=tt1og (Asy20),j#5 Tiog (A, 20) < Tiog(As, 20) = 7. Then, there exists a
set J C{0,1,...,k}\{s}, such that for j € J, we have 010g(4;, 20) = fliog(As, 20) =
i with 7, = ZjGJ Tiog (A5 20) < Tiog(As, 20) = 7 and for j € {0,1,...,8 — 1,5 +
L. kY \ J, we get o1o5(Aj, 20) < hiog(As, 20) = p. Hence, for any given ¢ (0 <
*kn), there exists 14 € (0,1), such that for all |z — 2| = r € (0,r14), we
have

1 Ulog(A ZO)
T, (r,Aj) < (Tlog(Aj,Zo) + 6) (log ;) ., jEJ, (54)

1\7°
T, (r,A;) < (10g—) , 7e{0,1,..,s—=1,s+1,..,k}\J, 0<oy<p (55)
r
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and
Hlog(A57ZO)
T, (r,As) > (I = 5) <log —) ) (56)
r

By substituting (54)-(56) into (49), for the above € and for all |z — 25| = r €
(0,712] N (0,714) \ Eo, we get

(=) (log %)u < O(T(r, f) +log %) + D (T4, 20) +¢) (1og %)M

jeJ

1\
+ Z <log ;)
kN\J

G€{0.1,.s—1,5+1,..., (57)
1 1\"
< O(Tz0<r7 f) + lOg ;) + (Tl + (k - 1)5) 10g ;
1\7°
k—1)( log -
+ )( og r)
and so
1\" 1
(1—o1)(z—m —ke)| log . < O(T.y(r, f) + log ;) (58)
It follows that
1< :U’log(Am ZO) S Mlog(fu ZO)~ (59)
Then, from (59) and Lemma 5, we deduce that every analytic solution f(2)(% 0)
in C\{zo} of (2) satisfies ,U[2,2](f, 20) < phog (As, 20) < phiog (f, 20)- [

Proof of Theorem 7.

Proof. Here we use a similar discussion as in the proof of Theorem 6. Let f(2)(#
0) be a meromorphic solution in C\{z} of (2) with pueg(f, 20) < 00, otherwise,
the result is trivial. First, if ¢ = max {alog(Aj,zo) i =0,...k—1,7 # s} <
iog(As, 20) = p, then for any given 0 < 2e < p1 — 0, there exists 75 € (0,1) such

that for all |z — 2| = € (0,715), (51) holds. By liminf, o 7239 = § > 0 and
ZO ) S

the definition of jueg(As, 20) = p, for the above ¢, there exists 1 € (0,1) such
that for all |z — 29| = r € (0,716), we have

6 5 ,ulog(AstO)_% 1 Mlog(As»ZO)_5
M (1, Ag) > §TZ° (r, Ag) > §(log ;> > (log ;) . (60)

Substituting (51) and (60) into (49), for the above € and for all |z — 2| = r €
(0,712) N (0,715) N (0,716) \ Eog, we get

<10g %)M < O(T.y(r, f) + log %) +(k—1) (log %)m. (61)

Thus

(1—o0(1)) <log %) o < O(Tey(r, ) + log %). (62)
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It follows that, 1 < p —¢e < pog(f,20). Since ¢ > 0 is arbitrary, we obtain
1 < puog(As, 20) < puog(f, 20). Now if max {o16g(Aj,20) : j = 0,...k — 1,5 # s} =
Nlog(As’ 29) = p and

T = Z Tiog(Aj, 20) < 5llog(As,Zo) = 0T,
Ulog(Aj720):Nlog(A5720)7j7£5
then by liminf, o % =0 > 0 with § < 1 and the definition of 7,,,(As, 20) =

7, for any given € > 0, there exists r17 € (0,1) such that for all |z — 2| =1 €
(0,717), we have

1 Hiog(As,20)
M (r, As) = (6 — &) Ty (r, A) > (6 — ) (2 — 2) (10g ;)

Mlog(AS7ZO) (63)
> (67 — (T + 1)e) (log ;) .

For any given ¢ (0 < (7 + k)e < 6T — 71), there exists r3 € (0,1), such that for
all |z — 29| =7 € (0,7r15), (54) and (55) hold. By substituting (54), (55) and (63)
into (49), for the above € and for all |z — 29| =7 € (0,712] N (0,717) N (0, 715) \ Eo,
we obtain

(67 — (z + 1)e) (log %)M

< O(T%(r, f) + log %) + D (Tog(A, 70) +¢) (10g %) #

jedJ

+ > (log %) "

FEL0, 1,5 — 1,541, K I\ J
1 1\" 1\7°
SO(TZO(r,f)+10g;)+(Tl+(k:—1)5) log; + (k—1) log; ,
that is
1\" 1

(1—0(1)) (6 — 71 — (T + k)e) | log . < O(Ty(r, f) + log ;) (65)
This implies that 1 < pi10g(As, 20) < thiog(f, 20)- O
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