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MODIFIED DOUBLE LAPLACE TRANSFORM OF PARTIAL
DERIVATIVES AND ITS APPLICATIONS

VIJAY BORAWAKE!* AND ANIL HIWAREKAR?

ABSTRACT. This paper deals with modified double Laplace transforms of par-
tial derivatives and their applications. Starting with standard results on mod-
ified double Laplace transform, we developed theorems on modified double
Laplace transform of first and second-order partial derivatives. Further, we
applied our results to solve homogeneous and non-homogeneous partial differ-
ential equations, D’ Alembert’s wave equation, and Klein-Gordon equation.

1. INTRODUCTION AND PRELIMINARIES

The theory of partial differential equations plays the most important role in
mathematics and other fields of science and engineering [25]. The integral trans-
form is one of the most important method to solve partial differential equations
[3, 4,5, 7, 8, 10, 11, 13, 14, 15]. The function of two or more variables and
its double Laplace transform plays an important role in solving many problems
like wave equations, Laplace equations, heat equations, telegraph equation, and
integrodifferential equations [1, 2, 8, 12, 16, 17, 18, 19].

In this paper, we have discussed the properties of the modified double Laplace
transform along with its partial derivatives. We also applied our results to solve
the wave equation, Klein-Gordon equation, and Cauchy’s differential equation.

2. NOTATIONS, DEFINITIONS AND BASIC RESULTS

Definition 2.1. (Modified Laplace Transform) The Modified Laplace transform
of a function u(x) which is piece-wise continuous and exponential order [!]

Ly qfu(z)] =a(p) = /000 a P*u(x) dx, (R(p) >0, ae€ (0,00) (2.1)

and Ly ,[u(y)] = u(q), provided that the integral exists [22]. and the correspond-
ing inverse transform is

1 m—+100
Litlu()] =5 [ @ ulp.a) d, (m = 0)
’ 2mi m—100
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Definition 2.2. (Double Laplace Transform) [7], the Double Laplace transform
of a function u(zx,y) is given by

Lylu(z,y)] = L[L[u(z;y);x — pliy — q] = / / ~rt (2, y) dx dy.

(2.2)
and the corresponding inverse transform is L, '[@(p, q)] = u(z, y) is defined by

1 m-+100 1 n-+100
— PT gy ay > 0).
o) = 13" = 5 [ ey [ e ) da, (mon > 0)
Definition 2.3. (Modified Double Laplace Transform) [6], the Modified Double
Laplace transform of a function u(z,y) is defined by

u(p,q) = Loglu(z,y)] = Lo[La[u(z,y); 2 = pl; y = q] = Laa[u(p, y); v — 4
and

u(p / / ~et oz y) de dy, (a > 0). (2.3)

The modified double Laplace transform of u(x,y) exists for all p and ¢, where Re
(p) > m and Re (q) > n and u(x,y) is a piece-wise continuous and of exponential
order defined in finite intervals (X,0) and (0,Y).

The corresponding inverse transform is

. 1 m-+100 1 n+100
L7 - pT = qy > )
2,a[u(p7 Q)] omi /m_ioo a dp o s a (p Q) an (m7n - Oa a > O)

Definition 2.4. (Heaviside unit step function) The H(x,y) is Heaviside unit step
function given by

Hxz—-hy—k)=1,ifx>h, y >k,

=0,ifx <h, y<k. (2:4)
We use the following notations
(i) u(p, q) = Laa[u(z,y)] (i) Ly aftz(z,0)] = p Lna[u(z, 0)] = u(0,0)
(iii) u1(q) = L1,a[u(0, y)] (iv) ua(p) = Lyalu(z,0)]
(v) us(q) = Ln,a[ua(0, y)] (vi) ua(p) = Ly aluy(z,0)].

3. THEOREMS ON MODIFIED DOUBLE LAPLACE TRANSFORMS

In this section, we recall some of the results and properties of modified double
Laplace transforms (MDLT) [0].
Theorem 3.1 (Convolution Theorem). If Ly ,[u(z,y)] = @(p,q) and
Ly alv(z,y)] = 0(p, q), then

Loo[(u* xv)(x,y)] = Lo au(z,y)] Laav(z,y)] = U(p, q) 0(p, q). (3.1)
Theorem 3.2. )
Lo lu(z)] = 7107 a[ﬂ(p)] (3.2)
and
Lo [u(y)] = ——[a(q)] (3.3)

p log a
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Theorem 3.3.

1 _ _
m[u(fﬂ —u(p)]- (3.4)

Theorem 3.4. (Modified Double Laplace Transform of Derivative) If u(z,y)
piece-wise continuous on every finite interval (X,0) and (0,Y), it satisfies the
condition of exponential order and u, exists, then its modified double Laplace
transform

Ly alu(z +y)] =

Laa{us} = plog at(p,q) — Laa{u(0,y)}.

4. MoODIFIED DOUBLE LAPLACE TRANSFORMS OF PARTIAL DERIVATIVES

Here we developed some results on the modified double Laplace transform of
partial derivatives which are included in this section.We use the notation H(z,y)
defined by definition (2.4) in this section. We assume u(z,y) as a piece-wise
continuous function and exponential order.

Theorem 4.1.
L2,a[ux] =p log a ﬁ(p, Q) - Ll,a[u<0a y)] (41)

Proof. By definition 2.3, we have

Ly o] / / ~etay) g (2, y) da dy
— / [a (pr+qy) (x,y)} dy — (—p log a)/ / a~ P y(z,y) do dy
0 0 o Jo
= plog at(p,q) — L14[u(0,y)].

O

Theorem 4.2.
L2,a[uy] =dq lOg a i(p7 Q) - Ll,a[u(‘ra 0)] (42)

Proof. By definition 2.3, we have

Ly o[uy] = / / —(prtay) (z,y) dz dy
- { ~Gerta) (m,m} o~ (~qtoga) [ [ a0 (o) da dy
0 0 o Jo

= qlog a u(p,q) — Ly q[u(z,0)].
]

Theorem 4.3.

La oltizs] = (p log a)? W(p, q) — (p log a) Lya[u(0,y)] — L1 4[us(0,y)].  (4.3)
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Proof. By definition 2.3, we have

Ly otg,] = / / q~ (Prtay) Uge (T, y) dz dy
0

:/ { —(pz+ay) Uy (, y)] dy — ( ploga/ / ~(pz+ay) (z,y) dz dy
0

=plog a[plog a(p,q)] — (plog a) L1a[u(0,y)] — L1 a[us(0,y)]
= (p log a)* u(p,q) — (p log a) L q[u(0,y)] — Ly a[us(0, y)].

Theorem 4.4.
Ly a[uyy] = (q log a)® @(p, q) — (¢ log a) Lyafu(x,0)] — Ly a[uy(x,0)].  (4.4)
Proof. By definition 2.3, we have

Ly olty,] = / / ~rtay) g (2, y) do dy

_/ [ ~rtay) g (g, y)] dr — (—qlog a / / ~rtaw) (. y) do dy
0 0

= qlog alqlog atu(p,q)] —qlog a Lyau(z,0)] — Ly a[uy(z,0)]
= (qlog a)?* u(p,q) — (q log a) L qu(z,0)] — Ly 4[u,(x,0)].

O
Theorem 4.5.
La oltizy] = pq (log a)? U(p, q)—(q log a) Ly q[u(0,y)]—(p log a) Ly a[u(z, 0)]+2£05,)0),

Proof. By definition 2.3, we have

L2 ,a uxy / ~(prtay) Ugy (I, y) dx dy

_/ { —(pz+qy) Uy (, y)] dr — (—qlog a / / ~(pztay) (z,y) dx dy
0

=qloga [/ / —eetay) g (2, y) da dy] Ly o[ug(x,0)]. (4.6)
From Theorem (3.3), we have

Lo o[usy] = pg (log a)? (p,q)—(q log a) Ly 4[u(0,y)]—(p log a) Ly 4[u(z, 0)]+?(LL§07>>0)-
0

We use these properties of modified double Laplace transforms for further cor-
respondence in this work.

Remark 4.6. Results of [7], equations (44) to (48) are special cases of our Theo-
rems 4.1 to 4.5 with a = e.
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5. APPLICATIONS OF MDLT TO SOLVE PARTIAL DIFFERENTIAL EQUATIONS

In this section, we have used the modified double Laplace transform (MDLT)
to solve linear partial differential equations. Partial differential equations play an
important role in medical imaging [20], electrical signaling of nerves, proper dis-
tribution of oxygen to the healing tissues, pharmaceutics, and more [22]. The heat
conduction equation is used to determine the temperature distributions induced
by heat conduction in solids [I 1, 21]. It is also used in solid and fluid mechanics,
hydrodynamic problems, mechanical vibrations [15], diffusion processes [%], and
acoustic behavior of materials [10]. Partial differential equations are used in op-
timization problems to find the optimal solution for a given system used in the
simulation modeling, and optimization of complex systems in engineering [21]. It
is used in modeling the variation of a physical quantity, such as pressure, tem-
perature, velocity, displacement, strain, stress, voltage, current, or concentration
of a pollutant, with the change of time or location, or both [7, 24].

5.1. Cauchy’s problem for first order partial differential equation. It is
used to describe many physical phenomena, such as heat, sound, electrostatics,
and fluid flow, and to explain the propagation of waves and heat conduction.
Consider Cauchy’s first-order partial differential equation [7]

au, + Pu, =0, (5.1)

with given conditions
u(z,0) = z(z), > 0, u(0,y) =0, y > 0, and «,  are constants.
Apply Modified Double Laplace transform, which gives

a Lo o(ug) + 5 Lo o(uy,) = 0.
Using Theorems 4.1 and 4.2
a[plog at(p,q) — La.a[u(0,y)]] + B [q log a u(p, q) — Laafu(x,0)] = 0.

(ap + Bq) log a(p, q) = B Z(p)

z(p)
q+5p)loga

Taking inverse transform with respect to q gives,

i@&):(

_ 2]9 _ap
U@w)zﬁééa'”~

Apply inverse transform with respect to p gives,

u(z,y) = Ly F(p) a—“ﬁ”y] — 2(a) * w<x _ %>

log a 16

By Convolution Theorem 3.3, we have

u($,y):/0xz(x—ﬁ)w( —%)d(:z(x—%). (5.2)
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5.2. D’ Alembert’s Wave Equation. Such wave equations are used in solving
problems involving the string hypothesis, gravitational waves, light waves, and
sound waves [15], it help us in deciding the development of strings and liquid
surfaces, like water waves. Also, with mechanical progression in computer sciences
and preliminary methods, there are huge purposes of wave equations as guyed
links for the end goal of hiding, vibrations in transmission lines which risers
toward the ocean, guyed ranges, etc [1].

We consider D’ Alembert’s Wave Equation [7].

0%y 0%y
2 _
B =S 220, 1> 0. (5.3)

with given conditions
y(x,0) = f(x), yi(x,0) = g(x), x>0,
y(0,t) =0, y,.(0,t) = 0.
Apply Modified Double Laplace transform in equation (5.3), which gives
k?* Lyalyse(7,1)] = Laalyu(z,1)].
Using Theorems 4.3 and 4.4

k* [(p log a)* Y(p,q) — (p log a) L1,.{y(0,t)} — L1.{y.(0,1)}]

= [(q log a)* Y(p,q) — (q log a) L1 {y(x,0)}
— Ly o{pe(z, 0} (K* p* — ¢°) (log a) §(p, q)
—q [(log a) f(p) +7(p)]

Tp.q) = q( ézg_aké (52))4;01(1;) . (5.4)

Inverse Modified Double Laplace transform, gives

y(x,t) = L/k - a’ [T(p) cosh(kpt) + %];) sinh(k:pt)} dp

210 Ji_iso
_ 1 LI 90 1) 90) e
= gUtoe b+ o0l g TS o S )

T2
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5.3. Homogeneous Partial Differential Equations. Homogeneous partial
differential equations are utilized in electric circuits, where flow and voltage are
connected by homogeneous equations [21], wave propagation, vibrations, heat
movement [10].

Consider the homogeneous partial differential equation

Ugg + Uyy — 4u = 0.

with initial conditions,

u(z,0) =z, u, = e **

and boundary conditions,
Apply MDLT on both sides, and we get
p* (log a)® u(p,q) — plogat(q) — slq) + ¢* (log a)* u(p,q)
— qlog aty(p) — ua(p) —47(p,q) =0.
Using Theorems 4.3 and 4.4,
p* (log a)* (p,q) — plogati(q) — Us(q) + ¢° (log a)* U(p,q)
—qlog aTy(p) — Tulp) — 47(p,q) =0

[(p* + ¢*) (log a)* — 4] u(p,q) — ploga (pq2 (lig a)3> t g2 (lig a)?

1 1
_ l S _
e (qu (log a)3> (qloga(p loga+2)) 0

_ 1 1 1 2
2 2 I 2_4 = — —
[(p™+4q") (log a) Jalp, q) p? (log a)? * q? (log a)? + qloga (ploga+2) pg® (log a)?
:( ) 1 [ 1 . 1 N 1 2
u(p,q) = _
PO =10+ ) (log a)> —4] |p? (log a)? ¢ (loga)® ' qloga (ploga+2)  pg (log a)?
1

U9 = g @) (plog a+3);

Apply inverse MDLT, we get a solution
u(z,y) =y e >,

5.4. Non-Homogeneous Partial Differential Equations. Heat and diffusion

equations are used in modeling heat movement in solids and fluids and the dif-

fusion of particles in gases and wave equations are used in modeling wave prop-

agation in solids, fluids, and gases [10].

Consider a non-homogeneous partial differential equation of the form

Uz = —k sin(ky), y > 0,

with initial condition u(x,0) = z, and
boundary condition u(0,y) = 0, u(0,0) = 0, where k is constant.
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We have u,, = —k sin(ky),
apply MDLT on both sides, and we get

Ly o[tgy] = —k Lo g[sin(ky)]

by Theorem 3.5, we have

_ _ _ pk log a
pq (log a)® u(p,q) — q log auy — p log a uz(x,0) + u(0,0) = —k 1 (log a)[Qqu (ZO; 22 + 7]
(log @2 Fp.d) — ploga 1y k2p log a
Pgitog P4y = Progaq o (loga)?) — [p* (log a)?][¢® (log a)? + k2]’
_ k? 1
log a)* u =—
pq (log a)” u(p, q) [p log a][q? (log a)? + k2] " ploga
u(p,q) = — ! :
’ [p? log a][q? (log a)? + k2]

Apply inverse MDLT, we get a solution

u(z,y) = x cos(ky)

Fig. 1. Graph of u(z,y) = = cos(ky), Vx e [-1,1] and ¥V y € [-1, 1].

5.5. Klein-Gordon equation. We consider the Klein-Gordon equation which
play an important role in the study of the condensed matter used in physics,
quantum mechanics, and relativistic physics [10].

We consider following Klein-Gordon equation

Pu  0*u

_ . +
@—8—3/2—“(33&), (z,y) e RT. (5.6)
with initial and boundary conditions
0 0
u(z,0) =1+ sinx, —u(x,()) =0, u(0,y) = coshy, —U(O,y) =1;z,yeR,.
dy dy
Apply MDLT on both sides, and we get

L. [@] L, [@} ~ Loafu(z,y)]

0x? oy?
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Using Theorems 4.3 and 4.4,
p? (log a)* Ulp,q) — p log a Ui (q) — Ts(q) (5.7)
= ¢* (log a)* U(p,q) — qlog aty(p) — Tu(p)

— p,q)p’ (log a)* u(p,q) — ploga (p (@ (zogq a)? — 1)) B <q lig a)

_ 1 _
=q? (1 27T —ql —0—u
q~ (log a)* u(p, q) — g log a (p loga (log aP & 1) u(p, q)
_ log a 1 q q
2_ 2y (] 249 _ 4 _4_
[(p q ) ( 0g CL) + ] U(p, Q) q2 (lOg a)g 1 + q lOg a p p2 (lOg a)g +1
a(p,q) = : aloge 14 __ :
’ [(p> = ¢?) (log a)®* +1] [¢* (loga)* =1 q ploga p*(loga)®+1
1 q

u(p,q) = + :
(#:9) qlog a [p? (log a)> +1] = plg* (log a)*> —1]
Apply inverse MDLT, we get the solution

u(z,y) = sinx + coshy. (5.8)

Fig. 2. Graph of u(z,y) = sinz + coshy, V x € [—4,4] and V y € [-5, 5].

6. CONCLUDING REMARK

In this paper, we developed new results on the modified double Laplace trans-
form of partial derivatives. Further, we successfully applied it to solve various
partial differential equations. But, there is further scope for developing this the-
ory and its applications.
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