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A GODUNOV-TYPE SCHEME FOR THE
SAINT-VENANT-EXNER EQUATIONS WITH A MOVING
STEADY STATES

SEYDOU SORE'*, BABACAR LEYE? and YACOUBA SIMPORE?

ABSTRACT. The Saint-Venant-Exner system is widely used in industrial codes
to model the transport of bed sediments. In practice, most of the methods
used for its numerical resolution suffer from significant stability problems due
to the fact that they are mainly guaranteed by separation techniques which
allow weak coupling between hydraulic and morphodynamic software. The
search for an adequate alternative method to this problem is a focus towards
which several approaches converge. Recently, many authors have proposed
acceptable methods but they are not so trivial to implement in an industrial
context and some do not take into account all aspects such as mobile steady
states. In this work, we derive a well-balanced scheme that takes into account
all stable states, to approach weak solutions of the sediment transport model
in shallow waters. We demonstrate that it captures exactly all regular steady
solutions with non-evanescent velocities, retains water level positivity and is
able to degenerate to a classical shallow water model when the sedimentary
transport flow is null. A number of numerical test cases are also presented to
illustrate these properties.

1. INTRODUCTION

This study focuses on to the numerical approximation of solutions for the 1D
nonlinear shallow water model coupled with a sedimentary continuity equation
described by the Saint-Venant-Exner system. This system comprises three equa-
tions: the two equations of the shallow water flow model, which include source
terms for topography and friction, and a simple conservation law that accounts
for the interaction between the fluid and the topography.

( Oih + 0. (hu) =0, reR, t>0
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The unknowns of the problem are the water height h(¢,x) > 0, the flow velocity
u(t,z) and b(x), which defines the bottom topography. The parameters include
the gravitational acceleration g > 0 and the porosity of the sedimentary layer ¢,
which will later be set to zero. We also introduce the fluid discharge ¢(t,z) =
h(t,z)u(t,z). The friction term T} and the sediment flux ¢, are fundamental
elements of the model, because they ensure the coupling between the fluid and
the solid parts.

During the two last decades, numerous works [15],[17],[27],[10],[28],[1 1],[14],[12],
[13], [2],[3] have focused on developing numerical schemes to approximate the
weak solutions of (1) and accurately capture the steady-state solutions. As noted
in [15], if steady-state solutions are not properly captured, the approximation can
result in significant errors over long time periods (see also [5] for an illustration).
Since the ordinary differential equation defined by steady states, which we call
ODE of steady states, turns out to be nonlinear, many works only consider the
lake at rest steady states defined by the non-mobile steady states (v = 0 and a
constant free surface h+b). With regard to the preservation of the balance of the
lake at rest, many authors have developed numerical schemes preserving this bal-
ance [1],[0] and in particular, the reader is referred to the well-known hydrostatic
reconstruction introduced by Audusse et al. [1] and the approximate Riemann
Solver developed by Philippe Ung et al. [2]. It should be noted that the deriva-
tion of a schema capable of capturing all regular steady solutions is very difficult
because the ODE of stable states can admit one, two or three solutions depending
on the choice of constants. To our knowledge, so far no simple numerical scheme
capable of capturing exactly this state has been developed in shallow waters with
sedimentary transport. Regarding the transport of pollutants, Concerning the
transport of pollutants, in [26] the authors, using deep neural networks informed
by physics, carried out a perfect numerical simulation of the transport of pollu-
tants in groundwater. For the classical shallow water model (Saint-Venant with
fixed topography), in [15], the nonlinear system of ODEs for stable states is solved
at each interface to develop a fully well-balanced scheme that can exactly capture
all smooth steady solutions, both mobile and non-mobile. Subsequently, in [3],
the authors proposed an extension of the hydrostatic reconstruction to address
moving steady solutions. However, this generalized hydrostatic reconstruction
does not preserve the positivity of the water height.

More recently, in [1], a Godunov scheme was derived to incorporate the source
term within the approximate Riemann solver. This resulted in a positive, entropy-
preserving scheme that exactly captures all smooth steady solutions. Unfortu-
nately, this approach also requires solving a strongly nonlinear equation at each
interface. Later, a numerical technique that captures all steady solutions exactly
without solving the ODE of steady states was developed in [21]. This technique
is based on a relevant linearization of the Godunov-type scheme to achieve a
positive, fully well-balanced scheme. However, the topography source term in-
troduces certain difficulties, as it is linked to a constant whose definition remains
unresolved. The linearization adopted also introduces, in the definition of the
numerical flux function, a disturbance necessary to recover the exact capture of
steady states in motion which can in some cases be indefinite according to [7].
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These limitations were overcome in [5] by adopting a new natural and consistent
discretization of the source term and an improvement of the disturbance in order
to obtain a well-defined numerical method. This technique was also adopted in
[23] a well-defined Godunov-type scheme was derived for a Navier-Stokes model
with a friction term. We are adopting this very attractive technique of Christophe
Berthon et al. [1] which has been developed for the hyperbolic Saint-Venant equa-
tion, to extend it to the coupled solid transport and fluid flow system. This is
how we obtain a numerical scheme capable of preserving all stable states for the
case of sediment transport in shallow waters.

Another crucial aspect in designing numerical schemes for sediment transport in
shallow waters is the technique of coupling the Saint-Venant and Exner equations
to account for all interactions between the fluid and the solid components. Gener-
ally, the flow formula ¢, causes the morphodynamic equation for b to be strongly
coupled with the hydraulic part of the Saint-Venant-Exner model. Consequently,
the model becomes highly nonlinear, making the eigenvalues and eigenvectors of
the corresponding Jacobian flux matrix difficult to evaluate, and thus complicat-
ing the design of a straightforward coupled numerical approximation. Despite
these challenges, most industrial codes [15],[19] rely on the Saint-Venant-Exner
model for numerical simulations of sediment transport problems.

According to [2], the core of these software codes is the resolution of hydraulic
problems (Saint-Venant). To address the sedimentary aspect, they employ sedi-
mentary modules capable of solving the Exner equation. By doing so, both codes
can operate with different numerical parameters such as time step, space step,
or numerical scheme, and communicate only by exchanging specific data at cer-
tain time steps. This method of fractional division works well in certain cases
but fails when dealing with rapid flow, introducing numerical instabilities [17].
In [2], this problem was addressed by numerically processing the complete Saint-
Venant-Exner system with a semi-coupled approach. However, the treatment was
done using a numerical scheme that preserves the lake-at-rest state rather than
the general stationary states. In this work, we propose a similar approach, fol-
lowing the methods of Philippe Ung et al. [2], to extend the stabilization of the
lake-at-rest state to equilibrium states in general (both mobile and non-mobile).

To achieve this, we adopt a Godunov-type scheme by proposing a positive and
well-balanced three-wave Riemann solver capable of approximating the system
(1) and degenerating into the well-balanced and positive solver introduced in
[5] when the sedimentary flow is null (classical Saint-Venant equations). In this
solver, we pay particular attention to the derivation of intermediate states that
can be misdefined due to moving steady states. We use a coupled scheme for
the complete model given by the system (1), which accounts for all stable states.
This allows us to improve industrial codes by stabilizing the fractional approach
and accurately capturing all steady solutions with non-evanescent speeds. We
demonstrate that the designed scheme verifies the properties required by the
Saint-Venant-Exner (1) system. Several numerical experiments are also presented
to illustrate its relevance.

The document is structured as follows. Section 2 provides details about the
Saint-Venant-Exner system (1). In Section 3, we design the Godunov-type scheme
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with a source term, which constitutes an appropriate definition of the approximate
Riemann solver. Section 4 details the development of a relevant approximation
of the source term for the approximate Riemann solver. Section 5 covers the
complete derivation of the approximate Riemann solver. Section 6 presents the
main properties satisfied by the derived scheme. Finally, in the last section,
we present several numerical approximations to illustrate the relevance of the
proposed scheme.

2. DESCRIPTION OF THE MATHEMATICAL MODEL

In this section, we give the friction term 7 and the sedimentary flux ¢, that
are necessary for the closure of the Saint-Venant-Exner system (1). We also
discuss some properties of the Saint-Venant-Exner model that are necessary in
the derivation of the numerical scheme.

2.1. Choice of formulas for friction term and sediment flux. As mentioned
earlier the friction term 7y is usually defined by semi-empirical formulas [2], in
this paper we adopt the very popular Manning-Strickler formula,

_ lalg
1= K2R2RYY

where R, ~ h is the hydraulic radius and K is a roughness coefficient.

As for the formula for the sediment flux ¢,, we will use the formula of Lajeunesse
et al. (2010) whose construction is detailed in [20] and defined by

qs(t,z) = 10.6(7* — 72) (V7% — /77 + 0.025). (2)

In this formula, 7% denotes the Shields number (see [25]) which refers to a non-
dimensional friction term that is weighted by the buoyancy of sediment particles.
When it is larger than a cohesion, the particles then have a resistance to erosion

greater than their weight.

(ps = puw)Dso
where p,, and ps represent the densities of the aqueous phase and the solid phase,
respectively, and Dsg denotes the mean granular diameter.
7 is the critical Shields number (also called the dimensionless critical shear stress)
that represents the minimum value of 7* for solid transport to take place. Several
works have been developed for its calculation [25], analyses by Shields (1936) have
shown that its value must be a function of the Reynolds number and is close to
0.05.
We chose (2) because it is on the one hand a recent formula (2010) and on the
other hand because this law has been tested and considered valid and reliable for
different case studies, and takes into account the effects of relaxation. Indeed,
CHARBI Mohamed, in [20], worked on simulation tests of the most used models
in the calculation of sediment transport by cartage with experimental data from
the literature and in order to verify the validity of this new model (2). A com-
parative study was carried out between the calculated results of these models for
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the quantification of bottom transport and the corresponding experimental data.
This study revealed the reliability of this new formula proposed by Lajeunessee
et al. (2010).

2.2. Properties of the Saint-Venant-Exner model. To correctly approxi-
mate the solutions of the system (1), the numerical scheme must ensure the
positivity of the height of the water and the well-balanced property particularly
characterized here by the preservation of stationary states. The steady states of
(1) without friction terms are defined by the ordinary differential equation

(0. (hu) =0,

2
0y (hu? + g%) = —qghd,b, (4)

 0:qs(h,u) = 0.
When the speed is zero, we obtain the fixed steady states usually called resting
lake state defined as:

u =0, O(h+0)=0. (5)
After direct calculations, the system (4) can be rewritten by showing the hydraulic

head
B(h,u,b) = u*/2 + g(h +b) as follows:

Oy (hu) =0,

'U/2

Consequently, for any given constant pair (Q, B) € R? regular stationary solutions
are characterized by the following two relations:

hu = Q,

2 (6)

%+g(h+b):B,

An important final property is the ability to revert to a scheme relevant to the
classical shallow water model when sediment transport is null in the numerical
model.

To simplify future notations, let us define

h ¢ gh?
= Y 7b - — —_— 9 7
w= (1) swn= |2 @)
ds
0 0
S1(w,b) = | —gho.b and Se(w,b) = | —ghTy

0 0



A GODUNOV-TYPE SCHEME FOR THE SAINT-VENANT-EXNER EQUATIONS 171

Additionally, we introduce the set of permissible physical states 2 C R? x R
defined as follows:

Q={(w,b) e R* xR;h>0,u € R,b € R}, (8)
Thus the vector formulation of (1) is defined by
at(wa b)T + arf(wv b) = Sl(wv b) + SQ(U)J b) (9)

3. GODUNOV-TYPE SCHEMES FOR THE SAINT-VENANT-EXNER MODEL

We introduce a Godunov finite volume scheme for (1) when the friction term is
neglected, its treatment will be described in section 5.5. Thus the system under
consideration is

Op(w, b))’ 4+ 0, f (w,b) = Sy(w, b). (10)
Consider a uniform mesh defined by the sequence of points (;41/2)icz such as,
Tit1/2 = Ti—1/2 + Az, with Az the step in assumed constant space. Thus, the
space is divided into cells C; = (;_1/2, Z;+1/2) centered in x; = x;_1/2 + Ax/2.
In the same way, we define the sequence (t"),ey par t° = 0 and "™ = " + At,
where At is the time step that must be restricted by a CFL condition.
We also adopt the ratings:

I I 1

Y, = — Y(x)d Yr=— Y (x)d dY;=— | Y(x)de. VY € {hg,qo,b
N /_M (x)dx, Yg Az ), (x)dx an N /Cl (x)dx {ho, q0,b0}

At the time t", it is assumed to be known a constant approximation by pieces of

the solution of (10) and defined as follows:

W2 (z, ") = (b)) it z € G

17

We are now looking for an updated approximation (w™!, b"*!) of the solution at

time "1 = ¢" + At. For this we will solve the following problem:

Oy (w,b)T + 0, f(w,b) = Si(w,b)

(w(, ), b (2, 1)) = W (z, ")

Locally, on each interface x;i/2, we are therefore led to consider a Riemann
problem between two constant states associated with cells C; and C;.; defined
by:
at<w7 b>T + axf(wa b) = Sl<w7 b)
wr, b it <0
(o, gy prfs )T (i, 0F) (11)
(w (x,t"), 0" (x,t )) =
(w?7 b'LT'L+1>T if z>0
To achieve this, we first construct an approximate solution of the Riemann prob-
lem at each interface w1/, then we evaluate the average value of the juxtapo-
sition of these solutions in each cell C; at time t"*! to obtain the new solution.
Thus

1
(wZnH’ b;erl)T _ _/ Wx(z,t" + At)dx. (12)
ASE C;
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where W (z,t) represents the non-interaction juxtaposition of the approximate
Riemann solvers defined on each cell z;;/, as follows:

7

WA, 1) = Wa(——2 0l wle B bL) i (2,8) € (i) X (0,A0),

L
where, VVR(?7 wr, Wg, by, br) denotes an appropriate approximation of the solu-

tion of the Riemann problem defined by (11). According to [16],[5], the approxi-
mate Riemann solver must satisfy the following integral consistency condition:
1 A2, 1 A2

WR(?wL,wR,bL, br)dr = —— WR(?wwa,bL,bR)d% (13)

Az —A/2 Ax —A/2

where, WR(E; wp, Wwr, by, br) is the exact solution of the Riemann problem de-
fined by (11).

By approximation of this consistency condition (13) (See [5]), we obtain a finite
volume type reformulation of (12) as follows :

A
(W YT = (o 3)T — A_t(F(w;.l, Wi BB ) — F(wy wl B b))
x
At - _
+ 7(51(’60?, Wiy, biy biyr) + S1(wi g, wi', bi1, bi)) (14)
with the given numerical numerical flux
1 Ax T o Ar o, _
F(wg,wg, b, br) = §(f(wR,bR)Jrf(wLabL))—E((wR»bR) —(wp,br,) )+E(‘]LR_JLR)7
(15)
where
J—i/o W (——wp, wg, by, bg)dx (16)
LR — Ax _As)2 R At Ly, WR,VL,VR
1 Az/2 _ x
‘]Z—R = M /0 WR(EWIH WR, bL7 bR)dCU, (17)

And S; must be defined according to a consistent discretization of S;.

Thus ends the presentation of the Godunov type schemes with the source term.

The following sections will characterize the approximate Riemann solver WR(x Jt;wr, wgr, by, br)
and approximate the source term S (wr,wg, by, br) in order to complete the com-

plete derivation of the schema.

4. DISCRETIZATION OF THE SOURCE TERM

The function S;(wg,wg, by, br) is a local approximation on each interface of
the source term that must be constructed in such a way as to allow the (14)
schema to preserve stationary solutions. Since this is a local approximation, it is
necessary to define stationary solutions interface by interface (see [7]).

Definition 4.1. A solution is locally stationary if for all states (wr,br) and
(wr, br), we have

hrur = hrug, B(wL7 bL) = B(wR, bR) (18)
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where B(w,b) is the Bernoulli function given by (6).

Now, S; must be fixed in such a way that if (wy, b;) and (wg, br) verify the local

equilibrium (18), then the approximate Riemann solution Wg (z/At; wr, wg, by, br)
remains stationary, i.e.

(U)L, bL)T if z<0
Wr(z/At; wr, wr, br, br) = (19)
(U}R, bR)T if x>0.
The relation (19) is used to propose a discretization of the source term using the

condition of approximate integral consistency (13). Indeed, this condition for a
stationary solution in the form (18), rewrites as follows:

Axs_l = f(wR, bR) - f(wb bL)-

Since (wp,by) and (wg, bg) are given according to (18), with S = (P, S9, SH)T,
we have

AzSh =0,

_ h2 h2
AwSi = (hpup + 977 — (heug + 97), (20)
ASP = 0.

Since the equations for water height and bottom dimension do not include a
source term, we set St = 0 and S? = 0. Our focus is on S}, which we need to
design to ensure a consistent definition of the topographic source term —ghd,b.
Additionally, we aim to validate equation (20) whenever (wp,br) and (wg, bg)
represent a local stable solution (18). To address this problem, we now establish
a condition that S] must satisfy (refer to [5], section 3).

Lemma 4.1. Consider an approrimation of the well-known Froude number de-
fined given by

-1
Ffr=—— where  h = §(hL +hgr) and qo= hpur = hgugr. (21)

If (wr,br) and wg,bgr) are steady states according to (18), then the identity (20)
1s reformulated as follows:

0 if F.=1 and e p=0
q? hr —hr

AzS =
4h%h2R % (1 — FTQ)Q -+ ELRALUk

) 29
—ghAb+ (22)

(Ab)?  elsewhere,

3
where 0 < k < 3 15 a parameter to be set and

¢* = |qrqrl, err = V/|B(wr,br) — B(wz, br)| + lgr — qz. (23)
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5. APPROXIMATE RIEMANN SOLVER

This section focuses on developing an appropriate approximate Riemann solver,
Wr(x/t;wr, wg, by, bg), to complete the characterization of the numerical scheme
(14). This solver must be defined in accordance with the integral consistency
condition (13), where the approximation of the source term S, (wp, wg, by, br) =
(0,S7,0)T is given by (22). Therefore, we consider an approximate Riemann
solver consisting of three waves propagating with velocities A\, < 0, A\ = 0,
and Ag > 0. In this case, the approximate Riemann solver, composed of two
intermediate constant states (wj,b}) and (wh, by), is defined as follows:

if — <AL

(
i (w}. b !
Wr(x/t;wr, wr, by, br) = . ey z! (24)
(wR7bR> if 0< ? < )\R
(wr,bp) it % > Ap
\

Note that the sentence Note that the determination of WR is achieved once the
two intermediate states (wj,b;) and (wj,b}) are defined. Unlike the Saint-
Venant system discussed in [5], it is also necessary to define bj and b}, since
the bathymetry is mobile.

Such an approximate solver is consistent with (1) [7], [2], provided that the
following consistency relations are satisfied by the intermediate states:

flwr,br)—f(wr,br) = Ap((wy, b)" =(wr, b)) +Ar((wr, b)) —(w, b)) +S1 (wr, wr, b, br),
_ (25)

where f(w,b) and S (wr,wg,br,br) are defined by (13) and (22), respectively.

(25) translates to,

dqr — 4L, :)\L(hz—hL)—i—)\R(hR—h*R), (26)
¥ ¥ 2 gh% 2 ghi 5q
)\L(qL — qL) + )\R(qR — qR) = (hRuR + T) — (hLuL + 7) + AISl (27)
gs(wr) — qs(wr) = AL(b, — br) + Ar(br — bf) (28)
Let’s introduce the following notations to be simpler

pHLL _ Arhr — ALhg ~ 49r — 4L

= 29
AR — AL AR — AL (29)
wrL _ Arhrur — Arhpug
AR — AL
1 gh? gh?
- m((hmﬁz + TR) — (hpuf + TL))7 (30)

as defined, KLY and "L are respectively the water height and intermediate
discharge associated with the Solver HLL (Harten, Lax and van Leer) which is
well known (see [7]).
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Then, the relations (26), (27) and (28) are reformulated as follows:

Mgl — Aphy = (Ag — Ap)RPEE, (31)
Ay — Ardy = (Ar — M) + AxSY, (32)
¢s(wr) — qs(wr) = A (b5 — br) + Ap(br — bly). (33)

To determine intermediate states, it is necessary to define six values. However,
at this point we only have three equations (31), (32) and (33). It is therefore
obvious that three relationships are missing.

On the one hand, we suggest imposing,

*

LUE = *Ru}(% (34)
wi? +2g(h% 4+ b)) = uwi? 4+ 2g(hp + bl) (35)

These two relations that correspond to the definition of local steady state (18)
are appropriate since we must also preserve stable states.

However, since (35) introduces significant nonlinearities (see [] for such a choice
with the Saint-Venant system), it is preferable to replace it with a relevant addi-
tional equation. Specifically, using hj = hy and h}, = hg is the unique solution
as long as (wr, br) and (wg, bg) satisfy (18).

According to [21], this nonlinear system can be replaced by a linear system
that retains all the necessary properties. In [21], for the case of Saint-Venant, the
following additional relations are adopted:

AxS?
=t = 224, (30
QLR
where o
_ 2 —
arr = gh — q—, where ¢? is defined by (31). (37)
hphgr

Which was later improved in [5] to give (38), to take into account all solutions

O{LRAIS_RZ
hy —hy = .
f g oF p + €Ak (38)

We extend this relevant reformulation to the case of Saint-Venant-Exner as fol-

lows: -
OéLRAZL’SiI*

hnr —hy = . 39

BT a2 4 eppAnk (39)

where AzST" is the approximation of the source term when (wr, bz) and (wg, bg)
verify (18). On the other hand, to obtain the sixth relation, we adopt a mini-
mization problem for the topography variable under the constraint given by the
consistency relation (28) satisfied by this same variable, this problem was initially
introduced in [2],

min G (b7, b) = ||br — O[> + [|br — bx|[? (40)
u.c. H(by,bp) = Ap(by, —br) + Ar(br — bg) — (¢s(hr, ur) — gs(hr,ur)) = 0.
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Thus, the system of nonlinear relations (26)-(28), (35)-(39), and (40) allows us
to explicitly determine the six intermediate states, as detailed in the following
subsections. First, we easily explain the discharge, as it must remain constant
to define a steady state. Next, we solve the minimization problem separately to
determine the values of b7 and bj. Finally, we use these values as input for the
system (31)-(39), which is the same as the one discussed in [5]. However, the
solution differs from that in [5] because, in this case, the bed elevation appearing
in (39) is unknown and corresponds to an intermediate state to be determined.

5.1. Expression of intermediate discharge. It should be noted, to define a
steady state, the discharge must be constant. Thus, by solving the equation (32)
and adopting the following equalities with respect to the intermediate discharge,

then the intermediate discharge is given by
AxS]
* HLL 1
= . 42
¢ =q N (42)

5.2. Expression of the intermediate states of the solid part and the wave
velocities A\, and Ag. The expressions of the intermediate topography b; and

% is obtained through solving the minimization problem (40). Using the classical
method of Lagrange multipliers, we adopt:

AL AR
w2l br=br— m g A
A2+ )2 f A+

The wave velocities in the model are determined by approximating the solutions
of the characteristic polynomial of the Jacobian matrix F'(WW). Various tech-
niques have been proposed in the literature, but most rely on strong assumptions
about the polynomial coefficients. In this paper, we adopt the approach proposed
n [2]. The authors in that study use Nickalls’ technique [22], which involves dif-
ferentiating the polynomial until a quadratic polynomial is obtained to find its
solutions. Thus, the wave velocities used are (see [2]):

b =bp + (43)

2u 2u
AL = min ———\/u2—|—gh(1—|—6) AR = max \/u2+gh(1+ﬁ)
w=wr,wrp \ 3 3 w=wpwr \ 3 3
(44)

where

~0gs
~On’
5.3. Expression of the intermediate states of the hydraulic part. To esti-

mate intermediate water heights hj and h},, We solve the linear system (31)-(39)
and the solution is directly given by

8qs

ﬁ— and ¢q = hu.

\papAz ST
+ _ pHLL _ ROLR 1 15
()\R—)\L)((X%R‘FELRAJJ]C)’ ( )
+ _ pHLL _ AL&LRAl"Si]* (46)

()\R — )\L)(Q%R + eLRAx’“)'
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Unlike the case of shallow waters treated in [], where the bathymetry is constant,
here it is variable so we should define the term intermediate source.
For simplicity in the notation, let us introduce

AL+ AR
Using (43), we get,

(bj — b1)? = (br — br) — YLrRAG(2Ab — YLrAGS),
which makes it possible to obtain the expression of the intermediate source term
YLRAGq? o (hr — hL_) (vLrAgs — 2Ab)

4h%h% (1 — FTZ)2 + ELRAZL’k

However, this method of assessing intermediate water heights does not ensure
that h} and h} remain positive. Therefore, we adopt a positive cut-off approach
introduced in [1] (see also [5]). Accordingly, h} and h}, are corrected as:

AzST = AxS? + yprghAq, +

(47)

712 = min (max (hz, 0), (1-— %)hHLL + %G), (48)
L L
~E = min (max (h*R, a), (1-— i—;)hHLL + i—;a), (49)

where o = min(hy, hg, hEL). Tt should be noted that as defined, the proposed
reduction in water level not only satisfies positivity but preserves conservation
since the relation (31), or equivalently (26), is always satisfactory. Indeed, note
that as long as the exact height of the water height of the Riemann solution

hr remains positive, then h/** > 0 and by definition o, we have the reduction
o — hHLL <.
For positivity, since A\, < 0 < Ar then we get
A A A
(1= ORI + Tio = plIEE 4 S(o — n11HE) > 0, (50)
ALy, mnn | AL HLL | ML HLL

As a result, we immediately get iL*L >0 and BE > 0.

5.4. Discretization of the friction term. The numerical treatment of the
friction term is necessary to take into account the action of the solid part on the
fluid. We adopt an implicit treatment that guarantees the stability of the schema
that is presented in [2](see also[24]). ¢ being the solution of (10) at time "+,
the solution of (1) (or (9)) g™ at time t"*! is given by

—1++/1+4dag?™ .
2 9 lf QZ > 07
a
= (52)
1—+/1—4dag*!
2. it gt <o,

2a ’
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gAt
K2hi (R
K
defined. To conclude this section, we establish that it preserves steady solutions
and that it is capable of degenerating to an approximate Riemann solver for the
Saint Venant case only.

with a = Thus, the approximate Riemann solver (24) is now

Lemma 5.1. Let (wg,by) and (wg,br) given in Q. Consider the approzimate
Riemann solver as (24) where the intermediate states are given by (42), (48) and
(49). If (wr,br) and (wg,br) satisfy the local equilibrium condition (18) with
F. # 1, then the approzimate Riemann solver remains at rest, namely that we
have
(wL,bL)T Zf z <0
Wr(x/At;wp, wr, br, br) = (53)
(wR,bR)T Zf x>0

Proof The local equilibrium state (18) being satisfied, then ¢, = qr = qo
and €y g is null through its definition (23), in this case,

A:ES_% . QLR _ A.Tg(ll and hHLL: )\RhR_)\LhL’
OéLR—i-ELRAl'k QLR )\R_>\L
Then (22) and (37) are used to establish
AzS?
L by - hr,
QLR
and finally
A - «
e e =
/\R_>\L o 104%R+6LRA1”€ L
AL S QLR
hHLL o A Sq =h
)\R_)\L o 1Q%R+€LRAxk B

Then according to (45) and (46), we easily get h} = hy and h}, = hg. With regard
to the intermediate discharge, since the local equilibrium state (6) is verified, S}
is now given by (20) and we have the following equality:

h hi

Az S (hruf + 97) — (hpuf + 97)

Ar— AL AR — AL ’
This allows, from (42), to obtain ¢* = ¢ through simple calculations, then the
discharge is stationary. There is now the intermediate bathymetry, since the local
equilibrium state (6) is verified, (4) gives us Ags = 0, which makes it possible to
obtain bj = by, and b}, = bg through (43). Thus as soon as the state of equilibrium
is reached then the solver remains at rest. 0

Lemma 5.2. Let (wg,by) and (wg,br) given in Q2. Consider the approzimate
Riemann solver as (24) where the intermediate states are given by (42), (48),
(49), and (43). When the sediment fluz is null in the Saint-Venant-Ezner system
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(gs = 0), the approximate Riemann solver then reduces to the case of the Saint-
Venant system treated in [5], i.e. the dimension of the topographic background
becomes fixed with respect to time.

Proof For null sediment flux in the derived scheme, (43) gives us directly
bi = by and b5, = bg. Moreover, with (47), we get AzS? = AzS? and the
intermediate water heights A} and h}, given by (45) and (46) are now defined
exactly as in the case of Saint-Venant discussed in [5]. Thus, the defined schema
is degeneric. O

6. THE MAIN PROPERTIES OF THE SCHEMA

Since the (14) scheme is now equipped with an approximate Riemann solver
(24), where the intermediate states are given by (42), (48), (49) and (43) and
a well-discretized source term (22), its design is complete. It satisfies the main
properties below.

Theorem 6.1. Suppose the CFL-Current-Friedrichs-Lewy type restriction [J]

Atgl Az

. 54
2 max (|)\L |, | AR D (54)
i€z

i+1/20 1Ni41/2

The numerical scheme (14) is consistent with the scheme (1) and for all i € Z,
(w?, b)Y € Q, The updated states (w™, b7 satisfy the following properties:

(1) Preservation of positivity : h™ >0 for all i € Z,

(2) Well-balanced property (Conservation of all reqular steady states):
(Wit o7 = (w?, b)) for any i € Z as soon as ((w, b)) )icz checks

(4)*

2t g(hf +b;) = B pour tout i € Z, (55)

g =@ and

for data constants @ and B such that two successive states satisfy (18).
(3) Degeneracy : if ¢* =0 then b} =07 for alli € Z, n € N.

Proof First, we establish the consistency of the derived scheme (14). To
address this, we observe that the CFL condition (54) ensures that the sequence
of the approximate Riemann solver remains non-interacting. Then, with w;, =
wr = w € ), the equations (23) (29),(30) and (22) make it easy to get

pHU — 5 — | = b, g1 = ¢ (56)
eLrn=\/glbr —brl, arp=gh—q¢*/h*, AS{=—gh(br—by) (57)

Finally, we show the consistency of the numerical stream and the source term.
As for the numerical stream, (15) gives us

A
Flw,w,b,b) = J(w,b) + 5 (i = Jig). (58)
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where J; , and J; , are defined by (16) and (17). Using the approximate Riemann
solver as (24), through (58), we get

AR

F(w,w,b,b) = f(w,b) + —(wp —w) +

5 - (W —w). (59)

Using (56) and (57) in the definition of intermediate states (42), (45),(46) and
(43), applying Az to be small enough, we get

1
“=q————gh(br — b
Ar 2 /h2gh
;o= h+ h(bg — b
t Ak — AL (gh — 2/h2 +Ax’%/|bR—bL|g R~ bu)
AL h— ¢2/h?
Wy =h+ gh —q/ —by).

Ar = AL (gh — @2/h?)? + Azk/[bg —_bL|

With these relation and for by = by, = b, we directly obtain the expected consis-
tency of the numeric stream as follows:

F(w,w,b,b) = f(w,b)

Then, regarding the consistency of the discrete source term, as soon as wy =
wgr = w, (22) gives us directly

y Ab
br,b —gh—.
Sl(wawa L, R) g Ar
A A
With a survey function, set b, = b(z — Tx) and b = b(x + TLE) in order to
obtain
lim SY(w,w,by,br) = —ghd,b. (60)
Az—0

Thus the discrete source term is consistent and therefore the established numerical
scheme (14) is consistent with the scheme (1)

With regard to the positive character of h?“, since the intermediate water height,
defined by (48)-(49), involved in the approximate Riemann solver, is positive, then
according to (12), h?™ is nothing but the integral of the positive quantities. As
a result, we get h?™' > 0.

As for the well-balanced property, since ((w iez, checks (55), at
each interface, the local stationary condition (18) is satisfied. As a result of
lemma 5.1, all uninteracted Riemann approximate solutions are constant, so that
we obtain

;H*l) b;hLl)T)

~ L= Tit1/2 , n gn w" (wl ab?) if Tit1/2 < 0,
Wr(———; , b; Y, biybigr) = .
R( Ax ( Wy, b; ) Wiy +1) {(wi+17 bi+1)T if Tit1/9 > 0.

(61)
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Thus, we have the following sequence of equality:

I
P = WR(—m D2l b br)dx

(w- = w'
i y Ha—1r Wi Yi—10 Y4
Az Jy, Az
1 Il?i+l/2 - T — "'L‘Z—FI/Z
+ — R(————=w!, w6, b)) de
AZE . ( AZL‘ y o 410 Yo 2+1) )
n 1n\T
= (wi', )"

Thus the steady states are preserved so the scheme is well balanced. To finish
the proof let us show to press the degeneration of the numerical scheme.
For a null sediment flux ¢7, as a result of lemma 5.2 we have

bi" =0} and bR =0bj. (62)
Using (62) in (16)-(17), the approximate solver (24) gives us J;;l/Q — S =10

at its third component, which immediately obtains the zero value at the third
component of the numeric stream F defined by (15) then directly b/'*! = b using

(14). 0

7. NUMERICAL SIMULATION

To illustrate the behavior of the proposed scheme, which we will refer to as
the Fully Well-Balanced Corrected Scheme with Nickalls (FWBCN), we perform
several numerical experiments using a series of classic test cases from the litera-
ture, extending them to cover additional flow regimes. We study the simulation
of the evolution of dunes in both fluvial and torrential flow regimes, as well as
the dam-break failure problem on a movable bed with a dry state. For some
test cases, we compare our results with those obtained by the well-known SimSol
scheme [2], which has already been judged superior to three other methods.

As long as the exact solution is known, the behavior of the obtained approximate
solutions is exhibited by evaluating the L', L? and L errors. We used the exact
solutions proposed in [17],[27]

7.1. Comparison of the scheme with another scheme in the evolution
of dunes in a fluvial flow. Here we compare our scheme results with those ob-
tained by the well-known SimSol scheme whose results have already been judged
to be better compared to those given by three other methods [2]. Thus, we con-
sider the classic test case of the sediment transport problem which considers a
hump under a fluvial flow. The length of the channel is L = 1000m and the initial
data is parameterized by,

)
2 (&= 300)m
b(0,2) = 4 0L i’ (F5==), 300 < & < 500m
0.1, elsewhere, )
h(0,z) = 10 — b(0, z),
qo0
w(0, ) =

h(0, )’

\
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with ¢(¢,0) = ¢° = 10m?/s the incoming flow. With a discretization of 2000 cells
for domain, the figurebl show us the the bottom topography at time ¢ = 750s.
The excellent performance of the numerical solution is highlighted in Table 1,
where the numerical errors are presented. It appears that the scheme presented
is the most accurate

1.2
1 initial
Exact
1t : SimSol + Nickalls |
FWBCN
0.8
2 0.6
04r
0.2
(N
0 . . . .
0 200 400 600 800 1000

X

FiGURE 1. Comparison of dune evolution for different numerical
schemes at t = 750s with 2000s cell .

b
I 2 00
L error L error L error

SimSol+4Nickalls | 0.0014 | 0.0036 | 0.0144
FWBCN 0.0013 | 0.0034 | 0.0139

TABLE 1. Dune evolution errors.

7.2. Illustration of the benefits of using of the sediment flux formula.
Here we analyze the evolution of sediment transport calculated by different sed-
iment flux formula. This test is used to see the benefits of using the sediment
flux formula of Lajeunesse. We simulated problem (63) with the FWBCN-schema
using the Lajeunesse formula and the Grass formula ¢4(t,z) = Ay|u|™ *u with
m = 3 and A; = 0.001 . The numerical simulations obtained at time ¢ = 550s
are displayed Figure 2 and the obtained errors for b are given in Table 2

7.3. Behavior of scheme when the sediment flux is null. This test is used
to analize the schema behaver when the sediment flux is null in the Saint-Venant-
Exner system (¢s = 0). The expected result should be similar to one of a Saint-
Venant schema treated in [5]. We consider the test probem in subcritical flow
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Exact
* Grass formula
Lajeunesse formula | -

0.8

04r

021

0 200 400 600 800 1000
X

FiGure 2. Comparison of the different formula at ¢ = 550s with
2000 cells.

b+h
I 2 00
Lermr Lermr Lermr

FWBCN(Grass formula) 0.0016 | 0.0040 | 0.0150
FWBCN(Lajeunesse formula) | 0.0013 | 0.0031 | 0.0122

TABLE 2. Free surface errors for different sediment flux formula.

that the domain is [0,25] and the initial data is given by,

b(0,2) = maz(0,0.2 — 0.05(z — 10)?),
h(0,x) = 2m, (64)
q(0,z) = 4.42m? /2.
In figure 3 we show the numerical solution obtained with the different schemes
at time ¢t = 64s with 2000 cells for domain discretization. Following the errors

sumed up in the table 3, we can clearly see that the schema FWBCN completetly
moves towards the schema FWBC.

b+h
T 2 00
Lerror Lerror Lerror

FWBC & FWBCN | 0.0000 | 0.0000 | 0.0000

TABLE 3. Free surface errors for for different schema with null
sediment flux formula.

7.4. Illustration of the ability of the scheme to capture steady states.
Here a test problem is used to illustrate the schema’s ability to capture steady
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* Topograph
18t pography | |

FWBC
FWBCN

h+b

0.8

06

0.4r

021

F1GurEe 3. Comparison of free surface and the bottom topography
evolution for different numerical schemes at t = 64s with 2000 cells
and ¢s(t,z) = 0.

states. We consider the test probem in torrential flow that the domain is [0, 25]
and the initial data is given by,

b(0, ) = maz(0,0.2 — 0.05(z — 10)?),
h(0,2) = 0.5m, (65)
q(0,z) = 2m2/2.

We evaluate the corresponding water height in the stationary state for the
Bernoulli’s law (6) with @ = 2 and B = 12.905 ,

Q(tv I) =Q,

) (66)

%+g(h+b):B

First, the domain is discretized with 1000 cells and at time t = 3.5s we compare
the evolution results for different numerical schemes. The approximate solutions
of the problem are presented in the figure 4. The excellent performance of the
numerical solution is highlighted in Table 4, where the numerical errors are pre-
sented. by Table 4 where the numerical errors are given.Then we zoom on the
result obtained with the FWBNC-scheme the to show the capture of the steady
states. The result are presented in the figure 5 In this figure, it is clear that the
approximate solution given by the schemes (FWBCN) is in very good agreement
with reality. Indeed the scheme (FWBCN) preserves exactly such stationary
solutions.
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0.6
SimSol + Nickalls
FWBCN
N W
0471
2 03}
=
-
j=
©
a 027
0.1r / \ 1
0 1
-0.1 '
0 5 10 15 20 25

FIGURE 4. Free surface and dune evolution for different numerical
schemes at ¢t = 3.5s with 1000 cells.

b+h
T 2 0o
Lerror Lerror Lerror

SimSol+Nickalls | 0.0060e=2 | 0.0300e~2 | 6.0000e 3

FWBCN 0.0024e=%10.0120 e=* | 2.3985¢~4
TABLE 4. Free surface errors for for different schema for the
schema’s ability to capture steady states test.

7.5. Dam break over a dry bottom topography. This numerical simulation
demonstrates the scheme’s ability to accurately locate and process the dry/wet
transition. We focus on this dam break problem as it is the most challenging
transition situation. The domain is [0,20] with a topography flat. The initial
height of the water is defined by

B0, 2) = 2m, if x <10, (67)
" Yom,  if x> 10,

The domain is discretized into 500 cells, and the approximate solutions at different
times are displayed in Figure 6. In Tables 5, we present the obtained errors for
h+b at t = 0.5s. As with the previous test case, the FWCN scheme manages to
solve the physical phenomenon since there is no instability.

b+h
T 2 0
Lerror Lerror Lerror

FWBCN | 0.0153¢=% [ 0.0199¢~* | 0.2803¢~3
TABLE 5. Free surface errors for the dam-break on a dry domain.
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0.55

0.5

h+b

045}

< 0.05f

FIGURE 5. Free surface (up) and dune evolution (bottom) in a
subcritical flow at ¢t = 3.5s with 1000 cells

0.015

t=0s
—t=0.25

—_—t=0.3s

0.9
0.01
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— =055

0.7 0.005
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h+b

-0.005
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0.2
-0.015

0.1

-0.02
20 0 5 10 15 20

FIGURE 6. Simulation of the dam break over a dry bottom topog-
raphy for t = 0 to 0.5s with 500 cells.

8. CONCLUSION

In this paper, we extend the approach developed by Christophe Berthon et
al. for the hyperbolic Saint-Venant equation to the coupled solid transport and
fluid flow system, following the methods of Philippe Ung et al. We propose
a Godunov-type method based on a new approximate Riemann solver for the
sediment transport system in shallow waters. This scheme, which avoids using
an approximate Jacobian matrix of the system, is positive and well-balanced for
all steady-state conditions. It has been successfully tested on two numerical test
cases, making it the first simple approach with demonstrated stability properties
for both mobile and non-mobile steady states.
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