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OPTIMIZING THE FIRST EIGENVALUE OF NONLINEAR
QUANTUM GRAPHS

MOHAMMED AHRAMI'* AND ZAKARIA EL ALLALI?

ABSTRACT. The main objective of the present work is to study the problem
of minimizing or maximizing the first eigenvalue of nonlinear Schrodinger op-
erators on an appropriately specified subset. In the case of an interval, we find
that the minimizing and maximizing potentials can be immediately extended
to the nonlinear Schrodinger operators. In the case of metric graphs, we show
that the maximizing potential on a finite compact metric graph G coincides
with the maximizing potential on the loop graph.

1. INTRODUCTION

Nonlinear quantum graphs are metric graphs, meaning that the edges of the
graphs are endowed with a metric structure, and equipped with nonlinear Schrédinger
operators defined as

H(p, q)u(x) = —Apu(@) + q(@)|u(@)["*u(@) = Au(z) P u() |

where 1 < p < 00, and a real absolutely summable potential ¢ € L (G). This op-
erator is pivotal due to its broad applicability across various fields including fluid

dynamics, non-Newtonian fluid flows [3, 22], and glaciology [0, 20, 23]. This op-
erator is particularly significant in the modeling of generalized reaction—diffusion
problems [2, 17], non-Newtonian filtration [16], and turbulent flows [9].

Nonlinear quantum graphs are of interest in physics as they are simplified
models of the dynamics in elongated structures. The primary focus of our pa-
per is to explore the optimization—both minimization and maximization of the
first eigenvalue of these operators and and to describe the form of the optimal
estimate within the framework of quantum graphs. This particular aspect of
quantum mechanics has been garnering increasing attention due to its poten-
tial implications in theoretical physics and applied mathematics. The nonlinear
nature of the operator introduces complexities that challenge existing theories,
which predominantly address linear operators.

Our work builds upon foundational studies such as those by Kurasov and Serio
[19], who proved that the maximizing of the first eigenvalue for linear Schrédinger
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operators on finite compact metric graphs with d-coupling vertex conditions co-
incide with the maximizing potential on the loop graphs. In [8] for the nonlinear
Schrodinger operator and when ¢ = 0, Del Pezzo and Rossi proved the novel
lower bound for the first eigenvalue that

MG =) (1)

where ¢(p) is a constant that depends only on p, and L is the length of the graph
G.

Optimizing the first eigenvalue of the nonlinear Schrodinger operator on quan-
tum graphs is significant for several reasons. Firstly, it aids in understanding the
fundamental quantum state or energy level of the quantum graph. This has prac-
tical implications for designing and developing more efficient systems where wave
propagation or quantum mechanics play a crucial role, such as in semiconductor
physics, nanotechnology, and materials science. Secondly, the results could ad-
vance the mathematical understanding of nonlinear differential operators, thereby
broadening the scope of theoretical physics and applied mathematics.

The remaining part of the paper proceeds as follows. In §2, notation and back-
ground results related to the first eigenvalue of nonlinear Schrodinger operators on
an arbitrary finite metric graphs G are presented. In §3, we determine the explicit
form of the maximizing and minimizing potentials of the nonlinear Schrédinger
operators on an interval. In §4, we show that for an arbitrary finite metric graphs
GG the maximizing potential exists and coincides with the maximizing potential
for the loop graphs. In §5, we study the bounds of the first eigenvalue for the
nonlinear Schrodinger operators on metric graphs G.

2. PRELIMINARIES AND BASICS

2.1. Metric graphs. We start with some basic facts about metric graphs, for
background, we refer to [1].

Let G be a compact connected metric graphs and £ a finite set of edges e, where
each edge e € £ is identified with a compact interval [0, |e|] of length |e| > 0, and
Y the set of vertex v. We assume in this paper that G is connected with finite
total length, which we denote L := 3" _.|e|.

We introduce two important functional spaces on G, the Lebesgue space LP(G)

and the Sobolev space W'(G):

Definition 2.1. We say that u € LP(G) if u. € LP(0,1.) for all e € £, where u
is a function on G and wu, ia a collection function defined on (0,1.) for all e € &,

and
||u||]zp(g) = Z ”ueH]zp(O,le) <00
eef

Definition 2.2. The Sobolev space W?(G) consists of all continuous functions
on G that belong to WP (e) for each edge e € £ and such that

||U||W1p Z Hue“Lp o) T g HLp 0,e) < 90
ec&
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We consider on each edge of the graph GG the nonlinear Schrodinger operators H
defined on an appropriate domain of definition in LP(G), whereby for u € W'?(G)
H(p, q)u(x) = =Apu(@) + q(@)u(@)["*u(z) = Au(@) P u().

At each vertex v € V, we could impose either Kirchhoff conditions

Z Ju(z;) =0

TiEV

or d-coupling vertex conditions

Z ou(z;) = a,u(v),
€T, €V
where Ju(x;) is the normal derivative of u on the edge e; pointing into v.
In this paper we consider an important subclass of graphs, the class of flower
graph, we recall that a flower graph F is defined as a graph with only one vertex
and all edges being loops starting and ending at this vertex.

Definition 2.3. [21, 12] The Ljusternik-Schnirelmann theory prove the existence
of a sequence (A, Uy, )n>o for the nonlinear Schrodinger operators with d-coupling
conditions

The first eigenvalue is the minimum of the Rayleigh quotient

A (Gv Q) = min R(U, Q)
ucp

with p = (@2]:1 Whe(e,) ﬂC’(G)), and the Rayleigh quotient R(u,q) is given
by
i+ [ a@)lu)lde + 3 au(w)p
G

_ veV
R(“aQ) - ||u||p

Proposition 2.4. Consider a finite compact connected metric graph G. Sub-
sequently, the ground-state eigenfunction of H can be selected to be exclusively
positive. Furthermore, the associated eigenvalue is simple.

Proof. See [15]. O

Remark 2.5. The discreteness of the spectrum of linear Schrodinger operators is
a well-established fact. However, it has not been proven that the spectrum of
nonlinear Schrodinger operators is also discrete.

Lemma 2.6. Consider a finite compact connected metric graph G. Let uy de-
note the eigenfunction associated with the first eigenvalue A\ (G,q) of nonlin-
ear Schrodinger operators subject to Kirchhoff boundary conditions. Then u; €

L>(G).
Proof. By Proposition 2.4, we have u; > 0. We write

uy(7) = ut(Tmin) +/ uydz.

Zmin
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Using the Holder inequality, we get

s ()] i) < 112 (i) + ( / (O — q<x>>|u1|pdz) L0,
G

Consequently, the inequality stated above implies that

1 1 _1
||U1(ZE)||LO<>(G) < <Z + max ()\1 —q(:)j))P X L(l p)) ||u1||Lp(G).

Thus u; € L>®(G). This completes the proof.

3. CHARACTERIZATION OF OPTIMIZERS ON AN INTERVAL

In this section, we look at the explicit form of the maximizing and minimizing
potentials of the first eigenvalue for the nonlinear Schrodinger operators on an
interval with Dirichlet boundary conditions and we will see that the minimizer and
maximizer potentials can be extended immediately to the nonlinear Schrédinger
operators.

Throughout this section, we consider the eigenvalues problem (3.1)

H(p, q)u(z) = —Apu(x) + q(z)[u(z)P~?u(z) = Au(z)[P~u(z) « € [0, 7],
u(0) = u(r) =0,

(3.1)

with 1 < p < oo and ¢(z) is the potential-energy which is satisfied a various

1
. 2dt 2 . .
assumptions and 7 = / ( = is the first zero of sin,(z), here
0

1- tp)% psin (%)
sin, () is called the generalized sine function (See [10, 13]).

As usual, we denote by / q(x)dx = M the total strength of the potential.
0
We put

E={qe L>*(0,7]):0<q(z) <N and/o7r q(x)dx = M}.

Lemma 3.1. Let ¢ € E, and suppose that ¢umax — Gmin < ]% where %4—[% =1 then
Mi(q) = q(x) on (0,7).
Proof. Let uy(x) the first eigenfunction associated to the eigenvalue \;(q) of prob-

lem (3.1).
We have

@)+ [ g P
Mlg) = /0 /0

/ " (o) P

=

qmax .
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Then A (q) = q(z). O

Remark 3.2. [13] The eigenvalues A of the problem (3.1) with Dirichlet boundary
conditions with ¢ = 0 on an interval [0, L] are of the form

nm\’ [ p

A — B —

~0) <L> (p’)’
1,1
Where]—)—i—p—l.

In particular the first eigenvalue is

- (1) 2)

Next, we will generally follow the strategy of [7].
Theorem 3.3. The mazimizing potential ¢ of A1(q) must be a step function.

Proof. Let

ilz) = Nif0<z <,

A= o elsewhere,

with ¢ = M.

Suppose that ¢;(x) is the maximizing potential of A;(g), since 0 < ¢1(z) < N
then

(z) = <qlx)if 0 <z <,

D= > q(z) elsewhere.

Note that |u;(z)| may be taken as a positive and symmetric decreasing (see [7]),
since |uq(z)[P is also positive and symmetric decreasing. Therefore by Beesak’s

theorem [5]

It follows that
R(u7 ql) < R(“v EI\)
Therefore, we obtain
A(qr) < A(Q).
Since ¢;(x) is a maximizing potential of A;(¢q), we conclude that ¢; = ¢. This
ends the proof. O

Theorem 3.4. The minimizing potential q* of A1(q) must be a step function.

Proof. Let

() = 0if0<x <,
q | N elsewhere,

with n = %]\QI&M

Suppose that go(x) is the minimizing potential of of A;(g), since 0 < go(z) < N
then
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(z) = > q*(z) if 0 <z <,

D)= < q*(x) elsewhere.

Note that |uy(z)| may be taken as a positive and symmetric decreasing (see [7]),
since |uy ()| is also positive and symmetric decreasing. Therefore, by Beesack’s
theorem [5] we get

/0% go(z)uy (z)Pde > /0% ¢*(z)u, (z)Pdz.

It follows that
R(ua qO) 2 R('U,, q*)a
and consequently
A1(qo) = Mi(q9).
Since qo(x) is a minimizing potential of A;(q) then gy = ¢*. Thus the minimizing
potential must be a step function. O

Theorem 3.5. If A > N, the eigenvalues \(q) corresponding to the maximizing
potential q of A1(q) is given by the first real roots of the following transcendental
equation

(A — N)7 tan, ((ﬁ) 7 — g)) — — A’ tan, ((%) : g) .

Proof. The solutions of the problem (3.1) with the maximizing potential q are of
the form

u(x) =

asinp((’;__]f)%x) it0 <z <,
asinp((p%l)%(% — x)) elsewhere.
The function u(x) is of class C* at . This allows us to write

u/

u

r=(~ u
Invonking the relation (3.2), we infer that

(3.2)

(A= N)7 cos,(A)5¢) A cos, ()7 (7 — ()
ANy ¢ siny ()7 (7 — )

sin, (( 1

(A= N)# cot,, ((%) : g) — —\7 cot,, ((ﬁ) 7 — o) :

and therefore

(A — N)? tan, ((ﬁ) (7 — g)) ~ )\ tan, ((;:Jf)’l’g) |

3=

Hence
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O

Remark 3.6. If A > N, the eigenvalues \;(¢*) corresponding to the minimizing
potential ¢* of A\1(g) is given by the first real roots of the following transcendental
equation

(A — N)? tan, ((ﬁ) : n) — —\7 tan, ((%) (7 — n)) .

4. CHARACTERIZATION OF OPTIMIZERS ON QUANTUM GRAPHS

Our intent in this section is to find the explicit form of the maximizing potential
of problem (4.1) for arbitrary compact finite metric graphs G, closely following
the strategy of [19].

Throughout this section, for 1 < p < oo, we consider the eigenvalues problem
for nonlinear Schrodinger operators with d-coupling conditions

H(p, q)u(z) = Alu(z)["?u(z) on G
Z |Ou () [P 20u(z;) = alu(v)[P2u(v) v € V(G), (4.1)

where du(z;) = (—1)"/(z;) denote normal derivatives at the edge end points,
and the function «, parametrises the d-couplings at the vertices, and note that
the value u(v) is well defined, since u is supposed to be continuous on G.

As usual, we denote by ¢ = ¢4 —q_ with ¢, (z) = 3(|¢|+¢) and ¢_(z) = 3(|q|—q)
the positive and negative part of q. We assume that the total strength of the

potential is fixed / q(z)dx = M and the total strength of the singular interaction
G
is fixed Zav =N.

veV
We define the total interaction by

I = / q(a:)dm—l—Zai,
G i=1

and the total positive interaction by
G a; >0
and the total negative interaction by
I = / q—(x)dx — Z Q.
G a; <0
Proposition 4.1. Let ¢ be a non-negative potential such that

supp 7€ Fy = (v € G s ul(w) =mae ully)} and [ Ga)do = M,
v G

then the potential q is optimal in the sense that we have
() = Ai(g)
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for any non-negative potential q.

Proof. Let uy(x) the first normalized eigenfunction i.e: / |uy (z)|[Pdz = 1 associ-

e
ated to the first eigenvalue A;(q) of problem (4.1). We have

N y
R = o+ ([ e ) ma )P + 300

veV

> P+ [ o)l (@)Pde + 3 ho)fuso
G

veV

> R(u, q).

Thus
A(@) > Ai(g)

A similar result holds for non-positive potential:

Proposition 4.2. Let q be a non-positive potential such that

supp € Gy = (v € G s (o) = min wl(w)} and [ qla)do = M,
ye Ie

then the potential ¢ is optimal in the sense that we have

AM(Q) = Milg)
for any non-positive potential q.

On refined the same arguments as in section (3) and following [19], the maxi-
mizing potential g for nonlinear Schrédinger operators on loop graphs G = (-1, 1)
is of the form

v [ kPonlz <Li—n,
q(z) = { 0 elsewhere,

and the corresponding eigenfunction u{ is

g lon|z|<t—n
q — )
w(r) = {Cosp(k(]x\ — % +1n)) elsewhere,

where k = A7 and n are real constants.

Theorem 4.3. Parameters n and k are the smallest positive solutions of the
system

kpu o 277) = M7

2kP=1 (tan, (kn)) P~V = N
Proof. The total strength of the maximizing potential g is fixed. Then

1 l
2 27
/ qdx = / kPde = M
—1
=t n—

2

|~
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Hence
kP(l —2n) = M.
The eigenfunction u[{A satisfies d-vertex conditions
> lou(@)|P?ou(x) = Nlu(v) P~ *u(v).
=+l

=%

Then

2k 1 (cos, (k) PP (sing, (k)P = N (cos, (kn))P .
Therefore ,
9fp—1 (Cosp(kn))@—p)(p—l)—(p—l) (sinp(k;n))(p_l) =N
It follows that

2kP (tan, (kn))* V" = N
Thus, parameters n and k satisfy

kP(1—2n) = M,
{ 2kr= (tan, (kn)) P = N

Remark 4.4. (1) Linear Case: when (p = 2), the system simplifies to:

k(1 —2n) = M,
2k tan(kn) = N

which is the same result proved in [19].
(2) If M, N are opposite signs, then parameters n and k are the smallest positive
solutions of the system

—kP(l —2n) =M,
—2kP~1 (tanh, (kn))? ™Y = N
Theorem 4.5. Let G be a compact connected metric graph. Then the maximizing

potential for problem (/.1) on G coincide with the maximizing potential on loop
graphs.

Proof. We essentially follow the proof given in [19]. Let F be a flower graphs.
According to [19], we parametrize the edges in the graph as e, = (_Tl"%") Addi-

tionally, we make the assumption that / q(z)dz = M,, and

€n

(=" L i ()
8u1 T +8U1 5 :Nn

The maximizing potential and the ground state eigenfunction restricted to e,
coincide with those for the loop graphs

oy [ kPon|z| <k —np,
Gn(x) = { 0 elsewhere,
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and

G Lon |z| < —n
q _ 2 )
u1,n(5U) {cosp(k(lad — %ﬂ +n)) elsewhere,

and on some short edges, the potential may be identically equal to zero. Therefore
parameter 7 and k of problem (4.1) satisfy

B (ln—2n) = M

ln>2n

and

2 (Z kP (ban, (k) P 4+ 3 ket (tanp (k%))(pl)2> =N.

In>2n In<2n
Let sup A1 (G, q) the maximizing potential on G and sup A (F, ¢) the maximiz-
ing potential on F. It is easy to demonstrate that

sup A1 (G, q) < sup M (F, q),

where F is a flower graph cutting into GG along the ground state eigenfunction
Ui.

Let ¢ the maximizing potential on flower graphs F cutting into G along the
ground state eigenfunction u{. Then

Al(sz]\) = )‘1(;7 ZJ\)
Thus

Sup)\l(]:7 Q) = A1<*F~7 Z]\)
= )\1<G721\)
<sup Ay (G q).

Hence, we obtain
sup /\1 (‘Fa Q> = Sup )‘I(G7 Q)

Therefore, we conclude that the maximizing potential on G coincide with the
maximizing potential on loop graphs. O

5. BOUNDS ON THE FIRST EIGENVALUE

In this section, we will study the bound of the first eigenvalue A\(G,q) of
nonlinear Schrodinger operators on metric graphs G.

Theorem 5.1. For each p € (2,400) and ¢ = 0, let G be a connected finite
compact metric graph and let G' be a metric graph obtained from G by adding
an edge between the vertices vy and vy such that uy(vy)= uj(vy) with uy is an
eigenfunction associated to the first excited eigenvalue of nonlinear Schrodinger
operators with Kirchhoff boundary conditions at the nodes. Then the following
inequality holds

/\1 (Ga O) > /\I(G,7 0)
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Proof. Consider the following problem

H(p,0)u(z) = —Ayu(z) = Mu(x) [P 2u(z) on G,
> ou(a:) P ou(a;) = 0

T, EV

and we define the function v by

on G,
on G'\ G.

Let
n(z) = () +c,
it’s clear that n € L*(G’) because u; € LP(G) and c is chosen such that

<n(x), 1 >r2n= 0.
Then

<n(x), 1 >p2ey = / n(x)dz

~ [ @)+ o
_ / (s (2))% do + (s (v1))E 1 + L.
G

In other words, for each p > 2 we have £ < p — 1. It follows that

Og/ul(x)gdxg/ up (z)P~da.
G G

/Gul(x)gdx =

(51 (Ul)%l
L

Thus

Therefore

c=—

where [ and L’ are the length of the added edge and the total length of G’.

The first eigenvalue for problem (5.1) is given by

u’ u
)\1(G,O) — min || HLP(G) H 1HLP(G
ueX,(Q) HuHLp(G) "l N

with
X,(G) = {u e WH(G) ﬂ C(G): / lu(x)|P2u(z)dr =0, u # 0}.
G
Now, we will get an estimate for A\;(G’,0) using Rayleigh quotient

||u/||LP(G/ Hf/HLp G

M(G',0) = min
’ weXp(@) [[ull7pen ”fHLP ar)

39

(5.1)

(5.2)
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where f(x) = w(x)% and f € L?(G’). We have

V)

1ALy = lI(& ﬂlm(cf

P2
= Iwi)? |1, v + 1 wa(v)2)? 17 @ne
= [luallfoq) + lur(vi)["l

2 Hu1||’£p((;)

and
1 ey = 11 vy 1r @y = It n (e
Therefore
lurllZoeny _ e
||u1||Lp(G, ||f||l£p(g) '
Thus

/\1 (G7 0) > >\1<G/7 0)

Lemma 5.2. Let G be a finite compact metric graph, then
M(G,q) =2 (G, 0)

or M (G,0) is the first eigenvalue of nonlinear Schrédinger operators for ¢ = 0
and satisfying the d-coupling conditions

S 1 @) P72 (i) = T | (i) [P0 (i)

Zmin 53
S e 10 () = T o) ).

Tmax

Proof. Let uy(z) the first eigenfunction corresponding to the first eigenvalue
M(G,q), and let ug(Tmax) and ug (Tpin) the maximum and minimum of wy(x).
Let H(p,0) the Laplacian operators satisfying the d-coupling conditions

Z |u/(:):mm)|p_2u'(xmin) = I+|U(Imin)|p_2u(xmin>

ZLmin 54
S o ) I () = — T o) i)

Tmax

The first eigenvalue of problem (4.1) is given by
)\1 (G7 q) = min R(“? q)
ucp
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with

e lP + /G 4@ (@)Pdz + 3 ol (0) 7

o veV
R<U7Q) - HUIHP

Then

[ 1P+ Lo|u (Tmin) [P = L[t (Fmax )7

R(u,q) >
[ ||P

Thus, we conclude that
>\1<G7 q) 2 )\I(G7 0)
0

We will employ the symmetrization technique, drawing inspiration from the pa-
pers [1 1, 15], we have:

Theorem 5.3. Let G be a finite compact metric graph, then
/\1 (G> Q) 2 )\1<G7 O)

or \(G,0) is the first eigenvalue of nonlinear Schréodinger operators for ¢ = 0
and defined on the single interval [0, L] satisfying the following Robin boundary
conditions

[0/ (0)[P~2u/(0) = I [u(0)[P~2u(0)
{ o/ (L)~ (L) = I_|u(L)[P~2u(L). (5.5)

Proof. The function u* on the interval [0, L] is the unique decreasing continuous

function such that
u*(0) = u1(Tmin),
5.6
{ U*(L) = U1 (xmax)a ( )

and m(t) = measure{x € G : uy(z) > t} = measure{s € [0, L] : uj(s) > t}.
The function uj constructed in this way satisfies

[y = | “ )P

By the co-area formula we have

[ w@pds> | @)z,

Then
[all” + L (@) [” = I |1 (2amax) [P @) [P + L [ur(O) — I |Jur(L)]P
[Ju[[P [Jux|[P
Thus

>\1<G7 Q> 2 )\I(G7 0)
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