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OPTIMIZING THE FIRST EIGENVALUE OF NONLINEAR
QUANTUM GRAPHS

MOHAMMED AHRAMI1∗ AND ZAKARIA EL ALLALI2

Abstract. The main objective of the present work is to study the problem
of minimizing or maximizing the first eigenvalue of nonlinear Schrödinger op-
erators on an appropriately specified subset. In the case of an interval, we find
that the minimizing and maximizing potentials can be immediately extended
to the nonlinear Schrödinger operators. In the case of metric graphs, we show
that the maximizing potential on a finite compact metric graph G coincides
with the maximizing potential on the loop graph.

1. Introduction

Nonlinear quantum graphs are metric graphs, meaning that the edges of the
graphs are endowed with a metric structure, and equipped with nonlinear Schrödinger
operators defined as

H(p, q)u(x) = −∆pu(x) + q(x)|u(x)|p−2u(x) = λ|u(x)|p−2u(x) ,

where 1 < p <∞, and a real absolutely summable potential q ∈ LP (G). This op-
erator is pivotal due to its broad applicability across various fields including fluid
dynamics, non-Newtonian fluid flows [3, 22], and glaciology [6, 20, 23]. This op-
erator is particularly significant in the modeling of generalized reaction–diffusion
problems [2, 17], non-Newtonian filtration [16], and turbulent flows [9].

Nonlinear quantum graphs are of interest in physics as they are simplified
models of the dynamics in elongated structures. The primary focus of our pa-
per is to explore the optimization—both minimization and maximization of the
first eigenvalue of these operators and and to describe the form of the optimal
estimate within the framework of quantum graphs. This particular aspect of
quantum mechanics has been garnering increasing attention due to its poten-
tial implications in theoretical physics and applied mathematics. The nonlinear
nature of the operator introduces complexities that challenge existing theories,
which predominantly address linear operators.

Our work builds upon foundational studies such as those by Kurasov and Serio
[19], who proved that the maximizing of the first eigenvalue for linear Schrödinger
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operators on finite compact metric graphs with δ-coupling vertex conditions co-
incide with the maximizing potential on the loop graphs. In [8] for the nonlinear
Schrödinger operator and when q = 0, Del Pezzo and Rossi proved the novel
lower bound for the first eigenvalue that

λ1(G, q) > c(p)

(
1

L

)p
where c(p) is a constant that depends only on p, and L is the length of the graph
G.

Optimizing the first eigenvalue of the nonlinear Schrödinger operator on quan-
tum graphs is significant for several reasons. Firstly, it aids in understanding the
fundamental quantum state or energy level of the quantum graph. This has prac-
tical implications for designing and developing more efficient systems where wave
propagation or quantum mechanics play a crucial role, such as in semiconductor
physics, nanotechnology, and materials science. Secondly, the results could ad-
vance the mathematical understanding of nonlinear differential operators, thereby
broadening the scope of theoretical physics and applied mathematics.

The remaining part of the paper proceeds as follows. In §2, notation and back-
ground results related to the first eigenvalue of nonlinear Schrödinger operators on
an arbitrary finite metric graphs G are presented. In §3, we determine the explicit
form of the maximizing and minimizing potentials of the nonlinear Schrödinger
operators on an interval. In §4, we show that for an arbitrary finite metric graphs
G the maximizing potential exists and coincides with the maximizing potential
for the loop graphs. In §5, we study the bounds of the first eigenvalue for the
nonlinear Schrödinger operators on metric graphs G.

2. Preliminaries and Basics

2.1. Metric graphs. We start with some basic facts about metric graphs, for
background, we refer to [4].

Let G be a compact connected metric graphs and E a finite set of edges e, where
each edge e ∈ E is identified with a compact interval [0, |e|] of length |e| > 0, and
V the set of vertex v. We assume in this paper that G is connected with finite
total length, which we denote L :=

∑
e∈E |e|.

We introduce two important functional spaces on G, the Lebesgue space Lp(G)
and the Sobolev space W 1,p(G):

Definition 2.1. We say that u ∈ Lp(G) if ue ∈ Lp(0, le) for all e ∈ E , where u
is a function on G and ue ia a collection function defined on (0, le) for all e ∈ E ,
and

‖u‖pLp(G) =
∑
e∈E

‖ue‖pLp(0,le)
<∞.

Definition 2.2. The Sobolev space W 1,p(G) consists of all continuous functions
on G that belong to W 1,p(e) for each edge e ∈ E and such that

‖u‖pW 1,p(G) =
∑
e∈E

‖ue‖pLp(0,le)
+ ‖u′e‖

p
Lp(0,le)

<∞.
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We consider on each edge of the graph G the nonlinear Schrödinger operators H
defined on an appropriate domain of definition in Lp(G), whereby for u ∈ W 1,p(G)

H(p, q)u(x) = −∆pu(x) + q(x)|u(x)|p−2u(x) = λ|u(x)|p−2u(x).

At each vertex v ∈ V , we could impose either Kirchhoff conditions∑
xi∈v

∂u(xi) = 0

or δ-coupling vertex conditions∑
xi∈v

∂u(xi) = αvu(v),

where ∂u(xi) is the normal derivative of u on the edge ei pointing into v.
In this paper we consider an important subclass of graphs, the class of flower

graph, we recall that a flower graph F is defined as a graph with only one vertex
and all edges being loops starting and ending at this vertex.

Definition 2.3. [21, 12] The Ljusternik-Schnirelmann theory prove the existence
of a sequence (λn, un)n>0 for the nonlinear Schrödinger operators with δ-coupling
conditions
The first eigenvalue is the minimum of the Rayleigh quotient

λ1(G, q) = min
u∈℘

R(u, q).

with ℘ =
(⊕N

n=1W
1,p(en)

⋂
C(G)

)
, and the Rayleigh quotient R(u, q) is given

by

R(u, q) =

‖u′‖p +

∫
G

q(x)|u(x)|pdx+
∑
v∈V

αv|u(v)|p

‖u‖p
.

Proposition 2.4. Consider a finite compact connected metric graph G. Sub-
sequently, the ground-state eigenfunction of H can be selected to be exclusively
positive. Furthermore, the associated eigenvalue is simple.

Proof. See [18]. �

Remark 2.5. The discreteness of the spectrum of linear Schrödinger operators is
a well-established fact. However, it has not been proven that the spectrum of
nonlinear Schrödinger operators is also discrete.

Lemma 2.6. Consider a finite compact connected metric graph G. Let u1 de-
note the eigenfunction associated with the first eigenvalue λ1(G, q) of nonlin-
ear Schrödinger operators subject to Kirchhoff boundary conditions. Then u1 ∈
L∞(G).

Proof. By Proposition 2.4, we have u1 > 0. We write

u1(x) = u1(xmin) +

∫ x

xmin

u′1dz.
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Using the Hölder inequality, we get

‖u1(x)‖L∞(G) 6 u1(xmin) +

(∫
G

(λ1 − q(x))|u1|pdz
) 1

p

× L(1− 1
p
).

Consequently, the inequality stated above implies that

‖u1(x)‖L∞(G) 6

(
1

L
+ max (λ1 − q(x))

1
p × L(1− 1

p
)

)
‖u1‖Lp(G).

Thus u1 ∈ L∞(G). This completes the proof.
�

3. Characterization of optimizers on an interval

In this section, we look at the explicit form of the maximizing and minimizing
potentials of the first eigenvalue for the nonlinear Schrödinger operators on an
interval with Dirichlet boundary conditions and we will see that the minimizer and
maximizer potentials can be extended immediately to the nonlinear Schrödinger
operators.

Throughout this section, we consider the eigenvalues problem (3.1){
H(p, q)u(x) = −∆pu(x) + q(x)|u(x)|p−2u(x) = λ|u(x)|p−2u(x) x ∈ [0, π̂],
u(0) = u(π̂) = 0,

(3.1)
with 1 < p < ∞ and q(x) is the potential-energy which is satisfied a various

assumptions and π̂ =

∫ 1

0

2dt

(1− tp)
1
p

=
2π

p sin
(
π
p

) is the first zero of sinp(x), here

sinp(x) is called the generalized sine function (See [10, 13]).

As usual, we denote by

∫ π̂

0

q(x)dx =M the total strength of the potential.

We put

E = {q ∈ L∞([0, π̂]) : 0 6 q(x) 6 N and

∫ π̂

0

q(x)dx =M}.

Lemma 3.1. Let q ∈ E, and suppose that qmax− qmin 6
p
p′

where 1
p

+ 1
p′

= 1 then

λ1(q) > q(x) on (0, π̂).

Proof. Let u1(x) the first eigenfunction associated to the eigenvalue λ1(q) of prob-
lem (3.1).
We have

λ1(q) =

∫ π̂

0

|u′1(x)|pdx+

∫ π̂

0

q(x)|u1(x)|pdx∫ π̂

0

|u1(x)|pdx

> λ1(0) + qmin

> qmax.
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Then λ1(q) > q(x). �

Remark 3.2. [13] The eigenvalues λ of the problem (3.1) with Dirichlet boundary
conditions with q = 0 on an interval [0, L] are of the form

λn(0) =

(
nπ̂

L

)p(
p

p′

)
,

where 1
p

+ 1
p′

= 1.

In particular the first eigenvalue is

λ1(0) =

(
π̂

L

)p(
p

p′

)
.

Next, we will generally follow the strategy of [7].

Theorem 3.3. The maximizing potential q̂ of λ1(q) must be a step function.

Proof. Let

q̂(x) =

{
N if 0 < x < ζ,
0 elsewhere,

with ζ = M
2N

.
Suppose that q1(x) is the maximizing potential of λ1(q), since 0 6 q1(x) 6 N
then

q1(x) =

{
6 q̂(x) if 0 < x < ζ,
> q̂(x) elsewhere.

Note that |u1(x)| may be taken as a positive and symmetric decreasing (see [7]),
since |u1(x)|p is also positive and symmetric decreasing. Therefore by Beesak’s
theorem [5] ∫ π̂

0

q1(x)u1(x)pdx 6
∫ π̂

0

q̂(x)u1(x)pdx.

It follows that
R(u, q1) 6 R(u, q̂).

Therefore, we obtain
λ1(q1) 6 λ1(q̂).

Since q1(x) is a maximizing potential of λ1(q), we conclude that q1 = q̂. This
ends the proof. �

Theorem 3.4. The minimizing potential q? of λ1(q) must be a step function.

Proof. Let

q?(x) =

{
0 if 0 < x < η,
N elsewhere,

with η = π̂N−M
2N

.
Suppose that q0(x) is the minimizing potential of of λ1(q), since 0 6 q0(x) 6 N
then
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q0(x) =

{
> q?(x) if 0 < x < η,
6 q?(x) elsewhere.

Note that |u1(x)| may be taken as a positive and symmetric decreasing (see [7]),
since |u1(x)|p is also positive and symmetric decreasing. Therefore, by Beesack’s
theorem [5] we get ∫ π̂

0

q0(x)u1(x)pdx >
∫ π̂

0

q?(x)u1(x)pdx.

It follows that
R(u, q0) > R(u, q?),

and consequently
λ1(q0) > λ1(q

?).

Since q0(x) is a minimizing potential of λ1(q) then q0 = q?. Thus the minimizing
potential must be a step function. �

Theorem 3.5. If λ > N , the eigenvalues λ1(q̂) corresponding to the maximizing
potential q̂ of λ1(q) is given by the first real roots of the following transcendental
equation

(λ−N)
1
p tanp

((
λ

p− 1

) 1
p

(π̂ − ζ)

)
= −λ

1
p tanp

((
λ−N
p− 1

) 1
p

ζ

)
.

Proof. The solutions of the problem (3.1) with the maximizing potential q̂ are of
the form

u(x) =

{
α sinp((

λ−N
p−1 )

1
px) if 0 < x < ζ,

α sinp((
λ
p−1)

1
p (π̂ − x)) elsewhere.

The function u(x) is of class C1 at ζ. This allows us to write

u′

u

∣∣∣∣
x=ζ−

=
u′

u

∣∣∣∣
x=ζ+

. (3.2)

Invonking the relation (3.2), we infer that

(λ−N)
1
p cosp((

λ−N
p−1 )

1
p ζ)

sinp((
λ−N
p−1 )

1
p ζ)

= −
λ

1
p cosp((

λ
p−1)

1
p (π̂ − ζ))

sinp((
λ
p−1)

1
p (π̂ − ζ))

.

Hence

(λ−N)
1
p cotp

((
λ−N
p− 1

) 1
p

ζ

)
= −λ

1
p cotp

((
λ

p− 1

) 1
p

(π̂ − ζ)

)
,

and therefore

(λ−N)
1
p tanp

((
λ

p− 1

) 1
p

(π̂ − ζ)

)
= −λ

1
p tanp

((
λ−N
p− 1

) 1
p

ζ

)
.
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�

Remark 3.6. If λ > N , the eigenvalues λ1(q
?) corresponding to the minimizing

potential q? of λ1(q) is given by the first real roots of the following transcendental
equation

(λ−N)
1
p tanp

((
λ

p− 1

) 1
p

η

)
= −λ

1
p tanp

((
λ−N
p− 1

) 1
p

(π̂ − η)

)
.

4. Characterization of Optimizers on quantum graphs

Our intent in this section is to find the explicit form of the maximizing potential
of problem (4.1) for arbitrary compact finite metric graphs G, closely following
the strategy of [19].

Throughout this section, for 1 < p <∞ , we consider the eigenvalues problem
for nonlinear Schrödinger operators with δ-coupling conditions

H(p, q)u(x) = λ|u(x)|p−2u(x) on G∑
xi∈v

|∂u(xi)|p−2∂u(xi) = αv|u(v)|p−2u(v) v ∈ V (G), (4.1)

where ∂u(xi) = (−1)i+1u′(xi) denote normal derivatives at the edge end points,
and the function αv parametrises the δ-couplings at the vertices, and note that
the value u(v) is well defined, since u is supposed to be continuous on G.

As usual, we denote by q = q+−q− with q+(x) = 1
2
(|q|+q) and q−(x) = 1

2
(|q|−q)

the positive and negative part of q. We assume that the total strength of the

potential is fixed

∫
G

q(x)dx =M and the total strength of the singular interaction

is fixed
∑
v∈V

αv = N .

We define the total interaction by

I =

∫
G

q(x)dx+
n∑
i=1

αi,

and the total positive interaction by

I+ =

∫
G

q+(x)dx+
∑
αi>0

αi,

and the total negative interaction by

I− =

∫
G

q−(x)dx−
∑
αi<0

αi.

Proposition 4.1. Let q̂ be a non-negative potential such that

supp q̂ ⊆ Fq̂ = {x ∈ G : uq̂1(x) = max
y∈G

uq̂1(y)} and
∫
G

q̂(x)dx =M,

then the potential q̂ is optimal in the sense that we have

λ1(q̂) ≥ λ1(q)
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for any non-negative potential q.

Proof. Let u1(x) the first normalized eigenfunction i.e:

∫
G

|u1(x)|pdx = 1 associ-

ated to the first eigenvalue λ1(q) of problem (4.1). We have

R(u, q̂) = ‖u′1‖p +

(∫
G

q̂(x)dx

)
max
y∈G
|u1(y)|p +

∑
v∈V

h(v)|u1(v)|p

> ‖u′1‖p +

∫
G

q(x)|u1(x)|pdx+
∑
v∈V

h(v)|u1(v)|p

> R(u, q).

Thus
λ1(q̂) ≥ λ1(q)

�

A similar result holds for non-positive potential:

Proposition 4.2. Let q̂ be a non-positive potential such that

supp q̂ ⊆ Gq̂ = {x ∈ G : uq̂1(x) = min
y∈G

uq̂1(y)} and
∫
G

q̂(x)dx =M,

then the potential q̂ is optimal in the sense that we have

λ1(q̂) ≥ λ1(q)

for any non-positive potential q.

On refined the same arguments as in section (3) and following [19], the maxi-
mizing potential q̂ for nonlinear Schrödinger operators on loop graphsG = (− l

2
, l
2
)

is of the form

q̂(x) =

{
kp on |x| < l

2
− η,

0 elsewhere,

and the corresponding eigenfunction uq̂1 is

uq̂1(x) =

{
1 on |x| < l

2
− η,

cosp(k(|x| − l
2

+ η)) elsewhere,

where k = λ
1
p and η are real constants.

Theorem 4.3. Parameters η and k are the smallest positive solutions of the
system {

kp(l − 2η) =M,

2kp−1 (tanp(kη))(p−1)
2

= N .

Proof. The total strength of the maximizing potential q̂ is fixed. Then∫ l
2

−l
2

q̂dx =

∫ l
2
−η

η− l
2

kpdx =M
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Hence
kp(l − 2η) =M.

The eigenfunction uq̂1 satisfies δ-vertex conditions∑
x=±l

2

|∂u(x)|p−2∂u(x) = N|u(v)|p−2u(v).

Then

2kp−1 (cosp(kη))(2−p)(p−1) (sinp(kη))(p−1)
2

= N (cosp(kη))p−1 .

Therefore
2kp−1 (cosp(kη))(2−p)(p−1)−(p−1) (sinp(kη))(p−1)

2

= N .
It follows that

2kp−1 (tanp(kη))(p−1)
2

= N .
Thus, parameters η and k satisfy{

kp(l − 2η) =M,

2kp−1 (tanp(kη))(p−1)
2

= N .
�

Remark 4.4. (1) Linear Case: when (p = 2), the system simplifies to:{
k2(l − 2η) =M,
2k tan(kη) = N

which is the same result proved in [19].
(2) IfM, N are opposite signs, then parameters η and k are the smallest positive
solutions of the system{

−kp(l − 2η) =M,

−2kp−1 (tanhp(kη))(p−1)
2

= N .

Theorem 4.5. Let G be a compact connected metric graph. Then the maximizing
potential for problem (4.1) on G coincide with the maximizing potential on loop
graphs.

Proof. We essentially follow the proof given in [19]. Let F be a flower graphs.
According to [19], we parametrize the edges in the graph as en = (−ln

2
ln
2

). Addi-

tionally, we make the assumption that

∫
en

q(x)dx =Mn and

∂uq̂1

(
−ln
2

)p−1
+ ∂uq̂1

(
ln
2

)p−1
= Nn.

The maximizing potential and the ground state eigenfunction restricted to en
coincide with those for the loop graphs

q̂η(x) =

{
kp on |x| < ln

2
− η,

0 elsewhere,
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and

uq̂1,η(x) =

{
1 on |x| < ln

2
− η,

cosp(k(|x| − ln
2

+ η)) elsewhere,

and on some short edges, the potential may be identically equal to zero. Therefore
parameter η and k of problem (4.1) satisfy

kp
∑
ln>2η

(ln − 2η) =M

and

2

(∑
ln>2η

kp−1 (tanp(kη))(p−1)
2

+
∑
ln<2η

kp−1
(

tanp

(
k
ln
2

))(p−1)2
)

= N .

Let supλ1(G, q) the maximizing potential on G and supλ1(F , q) the maximiz-
ing potential on F . It is easy to demonstrate that

supλ1(G, q) 6 supλ1(F , q),

where F is a flower graph cutting into G along the ground state eigenfunction
u1.
Let q̂ the maximizing potential on flower graphs F cutting into G along the
ground state eigenfunction uq̂1. Then

λ1(G, q̂) = λ1(F , q̂).

Thus

supλ1(F , q) = λ1(F , q̂)
= λ1(G, q̂)

6 supλ1(G, q).

Hence, we obtain

supλ1(F , q) = supλ1(G, q).

Therefore, we conclude that the maximizing potential on G coincide with the
maximizing potential on loop graphs. �

5. Bounds on the first eigenvalue

In this section, we will study the bound of the first eigenvalue λ1(G, q) of
nonlinear Schrödinger operators on metric graphs G.

Theorem 5.1. For each p ∈ (2,+∞) and q = 0, let G be a connected finite
compact metric graph and let G′ be a metric graph obtained from G by adding
an edge between the vertices v1 and v2 such that u1(v1)= u1(v2) with u1 is an
eigenfunction associated to the first excited eigenvalue of nonlinear Schrödinger
operators with Kirchhoff boundary conditions at the nodes. Then the following
inequality holds

λ1(G, 0) > λ1(G
′, 0).
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Proof. Consider the following problem
H(p, 0)u(x) = −∆pu(x) = λ|u(x)|p−2u(x) on G,∑
xi∈v

|∂u(xi)|p−2∂u(xi) = 0, (5.1)

and we define the function ψ by

ψ(x) =

{
(u1(x))

p
2 on G,

(u1(v1))
p
2 on G′ \G.

(5.2)

Let
η(x) = ψ(x) + c,

it’s clear that η ∈ L2(G′) because u1 ∈ Lp(G) and c is chosen such that

< η(x), 1 >L2(G′)= 0.

Then

< η(x), 1 >L2(G′) =

∫
G′
η(x)dx

=

∫
G′

(ψ(x) + c)dx

=

∫
G

(u1(x))
p
2 dx+ (u1(v1))

p
2 l + cL′.

In other words, for each p > 2 we have p
2
< p− 1. It follows that

0 6
∫
G

u1(x)
p
2dx 6

∫
G

u1(x)p−1dx.

Thus ∫
G

u1(x)
p
2dx = 0.

Therefore

c = −u1(v1)
p
2 l

L′
,

where l and L′ are the length of the added edge and the total length of G′.
The first eigenvalue for problem (5.1) is given by

λ1(G, 0) = min
u∈Xp(G)

‖u′‖pLp(G)

‖u‖pLp(G)

=
‖u′1‖

p
Lp(G)

‖u1‖pLp(G)

with

Xp(G) = {u ∈ W 1,p(G)
⋂

C(G) :

∫
G

|u(x)|p−2u(x)dx = 0 , u 6= 0}.

Now, we will get an estimate for λ1(G
′, 0) using Rayleigh quotient

λ1(G
′, 0) = min

u∈Xp(G′)

‖u′‖pLp(G′)

‖u‖pLp(G′)

6
‖f ′‖pLp(G′)

‖f‖pLp(G′)

,
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where f(x) = ψ(x)
2
p and f ∈ Lp(G′). We have

‖f‖pLp(G′) = ‖(ψ)
2
p‖pLp(G′)

= ‖(u
p
2
1 )

2
p‖pLp(G) + ‖(u1(v1)

p
2 )

2
p‖pLp(G′\G)

= ‖u1‖pLp(G) + |u1(v1)|pl
> ‖u1‖pLp(G)

and

‖f ′‖pLp(G′) = ‖(ψ
2
p )′‖pLp(G′) = ‖u′1‖

p
Lp(G).

Therefore

‖u′1‖
p
Lp(G′)

‖u1‖pLp(G′)

>
‖f ′‖pLp(G)

‖f‖pLp(G)

.

Thus

λ1(G, 0) > λ1(G
′, 0).

�

Lemma 5.2. Let G be a finite compact metric graph, then

λ1(G, q) > λ1(G, 0)

or λ1(G, 0) is the first eigenvalue of nonlinear Schrödinger operators for q = 0
and satisfying the δ-coupling conditions

∑
xmin

|u′(xmin)|p−2u′(xmin) = I+|u(xmin)|p−2u(xmin)∑
xmax

|u′(xmax)|p−2u′(xmax) = −I−|u(xmax)|p−2u(xmax).
(5.3)

Proof. Let u1(x) the first eigenfunction corresponding to the first eigenvalue
λ1(G, q), and let u1(xmax) and u1(xmin) the maximum and minimum of u1(x).
Let H(p, 0) the Laplacian operators satisfying the δ-coupling conditions

∑
xmin

|u′(xmin)|p−2u′(xmin) = I+|u(xmin)|p−2u(xmin)∑
xmax

|u′(xmax)|p−2u′(xmax) = −I−|u(xmax)|p−2u(xmax).
(5.4)

The first eigenvalue of problem (4.1) is given by

λ1(G, q) = min
u∈℘

R(u, q)
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with

R(u, q) =

‖u′1‖p +

∫
G

q(x)|u1(x)|pdx+
∑
v∈V

αv|u1(v)|p

‖u1‖p
.

Then

R(u, q) >
‖u′1‖p + I+|u1(xmin)|p − I−|u1(xmax)|p

‖u1‖p
.

Thus, we conclude that

λ1(G, q) > λ1(G, 0).

�

We will employ the symmetrization technique, drawing inspiration from the pa-
pers [11, 15], we have:

Theorem 5.3. Let G be a finite compact metric graph, then

λ1(G, q) > λ1(G, 0)

or λ1(G, 0) is the first eigenvalue of nonlinear Schrödinger operators for q = 0
and defined on the single interval [0, L] satisfying the following Robin boundary
conditions {

|u′(0)|p−2u′(0) = I+|u(0)|p−2u(0)
|u′(L)|p−2u′(L) = I−|u(L)|p−2u(L).

(5.5)

Proof. The function u? on the interval [0, L] is the unique decreasing continuous
function such that {

u?(0) = u1(xmin),
u?(L) = u1(xmax),

(5.6)

and m(t) = measure{x ∈ G : u1(x) > t} = measure{s ∈ [0, L] : u?1(s) > t}.
The function u?1 constructed in this way satisfies∫

G

|u1(x)|pdx =

∫ L

0

|u?(x)|pdx

By the co-area formula we have∫
G

|u′1(x)|pdx >
∫ L

0

|(u?)′(x)|pdx.

Then

‖u′1‖p + I+|u1(xmin)|p − I−|u1(xmax)|p

‖u1‖p
>
‖(u?)′‖p + I+|u?(0)|p − I−|u?(L)|p

‖u?‖p
.

Thus

λ1(G, q) > λ1(G, 0).

�
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