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LOCAL DERIVATIONS AND ROTA-BAXTER OPERATORS OF
QUANTUM LOTKA-VOLTERRA ALGEBRAS ON M,(C)

1ZZAT QARALLEH! and FARRUKH MUKHAMEDOV 2*

ABSTRACT. In this paper, we investigate in detail the local and 2-local deriva-
tions of the flow of quantum genetic Lotka-Volterra algebra belonging to My (C).
It aims to reveal how the different values of the parameter affect the different
characteristic properties of these derivations. Our findings furnish structural
details of the FQGLV-A algebras and develop the gap in actualizing local and
2-local derivations. We show that each local derivation is a derivation, and a
set with 2-local derivations is a set of derivations. Further, we investigate the
characterization of the Rota-Baxter operators in one of the considered scenar-
ios with derivations to get better insights into the role and consequences of the
algebraic structure of FQGLV-A.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we are going to continue our initial investigation started in [20],
where a quantum analog of Lotka-Volterra algebras has been initiated by employ-
ing a coalgebra scheme. It is noticed that such a framework allows us to look at
the genetic algebras from other perspective, and provides new treatment of this
kind of algebras. In the current work, we are going to describe local derivatives of
the flow of quantum genetic Lotka-Volterra algebras (FQGLV-A). We thoroughly
examine the algebraic properties of a FQGLV-A on M,(C). The notation and
definitions used therein will be consistently applied in the current study, negating
the need for restating them here. The reader is directed to consult our prior work
for these details. Here, we recall that each genetic algebra can be considered as
coalgebra (see [22]). It is known [16, 27] that genetic algebra (R™, o) is defined
via a cubic matrix (pi;r);; =, satisfying the following conditions:

pmk Z 0, pij,k = pji’k, mek = 1, for all i,j, k.
k=1
Let us denote by ¢ the vector space R” with a norm [|x|| = max |zx|. The space
SKSNn
07 is endowed with natural order. Now, we may define a mapping A : /2 —
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. x " by

n
A(X)Z‘j = Zpij,kxku X = (mk) < ggo
k=1
One can see that A is positive. Here, the positivity means that A(x) > 0 if
x > 0. Moreover, we have
xoy = A"(x,y),

where

A%,y = Y pisriyy, x = (24),y = (i) € 11
ij=1

Consequently, the genetic algebra (R™, o) may be equivalently viewed as a coal-
gebra (€2, A) (see [1]). It is noteworthy that when k ¢ {7, j} implies p;;r = 0,
then resulting genetic algebra is called Lotka-Volterra (LV) algebra [7]. The sig-
nificance of LV algebras has been highlighted in [13, 15]. We stress that Holgate’s
contributions [11, 12] offer a biological interpretation of the derivations in ge-
netic algebras, a notion further explored in [9, 14, 18, 23]. Specifically, the set of
derivations of LV algebras were characterized up to dimension three (see [3, 7]).
Additional studies, such as [6], delve into the derivation space of four-dimensional
LV algebras. Therefore, in [20] a quantum version of the proposed coalgebra ap-
proach was utilized to define a quantum analog of Lotka-Voltera algebras. Hence,
it is natural to further investigate local derivatives of FQGLV-A.
It is worth mentioning that several papers have been devoted to studying the
relationships between non-associative algebra and genetic algebra; for example,
see [0, 21, 20].
On the other hand, Rota-Baxter operators were first introduced by G. Baxter
as a solution to a problem in probability, which arises from the theory of asso-
ciative algebras [1]. The study of algebraic structures has recently stressed the
importance of Rota-Baxter operators and their applications. In [10],it has been
investigated the extension of Rota-Baxter operators in the field of cocommutative
Hopf algebras. It offers fresh perspectives on their algebraic characteristics and
interactions.In [2], it was established a relationship between Rota-Baxter groups
and skew left braces. It looks deeper into their connection with the Yang-Baxter
equation and provides an association between group theory and set-theoretic so-
lutions to this important equation in mathematical physics.

In the current paper, using the description of the derivations of FQGLV-A, we
are going to characterize local and 2-local derivations of FQGLV-A. Namely, it
will be established that each local derivation is a derivation, as a consequence, the
set of all 2-local derivations coincides with the set of derivations. Furthermore,
we investigate the Rota-Baxter operators of FQGLV-A.

2. QUANTUM QUADRATIC OPERATORS ON M(C) AND QUANTUM GENETIC
LOTKA-VOLTERRA ALGEBRAS

This section recalls some necessary definitions, taken from [I7]. Hereafter,
M (C) denotes an algebra of 2 x 2 matrices over the complex field C. The tensor
product My(C) ® My(C) is interpreted as an algebra of 4 x 4 matrices, My(C),



LOCAL DERIVATIONS AND ROTA-BAXTER OPERATORS 241

ES

over C. Subsequently, I represents an identity matrix. Furthermore, My(C)* is
defined as the set of all positive functionals on My(C), and S(Mx(C)) denotes the
set of all states (i.e., linear positive functionals that evaluate to 1 at I) defined
on M(C). It is also important to recall that the identity matrix I, along with
the Pauli matrices {0y, 09,03}, forms a basis for My(C), where

(01 (0 —i (10
1= 10) 2" i o) 0 1)

Hence, every matrix x € My(C) can be expressed as x = vl + vo with vy € C,
v = (v1,v9,v3) € C3, here vo = v107 + v209 + v303. In the following section, we
frequently use notation v = (7, U3, U3).

Lemma 2.1. [25] Let x € My(C). Then the following assertions hold:
(a) = is self-adjoint if and only if vy, v are reals;
(b) = >0 if and only if |[v]| < vy, where ||[v|| = \/|v1]? + |va]? + [vs|?;
(c) A linear functional ¢ on My(C) is a state if and only if it can be written
as:

o(vol + vo) = vy + (v, ), (2.1)
where £ = (f1, fo, f3) € R® such that ||f|| < 1. Here as before {-,-) stands
for the scalar product in C3.

One can observe that a basis of My(C) ® M(C) can be established by the

following system
{IoLo;@LI®0;,0® 0}, -

A linear operator A : My(C) — My(C) ® My (C) is termed a quantum quadratic
operator (q.q.o.) if it satisfies two conditions: it is unital (i.e., Al = I ® I)
and positive (meaning Az > 0 for any non-negative z). Consider the operator
U : My(C) @ My(C) — My(C) @ My(C), defined as a twist map where U(z®vy) =
y®x for all z,y within My(C). A q.q.o. A is classified as symmetric if it complies
with the condition UA = A. In the subsequent discussion, we focus exclusively on
symmetric q.q.0.s. Therefore, any symmetric q.q.o. A : My(C) — My (C)@M,(C)
can be represented as follows (refer to [L7, Proposition 3.2]):

3
Alx) = (0o + (¢, I@T+TQCV-0+Cv-0 @1+ > (C, V)om D01, (22)

m,l=1

where ¢ = (c1, ¢2,¢3), €t = (Cmi1s Cmi2s Cruz), and C = (cz-j)?,jzl are real. Here
as before (-, ) stands for the standard dot product in C?. We emphasize that to
construct q.q.o. via (2.2) is not easy task. In [19, 20] we established that the
next operator

1 a
Ay(vl +vo) = |vg+a(l— E)Ug + %vg]ﬂ QI+ XNy (0 @1+1® 0y)
v
0y (0n @ T+ 1 ® 03) + 2t—i1(0'3 @1+1Q o)
a
v3(03 ® 03). (2.3)

ot
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is a q.q.o. if and only if
1 —|al

mas{|A, |} < Y=

(2.4)

where A\, p € R and a € [—1,1].
By means of A;, the next binary operation on My(C)* is defined by

(por)(z) = (¢ @Y)(Au(z)), @, € Ma(C)", z € My(C), (2.5)

Here M, (C)* is the dual of My(C). The flow of quantum genetic Lotka-Volterra
algebras (FQGLV-A) is defined by the triple (My(C)*, o4, A;). In the sequel, for
the sake of shortness, it is denoted by (A, 04). Now, by Lemma 2.1, we infer
that any functional ¢ € My(C)* is described by a vector f = (fo, f1, fa, f3) here
fo =), fr = ¢(ox). In what follows, we always use such a description. Hence,
due to (2.5) and (2.3) the above given binary operation reduces to

fop= ( fopo, NP fipo + fopr), 1 (fapo + fop2), fopog(a,t)

"‘%(fspo + fops) — %(fSPS))- (2.6)

where f = (f07f17f27f3)7 pP= (p07p17p27p3) and g(CL?t) = a(l - #)

Remark 2.2. Tt is noticed that if one takes A\ = p = 0, then the quantum genetic
Lotka-Volterra algebras reduce to the classical Lotka-Volterra coalgebras [1, 7].

Recall that a linear mapping d : A — A of algebra (A, o) is called derivation if

d(zoy)=d(zx)oy+xod(y), (2.7)
for all z,y € A.
Theorem 2.3. [20] The derivations of (A, o) are given as follows:
0 0 0 O
[ 0 dya 0 0
(1) If a # 0,A # p, then D = 0 0 dp O
0 O 0 0
0 0 0 0
o . 0 d11 d12 0
(2) Ifa#0A#0A=p, then D=1 ;' 4" g
0 0 0 0
0 0 0 do
_ B 1 _ . 0 d11 d12 d13
(3) [f&—o,)\—ﬂ_gat_o’ thenD_ O d21 d22 d23
0 d31 d3p ds3
0 0 0 dpy
B B 1 . . O d11 d12 O
(4) fa=0,A=p#5,t=0, then D = 0 doy doo O
0 0 0 ds
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(5) Ifa=0,\ = ,u#%,t:O, then D =

(6) Ifa=0,A#%,u=3,t=0, then D =

(T) Ifa =0\ # A # bp# 5.t =0, then D =

(8) Ifa=0,A=p=1,t#0, then D =

9) Ifa=0,A=p#3,t#0, then D =

(10) Ifa=0,A=3,u# 3,t #0, then D =

(11) ]fazO,/\#%,,u:%,t%O, then D =

SO DD OO OO

(12) Ifa:(),)\%p,)\#%,u%%,t;éO, then D =

3. MAIN RESULT

0 0 0 dps
0 dn 0 dis
0 0 dog O
0 d31 0 ds3
0 0 0 dos
0 dy O 0
0 0 0 dos
0 diy O 0
0 0 dyw O
0 0 0 dss
0 0 0
diy dyp dig
dy1 dayy  da3
d3 dzp ds3
0 0 0
din dip 0O
dy1 dya 0O
0 0 dss3
0 O 0 0
0 0 doy O
0 0 0 0
0 d;y O 0
0 0 dyp d
0 0 0 0
0 di; O 0
0 0 dyy O
0 0 0 dss
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3.1. Local derivation of quantum genetic Lotka-Volterra algebra on
M (C). This subsection looks deeper into the FQGLV-A algebra to understand
its local derivation space in detail. We will check whether the local derivation
space of such algebras is the same as the standard derivation space. The answer to
this question is important in view of understanding the structure and properties

of the FQGLV-A algebras in a better way.

Definition 3.1. A linear mapping D : A, — A; is called local derivation if for
any = € A; there exist a derivation d depending on x such that D(x) = d,(z).
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The upcoming theorem will reveal the characteristics of the local derivation
space in the FQGLV-A algebra. It will also investigate whether or not these local
derivations qualify as derivations.

Theorem 3.2. Let D : Ay — A; be any local derivation then D is a derivation.

Proof. Referring to Theorem 2.3, we shall consider all cases of the derivation
depending on the values of parameters. First notice that {eg, €1, e, e3} is the
basis for My(C)*, where

eo = (1,0,0,0), e; = (0,1,0,0), ey =(0,0,1,0), es=(0,0,0,1).

Assume that D is local derivation. Then

3
(€)=Y Dier, i€{0,1,2,3}.
k=0

Case 1. Let a # 0, A # p. Then
ZDOka de,(e0) = 0.
Hence, Do, = 0 for all k € {0, 1,2,3}. Next, consider
Zleek de,(e1) = di}e;.

Comparing both sides one gets Dig = D1y = D13 = 0, and Dy = d(el).
Similarly, consider

ZD%ekz doy () = dses.
Thus, Doy = Dy; = Doz = 0, and Doy = dg‘“;). Finally, take

ZDSkek de,(e3) =0,

which implies that, Dg;, = 0 for all k£ € {0, 1,2,3}. Therefore, the matrix
representation of D is given by

0O 0 0 0
H_ |0 i (0) 0
0 0 d2 o
0O 0 0 0

Hence, Theorem 2.3 implies that D is a derivation.
Case 2. Let a # 0, A # 0, A = u. Then,

D(eg) = Z Doer, = de,(e0) = 0.
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Hence, Do, = 0 for all k € {0,1,2,3}. Now, let us delve into
3
e1) = Z Diper = de,(e1) = d(lel)e + dgzl)e
d(el)

By aligning the terms on each side, we deduce Dyy = D13 =0, D1y = dy;
and Dqs = d(el). Moving forward, let us examine

Z Doper = de,(e3) = déef)el + dée;)e

Aligning both sides term by term, we conclude Doy = Doz = 0, Doy = déef) ,

and Doy = d52) Finally,

Z ngek 63 63) O

Hence, D3, = 0 for all k € {0,1,2,3}. Therefore, the matrix form of D is
given by

0 0
dyy) dyy
L
0 0 0 0

which by Theorem 2.3 yields that D is a derivation.
Case 3. Let a=0,A\=pu= 1,75 = 0. Then

o O O
o O O

ZDOkek eo 60) = do3 €3.
Hence, Doy = Dg; = Do = 0, and Doz = d2”’. Following this, we explore
3
D(er) = Z Dige = doy (1) = d\SVey + d5 ey + d§es.

k=0

A comparison of the terms yields Dy = 0, Dy = dﬁl),Du = d§§1) and
Dy = d(e1 Next, consider

D(€2) = Z D%ek = d€2 (62) = dg’f)el -+ dgef)eg + dg?)eg.

Comparlng both sides one gets Doy = 0, Dy = d21 , Doy = dgf) and
Dy3 = d;?) Finally, we have

Z ngek 83 63) = d31 e+ d32 € + d33 €3.
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Case 4.

Case 5.
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Equating terms from both sides reveals D3y = 0, D3; = déef’), D3y = dge;)
and Ds3 = d& Therefore,

0 0 0 dy

o a ) o

o i 4

o b dp &
which by Theorem 2.3 implies that D is a derivation.
Let a=0,\= ,u;él t = 0. Then,

D=

D(€0) = Z Dokek = deo<€0) = d(()go)eg.
k=0

Hence, Doy = Doy = Dgo = 0, and Dy3 = d((ff). Now, consider
3
= Z leek = del (61) = dgell)el + dgzl)e

Comparing both sides one has that Dy = D3 = 0,Dq; = dﬁl), and
Dio = d'¢. Next, consider

ZDlek 62 62) _ d(12)€ +d( 2)

Matching correspondmg terms on both sides, we ascertain Doy = Dog =
0, Doy = déef), and Doy = d§§2). Finally,

3
D(eg) = Z ngek = de3 (63) = d:())?)eg.
k=0

Aligning both sides term by term, we conclude D3g = D3; = D3y = 0, and
D33 = d&¥) Therefore,

o 0 0 d¥

0 diy dy) 0

R

o 0 0 d

so, Theorem 2.3 yields D is a derivation.
Leta—O A—2,u7é 1+ =0. Then

D —

ZDOkek de, 60) = d03 €3.
Hence, Doy = Do1 = Dgs = 0, and Dy3 = d(()?). Now, consider

Zleek 61 61) = d(f)e + d( 1)
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Comparing both sides one finds Dig = Dy = 0, Dy = dgef), and Dy =
dg?). Moving forward, let us examine

3
D(eg) = Z Dlek = de2 (62) = dge;)eg.
k=0

From the equivalence of both sides, it follows that Doy = Doy = Doz = 0,
and Doy = d5?). Moreover, we have

3
D(e3) = Z Dager, = de,(e3) = dff?’)e + dg?)e

Aligning both sides term by term, we conclude D3y = D3y = 0, D3 = d:(ff)
and Ds3 = d'2) Therefore,

0 0 0 d%
po |0 a0 a4y

0 0 42 o0

0 d 0 df

By Theorem 2.3, one gets D is a derivation.
Let a =0,\ # %,u: %,t:O. Then

E Dorer, = de,(e0) = dog es.

Hence, Doy = Dy = Dgo = 0, and Doz = d((ff). Now, consider

3

D(€1) = ZDw@k = del(el) = dgell)ey
k=0

Matching corresponding terms on both sides, we ascertain Dy = D1y =
D3 =0, and Dy; = dﬁl). Next, consider

D(ey) = Z Dagey, = dey(€2) = d5Peq + dSes.
k=0
Comparing both sides one gets Doy = Doy = 0, Dgy = d(;;’)7 and Dys =
d\). Finally, take

ZD?’kek de, 63) _ d(23)€2 + d( 3)
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Case 7.

Case 8.
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From the equivalence of both sides, it follows that Dsg = D31 =0, D3y =
dée;) and D33 = dg?) Therefore, D has the following matrix representation:

o 0o 0 d¥
H_ |0 d 0 0
0 0 d dy

o 0 dy dy

Hence, it is a derivation by Theorem 2.3.
Let a =0, A # p, A # %,,u;é %,t:(). Then

3
D(eo) = ZDOka = deo(eo) = d(()go)eg.

k=0

Thus, DOO = D01 = DOQ = 07 and D03 = dégo) NOW, consider

D(er) = Diper = de, (e1) = diiVes.

Comparing both sides one gets Dig = D1y = D13 = 0, and Dy = dﬁ?)-

Next, consider

3
D(@g) = Zngek = d62 (62) = déei)eg.
k=0
A comparison of the terms yields Doy = Doy = Doz = 0, and Doy = dé?)-
Finally, Take

3
D(eg) = Zngek = de3 (63) = d:(f;’)eg.
k=0

By correlating elements from each side, we determine D3g = D3y = D3y =
0, and D33 = dg?). Therefore, the matrix form of D has the following
form:

o 0 0 d
H_ |0 d 0 0
0o 0 d2 o0

o 0 0 d

By Theorem 2.3, we conclude that D is a derivation.
Let a=0,A=pu= %,t%o. Then

D(eg) = Z Doer, = de,(e9) = 0.
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which implies that, Doy = Dy1 = Dgs = Do3 = 0. Now, we proceed to
analyse

Zleek de, 61)—d1 €1+d2€2—|—d363

A comparison of the terms yields Dy = 0, Dy = dgell),Dm = dgzl) and
Di3 = d\§”. Next, consider

3
D(€2) = Z Dlek = d€2 (62) = dgef)el -+ dge;)eg + dé?)eg.
k=0
Comparing both sides one gets Doy = 0, Dy = dél),Dgg = dée;) and
Dy3 = d( °2) Finally, Take

3
D(€3) = Z D3k6k = d63 (63) = déel3)61 + dg €2 + d33 es.
k=0
Aligning both sides term by term, we conclude D3g = 0, D3; = dgﬁg), D3y =
d3';3 and D33 = dé?) Therefore, D has the following form:

0 0 0 0

0 af d) )
0 dé?) dgi;) dg?)
0 dy d

D=

By Theorem 2.3, we infer that D is a derivation.
Leta:(),)\:u;él t # 0. Then

Z DOkek 60 60) O
ThUS, DOO = DOl = D02 = Dog =0. NOW, consider
3
1) = Z leek = del (61) = dgel)e —+ d1621)€

Comparing both sides, one finds D19 = D3 = 0, Dy = dﬁl), and Dy =
d'% . Next, consider

3
D(es) = Z Doper, = de,(e2) = dé@)e + dgef)e
k=0
From the equivalence of both sides, it follows that Dyy = Do3 = 0, Doy =
dél , and Doy = d;e;). Finally, Take

E Dsrer, = de,(e3) = d33 es.
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Aligning both sides term by term, we conclude D3y = D3; = D3y = 0, and
Ds3 = d%‘) Therefore, the matrix representation of D as follows:

0 O 0 0
0 &) dy’ 0
0 & ) 0
0 0 0 d%

D=

Which is clear a derivation by Theorem 2.3.
Case 10. Let a =0,A = 1,1 # 1, # 0. Then

Z Dokek 60 60) 0

Hence, Doy = Dg1 = Do = D03 = 0. Now, consider
Z Duger, = de, (e1) = d\Vey + d\§e

Matching correspondmg terms on both sides, we ascertain Dyy = Dy =
0,Dy; = dgef), and Di5 = d%). Next, consider

E Dojey, = de,(e2) = d22 €2.

From the equivalence of both sides, it follows that Doy = Doy = Dog = 0,
and Dy = di2) Finally, Take

Z Dsrer, = dey(e3) = déef) + dée; €3

Comparing both sides, one gets D3g = D3y = 0, D3 = déef’) and D33 =
dé?) Therefore, the form of D is given by:

0 0 0 0

0 4y 0 dy

0 0 d2 o

0 A 0

D=

Using Theorem 2.3, one infers that D is a derivation.
Case 11. Let a =0, \ # %,u = %,t # 0. Then

3
D(eg) =Y Doker = de,(e0) = 0.
k=0

Consequently, Dy = Dm = Dgo = Dog3 = 0. Now, consider

E Dier, = d.,(e1) = d11 er.
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Comparing both sides, one gets D1y = D1y = D13 = 0, and Dy = d(el).

Next, consider

3
Diez) = 3 Daser = doyfen) = d5es + a5 e
k=0
Ahgnmg both 81des term by term, we conclude that Dy = Doy = 0, Doy =

€s) = Z Dyger = dey(e5) = dies + dies

Equating terms from both sides reveals D3y = D3y = 0, D3y = d:(f;) and
D33 = dé§3) Therefore, D has the following matrix form:
0 0 0 0
0d< o o0
0 0 d dy
o 0 d
Again, by Theorem 2.3, we find that D is a derivation.
Case 12. Let a = 0,\ # p, A # %,,u;é 1+ +#0. Then

Z Dokek 60 60) O

Hence, Doy = Doy = Do = D03 = 0. Now, consider

3
D(el) = Zleek = del (61) = dgell)el.
k=0

61)

Comparing both sides, one gets Dy = Do = D13 = 0, and Dy = dy;".
Next, consider

E Dorer, = 62 62) = d22 €2.

Equating terms from both sides reveals Doy = Doy = Doz = 0, and
Dsy = d52). Finally, Take

3
D(€3) = Z ngek = de3 (63) = dg?)eg.

k=0
A comparison of the terms yields D3g = D31 = D3y = 0, and D33 = d(63).
Therefore,

0 O 0 0

0d® o0 o0

D= (e2)
0 0 dy 0
o 0 0 d



252 I. QARALLEH, F. MUKHAMEDOV

Which is clear a derivation.

Hence, across all 12 cases, it has been demonstrated that every local derivation
indeed is a derivation. Therefore, any local derivation D : A; — A, is a derivation,
thereby concluding the proof. O

3.2. 2-Local derivation of Quantum genetic Lotka-Volterra algebra on
M (C).. In this section, we investigate thee space of 2-Local derivations of quan-
tum genetic Lotka-Volterra algebra on My (C). In particular, we aim to determine
whether every 2-local derivation is, in fact, derivation.

Definition 3.3. A mapping V : A; — A; (not necessary linear) is called 2—local
derivation of algebra A, if for every x,y € A, there exist a derivation d®¥ such
that

V(z) = d"¥(z), V(y) = d=(y).

Theorem 3.4. Any 2—local derivation of quantum genetic Lotka-Volterra algebra
on My (C) is a derivation.

Proof. We will focus on three specific cases, with the understanding that the
remaining cases will be addressed similarly.

Case 1. Let a # 0, A # p. Assume that V is 2—local derivation, then
V(z) = d (2) = a1d™Pe; + andS¥e,
for each x,y € A;. Then for any y' € A; on has that
V(z) =d=¥)(z) = ozld%’yl)el + ozgd(x’y/)eg.
This implies that d@¥(z) = d@¥)(z). Thus, dgﬁ v) dgﬁy ) and dY) =

d$%Y) for any y,y’ € A,. This means that d\** = d'®), and d\%* = 432
Hence,

Therefore,
V(z) = ald%)el + agd%)eg = d@ (x) = D(x).

Then V is a local derivation. Hence, using Theorem 3.2 (case 1), one has
that V is a derivation.

Case 2. Leta # 0, A # 0, A = . Suppose that V is a 2—local derivation, then there
exist a derivation d™v) such that V(u) = d®¥) (u) and V(v) = d®¥) (v).
Let u € A; such that u = Ageg + Aje1 + Aoes + Aze3 € A If Ay = Ay =0,
then

V(u) = d(“’”)(u) = )\Od(“’”)(eo) + Agd(“’”)(eg) =0.
If at least one of A\; and A5 is non-zero, then
V(u) = d® (w) = Md%” + Aad%™ ey + (Md%” + ApdseVe.
On the other hand, one can write V(u) as follows:

V() = d0(u) = adiy™ + dadsy ey + adiy™ + Aadiy™ e
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Comparing the last to expressions of V(u) one has that

(d? = i) + Aa(dy” — i) = 0
Mg = diy™) + da(dy” = dig™) = 0.

Due to arbitrariness of v,v" we have the following solution of the above
system

40 = ), ) = ), s = dy, dy = )

Which implies that V depend on u only. Hence, we may write V(u) as
follows:

V() = (Mdy + Xads)er + (Mdy + Aodsy))es = d (u) = D(u).

Then by Theorem 3.2 we have that D is a derivation. Thus, V is a
derivation.
Case 3. Assume that a = 0, A\ = p = %,t = 0. Suppose that V is 2—local deriva-

tion, then there exist a derivation d®) such that V(u) = d™")(u) and
V(v) = d™")(v). Let u € A, such that u = \geg + Arer + Ages + Ages € A,
then
V(u) =d"(w) = (d{y” + dadsy” + Asd§y™)er + (dis” + dadsy™ + Asdls™ ey
o (odSs” 4+ Mdl? + dadly” + Nadly ) Ves.

On the other hand,

V() =d" () = adii™ + hedsi™ + dadii™)er + (adis™ + Nadss™ + o e
+ odgs™ + Mdis™ + Xadl™) + Nadiy™es.
Due to the arbitrariness of v, v' we have the following solution of the above
system
d1100) = gl - glue) — gluw) - glue) _ glua)
87 = ), d? = 3, dp) - oy
) = ), a5 = ), he? = a5, oy =

which implies that V depends on u only. Hence, we may write V(u) as
follows:

V(u) = udy + hadsy + AsdSVer + (Mdly) + AadSy) + NadSy)es
o (Mod 4 Ad 4+ Md + AsdW)es = d™ (w) D(w).

Then by Theorem 3.2 we have that D is a derivation. Thus, V is a
derivation.

The proof of the reset cases will process in the same manner. O
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3.3. Rota-Baxter operators. In this section, we are going to investigate Rota-
Baxter operator which is defined on quantum genetic Lotka-Volterra algebra on

M (C).

Recall that a linear operator R : A — A is called Rota-Baxter operator if
R(xz)R(y) = R[R(z)y + xR(y) + Ozy|, for all z,y € A.

The pair (A, R) is called Rota—Baxter algebra of weight 6.

Remark 3.5. Let R be a Rota-Baxter operator of weight # then —0I — R is
also a Rota-Baxter operator. Further, if o in the grounded field then oR is a
Rota—Baxter operator of weight 6.

Now, we are going to investigate some properties related to a Rota-Baxter
operator defined on the quantum genetic Lotka-Volterra algebras on My (C).

Proposition 3.6. Let A be a quantum genetic Lotka-Volterra algebra and let
R : A — A be a Rota-Bazter operator. Then ¢ o Ro ¢! is also Rota-Bazter
operator, where @ is an automorphism.

Proof. Set R = @wo Rop . We are going to show that

A

R(x)R(y) = B [R(@)y + eR(y) + by
Consider

R(x)R(y) = (¢R (¢ () (¢R (¢'®)) =9 (R (¢ () R (¢ (v))) -

Now, since R is a Rota-Baxter operator then

(R @) R W) =¢[R[R(¢ (@) e (1) + ¢ (@)R (¢ (y) + 0o (x)e ' (v)]] -

But ¢ is an automorphism, then last expression becomes as follows:

(R @) R W) = ¢RRE @) W] +e R (@R (¢ (1)]]
+ fOp [R [go_l(xy)ﬂ )

Let us take Right hand side of last expression one by one.

e [R[R (¢ (2) o' (v)]] = (R (R ()l (y) = R(R(z)y).

The second term

~

¢ [R[p7 (@)R (7' ()] = ¢Re (¢ (2)R (¢ (y))) = R(zR(y)).
The last team as follows:
Op [R [ (zy)]] = O0R(zy).

Adding last three expressions one has

N

R(@)R(y) = R(R@)y) + RzR(y) + 0R(ay) = & [R()y +2R(y) +bry] .

Thus, R is a Rota-Baxter operator. O
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In what follows, for the sake of simplicity, we are going to describe the Rota-
Baxter operators on quantum genetic Lotka-Volterra algebra A when a = 0,
A=p =13 and ¢ =0. Then, by (2.6) the table of multiplication of A is given by

1
€oco = €0, €o€j = €, J€{1,2,3} (3.1)

Assume that

3
R(ez) = Z AfiCl .
k=0

Proposition 3.7. Let R be a linear operator define on the algebra A. Then the
following are true:

(1) R(ei)R(e;) = 5 Re;) + =5 Re:)

(2) If j #0, then R(e;)e; = “Sre;.

(3) eoR(ej) = “2ey + SR(e;).

(4) If eie; = 0, then R(e;)R(ej) = R(R(e;)e; + e;R(e;)), is always true.

Proof. (1) Now, using the table (3.1), we obtain

3 3 3 3
R(e;)R(e;) = E i€k E Qj€m zg ozk,;ekg Qmj€m
k=0 m=0 k=0 m=0
3 3 3
= Q€ g Q€ + g Qg€ g Qi €m
m=0 k=1 m=0

3 3
Qi A5 Qo Oy
= QpQpjep + g €m + g Yy €m
m=1 m=1

2

3 3
Qp; oy Qp; oy Qo; Oy Qo Ay
= ——eo+ o+ Y —emt+ Y e,
2 2 1 2 2
m=

m=1

3 3
— % amjem + % Z Ami€m
m=0 m=0
Qo; Qoj

Note that if i = j, then R(e;)R(e;) = apiR(e;).
(2) Consider R(e;)e;, since j # 0 then

3
Z Qoj
R(ei)ej = < aki€k> Gj = 04018063' = 76]'
k=0
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(3) Similarly, one finds

o) &Y
%MW:%E)WQ::%M+26H_§@+§%
k=0
T T T DO )
— 20+260+261+262+263
[0
- 20J60+ R(ej)

(4) By (1) the left hand side R(e;)R(e;) = %=R(e;) + “*R(e;). Let us now
consider the right hand side R(R(e;)e; + e;R(e;)). By (2) R(e;)e; = “e; and
eiR(e;) = S2e;. Plugging these values into R(R(e;)e; + eiR(e-)) one gets

R(R(ei)e; + esile;)) = R (She;+ i)
. aOz aO]
= Y R(e;) + 2 R(e)
= R(ei)R(e;).
The proof is complete. O

Due to (4) of Proposition (3.7), to describe all Rota-Baxter operators we only
need to investigate the multiplication epe;. Let us define the following notations.
The linear operator R has the matrix form as follows R = («a;)? ; j—o- Let

R(ep)
R(e1)
R(ez)
R(e3)

K =

Theorem 3.8. Let R : A — A be a linear operator. Then the following state-
ments are true:

(i) R is an invertible Rota-Baxter operator if and only if R = —0ly4;
(ii) R is not invertible Rota-Baxter operator if and only if the following system
18 satisfied
(01 + RT)K = 0.

Proof. Let R be a linear operator and consider R(eg)R(e;) where j € {0,1,2,3}.
From (1) Proposition (3.7), we get

%R(ej) + %R(eo). (3.2)

On the other hand, let us find the form of the expression R [R(eo)e; + eoR(e;) + Se;] -
Using (2) and (3) of Proposition (3.7), we have

R(eo) R(e;) =

(7Y 1 0
o ot Rty

€j

7
R | R(eg)e; + egR(ej) + 56]} = R {%6]‘ +

Qoo Qpj 1 0
= TR((?]) + 7R<60) + §R(R(6]>) + §R(€])



LOCAL DERIVATIONS AND ROTA-BAXTER OPERATORS 257

Equalizing (3.2) with the last equality we arrive at
R [R(GJ) + er] = 0

(i). Now, if R is invertible then R(e;) + fe; = 0. Hence, R(e;) = —fe; this
implies the required assertion.

Conversely, assume that R(e;) = —fe; then again from (1) Proposition (3.7),
we have

02
R(eO)R(ej) = (—960) (-861) = 36]‘. (33)
On the other hand,
R [R(eg)ej + eOR(ej) + Hegej]
—0 —0 0 —0 62
= R 76]' — 7€j + §€j:| =R (76]') = Ee]-. (34)

Comparing (3.3) with (3.4), one has that R is invertible Rota-Baxter opera-
tor.This completes the proofs of (1).

(ii). From the above equalities we infer that R is not invertible Rota-Baxter
operator if and only if

R [R(ej) + Gej] =0.

R[R(e;) + bej] = > arjR(ex) + 0R(e;) = (0 + ;) R(e;) + Y ag;R(ex) = 0.

k=0 G#£k=0

Then, for 7 = 0, we obtain

(9 + aOU)R(60> + QIOR(el) + OézoR(eg) + a3O)R(e3)
= [(0+ an)R(eo) 10 az as] K =0.

Similarly, for j = 1,2, 3 one has that

[0401 (04 i) an 0431} K=0
[0402 ary (0 + o) 0432] K =0
[0403 Q13 Q93 (0 + 0133)} K =0.

Hence,
(01 + RT)K = 0.
This completes the proof. O

Let us now give the full description of the non-invertible Rota-Baxter operator
in the considered case. Let M be a vector space generated by { R(eq), R(e1), R(e2), R(e3)}.
Since R is not invertible, then the dim(M) is either 1,2 or 3.
The present investigation only addresses a case where the dimension of M is equal
to one. The cases where the dimension of M is equal to two and three will be
handled in a similar manner. In addition, we only take into account the case
when R(e;) # 0 for any 0 < i < 3.
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Case 1. If dim(M) = 1, then, without loss of generality, we may assume that
R(ep) is the basis of M, then R(e;) = A;R(eg). Using (2) of Theorem (3.8), one
gets
(oo + 0 + Arang + Asang + Azazg = 0,

ao + Ai(oqr +0) + Asagy + Az =0,
o2 + Ajos + As(age + 0) + Asaigy =0, (3.5)
Q3 + A1a13 + A20é23 + Ag(Oégg + 9) = 0,

L vij = Aja.

Now, Let us define the following Matrix:

(1 if j=0and k =1,
Ay ifj=1and k =1,
R = Ay ifj=2and k=i,
Az ifj=3and k =1,
L0 otherwise.

To solve the System (3.5), we should consider 16 cases which depends on the
value of the agg, ai1g, o9, and ag.

Theorem 3.9. Let R is not invertible Rota-Bazter operator which is defined as
(2) in Theorem (3.8). Then the following statement hold true:

(1) [f (Cl/oo, 10, 20, 0430) = (Oéoo, O, O, 0), then R = _QREOk]

(2) If (cv0, 10, @20, t30) = (x00, 0, 0, zp), then R = OéooRg-O] - (%:9) R?-
(3) If (a0, 10, 20, 30) = (0,0, 020, 0), then R = awgo Rl — (%) Ry
(4) If (0400,0410,0420,0430) = (0600;070420,0430)7 then R = OéooRﬁ} + 04203?13 -
(a00+0+A20¢20> R[3]
As Jk*
(5) If (a0, 10, 20, i30) = (w0, 10, 0,0), then R = aooRﬁ] — (%ﬁ) Rglk}
(6) If ((3940%0410,04207%0) = (ago, 10,0, ag0), then R = agR” + ajpRM —
apgot+0+Aia 3
00 - 1 10R[ }.
(7) If (0400,06107042070430) = (0400,0410,062070): then R = O‘OOR[O} + OéloRm -
%MRM_
2

(8) If (oo, 10, avz0, 30) = (oo, V10, Qv20, 30), then R = agoRI% + ajgRIY +
aQORm _ aoo+9+A}4a1o+A2oc30 RBI
3

Proof. We are going to proof only (1) the rest proof of the items can be processed
in the same manner. Let (g, a0, @20, @30) = (o, 0,0, 0). Putting these values
in the last equation of the System (3.5), on gets

app =ag =a3; =0, ajg =g =agy =0, a3 = a3 = agz = 0.

Form first equation of the same system, we have agg = —6€. Then, from second
equation, one has that ag; = —A10, from third equation, we have ag, = —Ay60
and from fourth equation, one gets apg3 = —Asf. Hence, R = —QRE.O] :

O
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Remark 3.10. The case when agy = 0 can be easily derived by symmetry from
the cases considered in the Theorem (3.9).
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