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SECURE EQUITABLE SUBDIVISION NUMBER OF GRAPHS
ANNIE ALEX!* and SANGEETHA V2

ABSTRACT. In this paper, we initiate the study of a new domination param-
eter: the secure equitable subdivision number of graphs. Moreover, we define
the secure equitable subdivision critical graphs and the secure equitable sub-
division stable graphs. Furthermore, we investigate how to construct a secure
equitable subdivision critical graph.

1. INTRODUCTION

All the graphs that are taken into consideration in this article, if not indicated,
are simple connected graphs G having a vertex set V' (G) and an edge set F(G).
Any set of vertices that are close to a vertex v in G is called its neighborhood N (v)
and the closed neiborhood N[v] = N(v)U{v}. An equitable neighborhood N(v) of
a vertex v is the collection of all vertices x € N(v) with |deg(v) — deg(z)] < 1. A
vertex v is said to be an equitable isolate if for any x € N(v) we have z € N,(v).
The minimum and maximum degrees in a graph G are represented by the symbols
J(G) and A(G), respectively. A wheel graph of order n + 1 is denoted by W7 ,.

A set S C V(G) is called a dominating set of G, if for every vertex v € V(G)\ S
there exists at least one vertex u € S such that v € N(v). The minimum number
of vertices that can dominate a graph G is called the domination number of G.
The dominating vertices are considered to be the guards that protect the entire
vertices of a graph. For any dominating set S of a graph G, z € Sandy € V(G)\
S, the vertex y is said to be S-external private equitable neighbor of x if N(y)NS =
{z} and |deg(y) — deg(z)| < 1. The set of all S-external private neighbors of
the vertex x is denoted by pen(z,S). If x protects y, then pen(z,S) C NJy|.
The union of all S-external private equitable neighborhoods in G is denoted by
Z = U pen(z;,S), where S = {x; : 1 <1i <n}. Several domination parameters
have been studied (see [1],[3],]9]). For any basic definitions and concepts in graph
domination, we refer to [7].

An edge uv in a graph G is said to be subdivided, if uv is split into two edges up
and pv by adjoining a new vertex p common to both the new edges. The introduc-
tion of the new vertex may or may not alter the domination number of a graph.
This notion was studied by Arumugam in the year 2000. He initiated the study of
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the parameter domination subdivision number in graphs. The minimum number
of edges that must be subdivided (once) to increase the domination number is
called the domination subdivision number, denoted by sd,(G). The parameter is
further studied in [6] and [1]. The concept of domination subdivision number is
widely studied for varied domination parameters. Divya Rashmi, Somasundaram
and Arumugam studied the secure domination subdivision number of graphs in
[5]. Sumathi and Alarmelumangai established the equitable domination subdi-
vision number in [I1]. The study of total domination subdivision number was
initiated by haynes, Henning and Hopkins in [3]. Atapour, Sheikholeslami and
Khodkar instituted and investigated the roman domination subdivision number in
[2]. Many more parameters were grounded on the idea of domination subdivision
number.

The secure equitable domination is an evolved strategy of domination in graphs,
which is abstracted from the idea of the secure domination and the equitable
domination in graphs. A dominating set S of a graph G is called a secure equitable
dominating set if for each vertex x € V(G) \ S there exists at least one vertex
y € S such that y belongs to the equitable neighborhood of x and the vertex y
can be replaced by a vertex z without losing domination property[10]. Whenever
we say a vertex u defends v, it denotes that the vertex v is secure equitably
protected by the vertex u. Also, swapping the vertex u with v indicates that we
are replacing one vertex with the other. We use the notation SEDS to denote a
secure equitable dominating set.

In this paper, we study a graph’s secure equitable domination subdivision num-
ber. Moreover, in detail, we discuss how an edge’s subdivision can alter a graph’s
secure equitable domination number. We also initiate the study of the secure
equitable subdivision critical graphs and the secure equitable subdivision safe
graphs.

2. SECURE EQUITABLE DOMINATION SUBDIVISION NUMBER

This section defines the secure equitable subdivision number and the secure
equitable subdivision set of a graph.

Definition 2.1. The minimum number of edges that must be subdivided once
to increase the secure equitable domination number of a graph G is called the
secure equitable domination subdivision number (se-subdivision number) of G

and is denoted by sd,, (G).

Definition 2.2. The set of all edges that are subdivided to obtain the se-
subdivision number of a graph G is called secure equitable domination subdivision
set (se-subdivision set) of G and is denoted by sdg., (G).

Example 2.3. In Figure 1(A), the secure equitable domination in a graph G is
demonstrated. The graph H (Figure 1(B)) is obtained by subdividing the edge
eg € E(G). We can see that 15, .(H) = 75..(G) + 1. Hence, sd.,_(G) = 1 and
sds,.(G) = {es}

We now investigate how edge subdivision affects a graph’s secure equitable
domination number.
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FIGURE 1

Lemma 2.4. Let H be a graph obtained from a graph G by subdividing an edge
ww € E(G) and adding a vertex p. If S is a SEDS of G and u,v € S, then
Ve (H) =~5..(G) if and only if any of the following condition holds:

(i) wv is a stem with a support vertex of degree greater than 3.
(ii) the newly added vertex p belongs to the external private equitable neighbor-
hood of at least one of the incident vertices, say v, and for each w € N(v),
w & S we have N(w) N (S —{v}) # ¢.
(iii) the newly added vertex does not belong to the external private equitable
neighborhood of any of the incident vertices of the subdivided edge but at
least for one incident vertex, say u, p € Ne(u) and for each w € N(u),

w & S we have N(w) N (S —{u}) # ¢.

Proof. Let p be a vertex that divides the edge uv in G. Let the vertices u and
v be in SEDS such as uv € E(G). Let S and S’ stand for SEDS of G and H,
respectively.

Suppose u is a leaf of G and v is the support vertex of u with deg(v) > 3.
Then, u is the only vertex in S which defends p, since |deg(u) — deg(p)| < 1 and
p € N(u). Moreover, p € pen(u,S). Hence, p ¢ S’ and v¢,.(H) = 7..(G). Thus,
() s proved.

Suppose p € pen(v,S). Then, p & N.(v). If we swap the vertices p and v, every
vertex w € N(v) outside the SEDS will be protected since N(w)N (S —{v}) = ¢.
Moreover, the new set of dominating vertices forms a SEDS of H and hence,
ve.o(H) = ~5..(G). Furthermore, if p € pen(v, S), p € pen(u, S) and |pen(u, S)| >
1, then p can be only swapped with v. Suppose, on the contrary, p is swapped with
u. Then, at least one vertex z € N(u) is left unprotected, since z € pen(u, S).
Hence, (ii) is proved.

If p € Ne(u) but p € N.(v) then, p can be swapped with u and the swapping
will not affect the secure equitability of the graph, since every vertex z € N(u)
has a dominating neighbor vertex. In the other case, if p € N.(u) and p € N.(v),
then p can be swapped with either u or v. Hence, (i) is proved.

Conversely, assume that (i7i) holds. Then, the vertex p can be defended by
u € S and the safe swapping of p and wu is also possible. Consequently, the vertex
p does not belong to the SEDS of H. As a result, v5,.(H) = 75..(G).

Now, (i) implies that every vertex w € N.(v) where w ¢ S has a neighbor
in S other than the vertex v. Therefore, if we swap p and v also, the secure
equitability of the graph is not affected. Hence, the result.
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Finally, if u is a leaf and its support vertex has a degree greater than 3, then
u defends p since p is a member of N.(u) and (S\ {u}) U {p} is a dominating set
of G. The stem uv ¢ sdg,, (G) as a result. Hence, 7,.(H) = 75..(G). O

Lemma 2.5. Let H be a graph obtained from a graph G by subdividing an edge
ww € E(G) by adding a vertex p. If u,v € S, a SEDS of G then, 5, .(H) =
ve..(G) + 1 if and only if any of the following conditions holds:
(i) p & Ne(u) and p & Ne(v).
(i) p € pen(u, S) with |pen(u,S)| > 2 but p & N.(v).
(iii) p € Ne(u) and p € Ne(v) but for any z € N(u), z € S we have N(z)N(S—
{u}) = ¢ and for any w € N(v), w ¢ S we have N(w) N (S —{v}) = ¢.

Proof. Assume that p € N.(u) and p € N.(v). Then, the vertex p is an equitable
isolate. Hence, p is not defended by any vertex of G. Thus, p is added to the
set S so that the new set of dominating vertices is a SEDS of H. Therefore,
Ve (H) =7, (G) + 1.

Suppose (i7) is true. If p & N.(v), then p can not be defended by the vertex v.
Suppose p € pen(u,S) and |pen(u,S)| > 2. Then, whenever u is swapped with
p, a vertex w € pen(u, S) exists, w # p and w is not defended by any vertices of
G. Hence, the swapping of v with p is not possible. Consequently, p is added to
the SEDS of H.

Suppose (7i7) holds. If we swap p with u, then z will not be defended by any
dominating vertex of G, since N,(z)N(S—{u}) = ¢. Similarly, swapping p with v
is also impossible, since w will become undefended. Hence, p is a secure equitable
dominating vertex of H.

Conversely, assume that 75,.(H) = 75..(G) + 1. Then, uv € sdg, (G) and p is
an element in the SEDS of H. Thus, p is not defended by any vertex of the SEDS
of G. Therefore, (i), (i7) and (iii) are true, since in all these cases the vertices u
and v do not defend the vertex p added. O

Lemma 2.6. Let H be a graph obtained from a graph G by subdividing an edge
wv € E(G) by adding a vertex p. If u € S and v & S where S is a SEDS of G.
Then, v¢,.(H) = 75..(G) if and only if any of the following conditions holds:

(i) w is an equitably isolated leaf of G.

(ii) p € Ne(u) and for every z € N(u), z € S we have N(z) N (S — {u}) # ¢.

Proof. Suppose u € S is an equitably isolated leaf of G. Then, the vertex p is
defended by u, since p € N.(u). Hence, 75, .(H) = 75,.(G). Suppose (ii) holds.
If we replace the vertex p with the vertex wu, then any vertex z € N(u) remains
protected, since N(z) N (S — {u}) # ¢. Thus, we have v5,.(H) = 75,.(G). Con-
versely, suppose the conditions (i) and (i7) holds. The vertex p can be defended
by the vertex u, since p € N (u) and N(2) N (S — {u}) # ¢ for every z € N(u).
Hence, the proof of the converse part is obvious. 0

Lemma 2.7. Let H be a graph obtained from a graph G by subdividing an edge
wv € E(G) by adding a vertex p. If u € S and v & S where S is a SEDS of G.
Then, ~..(H) = 75..(G) + 1 if and only if any of the following conditions holds:

(i) p & Ne(u).
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(i) p € pen(u,S) and |pen(u,S)| > 2.
(iii) p € Ne(u) and there exists z € Ng(u) such that z ¢ S and N(z) N (S —
{u}) =¢.

Proof. Suppose p € N.(u). Then, u does not defend p. Also, v can not defend
p, since v € S. Then, we add the vertex p to the set S so that the new set of
dominating vertices is a SEDS of the graph H. Hence, 7¢,.(H) = 75,.(G) + 1.

Now, let p € pen(u, S) and |pen(u, S)| > 2. Since |pen(u, S)| > 2, at least one
vertex z € pen(u) and z # p exists. If we replace p with u, then the vertex z will
not be defended by any vertex of S. Hence, the vertex p belongs to the SEDS of
H and the result follows.

Suppose (i7i) holds. If we swap the vertex p with the vertex u, then the vertex
z will not be defended by any vertex of S since N(z) N (S — {u}) = ¢. Thus,
swapping the vertices u and p is impossible. Consequently, the vertex p is a secure
equitable dominating vertex of H. Hence the result is true. The converse part
can also be proved using similar arguments. Il

Lemma 2.8. Let H be a graph obtained from a graph G by subdividing an edge
ww € E(G) by adding a vertezx p. If u,v € S where S is a SEDS of G, then

Veee H) = 75ee(G) + 1.

Proof. The proof of Lemma 2.8 is obvious since u,v ¢ S, the vertex p is not
defended by any vertex of H. Then, p is added to the set S so that 7¢,.(H) =
Vseel G) + 1. O

Theorem 2.9. Let G be a simple connected graph and let H be a graph created
by splitting an edge (once) in G. Then, any one of the following will be true.

(1) e H) = 250G,

(i) Veee(H) = Y2ee(G) + 1.
Proof. Lemma 2.4, Lemma 2.5, Lemma 2.6, Lemma 2.7 and Lemma 2.8 lead to
the proof of Theorem 2.9. 0

Theorem 2.10. An edge uv € sdg, (G) if u and v are of degree at least 3.

Proof. Suppose if wv € E(G) is a stem where u is the leaf and v is the support
vertex, then the vertex added by the subdivision of uwv, say w, is secure equitably
defended by the vertex u, since |deg(u) — deg(w)| = 1 and if we replace u with
w, then also the equitable domination property persists.

Suppose uv € E(G) with deg(u) = 2 or deg(v) = 2. Then, p € N.(u) if
deg(u) = 2 or p € N.(v) if deg(v) = 2. Then, by Theorem 2.9, either uv €
sds,.(G) or uv & sdg, (G).

Now, assume that deg(u) > 3 and deg(v) > 3. Then, p € S if u,v ¢ S by
Lemma 2.8. If u,v € S or either u or v is an element of S, then p € S by
Lemma 2.5 and Lemma 2.7. Thus, uwv € sdg,, (G) if deg(u) > 3 and deg(v) > 3.
Thus,uv € sdg,, (G) if both deg(u) and deg(v) are at least 3. O

Theorem 2.10 immediately leads to the Corollary 2.11.

Corollary 2.11. The set sdg,, (G) does not contain a stem of a graph G with a
support vertex v and deg(v) > 2.
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Corollary 2.12. For any graph G on n vertices with at least one leaf and a
support vertex v of deg(v) > 3 we have |sdg,, (G)| < n.

Proof. The result is clear by Corollary 2.11 and Theorem 2.10, since any leaf of
the subdivided stem defends the newly added vertex. 0J

Definition 2.13. The class of graphs for which subdivision of any edge results in
the increment of secure equitable domination number are called secure equitable
subdivision critical graphs (se-subdivision critical graphs).

Example 2.14. The complete graphs are se-subdivision critical graphs. The
subdivision of any edge of a complete graph increases the se-domination number
by 1.

Example 2.15. Any wheel graph and wheel related graph classes like double
wheel and closed helm are se-subdivision critical graphs.

Theorem 2.16. If G is a se-subdivision critical graph, then §(G) > 2.

Proof. Suppose §(G) = 1. If we subdivide any stem of the graph, then the leaf
will defend the new vertex. Hence, the graph G can not be a se-subdivision
critical graph. Now, suppose §(G) = 2. Assume that we subdivide an edge
xy € E(G), and a new vertex p is added. Then, either p belongs to the equitable
neighborhood of the vertices x and y, or it belongs to the equitable neighborhood
of both. Consequently, p may or may not belong to the SEDS by Theorem 2.9.
The result is clear for n > 3, since the vertex p does not belong to the equitable
neighborhood of x or . O

Corollary 2.17. Any k-reglar or (k,k + 1)-bireqular graphs are se-subdivision
critical graphs where k > 3.

Proof. The proof is obvious by Theorem 2.16 O

Theorem 2.18. A graph G where every vertex is an equitable isolate is a se-
subdivision critical graph if and only if 6(G) > 3.

Proof. Suppose G is a graph in which every vertex is an equitable isolate and let
0(G) < 3. If G has a leaf, then G can not be a se-subdivision critical graph by
Corollary 2.11. Now, let v € V(G) and deg(v) = 2. Suppose we subdivide an edge
uv € E(G). Since they are equitable isolates, every vertex of the graph G belongs
to the SEDS of G. As a result, the vertex v can defend the newly added vertex
which subdivides the edge uv since it belongs to the equitable neighborhood of v.
Now, let 6(G) > 3. If we subdivide any edge uv € F(G), then neither u nor v can
defend the newly added vertex since it does not belong to N.(v) or N.(u). Hence,
the subdivision of any edge increases the se-domination number of the graph G
whenever 6(G) > 3. Thus, G is a se-subdivision critical graph if 6(G) > 3.

To the contrary, we assume that G is a se-subdivision critical graph with every
vertex as an equitable isolate. Then, 6(G) > 2 by Theorem 2.16. If v is a vertex
of degree 2, then deg(u) > 4 for every u € N(v). Consequently, if we divide
an edge uv € E(G), then the newly added vertex belongs to N.(v) and it is
defended by v. Thus, the ~¢,.(G) remains the same, which is a contradiction to
our assumption. Thus, §(G) > 3. O
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Construction of a se-subdivision critical graph in which every vertex
is an equitable isolate.

Let a,b € N. Then, there exists a se-subdivision critical graph G, (a, b) of order
a + ab + 3 vertices and size a 4+ 3ab where a > 3 and b > a + 1. The following
steps carry out the construction of the graph:
Stepl Take any a vertices say, vy, vg,...,0,. Every vertex v; is adjoined with a
common vertex v by adding an edge between each v;, 1 <7 < a and the vertex v.
Step2 Take a copies of K}, and every vertex of each copy of K, is adjoined to
each v; where 1 < i < a.
Step3 Add two more vertices to the graph and add edges between every vertex
of a copies of K}, to the newly added vertices.

FIGURE 2. Structure of a se-subdivision critical graph with every
vertex is an equitable isolate.

Thus, the resultant graph Gi(a,b) is a graph with radius = diameter = 3 and
have 4 levels of vertices. The first level consists of a single vertex v, the second
level consists of the vertices vy, vs,. . .,v,, the third level is constructed by taking ab
number of vertices and the fourth level has 2 vertices. Also, none of the vertices of
G1(a,b) can be defended by any other vertex of the graph as N.(v) = ¢ for every
v € V(G1(a,b)). Therefore, every vertex v € V(Gy(a,b)) is an equitable isolate
and the subdivision of any edge will result in the increment of secure equitable
domination number of G1(a, b). Hence, G;(a, b) is a se-subdivision critical graph.
Figure 2 shows the general construction of G1(a,b).

Construction of a se-subdivision critical graph Gz(n) of order 4n +1
with §(Ga(n)) > 2 and 15,.(Gz2(n)) = 2n+ 1 where n > 3.

The construction of a se-subdivision critical graph of order 4n+ 1 where n > 3
can be done as follows:
Stepl Take a flower graph Fl,, on 2n + 1 vertices obtained by attaching a vertex
to each vertex on the perimeter of W, by adding edges between those vertices
attached and the universal vertex of Wi ,. Let the vertices on the perimeter of
the wheel W3, be u;, us...u,, the vertices attached to each u; be vy, vs...v,
where 1 < i <n and ug be the universal vertex of Fl,,.
Step2 Take n copies of P, and attach each copy of P, to every vertex v; where
1 <17 < n by adding edges between every vertex of P, and the corresponding v;.
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Let S denote the SEDS of the constructed graph Gy(n). Then, uy € S as
|deg(ug) — deg(u)| > 1 for every u € V(Ga(n)) and upu € E(Gy(n)). Moreover,
no vertex on the copies of P, are defended by any other vertex of Gy(n). Thus,
one vertex from each copy of P, belongs to the set S. Further, each v; belongs to

the equitable neighborhood of the corresponding wu;. Therefore, n more vertices
must be in S as S is a SEDS of the graph Gy(n). Hence, 75,.(G2(n)) = 2n + 1.

FIGURE 3. Structure of a se-subdivision critical graph Ga(n) of
order 4n + 1 with §(Gz(n)) > 2 and 7¢..(G2(n)) = 2n + 1 where
n > 3.

Suppose we subdivide any edge e of the graph Go(n) and w is the vertex added
to V(J). If e € V(F1,), then w is not defended by any of the incident vertices of
the edge e. On the other hand, if e € {uv : v € V(Fl,),v € V(P,) ore € E(P,)},
then either w is not defended by the dominating vertex of the corresponding copy
of P, or the swapping of the vertex w with a dominating vertex in N.(w), the
remaining vertex of P, will become undefended. Hence, the subdivision of any
edge of the graph Ga(n) results in the increment of the se-domination number by 1
and Gs(n) is a se-domination critical graph. The construction of a se-subdivision
critical graph Ga(n) is illustrated in Figure 3.

Definition 2.19. The graphs in which the edge subdivision fails to increase the
secure equitable domination number are called se-subdivision stable graphs.

Example 2.20. A k-star graph is a se-subdivision stable graph. The node added
by subdividing each stem in a k-star is secure equitably defended by the corre-
sponding leaf.

Example 2.21. The tensor product G = (3 X Sy is a se-subdivision stable graph
where every vertex is an equitable isolate and 6(G) = 1.

Remark 2.22. By Example 2.20, it is clear that for any graph G = K;,_4,
Ve (G) = ~E..(H), where H is a graph obtained from G by subdividing every
edge uv € E(G).

Remark 2.23. A se-subdivision critical graph does not contain an equitably iso-
lated leaf.
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3. CONCLUSION

In this paper, we began the study of a new domination parameter called the
se-subdivision number of a graph. Further, we defined the se-domination critical
graphs and the se-domination stable graphs. In addition, we discussed the con-
struction of the se-subdivision critical graphs. We characterized the graphs with
sy, (G) = 1.

The revamping of a network is a common phenomenon due to the requirement
of security reinforcement and client extension or deletion. One such case is the
addition of new processors to the network. The introduction of a new processor
(or processors) may change the existing topology of the network. We consider a
network where the servers are selected based on the se-domination strategy. The
minimum number of processors that can be introduced between the interconnec-
tions in a network (one new processor be- tween a pair of processors) so that
the number of servers needed for the data transmission increase is given by the
se-subdivision number of the network.
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