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SINCLAIR’S THEOREM FOR SPECTRALLY BOUNDED
JORDAN HIGHER DERIVATIONS

AMIN HOSSEINI∗

Abstract. In this article, we prove Sinclair’s Theorem for spectrally bounded
Jordan higher derivations on Banach algebras. Furthermore, it is proved that
the image of a higher derivation , under certain conditions, is contained in the
Jacobson radical.

1. Introduction and preliminaries

Let A be any complex Banach algebra. A linear mapping δ : A → A is called a
derivation if it satisfies the Leibnitz rule δ(ab) = δ(a)b + aδ(b) for all a, b ∈ A.
A linear mapping D : A → A is called a Jordan derivation if D(a · b) = D(a) ·
b + a · D(b) holds for all pairs a, b ∈ A, where a · b denotes the Jordan product
ab+ba. Obviously, every derivation is a Jordan derivation. As a generalization of
a derivation, a linear mapping d : A → A is called a σ − derivation if it satisfies
the generalized Leibnitz rule d(ab) = d(a)σ(b) + σ(a)d(b) for all a, b ∈ A, where
σ : A → A is a linear mapping (see [6]). The author ([7], [8]) generalized a
σ-derivation as follows:
A linear mapping δ : A → A is called a generalized σ− derivation if there exists
a σ−derivation d : A → A such that δ(ab) = δ(a)σ(b)+σ(a)d(b) for all a, b ∈ A.
If we define a sequence {dn} of linear mappings on A by d0 = I and dn = δn

n!
,

where I is the identity mapping and δ is a derivation on A, then the Leibnitz
rule ensures us that dn’s satisfy the condition

dn(ab) =
n∑
k=0

dk(a)dn−k(b) (1.1)

for each a, b ∈ A and each non-negative integer n. This motivates us to consider
the sequences {dn} of linear mappings on an algebra A satisfying (1.1). Such
a sequence is called a higher derivation. ”Higher derivations were introduced
by Hasse and Schmidt [9], and algebraists sometimes call them Hasse-Schmidt
derivations”. Though, if δ : A → A is a derivation, then dn = δn

n!
is a higher

derivation; this is not the only example of a higher derivation. This kind of
higher derivation is called an ordinary higher derivation. A sequence {dn} of
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linear mappings onA is called a Jordan higher derivation if dn(a·b) =
∑n

k=0 dk(a)·
dn−k(b) (a, b ∈ A) such that a · b = ab+ ba. As an interesting result, Shafeng Xu
and Zhankui Xiao [[17], Corollary 4.4] proved that every Jordan higher derivation
on a 2-torsion free semiprime ring is a higher derivation.

”Note that higher derivations, as natural generalizations of derivations, are
closely related to derivations”. Mirzavaziri [10] characterized all higher deriva-
tions on an algebra A in terms of the derivations on A. Indeed, he proved that
each higher derivation is a combination of compositions of derivations. Further-
more, he studied the innerness of higher derivations [11].
Let us introduce a background of our investigation. In 1955 Singer and Wer-
mer obtained a fundamental result which started investigation into the ranges of
derivations on Banach algebras. The result states that every bounded derivation
on a commutative Banach algebra maps into the Jacobson radical. In the same
paper they conjectured that the assumption of boundedness is not necessary. In
1988 Thomas [15] proved this conjecture. Kil-Woung Jun and Young-whan Lee
[16] proved that the image of a continuous strong higher derivation is contained
in the Jacobson radical. Bres̆ar and Mathieu [2] proved that every spectrally
bounded derivation on a unital Banach algebra maps into the Jacobson radi-
cal. We recall that a linear mapping T : A → B is called spectrally bounded
if there is a constant M ≥ 0 such that r(T (a)) ≤ Mr(a) for all a ∈ A, where

r(a) = limn→∞ ‖an‖
1
n denotes the spectral radius of a and B is also a complex

Banach algebra. Moreover, Mathieu [13] proved the following result:
Let d be a derivation on a Banach algebra A. Then the following three conditions
are equivalent:
(i) [a, d(a)] ∈ rad(A) for all a ∈ A;
(ii) d is spectrally bounded;
(iii) d(A) ⊆ rad(A),
where [a, b] = ab− ba and rad(A) denotes the Jacobson radical of A.
”Note that there exist unbounded spectrally bounded derivations, but that the
separating space of each such derivation is contained in the radical. Moreover,
non-zero inner derivations on semi-simple Banach algebras provide examples of
bounded spectrally unbounded derivations.”

In 1969 Sinclair [14] proved that If D : A → A is a continuous derivation and
P is any primitive ideal of A, then D(P) ⊆ P .
It is the main purpose of the present paper to extend Sinclair’s Theorem for
spectrally bounded Jordan higher derivations on Banach algebras. Furthermore,
it is proved that the image of a strong higher derivation on a commutative Banach
algebra is contained in the Jacobson radical.

2. Main results

Throughout this paper, A denotes a complex Banach algebra. A linear mapping
δ : A → A is called a derivation if δ(ab) = δ(a)b + aδ(b) holds for all pairs
a, b ∈ A. A sequence {dn} of linear mappings on A is called a higher derivation
if dn(ab) =

∑n
k=0 dk(a)dn−k(b) for each a, b ∈ A and each non-negative integer n.
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If d0 = I, the identity mapping on A, then the higher derivation {dn} is called
strong. It is clear that d1 is an ordinary derivation.

Definition 2.1. A (strong) higher derivation {dn} is called spectrally bounded
(spectrally infinitesimal) if there is a sequence {Mn} of non-negative numbers
such that r(dn(a)) ≤ Mnr(a) (r(dn(a)) = 0) for all a ∈ A, n ∈ N

⋃
{0}. The

sequence {Mn} is called the corresponding numerical sequence of {dn}.
A (strong) higher derivation {dn} is called uniformly spectrally bounded if there

is a constant M ≥ 0 such that r(dn(a)) ≤Mr(a) for all a ∈ A. A linear mapping
T : A → B is called spectral isometry if r(T (a)) = r(a) for each a ∈ A, where
B is also a complex Banach algebra. Observe that the canonical epimorphism
ψ : A → A

rad(A) is a spectral isometry.

The next lemma has been proved in [[18], Lemma 2.5]

Lemma 2.2. Every spectrally bounded Jordan derivation on a Banach algebra A
leaves each primitive ideal of A invariant.

Theorem 2.3. [Higher Sinclair’s Theorem] Every spectrally bounded Jordan strong
higher derivation {dn} on a Banach algebra A, leaves each primitive ideal of A
invariant.

Proof. Let {dn} be a spectrally bounded Jordan strong higher derivation associ-
ated with the corresponding numerical sequence {Mn} and let P be a primitive
ideal of A. It follows from part (ii) of Proposition 24-12 of [1] that, A has an
irreducible representation π : A → L(X ) on a Banach space X with kernel P ,
where L(X ) is the algebra of all linear mappings on X . It follows from Lemma
2.2 that, d1(P) ⊆ P . Now, we are going to show that d2(P) ⊆ P . According to
the proof of Lemma 1 of [16], we have

dnk(an) =
∑

∑n
j=1 ai,j=k, i=1,2,...,n

dan,1(dan−1,1(...(da2,1(da1,1(a)))...))

.dan,2(dan−1,2(...(da2,2(da1,2(a)))...))

...dan,n(dan−1,n(...(da2,n(da1,n(a)))...))

where ai,j ≥ 0. For n > 2 and 0 ≤ ai,j(i, j = 1, 2, ..., n), let

a1,1 + a1,2 + ...+ a1,n = 2,

a2,1 + a2,2 + ...+ a2,n = 2,

.

.

.

an,1 + an,2 + ...+ an,n = 2.

If ai,j = 1 for some i, j = 1, 2, ..., n, then for all n > 2

z = dan,1(dan−1,1(...(da2,1(da1,1(a)))...))

.dan,2(dan−1,2(...(da2,2(da1,2(a)))...))

...dan,n(dan−1,n(...(da2,n(da1,n(a)))...))
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is an element of P . If ai,j 6= 0 for all i, j = 1, 2, ..., n, then for all n > 2
z = (d2(a))n. Thus we have dn2 (an) − n!(d2(a))n ∈ P for all a ∈ P and n ∈ N.
Then

r(d2(a) + P) = (r((d2(a))n + P))
1
n

= (n!)
−1
n (r(dn2 (an) + P))

1
n

≤ (n!)
−1
n (r(dn2 (an)))

1
n

≤ (n!)
−1
n M2r(a), (a ∈ P , n ∈ N)

whence d2(a) +P ∈ Q(AP ) for each a ∈ P . Let a ∈ P and assume that d2(a) /∈ P .
Note that the normed division algebra D = {T ∈ L(X ) : bT (x) = T (bx), b ∈
A, x ∈ X} is CI (see p.128 of [1]). If π(d2(a)) ∈ CI, then bπ(d2(a))(x) =
π(d2(a))(bx), and hence bd2(a)x = d2(a)bx for all b ∈ A, x ∈ X . This means that
bd2(a)−d2(a)b ∈ P for all b ∈ A. So r((b+P)(d2(a)+P)) ≤ r(b+P)r(d2(a)+P) =
0 (b ∈ A). By the quasinilpotency of d2(a) + P , we can find that d2(a) + P ∈
rad(AP ) = {0}. Thus it is obtained that d2(a) ∈ P . This contradiction will show
that π(d2(a)) /∈ CI. Then {I, π(d2(a))} is linearly independent. It follows from
Lemma 2.2 of [2] that there is x0 ∈ X such that {x0, π(d2(a))(x0)} = {x0, d2(a)x0}
is linearly independent. Thus, by the Jacobson density theorem, we choose an
element c0 in A such that c0x0 = x0 and c0d2(a)x0 = x0 − d2(a)x0. Then

x0 = c0d2(a)x0 + d2(a)x0

= c0d2(a)x0 + d2(a)c0x0

= (c0d2(a) + d2(a)c0)x0.

It means that (d2(a).c0)x0 = x0, where a.b is introduced in introduction. We
claim that d2(a).c0 +P is not quasinilpotent. Arguing by contradiction, suppose
that d2(a).c0 + P is quasinilpotent. We know that bd2(a) − d2(a)b ∈ P (b ∈ A,
a ∈ P) and it means that d2(a).c0 + P = d2(a)c0 + c0d2(a) + P = 2c0d2(a) + P .

Clearly, Ad2(a)P is a left ideal of AP for a ∈ P . Furthermore, we have r(bd2(a)+P) =

r((b + P)(d2(a) + P)) ≤ r(b + P)r(d2(a) + P) = 0, so Ad2(a)P ∈ Q(AP ). Using the

Proposition 2.2.3 of [4], we conclude that Ad2(a)P ⊆ rad(AP ) = {0}, i.e. bd2(a) ∈ P
for all b ∈ A. Thus d2(a).c0 + P = 2c0d2(a) + P = P and it results that
d2(a).c0 ∈ P = ker(π). Therefore π(d2(a).c0)(x) = 0 for all x ∈ X . Putting
x = x0, it is obtained that 0 = π(d2(a).c0)(x0) = (d2(a).c0)x0 = x0 and it is
a contradiction. Consequently, d2(a) · c0 + P is not quasinilpotent. However
d2(a) · b + P is quasinilpotent since, d2(a) · b + P = d2(a · b) − a · d2(b) − d1(a) ·
d1(b) + P ∈ d2(P) + P ⊆ Q(AP ) for all a ∈ P , b ∈ A. This contradiction implies
that d2(a) ∈ P and since a is an arbitrary element of P , d2(P) ⊆ P . Of course,
the arguments in the above proof can be used for proving dn(P) ⊆ P for all
n ≥ 3. �

Next, we will prove that the image of a strong higher derivation on a Banach
algebra, under certain conditions, is contained in the Jacobson radical.
The following result is proved by Mathieu [13].
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Theorem 2.4. Let d be a derivation on a Banach algebra A. Then the following
three conditions are equivalent:
(i) [a, d(a)] ∈ rad(A) for all a ∈ A;
(ii) d is spectrally bounded;
(iii) d(A) ⊆ rad(A),
where [a, b] = ab− ba and rad(A) denotes the Jacobson radical of A.

Theorem 2.5. [Thomas’s Theorem, Theorem 5.2.48 of [3]] Let D be a derivation
on a commutative Banach algebra A. Then D(A) ⊆ rad(A).

Theorem 2.6. [ [10], Theorem 2.3] Let {dn} be a higher derivation on an algebra
A with d0 = I. Then there is a sequence {δn} of derivations on A such that

dn =
n∑
i=1

( ∑
∑i

j=1 rj=n

( i∏
j=1

1

rj + ...+ ri

)
δr1 ...δri

)
.

where the inner summation is taken over all positive integers rj with
∑i

j=1 rj = n.

Theorem 2.7. Let {dn} be a strong higher derivation on a commutative Banach
algebra A. Then dn(A) ⊆ rad(A) for all n ∈ N.

Proof. This is an immediate conclusion from 2.5 and 2.6. �

Theorem 2.8. Suppose that {dn} is a spectrally bounded strong higher derivation
with the corresponding sequence {δn} of derivations on A, which introduced in
Theorem 2.6. If δn(a)a = aδn(a) for all a ∈ A, n ∈ N, then dn(A) ⊆ rad(A) for
all n ∈ N.

Proof. It follows from Theorem 2.3 and Theorem 2.6, that δn(P) ⊆ P for all
n ∈ N, where P is an arbitrary primitive ideal of A. Then every derivation

δn : A → A ”drops” to a derivation δ̂n : AP →
A
P by δ̂n(a + P) = δn(a) + P

(a ∈ A). By 5.2.28 (iii) of [3], δ̂n is continuous, and so δ̂n(a + P ) ∈ Q(AP ).
By 1.5.29 (vii) of [3], δn(a) ∈ Q(A). Hence δn’s are spectrally infinitesimal and
so they are spectrally bounded for all n ∈ N. It follows from Theorem 2.4
that δn(A) ⊆ rad(A) for all n ∈ N and finally, Theorem 2.6 yields the desired
result. �

Theorem 2.9. Let {dn} be a spectrally bounded strong higher derivation and let
P be a primitive ideal of A such that AP is commutative. Then dn(A) ⊆ P for all
n ∈ N.

Proof. By Theorem 2.3, dn(P) ⊆ P for all n ∈ N, so such a higher derivation
{dn} induces a higher derivation {Dn} on a semi-simple Banach algebra A

P by

Dn(a+ P) = dn(a) + P (n ∈ N). By hypothesis, AP is commutative, so Theorem

2.7 implies that Dn(AP ) ⊆ rad(AP ) = {0}, and dn(A) ⊆ P (n ∈ N) follows. �

It is well-known that Z(A), the center of A, is a closed subalgebra of A. We

define Zn+1(A)
Zn(A) = Z( A

Zn(A)) for each positive integer n. It is clear that Z0(A) = {0}
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if and only if Z1(A) = Z(A). If n = 2, for example, we have

Z2(A)

Z(A)
= Z(

A
Z(A)

)

= {a+ Z(A) | ab− ba ∈ Z(A) ∀ b ∈ A}
= {a+ Z(A) | (ab− ba)c = c(ab− ba) ∀ b, c ∈ A}
= {a+ Z(A) | [[a, b], c] = 0 ∀ b, c ∈ A}.

Hence, Z2(A) = {a ∈ A | [[a, b], c] = 0 ∀ b, c ∈ A}. Moreover, if n = 3 then we
can find Z3(A) = {a ∈ A | [[[a, b], c], d] = 0 ∀ b, c, d ∈ A}. Thus, by induction on
n, we can conclude that

Zn(A) = {a ∈ A | [[[...[︸︷︷︸
n−times

a, a1], a2], a3], ..., an] = 0 ∀ a1, a2, a3, ..., an ∈ A}.

Clearly, {0} = Z0(A) ⊆ Z1(A) ⊆ Z2(A) ⊆ ... ⊆ Zn(A) ⊆ ... ⊆ A, and Z2(A) = A
if and only if Z( A

Z(A)) = A
Z(A) . It means that A

Z(A) is commutative if and only if

Z2(A) = A.

Theorem 2.10. Let {dn} be a strong higher derivation on a noncommutative
Banach algebra A. If Z2(A) = A, then dn(A) ⊆ rad(A) for all n ∈ N.

Proof. First of all, we define another product on A by the following form: a • b =
ab+ba

2
(a, b ∈ A). Obviously, a•b = b•a, i.e. (A, •) is commutative. Furthermore,

a • (b + c) = a • b + a • c and (a + b) • c = a • c + b • c for all a, b, c ∈ A. Since
Z2(A) = A, we have

a • (b • c) = a • (
bc+ cb

2
)

=
abc+ acb+ bca+ cba

4

=
abc+ cba+ bac+ cab

4
= (a • b) • c

for all a, b, c ∈ A and it means that (A, •) is an associative algebra. Let a and b be
two arbitrary elements of A. Then ‖a • b‖ = ‖ab+ba

2
‖ ≤ ‖a‖‖b‖ and consequently,

(A, •) is a commutative Banach algebra by the original norm on A. We denote

this algebra by Ã. Let δ : A → A be a derivation. Then

δ(a • b) = δ(
ab+ ba

2
)

=
δ(a)b+ aδ(b) + δ(b)a+ bδ(a)

2

=
δ(a)b+ bδ(a)

2
+
aδ(b) + δ(b)a

2
= δ(a) • b+ a • δ(b).

In conclusion, δ : Ã → Ã is also a derivation. It follows from Theorem 2.5 that

δ(Ã) ⊆ rad(Ã) = Q(Ã) = Q(A), i.e. δ(A) ⊆ Q(A). Hence δ is spectrally
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bounded (indeed it is spectrally infinitesimal) and by using Theorem 2.4, we
arrive at δ(A) ⊆ rad(A). Finally, the proof is completed by Theorem 2.6.

�
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