
Gulf Journal of Mathematics ISSN: 2309-4966

Vol 17, Issue 1 (2024) 142-166 https://doi.org/10.56947/gjom.v17i1.2076
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Abstract. A loop (Q, ·) is called a Basarab loop if the identities: (x · yxρ) ·
(xz) = x · yz and (yx) · (xλz · x) = yz · x hold. The holomorphy of a Basarab
loop Q was investigated with respect to a group A(Q) of automorphisms of
the loop. Some necessary and sufficient conditions for an A(Q)-holomorph of
a loop Q to be a left (right) Basarab loop or Basarab loop were established.
Specifically, the A(Q)-holomorph of a loop Q was shown to be a left (right)
Basarab loop if and only if Q is a left (right) Basarab loop and every element
of A(Q) is left (right) regular. The A(Q)-holomorph of a loop Q was shown to
be a Basarab loop if and only if Q is a Basarab loop, every element of A(Q) is
both left and right nuclear and the A(Q)-generalized inner mappings of Q take
some particular forms. These results were expressed in form of commutative
diagrams. In any left (right) Basarab loop or Basarab loop Q, it was shown
that the set of α ∈ A(Q) with four autotopic characterizations actually form
normal subgroups of A(Q).

1. Introduction and preliminaries

1.1. Quasigroups and Loops. Let G be a non-empty set. Define a binary
operation (·) on G. If x · y ∈ G for all x, y ∈ G, then the pair (G, ·) is called a
groupoid or Magma.

If each of the equations:

a · x = b and y · a = b

has unique solutions in G for x and y respectively, then (G, ·) is called a quasi-
group.

If there exists a unique element e ∈ G called the identity element such that
for all x ∈ G, x · e = e · x = x, (G, ·) is called a loop. We write xy instead of
x · y, and stipulate that · has lower priority than juxtaposition among factors to
be multiplied. For instance, x · yz stands for x(yz).

It can now be seen that a groupoid (G, ·) is a quasigroup if its left and right
translation mappings are bijections or permutations. In a loop (G, ·) with identity
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element e, the left inverse element of x ∈ G is the element xJλ = xλ ∈ G such
that

xλ · x = e

while the right inverse element of x ∈ G is the element xJρ = xρ ∈ G such that

x · xρ = e.

If xλ = xρ for any x ∈ G, then we simply write xλ = xρ = x−1 or Jλ = Jρ = J .
Let x be a fixed element in a groupoid (G, ·). The left and right translation maps
of G, Lx and Rx respectively can be defined by

yLx = x · y and yRx = y · x.

It can now be seen that a groupoid (G, ·) is a quasigroup if its left and right
translation mappings are bijections or permutations. Since the left and right
translation mappings of a quasigroup are bijective, then the inverse mappings
L−1
x and R−1

x exist. Let

x\y = yL−1
x = xMy and x/y = xR−1

y = yM−1
x

and note that

x\y = z ⇔ x · z = y and x/y = z ⇔ z · y = x.

A loop (G, ·) is said to have: (i) the left inverse property (LIP) if for all x, y ∈
G, xλ · xy = y; (ii) the right inverse property (RIP) if x, y ∈ G, yx · xρ = y; and
(iii) the inverse property (IP) if it has both left and right inverse properties.

Let a, b and c be three elements of a loop G. The loop associator of a, b and c
is the unique element (a, b, c) of G which satisfies (ab)c = {a(bc)}(a, b, c).

The right nucleus of G is defined by Nρ(G, ·) = {a ∈ G | xy · a = x ·
ya ∀ x, y ∈ G}. The left nucleus of G is defined by Nλ(G, ·) = {a ∈ G :
ax · y = a · xy ∀ x, y ∈ G}. The middle nucleus of G is defined by Nµ(G, ·) =
{a ∈ G : ya · x = y · ax ∀ x, y ∈ G}. The nucleus of G is defined by
N(G, ·) = Nλ(G, ·) ∩ Nρ(G, ·) ∩ Nµ(G, ·). The centrum of G is defined by
C(G, ·) = {a ∈ G : ax = xa ∀ x ∈ G}. The center of G is defined by
Z(G, ·) = N(G, ·) ∩ C(G, ·). Nρ(G, ·), Nλ(G, ·), Nµ(G, ·), N(G, ·), Z(G, ·) are sub-
groups of (G, ·).
. The group of all permutations on G is called the permutation group of G and

denoted by SYM(G). The group M(G, ·) =
〈
{Rx, Lx, : x ∈ G}

〉
is called the

multiplication group of (G, ·) and M(G, ·) ≤ SYM(G).
If eα = e in a loop G such that α ∈ M(G), then α is called an inner mapping

and they form a group Inn(G) called the inner mapping group. The right, left
and middle inner mappings

R(x,y) = RxRyR
−1
xy , L(x,y) = LxLyL

−1
yx and Tx = RxL

−1
x

respectively generate the left inner mapping group Innλ(G), right inner mapping
group Innρ(G) and the middle inner mapping group Innµ(G). If

Innλ(G) ≤ AUM(G), Innρ(G) ≤ AUM(G), and Innµ(G) ≤ AUM(G),
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then G is called a left A-loop(Aλ-loop), right A-loop(Aρ-loop) and middle A-
loop(Aµ-loop) respectively. If Inn(G, ·) ≤ AUM(G, ·), then (G, ·) is called an
automorphic loop (A-loop)

For an overview of the theory of loops, readers may check [13, 15, 17, 20, 24,
33, 36, 37, 38].

The triple (A,B,C) of bijections of a loop (G, ·) is called an autotopism if

xA · yB = (x · y)C ∀ x, y ∈ G. (1)

Such triples form a group AUT (G, ·) called the autotopism group of (G, ·). Fur-
thermore, if A = B = C, then A is called an automorphism of (G, ·). Such
bijections form a group AUM(G, ·) called the automorphism group of (G, ·).

Let G and H be groups such that φ : G→ H is an isomorphism. If φ(g) = h,

then this would be expressed as g
φ
≊ h.

Given any two sets X and Y . The statement ‘f : X → Y is defined as
f(x) = y, x ∈ X, y ∈ Y ’will at times be expressed as ’f : X → Y ↑ f(x) = y’.

Definition 1.1. Let (G, ·) be a quasigroup. Then

(1) a bijection U is called autotopic if there exists (U, V,W ) ∈ AUT (G, ·); the
set of all such mappings forms a group Σ(G, ·).

(2) a bijection U is called ρ-regular if there exists (I, U, U) ∈ AUT (G, ·); the
set of all such mappings forms a group P(G, ·).

(3) a bijection U is called λ-regular if there exists (U, I, U) ∈ AUT (G, ·); the
set of all such mappings forms a group Λ(G, ·) ≤ Σ(G, ·).

(4) a bijection U is called µ-regular if there exists a bijection U ′ such that
(U,U ′−1, I) ∈ AUT (G, ·). U ′ is called the adjoint of U . The set of all µ-
regular mappings forms a group Φ(G, ·) ≤ Σ(G, ·). The set of all adjoint
mapping forms a group Ψ(G, ·).

Theorem 1.1. (Isere et al. [23])
Let (G, ·) be a loop. Let

ω : P(G, ·) → Nρ(G, ·) ↑ ω(U) = eU, ϑ : Λ(G, ·) → Nλ(G, ·) ↑ ϑ(U) = eU,

φ : Φ(G, ·) → Ψ(G, ·) ↑ φ(U) = U ′, σ : Φ(G, ·) → Nµ(G, ·) ↑ σ(U) = eU and

β : Ψ(G, ·) → Nµ(G, ·) ↑ β(U ′) = eU ′

Then P(G, ·)
ω∼= Nρ(G, ·), Λ(G, ·)

ϑ∼= Nλ(G, ·), Φ(G, ·)
φ∼= Ψ(G, ·),

Φ(G, ·)
σ∼= Nµ(G, ·), Ψ(G, ·)

β∼= Nµ(G, ·).

1.2. Holomorphy of Quasigroups and Loops.

Definition 1.2. Let (Q, ·) be a loop and H(Q, ·) = A(Q)×Q such that A(Q) ≤
AUM(Q, ·). Define (U, a) ◦ (V, b) = (UV, aV · b) for all (U, a), (V, b) ∈ H.
Then the loop H(Q, ·) = (H, ◦) is called A(Q)-holomorph of (Q, ·) or simply the
holomorph of (Q, ·).

For holomorphy theory of loops, readers may check [16, 5].
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. Let α ∈ AUM(Q, ·). If xλ · xα ∈ N(Q, ·), then α is said to be left nuclear.
If xα−1 · xρ ∈ N(Q, ·), then α is said to be right nuclear. For any x ∈ Q and
α ∈ AUM(Q, ·), the generalized middle inner mapping

T(·,·) : Q× AUM(Q, ·) → M(Q) is defined as T(x,α) = RxL
−1
xα .

Automorphism group of some types of rings and abelian group were of interest
in Abdelwanis and Boua [2] and Abdelalim et al.[1] respectively.

Interestingly, Adeniran [3] and Robinson [34], Chiboka and Solarin [16], Bruck
[12], Bruck and Paige [14], Robinson [35], Huthnance [21] and Adeniran [3] have
respectively studied the holomorphs of Bol loops, conjugacy closed loops, inverse
property loops, A-loops, extra loops, weak inverse property loops and Bruck
loops. A set of results on the holomorph of some varieties of loops can be found
in Jaiyéo. lá [26, 27, 24]. Studies on the holomorph of generalized Bol loops can
be found in Adeniran et al. [4] and Jaiyéo. lá and Popoola [25]. Isere et al. [23]
studied the holomorphy of Osborn loops and Jaiyéo. lá et al. [28] studied the
holomorphy of middle Bol loops. Ogunrinade et al. [31] studied the holomorphy
of self distributive quasigroup while Ilojide et al. [22] studied the holomorphy
of Fenyves BCI-algebras. Recently, Oyebo et al. [32] studied the holomorphy of
(r, s, t)-inverse loops and their application to cryptography.
. In this paper, our objective is to explore the holomorphic structure of a left
(right) Basarab loop and Basarab loop. Before this, we shall take some definitions,
literature review on Basarab loops and state some existing results.

1.3. Basarab Loop.

Definition 1.3. A loop (Q, ·) is called a Basarab loop (or K-loop), if the identi-
ties:

(x · yxρ) · xz = x · yz, yx · (xλz · x) = yz · x (2)

hold for all x, y, z ∈ Q.

A loop (Q, ·) is called an automorphic inverse property Basarab loop (or IK-
loop) means (Q, ·) is a Basarab loop and the mapping J of (Q, ·) is an automor-
phism of the loop (Q, ·).

Example 1.1. (Basarab [9])
Let F be a field, F ′ be the set of non-zero elements of F . Define on the set

Q = F ′ ×F the operation (·) as follows:
(a, x) · (b, y) =

(
a · b, (a−1 − 1) · (b−1 − 1) + b−1x+ y

)
.

Then (Q, ·) is a Basarab loop.

. Some early results on the class of loop called Basarab loop are seen in two
prominent papers of Basarab [6, 7]. Basarab [9] used the result published by
Belousov [10] to construct an example of a Basarab loop whose nucleus is an
abelian group. In Basarab [8, 9], the author studied the relationship between
a generalized Moufang loop, Osborn loop, VD-loop, and a Basarab loop, and a
special type of a Basarab loop, known as IK-loop respectively. In this current
study, an IK-loop is an automorphic inverse property Basarab loop.

Here are some existing results on Basarab loop.
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Theorem 1.2. (Basarab [9]) Let (Q, ·) be a Basarab loop.

(1) N(Q, ·) contains the associator of any three elements of Q.
(2) The quotient loop Q/Z(Q, ·) is a group.
(3) If (Q, ·) is generated by one element, then it is solvable.
(4) If (Q, ·) has the automorphic inverse property, then it is nilpotent.

Theorem 1.3. (Basarab [7]) Let (Q, ·) be a Basarab loop.

(1) N(Q, ·) is a nontrivial normal subloop.
(2) The quotient loop Q/N(Q, ·) is an abelian group.
(3) If N(Q, ·) has an odd order, then (Q, ·) is solvable.

Theorem 1.4. (Basarab [8])

(1) Any Basarab loop (any V D-loop) is a G-loop.
(2) Any Basarab loop (V D-loop) is an Osborn loop.
(3) A Basarab loop (Q, ·) is a V D-loop if x2 ∈ N(Q, ·) for any x ∈ Q.
(4) A V D-loop (Q, ·) is a Basarab loop if x2 ∈ N(Q, ·) for any x ∈ Q.

Here is a short review of most recent works on Basarab loops. Jaiyéo. lá and Ef-
fiong [29] investigated Basarab loop and its variance with inverse properties. It
was shown that a Basarab loop (Q, ·) has the cross inverse property if and only
if (Q, ·) is an abelian group or all left (right) translations of (Q, ·) are right (left)
regular. In a Basarab loop, the following properties were found to be equivalent:
flexibility property, right inverse property, left inverse property, inverse property,
right alternative property, left alternative property and alternative property. A
Basarab loop was shown to be a weak inverse property loop if it is flexible such
that the middle inner mapping is contained in a permutation group. Effiong and
Jaiyéo. lá [18] characterized some subloops of a Basarab loop. Also, Jaiyéo. lá and
Effiong [30] studied total multiplication group of Basarab loop while Effiong et al.
[19] studied the connections between Basarab loop and Buchsteiner loop through
the examination of the relationship between Basarab loops and some other impor-
tant classes of loops like: Osborn loop, conjugacy closed loop (CC-loop), Wilson
loop, Moufang loop and extra loop. The authors established that Basarab loop is
a class of loops which answers a cogent question raised by Goodaire and Robin-
son in 1990: ‘Are there other equationally defined (and naturally characterized)
classes of G-loops (like the classes; Wilson loops and extra loops) which are con-
tained in the class of all conjugacy closed loops?’.

2. Main results

In this section, the holomorphy of a Basarab loop Q is investigated with respect
to a group A(Q) of automorphisms of the loop. Some necessary and sufficient
conditions for an A(Q)-holomorph of a loop Q to be a left (right) Basarab loop
or Basarab loop are established. The A(Q)-holomorph of a loop Q is shown to be
a Basarab loop if and only if Q is a Basarab loop, every element of A(Q) is both
left and right nuclear and the A(Q)-generalized inner mappings of Q take some
particular forms. These results are expressed in form of commutative diagrams.
In any left (right) Basarab loop or Basarab loop Q, it is shown that the set of
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α ∈ A(Q) with four autotopic characterizations actually form normal subgroups
of A(Q).

2.1. Holomorphy of left Basarab loop.

Theorem 2.1. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦) is
a left Basarab loop if and only if

(xα · yxρ) · xz = xα · yz
for all x, y, z ∈ Q and for all α ∈ A(Q).

Proof. Let (Q, ·) be a loop and A(Q) ≤ AUM(Q, ·). Let H = A(Q) × Q such
that (α, x) ◦ (β, y) = (αβ, xβ · y) for all (α, x), (β, y) ∈ H. Clearly,

(α, x)ρ = (α−1, xρα−1) = (α−1, (xα−1)ρ). Therefore,

{(α, x) ◦ ((β, y) ◦ (α, x)ρ} ◦ ((α, x) ◦ (γ, z)) = (α, x) ◦ ((β, y) ◦ (γ, z))
⇔ {(α, x) ◦ ((β, y) ◦ (α−1, xρα−1)} ◦ ((α, x) ◦ (γ, z)) = (α, x) ◦ ((β, y) ◦ (γ, z))

⇔ {(α, x) ◦ (βα−1, yα−1 · xρα−1)} ◦ (αγ, xγ · z) = (α, x) ◦ (βγ, yγ · z)
⇔

(
α(βα−1), xβα−1 · (yα−1 · xρα−1)

)
◦ (αγ, xγ · z) = (α(βγ), xβγ · (yγ · z))

⇔
(
(α(βα−1))αγ,

(
xβα−1 · (yα−1 · xρα−1)

)
αγ · (xα · z)

)
= (αβγ, xβγ · (yγ · z))

⇔
(
αβγ, (xβα−1 · (yα−1 · xρα−1))αγ · (xα · z)

)
= (αβγ, xβγ · (yγ · z))

⇔
(
(xβα−1 · (yα−1 · xρα−1))αγ

)
· (xα · z) = xβγ · (yγ · z)

⇔
(
(xβα−1αγ) · (yα−1 · xρα−1)αγ

)
· (xγ · z) = xβγ · (yγ · z)

⇔
(
(xβα−1) · (yα−1 · xρα−1)αγ

)
· (xα) · z) = xβγ · (yγ · z)

⇔
(
(xβγ) · (yα−1αγ · xρα−1αγ)

)
· (xγ · z) = xβγ · (yγ · z)

⇔ ((xβγ) · (yγ · xργ)) · (xγ · z) = xβγ · (yγ · z)
⇔ ((xβγ) · (yγ · xργ)) γ−1 · (xγ · z)γ−1 = (xβγ · (yγ · z))γ−1 ⇔

(xβ · (y · xρ)) · (x · zγ−1) = xβ · (y · zγ−1) (3)

Setting z̄ = zγ−1 in (3) gives

(xβ · (y · xρ)) · (x · z̄) = xβ · (y · z̄) (4)

In (4), setting z̄ = z and β = α gives

(xα · yxρ) · xz = xα · yz
for all x, y, z ∈ Q, and α ∈ A(Q). □

Corollary 2.1. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a left Basarab loop if and only if (RxρLxα, Lx, Lxα) ∈ AUT (Q, ·) for all x ∈ Q
and for all α ∈ A(Q).

Proof. This follows from Theorem 2.1. □

Lemma 2.1. Let (Q, ·) be a left Basarab loop with A(Q)-holomorph (H, ◦). Then,
(H, ◦) is a left Basarab loop if and only if any of the following is true:

(1) (xα · (x\y)) · z = xα · (x\(yz)) for all x, y, z ∈ Q and for all α ∈ A(Q).
(2) (L−1

x Lxα, I, L
−1
x Lxα) ∈ AUT (Q, ·) for all x ∈ Q and for all α ∈ A(Q).

(3) L−1
x Lxα is λ-regular for all x ∈ Q and for all α ∈ A(Q).
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(4) L−1
x Lxα ∈ Λ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).

Proof. Let (Q, ·) be a left Basarab loop. Then the autotopism T = (RxρLx, Lx, Lx)
holds. (H, ◦) is a left Basarab loop if and only if S = (RxρLxα, Lx, Lxα) ∈
AUT (Q, ·) by Corollary 2.1

T = (RxρLx, Lx, Lx) ∈ AUT (Q, ·) ⇒ T−1 = (L−1
x R−1

xρ , L
−1
x , L−1

x ) ∈ AUT (Q, ·).
(H, ◦) is a left Basarab loop if and only if

T−1S = (L−1
x R−1

xρ , L
−1
x , L−1

x )(RxρLxα, Lx, Lxα)

= (L−1
x R−1

xρ RxρLxα, L
−1
x Lx, L

−1
x Lxα) = (L−1

x Lxα, I, L
−1
x Lxα) ∈ AUT (Q, ·).

Also, for all x, y, z ∈ Q and for all α ∈ A(Q),

(L−1
x Lxα, I, L

−1
x Lxα) ∈ AUT (Q, ·) ⇔ yL−1

x Lxα · z = (yz)L−1
x Lxα

⇔ (xα · (x\y)) · z = xα · (x\(yz)).
The rest follows by Definition 1.1(3). □

Corollary 2.2. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a left Basarab loop if and only if (Q, ·) is a left Basarab loop and any of the
following equivalent conditions holds:

(1) L−1
x Lxα ∈ Λ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).

(2) xα · xρ ∈ Nλ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).
(3) α = JρM

−1
n for all α ∈ A(Q) and some n ∈ Nλ(Q, ·).

(4) A(Q) ≤ Λ(Q, ·).

Proof. Let (H, ◦) be a left Basarab loop, then {I} × Q ≤ (H, ◦) and {I} × Q ∼=
(Q, ·). Hence, (Q, ·) is a left Basarab loop. Thus, by Lemma 2.1, L−1

x Lxα ∈ Λ(Q, ·)
for all x ∈ Q and for all α ∈ A(Q).

Conversely, if (Q, ·) is a left Basarab loop and 1. holds, then by Lemma 2.1,
(H, ◦) is a left Basarab loop.

1⇔ 2: By Theorem 1.2, L−1
x Lxα

ϑ
≊ eL−1

x Lxα ⇔ eL−1
x Lxα ∈ Nλ(Q, ·) ⇔

xα · xρ ∈ Nλ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).
2⇔ 3: xα · xρ ∈ Nλ(Q, ·) ⇔ xα · xρ = n ⇔ xα = nR−1

xρ = xρM−1
n ⇔ α =

JρM
−1
n for all α ∈ A(Q) and some n ∈ Nλ(Q, ·).

1⇔ 4: For all x ∈ Q and for all α ∈ A(Q), L−1
x Lxα ∈ Λ(Q, ·) ⇔ Lxα ∈

LxΛ(Q, ·) ⇔ Lxα = Lxλ for some λ ∈ Λ(Q, ·) ⇔ (α, I, λ) ∈ AUT (Q, ·) ⇔
α ∈ Λ(Q, ·) ⇔ A(Q) ≤ Λ(Q, ·).

□

Remark 2.1. From Corollary 2.2, it can be deduced that the Λ(Q, ·)-holomorph
H(Q, ·) of a left Basarab loop (Q, ·) is precisely a left Basarab loop.

Corollary 2.3. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a LIP left Basarab loop if and only if (Q, ·) is a LIP left Basarab loop and any
of the following equivalent conditions holds:

(1) JL−1
x LxαJ is µ-regular with an adjoint (JL−1

x LxαJ)
′
= L−1

xαLx for all x ∈
Q and for all α ∈ A(Q).



HOLOMORPHY OF BASARAB LOOPS 149

(2) JL−1
x LxαJ ∈ Φ(Q, ·) and (JL−1

x LxαJ)
′
= L−1

xαLx ∈ Ψ(Q, ·) for all x ∈ Q
and for all α ∈ A(Q).

(3) xα · xρ, x · xρα ∈ Nµ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).
(4) α = JρM

−1
n1

=Mn2Jλ for all α ∈ A(Q) and some n1, n2 ∈ Nµ(Q, ·).
(5) A(Q) ⊆ JΦ(Q, ·)J and (JA(Q)J)′ ⊆ JΦ(Q, ·)J ⊆ Ψ(Q, ·).

Proof. It must first be noted that (H, ◦) is a LIP loop if and only if (Q, ·) is a
LIP. Following Corollary 2.2, (H, ◦) is a left Basarab loop if and only if (Q, ·) is
a left Basarab loop and L−1

x Lxα ∈ Λ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).
In a LIPL, (U, V,W ) ∈ AUT (Q, ·) ⇒ (JUJ,W,U) ∈ AUT (Q, ·). So, for all

x ∈ Q and for all α ∈ A(Q):

L−1
x Lxα ∈ Λ(Q, ·) ⇔

(L−1
x Lxα, I, L

−1
x Lxα) ∈ AUT (Q, ·) ⇔

(
JL−1

x LxαJ, L
−1
x Lxα, I

)
∈ AUT (Q, ·)

⇔ JL−1
x LxαJ is µ-regular with an adjoint (JL−1

x LxαJ)
′
= L−1

xαLx.

1⇔ 2: This is straightforward.

2⇔ 3: By Theorem 1.2, JL−1
x LxαJ

σ
≊ eJL−1

x LxαJ ⇔ eJL−1
x LxαJ ∈ Nµ(Q, ·) ⇔

xα · xρ ∈ Nµ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).

Furthermore, L−1
xαLx

β
≊ eL−1

xαLx ⇔ eL−1
xαLx ∈ Nµ(Q, ·) ⇔ x · xρα ∈

Nµ(Q, ·) for all x ∈ Q and for all α ∈ A(Q).
3⇔ 4: xα · xρ ∈ Nµ(Q, ·) ⇔ xα · xρ = n1 ⇔ xα = n1R

−1
xρ = xρM−1

n1
⇔ α =

JρM
−1
n1

for all α ∈ A(Q) and some n1 ∈ Nµ(Q, ·).
Furthermore, x · xρα ∈ Nµ(Q, ·) ⇔ x · xρα = n2 ⇔ xρα = n2L

−1
x =

xMn2 ⇔ α =Mn2Jλ for all α ∈ A(Q) and some n2 ∈ Nµ(Q, ·).
1⇔ 5: For all x ∈ Q and for all α ∈ A(Q), JL−1

x LxαJ ∈ Φ(Q, ·) ⇔
JL−1

x LxαJ = ϕ for some ϕ ∈ Φ(Q, ·) ⇔ L−1
x Lxα = JϕJ ⇔ Lxα =

LxJϕJ ⇔ (α, I, JϕJ) ∈ AUT (Q, ·) ⇔ (JαJ, JϕJ, I) ∈ AUT (Q, ·) ⇔
JαJ ∈ Φ(Q, ·) and (JαJ)′ = (JψJ) = Jψ−1J ∈ Ψ(Q, ·) for some
ψ ∈ Ψ(Q, ·) ⇔ A(Q) ⊆ JΦ(Q, ·)J and (JA(Q)J)′ ⊆ JΦ(Q, ·)J ⊆ Ψ(Q, ·).

Furthermore, for all x ∈ Q and for all α ∈ A(Q), (JL−1
x LxαJ)

′
=

L−1
xαLx ∈ Ψ(Q, ·) ⇔ Lx ∈ LxαΨ(Q, ·) ⇔ Lx ∈ Lxαψ for some ψ ∈

Ψ(Q, ·) ⇔ (α, I, ψ−1) ∈ AUT (Q, ·) ⇔ (JαJ, I, ψ−1) ∈ AUT (Q, ·) ⇔
JαJ ∈ Φ(Q, ·) and (JαJ)′ = ψ ∈ Ψ(Q, ·) ⇔ A(Q) ⊆ JΦ(Q, ·)J and
(JA(Q)J)′ ⊆ Ψ(Q, ·).

□

Corollary 2.4. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). If (H, ◦) is a
LIP left Basarab loop, then

(5)

for all x ∈ Q, α ∈ A(Q). i.e. σ = φβ.

Proof. This follows from Corollary 2.3. □
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Lemma 2.2. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). If (H, ◦) is a left
Basarab loop then the following are true for all x, z ∈ Q and α ∈ A(Q) :

(1) (xα · xρ) · z = xα · (x\z);
(2) xα · xρ ∈ Nλ(Q, ·);
(3) (xα · xρ) · xz = xα · z;
(4) (xα · xρ)x = xα;
(5) (xα · xρ, x, z) = e;
(6) L(xα·xρ) = L−1

x Lxα;
(7) L(xα·xρ) ∈ Λ(Q, ·).

Proof. (1) By Lemma 2.1, (H, ◦) is a left Basarab loop implies

(L−1
x Lxα, I, L

−1
x Lxα) ∈ AUT (Q, ·) ⇒ yL−1

x Lxα · z = (yz)L−1
x Lxα∀ y, z ∈ Q.

By Corollary 2.2, (H, ◦) is a left Basarab loop implies that (Q, ·) a left
Basarab loop. So, Rxρ = LxR

−1
x L−1

x which implies L−1
x = RxL

−1
x Rxρ .

Thus, for all y, z ∈ Q, yRxL
−1
x RxρLxα · zI = (yz)L−1

x Lxα if and only if

yTxRxρLxα · zI = (yz)L−1
x Lxα,∀ x, y, z ∈ Q. (6)

Setting y = e in (6), then eTxRxρLxα · zI = (ez)L−1
x Lxα ⇒ eRxρLxα · zI =

zL−1
x Lxα ⇒ (xα · xρ) · z = xα · (x\z).

(2) From 1, (xα · xρ) · z = xα · (x\z) ⇔ zL(xα·xρ) = zL−1
x Lxα ⇔ L(xα·xρ) =

L−1
x Lxα. So,(

L−1
x Lxα, I, L

−1
x Lxα

)
= (L(xα·xρ), I, L(xα·xρ)) ∈ AUT (Q, ·) ⇒ xα · xρ ∈ Nλ(Q, ·).

(3) In 1 above, (xα·xρ)·z = xα·(x\z), setting z = xz gives (xα·xρ)·xz = xα·z.
(4) If z = x in 3 above, then (xα · xρ)x = xα.
(5) From 3 and 4 above , (xα · xρ) · xz = xα · z and (xα · xρ)x · z = xα · z

respectively. Using these, we get (xα · xρ) · xz = xα · z = (xα · xρ)x · z ⇒
(xα · xρ, x, z) = e.

(6) This is gotten from the proof of 2.
(7) This is gotten from the proof of 2.

□

2.2. Holomorphy of right Basarab loop.

Theorem 2.2. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦) is
a right Basarab loop if and only if for all x, y, z ∈ Q and δ ∈ A(Q),

(y · xδ) · ((xλδ · z) · x) = yz · x or (y · x) · ((xλ · z) · xδ−1) = (y · z) · xδ−1

Proof. Let (Q, ·) be a loop and A(Q) ≤ AUM(Q, ·). Let H = A(Q) × Q such
that
(α, x) ◦ (β, y) = (αβ, xβ · y), for all (α, x), (β, y) ∈ H. Clearly,

(β, y)λ = (β−1, yλβ−1) = (β−1, (yβ−1)λ). Then,

((β, y) ◦ (α, x)) · {((α, x)λ ◦ (γ, z)) ◦ (α, x)} = ((β, y) ◦ (γ, z)) ◦ (α, x)
⇔ ((β, y) ◦ (α, x)) ◦ {((α−1, xλα−1) ◦ (γ, z)) ◦ (α, x)} = ((β, y) ◦ (γ, z)) ◦ (α, x)

⇔ (βα, yα · x) ◦ {(α−1γ, xλα−1γ · z) ◦ (α, x)} = (βγ, yγ · z) ◦ (α, x)
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⇔ (βα, yα · x) ◦ {α−1γα, (xλα−1γ · z)α · x} = (βγα, (yγ · z)α · x)
⇔ (βαα−1γα, (yα · x)α−1γα · ((xλα−1γ · z)α · x)) = (βγα, (yγ · z)α · x)

⇔ (yα · x)α−1γα · ((xλα−1γ · z)α · x) = (yγ · z)α · x
⇔ (yαα−1γα · xα−1γα) · ((xλα−1γα · zα) · x) = (yγα · zα) · x
⇔ (yγα · xα−1γα) · ((xλα−1γα · zα) · x) = (yγα · zα) · x.

Replace: yγα with y; zα with z and α−1γα with δ, then it follows that

(y · xδ) · ((xλδ · z) · x) = (y · z) · x
□

Corollary 2.5. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a right Basarab loop if and only if for all x ∈ Q and δ ∈ A(Q),

(Rxδ, LxλδRx, Rx) ∈ AUT (Q, ·) or (Rx, LxλRxδ−1 , Rxδ−1) ∈ AUT (Q, ·)

Proof. The proof follows from Theorem 2.2. □

Lemma 2.3. Let (Q, ·) be a right Basarab loop with A(Q)-holomorph (H, ◦).
Then, (H, ◦) is a right Basarab loop if and only if any of the following is true:

(1) y · ((z/x) · xδ−1) = ((yz)/x) · xδ−1 holds for all x ∈ Q and for all δ−1 ∈
A(Q).

(2) (I, R−1
x Rxδ−1 , R−1

x Rxδ−1) ∈ AUT (Q, ·) for all x ∈ Q and for all δ−1 ∈
A(Q).

(3) R−1
x Rxδ−1 is ρ-regular for all x ∈ Q and for all δ−1 ∈ A(Q).

(4) R−1
x Rxδ−1 ∈ P(Q, ·) for all x ∈ Q and for all δ−1 ∈ A(Q).

Proof. Let (Q, ·) be a right Basarab loop. Then the autotopism T = (Rx, LxλRx, Rx)
holds. By Corollary 2.5, the holomorph (H, ◦) of (Q, ·) is a right Basarab loop if
and only if S = (Rx, LxλRxδ−1 , Rxδ−1) is the autotopism of Q.

The autotopism T = (Rx, LxλRx, Rx) ∈ AUT (Q) implies

T−1 = (R−1
x , R−1

x L−1
xλ
, R−1

x ) ∈ AUT (Q).

The holomorph (H, ◦) of (Q, ·) is a right Basarab loop if and only if

T−1S = (R−1
x , R−1

x L−1
xλ
, R−1

x )(Rx, LxλRxδ−1 , Rxδ−1)

= (R−1
x Rx, R

−1
x L−1

xλ
LxλRxδ−1 , R−1

x Rxδ−1)

= (I, R−1
x Rxδ−1 , R−1

x Rxδ−1) ∈ AUT (Q, ·)
Also, for all x, y, z ∈ Q and for all δ ∈ A(Q),(

I, R−1
x Rxδ−1 , R−1

x Rxδ−1

)
∈ AUT (Q, ·) ⇔ y · zR−1

x Rxδ−1 = (yz)R−1
x Rxδ−1 ⇔

y · ((z/x) · xδ−1) = ((yz)/x) · xδ−1.

The rest follows by Definition 1.1(2). □

Corollary 2.6. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a right Basarab loop if and only if (Q, ·) is a right Basarab loop and any of the
following equivalent conditions holds:

(1) R−1
x Rxδ ∈ P(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).

(2) xλ · xδ ∈ Nρ(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).
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(3) δ = JλMn for all δ ∈ A(Q) and some n ∈ Nρ(Q, ·).
(4) A(Q) ≤ P(Q, ·).

Proof. Let (H, ◦) be a right Basarab loop, then {I}×Q ≤ (H, ◦) and {I}×Q ∼=
(Q, ·). Hence, (Q, ·) is a right Basarab loop. Thus, by Lemma 2.3, R−1

x Rxδ ∈
P(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).

Conversely, if (Q, ·) is a right Basarab loop and 1. holds, then by Lemma 2.3,
(H, ◦) is a right Basarab loop.

1⇔ 2: By Theorem 1.2, R−1
x Rxδ

ψ
≊ eR−1

x Rxδ ⇔ eR−1
x Rxδ ∈ Nρ(Q, ·) ⇔

xλ · xδ ∈ Nρ(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).
2⇔ 3: xλ · xδ ∈ Nρ(Q, ·) ⇔ xλ · xδ = n⇔ xδ = nL−1

xλ
= xλMn ⇔ δ = JλMn

for all δ ∈ A(Q) and some n ∈ Nρ(Q, ·).
1⇔ 4: For all x ∈ Q and for all δ ∈ A(Q), R−1

x Rxδ ∈ P(Q, ·) ⇔ Rxδ ∈
RxP(Q, ·) ⇔ Rxδ = Rxρ for some ρ ∈ P(Q, ·) ⇔ (I, δ, ρ) ∈ AUT (Q, ·) ⇔
δ ∈ P(Q, ·) ⇔ A(Q) ≤ P(Q, ·).

□

Remark 2.2. From Corollary 2.6, it can be deduced that the P(Q, ·)-holomorph
H(Q, ·) of a right Basarab loop (Q, ·) is precisely a right Basarab loop.

Corollary 2.7. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a RIP right Basarab loop if and only if (Q, ·) is a RIP right Basarab loop and
any of the following equivalent conditions holds:

(1) R−1
x Rxδ is µ-regular with an adjoint (R−1

x Rxδ)
′
= JR−1

xδ RxJ for all x ∈ Q
and for all δ ∈ A(Q).

(2) R−1
x Rxδ ∈ Φ(Q, ·) and (R−1

x Rxδ)
′
= JR−1

xδ RxJ ∈ Ψ(Q, ·) for all x ∈ Q and
for all δ ∈ A(Q).

(3) xλ · xδ, xλδ · x ∈ Nµ(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).
(4) δ = JλMn1 = δ =M−1

n2
Jρ for all δ ∈ A(Q) and some n1, n2 ∈ Nµ(Q, ·).

(5) A(Q) ⊆ JΨ(Q, ·)J , JΨ(Q, ·)J ⊆ Φ(Q, ·) and (JΨ(Q, ·)J)′ ⊆ JA(Q)J .

Proof. It should first be noted that (H, ◦) is a RIP loop if and only if (Q, ·) is a
RIP. Following Corollary 2.6, (H, ◦) is a right Basarab loop if and only if (Q, ·)
is a right Basarab loop and R−1

x Rxδ ∈ P(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).
In a RIPL, (U, V,W ) ∈ AUT (Q, ·) ⇒ (W,JV J, U) ∈ AUT (Q, ·). So, for all

x ∈ Q and for all α ∈ A(Q):

R−1
x Rxδ ∈ P(Q, ·) ⇔ (I, R−1

x Rxδ, R
−1
x Rxδ) ∈ AUT (Q, ·) ⇔(

R−1
x Rxδ, JR

−1
x RxδJ, I

)
∈ AUT (Q, ·)

⇔ R−1
x Rxδ is µ-regular with an adjoint (R−1

x Rxδ)
′
= JR−1

xδ RxJ .

1⇔ 2: This is straightforward.

2⇔ 3: By Theorem 1.2, R−1
x Rxδ

σ
≊ eR−1

x Rxδ ⇔ eR−1
x Rxδ ∈ Nµ(Q, ·) ⇔

xλ · xδ ∈ Nµ(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).

Furthermore, JR−1
xδ RxJ

β
≊ eJR−1

xδ RxJ ⇔ eJR−1
xδ RxJ ∈ Nµ(Q, ·) ⇔

xλδ · x ∈ Nµ(Q, ·) for all x ∈ Q and for all δ ∈ A(Q).
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3⇔ 4: xλ · xδ ∈ Nµ(Q, ·) ⇔ xλ · xδ = n1 ⇔ xδ = n1L
−1
xλ

= xλMn1 ⇔ δ =
JλMn1 for all δ ∈ A(Q) and some n1 ∈ Nµ(Q, ·).
Furthermore, xλδ · x ∈ Nµ(Q, ·) ⇔ xλδ · x = n2 ⇔ xλδ = n2R

−1
x =

xM−1
n2

⇔ δ =M−1
n2
Jρ for all δ ∈ A(Q) and some n2 ∈ Nµ(Q, ·).

1⇔ 5: For all x ∈ Q and for all δ ∈ A(Q), R−1
x Rxδ ∈ Φ(Q, ·) ⇔ R−1

x Rxδ =
ϕ for some ϕ ∈ Φ(Q, ·) ⇔ Rxδ = Rxϕ ⇔ (I, δ, ϕ) ∈ AUT (Q, ·) ⇔
(ϕ, JδJ, I) ∈ AUT (Q, ·) ⇔ ϕ ∈ Φ(Q, ·) and ϕ′ = Jδ−1J ∈ Ψ(Q, ·) for
some ϕ ∈ Φ(Q, ·) ⇔ A(Q) ⊆ JΨ(Q, ·)J .

Furthermore, for all x ∈ Q and for all δ ∈ A(Q), (R−1
x Rxδ)

′
= JR−1

xδ RxJ ∈
Ψ(Q, ·) ⇔ JR−1

xδ RxJ = ψ for some ψ ∈ Ψ(Q, ·) ⇔ R−1
xδ Rx = JψJ for some

ψ ∈ Ψ(Q, ·) ⇔ Rx = R−1
xδ JψJ for some ψ ∈ Ψ(Q, ·) ⇔ (I, δ, Jψ−1J) ∈

AUT (Q, ·) ⇔ (Jψ−1J, JδJ, I) ∈ AUT (Q, ·) ⇔ Jψ−1J ∈ Φ(Q, ·) and
(Jψ−1J)′ = JδJ ∈ Ψ(Q, ·) ⇔ JΦ(Q, ·)J ⊆ Ψ(Q, ·) and (JΨ(Q, ·)J)′ ⊆
JA(Q)J ⊆ Ψ(Q, ·).

□

Corollary 2.8. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). If (H, ◦) is a
RIP right Basarab loop, then

(7)

for all x ∈ Q, δ ∈ A(Q). i.e. σ = φβ.

Proof. This follows from Corollary 2.7. □

Lemma 2.4. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). If (H, ◦) is a right
Basarab loop then for all x, y ∈ Q and δ ∈ A(Q), the following are true:

(1) y · (xλ · xδ−1) = (y/x) · xδ−1.
(2) xλ · xδ−1 ∈ Nρ(Q, ·).
(3) yx · (xλ · xδ−1) = y · xδ−1.
(4) x · (xλ · xδ−1) = xδ−1.

(5)
(
y, x, xλ · xγ

)
= e.

(6) Rxλ·xδ−1 = R−1
x Rxδ−1.

(7) Rxλ·xδ−1 ∈ P(Q, ·).

Proof. (H, ◦) is a right Basarab loop implies

(Rx, LxλRxδ−1 , Rxδ−1) ∈ AUT (Q) ⇒ ∀ y, z ∈ Q, yRx · zLxλRxδ−1 = (yz)Rxδ−1 .

By Corollary 2.6, (Q, ·) is a right Basarab loop, hence, Lxλ = RxL
−1
x R−1

x which
implies R−1

x = LxR
−1
x Lxλ . Again by Lemma 2.3, (H, ◦) is a right Basarab loop if

and only if

(I, R−1
x Rxδ−1 , R−1

x Rxδ−1) ∈ AUT (Q, ·).
(1) So, for all x, y, z ∈ Q, yI · zR−1

x Rxδ−1 = (yz)R−1
x Rxδ−1 implies for all

x, y, z ∈ Q.

yI · zLxR−1
x LxλRxδ−1 = (yz)R−1

x Rxδ−1 ⇒ yI · zT−1
x LxλRxδ−1 = (yz)R−1

x Rxδ−1 .
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Thus, with z = e, we have

yI · eT−1
x LxλRxδ−1 = (ye)R−1

x Rxδ−1 ⇒ yI · eLxλRxδ−1 = yR−1
x Rxδ−1

⇒ y · (xλ · xδ−1) = (y/x) · xδ−1.

(2) From 1, yRxλ·xδ−1 = yR−1
x Rxδ−1 ⇒ Rxλ·xδ−1 = R−1

x Rxδ−1 . Thus,

(I, R−1
x Rxδ−1 , R−1

x Rxδ−1) = (I, R(xλ·δ−1), R(xλ·δ−1)) ∈ AUT (Q) ⇒ xλ·xδ−1 ∈ Nρ(Q, ·).

(3) From 1, y · (xλ · xδ−1) = (y/x) · xδ−1. Do y 7→ yx to get

yx · (xλ · xδ−1) = (yx/x) · xδ−1 ⇒ yx · (xλ · xδ−1) = y · xδ−1.

(4) Use y = e in 3 to get x · (xλ · xδ−1) = xδ−1.
(5) By 3 and 4, yx · (xλ · xδ−1) = y · xδ−1 = y · x(xλ · xδ−1) and this implies(

y, x, xλ · xγ
)
= e.

(6) This is gotten from the proof of 2.
(7) This is gotten from the proof of 2.

□

2.3. Holomorphy of Basarab loop.

Corollary 2.9. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). (H, ◦) is a
Basarab loop if and only if any of the following is true:

(1) (RxρLxα, Lx, Lxα), (Rxα, LxλαRx, Rx) ∈ AUT (Q, ·) for all x ∈ Q and α ∈
A(Q).

(2) (Rx, LxλRxα−1 , Rxα−1), (Rxρα−1Lx, Lxα−1 , Lx) for all x ∈ Q and for all α ∈
A(Q).

(3) (xα ·yxρ) ·xz = xα ·yz and (y ·xα) ·((xλα ·z) ·x) = yz ·x for all x, y, z ∈ Q
and for all α ∈ A(Q).

Proof. The result follows from Corollaries 2.1, 2.5 and Theorems 2.1, 2.2. □

Lemma 2.5. Let (Q, ·) be a Basarab loop with A(Q)-holomorph (H, ◦). Then,
(H, ◦) is a Basarab loop if and only if any of the following is true:

(1) (xα · (x\y)) ·z = xα · (x\(yz)) and y · ((z/x) ·xδ−1) = ((yz)/x) ·xδ−1 holds
for for all x, y, z ∈ Q and for all α, δ ∈ A(Q).

(2) (L−1
x Lxα, I, L

−1
x Lxα) , (I, R

−1
x Rxδ−1 , R−1

x Rxδ−1) ∈ AUT (Q, ·) for all x ∈ Q
and for all α, δ ∈ A(Q).

(3) L−1
x Lxα is λ-regular and R−1

x Rxδ−1 is ρ-regular for all x ∈ Q and for all
α, δ ∈ A(Q).

(4) L−1
x Lxα ∈ Λ(Q, ·) and R−1

x Rxδ−1 ∈ P(Q, ·) for all x ∈ Q and for all
α, δ ∈ A(Q).

Proof. This follows from Lemmas 2.1 and 2.3. □

Corollary 2.10. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). Then, (H, ◦)
is a Basarab loop if and only if (Q, ·) is a Basarab loop and any of the following
equivalent conditions holds:

(1) L−1
x Lxα ∈ Λ(Q, ·) and R−1

x Rxδ ∈ P(Q, ·) for all x ∈ Q and for all α, δ ∈
A(Q).



HOLOMORPHY OF BASARAB LOOPS 155

(2) xα ·xρ ∈ Nλ(Q, ·), xλ ·xδ ∈ Nρ(Q, ·) for all x ∈ Q and for all α, δ ∈ A(Q).
(3) α = JρM

−1
n and δ = JλMn′ for all α ∈ A(Q) and some n ∈ Nλ(Q, ·), n′ ∈

Nρ(Q, ·).
(4) A(Q) ≤ Λ(Q, ·) ∩ P(Q, ·).

Proof. This follows by Corollaries 2.2, 2.6. □

Remark 2.3. From Corollary 2.10, it can be deduced that the Λ(Q, ·) ∩ P(Q, ·)-
holomorph H(Q, ·) of a Basarab loop (Q, ·) is precisely a Basarab loop.

Lemma 2.6. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦).
(1) Then, (H, ◦) is a Basarab loop if and only if Q for all x, y ∈ Q and

α ∈ A(Q):

(LxαR
−1
x , Lx, Lxα), (Rxα, RxL

−1
xα , Rx) ∈ AUT (Q, ·) and

(xα · yxρ)x = xα · y, xα · (xλα · y)x = yx.

(2) (H, ◦) is a Basarab loop if and only if for all x ∈ Q and δ ∈ A(Q):

(Rx, Rxδ−1L−1
x , Rxδ−1), (LxR

−1
xδ−1 , Lxδ−1 , Lx) ∈ AUT (Q, ·) and

x(xλy · xδ−1) = y · xδ−1, x(y · xρδ−1) · xδ−1 = xy.

Proof. (1) Let (RxρLxα, Lx, Lxα) ∈ AUT (Q, ·). Then, for all x, y, z ∈ Q,

yRxρLxα · zLx = (yz)Lxα ⇒ (xα · yxρ) · xz = xα(yz) (set z = e)

⇒ (xα · yxρ) · x = (xα)y ⇒ yRxρLxαRx = yLxα

⇒ RxρLxαRx = Lxα ⇒ RxρLxα = LxαR
−1
x

⇒ RxρLxαRx = Lxα ⇒ (xα · yxρ)x = xα · y.

Thus, (RxρLxα, Lx, Lxα) ∈ AUT (Q) ⇒ (LxαR
−1
x , Lx, Lxα) ∈ AUT (Q).

Also, let (Rxα, LxλαRx, Rx) ∈ AUT (Q). Then for all x, y, z ∈ Q,

yRxα · zLxλαRx = (yz)Rx ⇒ (y · xα) · (xλα)z · x = yz · x (set y = e)

⇒ xα · (xλα · z)x = zx⇒ zLxλαRxLxα = zRx

⇒ LxλαRxLxα = Rx ⇒ LxλαRx = RxL
−1
xα

⇒ LxλαRxLxα = Rx ⇒ xα · (xλα · y)x = yx.

Thus, (Rxα, LxλαRx, Rx) ∈ AUT (Q) ⇒ (Rxα, RxL
−1
xα , Rx) ∈ AUT (Q).

The converse follows by doing the reverse in each case.
(2) This can be gotten from 1.

□

Theorem 2.3. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦).
(1) (H, ◦) is a Basarab loop if and only if

(a) (Q, ·) Basarab loop;
(b) (LxαL

−1
x , I, LxαL

−1
x ), (R−1

x Rxα, LxL
−1
xα , I) ∈ AUT (Q); and

(c) (xα · yxρ)x = xα · y, xα · (xλα · y)x = yx.
for all x, y, z ∈ Q and α ∈ A(Q).

(2) (H, ◦) is a Basarab loop if and only if
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(a) (Q, ·) Basarab loop;
(b) (I, Rxδ−1R−1

x , Rxδ−1R−1
x ), (RxR

−1
xδ−1 , L

−1
x Lxδ−1 , I) ∈ AUT (Q, ·); and

(c) x(xλy · xδ−1) = y · xδ−1, x(y · xρδ−1) · xδ−1 = xy.
for all x ∈ Q and δ ∈ A(Q).

Proof. (1) By Lemma 2.6(1), (H, ◦) is a Basarab loop implies (LxαR
−1
x , Lx, Lxα)

and (Rxα, RxL
−1
xα , Rx) are autotopisms of Q for all x, y, z ∈ Q and α ∈

A(Q). Consequently, (Q, ·) is a Basarab loop, hence (LxR
−1
x , Lx, Lx) and

(Rx, RxL
−1
x , Rx) are autotopisms of Q for all x ∈ Q. Let

C = (LxαR
−1
x , Lx, Lxα), D = (Rxα, RxL

−1
xα , Rx), E = (LxR

−1
x , Lx, Lx),

F = (Rx, RxL
−1
x , Rx).

C ∈ AUT (Q) ⇒ C−1 = (RxL
−1
xα , L

−1
x , L−1

xα) ∈ AUT (Q)

D ∈ AUT (Q) ⇒ D−1 = (R−1
xα , LxαR

−1
x , R−1

x ) ∈ AUT (Q)

E ∈ AUT (Q) ⇒ E−1 = (RxL
−1
x , L−1

x , L−1
x ) ∈ AUT (Q)

F ∈ AUT (Q) ⇒ F−1 = (R−1
x , LxR

−1
x , R−1

x ) ∈ AUT (Q)

Thus, (H, ◦) is a Basarab loop implies

F−1D = (R−1
x , LxR

−1
x , R−1

x )(Rxα, RxL
−1
xα , Rx)

= (R−1
x Rxα, LxR

−1
x RxL

−1
xα , R

−1
x Rx) = (R−1

x Rxα, LxL
−1
xα , I)

and CE−1 = (LxαR
−1
x , Lx, Lxα)(RxL

−1
x , L−1

x , L−1
x )

= (LxαR
−1
x RxL

−1
x , LxL

−1
x , LxαL

−1
x ) = (LxαL

−1
x , I, LxαL

−1
x )

are autotopisms of Q for all x ∈ Q and α ∈ A. For the converse, do the
reverse and then use Lemma 2.6(1).

(2) This is similar to 1. We shall show some of the basic steps involved.
Going by Lemma 2.6(2),

C∗ = (LxR
−1
xδ−1 , Lxδ−1 , Lx) and D∗ = (Rx, Rxδ−1L−1

x , Rxδ−1). So,

C∗ ∈ AUT (Q) ⇒ C−1
∗ = (Rxδ−1L−1

x , L−1
xδ−1 , L

−1
x ) ∈ AUT (Q) and

D∗ ∈ AUT (Q) ⇒ D−1
∗ = (R−1

x , LxR
−1
xδ−1 , R

−1
xδ−1) ∈ AUT (Q).

Thus, (H, ◦) is a Basarab loop implies that

D∗F
−1 = (Rx, Rxδ−1L−1

x , Rxδ−1)(R−1
x , LxR

−1
x , R−1

x )

= (RxR
−1
x , Rxδ−1L−1

x LxR
−1
x , Rxδ−1R−1

x )

= (I, Rxδ−1R−1
x , Rxδ−1R−1

x )

Also,

E−1C∗ = (RxL
−1
x , L−1

x , L−1
x )(LxR

−1
xδ−1 , Lxδ−1 , Lx)

= (RxL
−1
x LxR

−1
xδ−1 , L

−1
x Lxδ−1 , I)

= (RxR
−1
xδ−1 , L

−1
x Lxδ−1 , I)

are autotopisms of Q for all x ∈ Q and δ ∈ A(Q).
For the converse, do the reverse and then use Lemma 2.6(2).

□
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Corollary 2.11. Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦). If (H, ◦) is a
Basarab loop, then

(1) for all x ∈ Q, α ∈ A(Q), σ = φβ and κ = σϑ−1, R−1
x Rxα

κ
≊ LxαL

−1
x so

that

(8)

(2) for all x ∈ Q, δ ∈ A(Q), σ = φβ and η = σϑ−1, RxδR
−1
x

η
≊ L−1

x Lxδ so
that

(9)

Proof. (1) This follows from Theorem 2.3(1) and Corollary 2.6(1,2).
(2) This follows from Theorem 2.3(2) and Corollary 2.2(1,2).

□

Theorem 2.4. (1) Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦) such that

xλ · xα = (xα\x)λ = x\xα for all x ∈ Q and α ∈ A(Q). Then, (H, ◦) is
a Basarab loop if and only if :
(a) (Q, ·) is a Basarab loop;
(b) every automorphism of Q is left nuclear; and
(c) T−1

(x,α) = RxρLxα and T(x,α) = LxλαRx for all x ∈ Q and α ∈ A(Q).

(2) Let (Q, ·) be a loop with A(Q)-holomorph (H, ◦) such that xδ−1 · xρ =
(x/xδ−1)

ρ
= xδ−1/x for all x ∈ Q and δ ∈ A(Q). Then, (H, ◦) is a

Basarab loop if and only if :
(a) (Q, ·) is a Basarab loop;
(b) every automorphism of Q is right nuclear; and
(c) T−1

(xδ−1,δ) = Rxρδ−1Lx and T(xδ−1,δ) = LxλRxδ−1 for all x ∈ Q and

δ ∈ A(Q).

Proof. (1) Let (H, ◦) be a Basarab loop. By Lemma 2.6(1) and Theorem
2.3(1), it follows that

C = (LxαR
−1
x , Lx, Lxα), D = (Rxα, RxL

−1
xα , Rx) ∈ AUT (Q),

K = (R−1
x Rxα, LxL

−1
xα , I), P = (LxαL

−1
x , I, LxαL

−1
x ) ∈ AUT (Q),

(xα · yxρ)x = xα · y and xα · (xλα · y)x = yx (10)

From (10), (c) is true. On the other hand,

P−1C = (LxL
−1
xα , I, LxL

−1
xα)(LxαR

−1
x , Lx, Lxα) = (LxR

−1
x , Lx, Lx)

and DK−1 = (Rxα, RxL
−1
xα , Rx)(R

−1
xαRx, LxαL

−1
x , I) = (Rx, RxL

−1
x , Rx).
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Then P−1C and DK−1 are autotopisms of (Q), hence (Q, ·) is a Basarab
loop and so (a) is true. Since (H, ◦) is a Basarab loop, the autotopism
K = (R−1

x Rxα, LxL
−1
xα , I) implies for all x, u, v ∈ Q, uR−1

x Rxα · vLxL−1
xα =

(uv)I.
If v = e, then

uR−1
x Rxα · eLxL−1

xα = u⇒ uR−1
x RxαRxα\x = u (11)

⇒ R−1
x Rxα = R−1

xα\x (by xλ · xα = (xα\x)λ)
⇒ R−1

x Rxα = R(xλ·xα) (12)

Also, if u = e in uR−1
x Rxα · vLxL−1

xα = (uv)I, then

eR−1
x Rxα · vLxL−1

xα = vI ⇒ vLxL
−1
xαL(xλ·xα) = v (13)

⇒ LxL
−1
xα = L−1

(xλ·xα)

⇒ L(xα)L
−1
x = L(xλ·xα) (14)

Then by (14), the autotopism P becomes ψ = (L(xλ·xα), I, L(xλ·xα)) for all
x ∈ Q and α ∈ A. So,

(L(xλ·xα), I, L(xλ·xα)) ⇒ uL(xλ·xα)·vI = (uv)L(xλ·xα) ⇒ (xλ·xα)u·v = (xλ·xα)·(uv)
for all u, v ∈ Q. Thus, xλ · xα ∈ N . Therefore, α is left nuclear, hence,
(b) is true.

For the converse, assume that (a), (b) and (c) are true. Then, (Q, ·) is
a Basarab loop, xλ · xα ∈ N(Q) for all x ∈ Q and α ∈ A(Q) and (10) is
satisfied.

Now, ((x−1 · xα) · u) · v = (xλ · xα) · (u · v) for all u, v ∈ Q and so
ψ = (L(xλ·xα), I, L(xλ·xα)) ∈ AUT (Q) for all x ∈ Q. Now,

xλ · xα = xλ · xα (by xλ · xα = x\xα)
⇒ xα = x(xλ · xα) ⇒ xα · y = x(xλ · xα) · y and y · xα = y · x(xλ · xα) (15)

⇒ xα · y = x · (xλ · xα)y and y · xα = yx · (xλ · xα)
⇒ yLxα = yL(xλ·xα)Lx and yRxα = yRxR(xλ·xα)

⇒ LxαL
−1
x = L(xλ·xα) and R

−1
x Rxα = R(xλ·xα) (16)

Thus, by (16), it follows that ψ = P = (LxαL
−1
x , I, LxαL

−1
x ) ∈ AUT (Q).

Also,

(u · v) · (xλ · xα) =u · [v · (xλ · xα)] ⇒ (u · v) = [u · [v · (xλ · xα)]][(xλ · xα)−1]

⇒ (u · v) =[u(xλ · xα)−1(xλ · xα) · [v · (xλ · xα)]][(xλ · xα)−1]

=[u · (xλ · xα)−1] · [(xλ · xα) · [[v · (xλ · xα)](xλ · xα)−1]]

=(u · (xλ · xα)−1) · ((xλ · xα) · v)
=uR−1

(xλ·xα) · vL(xλ·xα)

This implies, w = (R−1
(xλ·xα), L(xλ·xα), I) ∈ AUT (Q)

⇒ w−1 = (R(xλ·xα), L
−1
(xλ·xα), I) ∈ AUT (Q).
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By (16), it follows that w−1 = (R−1
x Rxα, LxL

−1
xα , I) ∈ AUT (Q). Therefore,

(H, ◦) is a Basarab loop going by Theorem 2.3.
(2) This is similar to the proof of 1 by using Lemma 2.6(2) and Theorem

2.3(2).
□

Theorem 2.5. (1) Let (Q, ·) be a loop.
(a) If V1(Q, ·) = {α ∈ A(Q, ·) | P (α, x) = (LxαL

−1
x , I, LxαL

−1
x ) ∈ AUT (Q, ·)},

then V1(Q, ·)◁ A(Q, ·).
(b) If (Q, ·) is a Basarab loop such that

(
x, xλ, xα

)
= e for all x ∈ Q and

α ∈ A(Q) and V2(Q, ·) = {α ∈ A(Q, ·) | (Lxλ·xα, I, Lxλ·xα) ∈ AUT (Q, ·)}
=

{
α ∈ A(Q, ·) | xλ · xα ∈ N(Q, ·)

}
. Then V1(Q, ·) = V2(Q, ·).

(c) If (H, ◦) is a Basarab loop such that
(
x, xλ, xα

)
= e for all x ∈ Q

and α ∈ A(Q), then A(Q, ·) = V1(Q, ·) = V2(Q, ·).
(2) Let (Q, ·) be a loop.

(a) If V3(Q, ·) = {δ ∈ A(Q, ·) | B(δ, x) =
(I, Rxδ−1R−1

x , Rxδ−1R−1
x ) ∈ AUT (Q, ·)}, then V3(Q, ·)◁ A(Q, ·).

(b) If (Q, ·) is a Basarab loop such that (xδ−1, xρ, x) = e for all x ∈ Q
and δ ∈ A(Q) and V4(Q, ·) ={
δ ∈ A(Q, ·) |

(
I, R(xδ−1·xρ), R(xδ−1·xρ)

)
∈ AUT (Q, ·)

}
=

{δ ∈ A(Q, ·) | xδ−1 · xρ ∈ N(Q, ·)}. Then V3(Q, ·) = V4(Q, ·).
(c) If (H, ◦) is a Basarab loop such that (xδ−1, xρ, x) = e for all x ∈ Q

and δ ∈ A(Q), then A(Q, ·) = V3(Q, ·) = V4(Q, ·).

Proof. (1) (a) Let V1(Q, ·) = {α ∈ A(Q, ·) | (LxαL−1
x , I, LxαL

−1
x ) ∈ AUT (Q, ·)}.

With α = I, (LxIL
−1
x , I, LxIL

−1
x ) = (I, I, I) ∈ AUT (Q, ·). So,

V1(Q, ·) ̸= ∅.
Let α, β ∈ V1(Q), then

P (β, xα)P (α, x) = (LxαβL
−1
xα , I, LxαβL

−1
xα)(LxαL

−1
x , I, LxαL

−1
x ) =

(LxαβL
−1
xαLxαL

−1
x , I, LxαβL

−1
xαLxαL

−1
x ) = (LxαβL

−1
x , I, LxαβL

−1
x ) ∈ AUT (Q, ·)

⇒ αβ ∈ V1(Q).

Next, we show that α−1 ∈ V1(Q) for all α ∈ V1(Q) . Let α ∈ V1(Q),
then

P (α, x) =(LxαL
−1
x , I, LxαL

−1
x ) ∈ AUT (Q, ·) ⇒

P (α, x)−1 =(LxL
−1
xα , I, LxL

−1
xα) ∈ AUT (Q, ·) ⇒

P (α, xα−1)−1 =
(
Lxα−1L−1

xα−1α, I, Lxα−1L−1
xα−1α

)
∈ AUT (Q, ·) ⇒

P (α, xα−1)−1 =(Lxα−1L−1
x , I, Lxα−1L−1

x ) ∈ AUT (Q, ·) ⇒ α−1 ∈ V1(Q).
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If α ∈ V1(Q) and θ ∈ A(Q), then for all x, a, b ∈ Q,

P (α, x) = (LxαL
−1
x , I, LxαL

−1
x ) ∈ AUT (Q, ·) ⇔ x\(xα · a) · b = x\ (xα · (ab)) ⇔

(x\(xα · a) · b) θ = (x\ (xα · (ab))) θ ⇔
xθ\(xαθ · aθ) · bθ = xθ\ (xαθ · (aθ · bθ)) (set x 7→ xθ−1)

⇔ xθ−1θ\(xθ−1αθ · aθ) · bθ = xθ−1θ\
(
xθ−1αθ · (aθ · bθ)

)
⇔

x\(xθ−1αθ · aθ) · bθ = x\
(
xθ−1αθ · (aθ · bθ)

)
⇔ (Lxθ−1αθL

−1
x , I, Lxθ−1αθL

−1
x ) ∈

AUT (Q, ·) ⇔ P (θ−1αθ, x) ∈ AUT (Q, ·) ⇔ θ−1αθ ∈ V1(Q).

Therefore, V1(Q, ·)◁ A(Q, ·).
(b) Let α ∈ V1(Q), then for all x ∈ Q, P (α, x) = (LxαL

−1
x , I, LxαL

−1
x ) ∈

AUT (Q, ·). Consequently,

eLxαL
−1
x · yI = (e · y)LxαL−1

x ⇒ (x\xα)y = yLxαL
−1
x ⇒ yL(x\xα) = yLxαL

−1
x ⇒

L(x\xα) = LxαL
−1
x ⇒ LxαL

−1
x = L(xλ·xα) ⇒

P (α, x) =
(
L(xλ·xα), I, L(xλ·xα)

)
∈ AUT (Q, ·) ⇒ V1(Q, ·) ⊆ V2(Q, ·).

Let α ∈ V2(Q), then for all x ∈ Q,
(
L(xλ·xα), I, L(xλ·xα)

)
∈ AUT (Q, ·).

Consequently,

xλ · xα = xλ · xα (by xλ · xα = x\xα)
⇒ xα = x(xλ · xα) ⇒ xα · y = x(xλ · xα) · y ⇒ xα · y = x · (xλ · xα)y

⇒ yLxα = yL(xλ·xα)Lx ⇒ LxαL
−1
x = L(xλ·xα) ⇒

P (α, x) = (LxαL
−1
x , I, LxαL

−1
x ) ∈ AUT (Q, ·) ⇒ V2(Q, ·) ⊆ V1(Q, ·).

Thus, V1(Q, ·) = V2(Q, ·).
(c) Going by (14) of Theorem 2.4(1), xλ · xα ∈ N(Q) for all x ∈ Q and

α ∈ A(Q). Thus by (a) and (b), A(Q, ·) = V1(Q, ·) = V2(Q, ·).
(2) (a) Let V3(Q, ·) = {δ ∈ A(Q, ·) | (I, Rxδ−1R−1

x , Rxδ−1R−1
x ) ∈ AUT (Q, ·)}.

With δ = I, (I, RxIR
−1
x , RxIR

−1
x ) = (I, I, I) ∈ AUT (Q, ·). So,

V3(Q, ·) ̸= ∅.
Let δ, β ∈ V3(Q), then

B(β, xδ−1)B(δ, x) = (I, Rxδ−1β−1R−1
xδ−1 , Rxδ−1β−1R−1

xδ−1)(I, Rxδ−1R−1
x , Rxδ−1R−1

x ) =

(I, Rx(βδ)−1R−1
xδ−1Rxδ−1R−1

x , Rx(βδ)−1R−1
xδ−1Rxδ−1R−1

x ) =

(I, Rx(βδ)−1R−1
x , Rx(βδ)−1R−1

x ) ∈ AUT (Q, ·) ⇒ βδ ∈ V3(Q).

Next, we show that δ−1 ∈ V3(Q) for all δ ∈ V3(Q) . Let δ ∈ V3(Q),
then

B(δ, x) =(I, Rxδ−1R−1
x , Rxδ−1R−1

x ) ∈ AUT (Q, ·) ⇒
B(δ, x)−1 =(I, RxR

−1
xδ−1 , RxR

−1
xδ−1) ∈ AUT (Q, ·) ⇒

B(δ, xδ)−1 =(I, RxδR
−1
xδδ−1 , RxδR

−1
xδδ−1) ∈ AUT (Q, ·) ⇒

B(δ, xδ)−1 =
(
I, Rx(δ−1)−1R−1

x , Rx(δ−1)−1R−1
x

)
∈ AUT (Q, ·) ⇒ δ−1 ∈ V3(Q).
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If δ ∈ V3(Q) and θ ∈ A(Q), then for all x, a, b ∈ Q,

B(δ, x) = (I, Rxδ−1R−1
x , Rxδ−1R−1

x ) ∈ AUT (Q, ·) ⇔
a ·

(
b · xδ−1

)
/x =

(
ab · xδ−1

)
/x⇔(

a ·
(
b · xδ−1

)
/x

)
θ =

((
ab · xδ−1

)
/x

)
θ ⇔

aθ ·
(
bθ · xδ−1θ

)
/xθ =

(
(aθ · bθ) · xδ−1θ

)
/xθ (set x 7→ xθ−1)

⇔ aθ ·
(
bθ · xθ−1δ−1θ

)
/xθ−1θ =

(
(aθ · bθ) · xθ−1δ−1θ

)
/xθ−1θ ⇔

aθ ·
(
bθ · x

(
θ−1δθ

)−1
)
/x =

(
(aθ · bθ) · x

(
θ−1δθ

)−1
)
/x⇔(

I, Rx(θ−1δθ)−1R−1
x , Rx(θ−1δθ)−1R−1

x

)
∈ AUT (Q, ·)

⇔ P (θ−1δθ, x) ∈ AUT (Q, ·) ⇔ θ−1δθ ∈ V3(Q).

Therefore, V3(Q, ·)◁ A(Q, ·).
(b) Let δ ∈ V3(Q), then for all x ∈ Q, B(δ, x) = (I, Rxδ−1R−1

x , Rxδ−1R−1
x ) ∈

AUT (Q, ·). Consequently,
y · eRxδ−1R−1

x = (y · e)Rxδ−1R−1
x ⇒ y(xδ−1/x) = yRxδ−1R−1

x ⇒
yR(xδ−1/x) = yRxδ−1R−1

x ⇒
R(xδ−1/x) = Rxδ−1R−1

x ⇒ Rxδ−1R−1
x = R(xδ−1·xρ) ⇒

B(δ, x) =
(
I, R(xδ−1·xρ), R(xδ−1·xρ)

)
∈ AUT (Q, ·) ⇒ V3(Q, ·) ⊆ V4(Q, ·).

Let δ ∈ V4(Q), then for all x ∈ Q,(
I, R(xδ−1·xρ), R(xδ−1·xρ)

)
∈ AUT (Q, ·). Consequently,

xδ−1 · xρ = xδ−1 · xρ (by xδ−1 · xρ = xδ−1/x)

⇒ (xδ−1 · xρ)x = xδ−1 ⇒ y · (xδ−1 · xρ)x = y · xδ−1 ⇒ y(xδ−1 · xρ) · x = y · xδ−1

⇒ yR(xδ−1·xρ)Rx = yRxδ−1 ⇒ Rxδ−1R−1
x = R(xδ−1·xρ) ⇒

B(δ, x) =
(
I, R(xδ−1·xρ), R(xδ−1·xρ)

)
∈ AUT (Q, ·) ⇒ V4(Q, ·) ⊆ V3(Q, ·).

Thus, V3(Q, ·) = V4(Q, ·).
(c) Going by Theorem 2.4(2), xδ−1 · xρ ∈ N(Q) for all x ∈ Q and δ ∈

A(Q). Thus by (a) and (b), A(Q, ·) = V3(Q, ·) = V4(Q, ·).
□

Theorem 2.6. (1) Let (Q, ·) be a loop.
(a) IfW1(Q, ·) = {α ∈ A(Q, ·) | K(α, x) = (R−1

x Rxα, LxL
−1
xα , I) ∈ AUT (Q, ·)},

then W1(Q, ·)◁ A(Q, ·).
(b) If (Q, ·) is a Basarab loop such that xλ · xα = (xα\x)λ = x\xα for

all x ∈ Q and α ∈ A(Q) and

W2(Q, ·) =
{
α ∈ A(Q, ·) | (R−1

x Rxα, LxL
−1
xα , I) ∈ AUT (Q, ·)

}
={

α ∈ A(Q, ·) | xλ · xα ∈ N(Q, ·)
}
. Then, W1(Q, ·) = W2(Q, ·).

.
(c) If (H, ◦) is a Basarab loop such that xλ · xα = (xα\x)λ = x\xα

for all x ∈ Q and α ∈ A(Q), then A(Q, ·) = W1(Q, ·) = W2(Q, ·).
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(2) Let (Q, ·) be a loop.
(a) If

W3(Q, ·) =
{
δ ∈ A(Q, ·) | W (δ, x) = (RxR

−1
xδ−1 , L

−1
x Lxδ−1 , I) ∈ AUT (Q, ·)

}
,

then V3(Q, ·)◁ A(Q, ·).
(b) If (Q, ·) is a Basarab loop such that xδ−1 · xρ = (x/xδ−1)

ρ
= xδ−1/x

for all x ∈ Q and δ ∈ A(Q) and

W4(Q, ·) =
{
δ ∈ A(Q, ·) | (RxR

−1
xδ−1 , L

−1
x Lxδ−1 , I) ∈ AUT (Q, ·)

}
={

δ ∈ A(Q, ·) | xδ−1 · xρ ∈ N(Q, ·)
}
. Then, W3(Q, ·) = W4(Q, ·).

(c) If (H, ◦) is a Basarab loop such that xδ−1 · xρ = (x/xδ−1)
ρ
= xδ−1/x

for all x ∈ Q and δ ∈ A(Q), then A(Q, ·) = W3(Q, ·) = W4(Q, ·).

Proof. (1) (a) LetW1(Q, ·) = {α ∈ A(Q, ·) | (R−1
x Rxα, LxL

−1
xα , I) ∈ AUT (Q, ·)}.

With α = I, (R−1
x RxI , LxL

−1
xI , I) = (I, I, I) ∈ AUT (Q, ·). So,

W1(Q, ·) ̸= ∅.
Let α, β ∈ W1(Q), then

K(α, xα)K(β, xα) = (R−1
x Rxα, LxL

−1
xα , I)(R

−1
xαRxαβ, LxαL

−1
xαβ, I) =

(R−1
x RxαR

−1
xαRxαβ, LxL

−1
xαLxαL

−1
xαβ, I) = (R−1

x Rxαβ, LxL
−1
xαβ, I) ∈ AUT (Q, ·)

⇒ αβ ∈ W1(Q).

Next, we show that α−1 ∈ W1(Q) for all α ∈ W1(Q) . Let α ∈ W1(Q),
then

K(α, x) = (R−1
x Rxα, LxL

−1
xα , I) ∈ AUT (Q, ·) ⇒

K(α, x)−1 = (R−1
xαRx, LxαL

−1
x , I) ∈ AUT (Q, ·) ⇒

K(α, xα−1) = (R−1
xα−1Rxα−1α, Lxα−1L−1

xα−1α, I) =

(R−1
xα−1Rx, Lxα−1L−1

x , I) ∈ AUT (Q, ·) ⇒ K(α, xα−1)−1 =

(R−1
x Rxα−1 , LxL

−1
xα−1 , I) ∈ AUT (Q, ·) ⇒ α−1 ∈ W1(Q).

If α ∈ W1(Q) and θ ∈ A(Q), then for all x, a, b ∈ Q,

K(α, x) = (R−1
x Rxα, LxL

−1
xα , I) ∈ AUT (Q, ·) ⇔ (a/x · xα) · xα\(xb) = ab⇔

((a/x · xα) · xα\(xb)) θ = (ab)θ ⇔
(aθ/xθ · xαθ) · xαθ\(xθ · bθ) = aθ · bθ (set x 7→ xθ−1)

⇔ (aθ/xθ−1θ · xθ−1αθ) · xθ−1αθ\(xθ−1θ · bθ) = aθ · bθ ⇔
(aθ/x · xθ−1αθ) · xθ−1αθ\(x · bθ) = aθ · bθ ⇔

K(θ−1αθ, x) = (R−1
x Rxθ−1αθ, LxL

−1
xθ−1αθ, I) ∈ AUT (Q, ·)

⇔ K(θ−1αθ, x) ∈ AUT (Q, ·) ⇔ θ−1αθ ∈ W1(Q).

Therefore, W1(Q, ·)◁ A(Q, ·).
(b) Let α ∈ W1(Q), then for all x ∈ Q, K(α, x) = (R−1

x Rxα, LxL
−1
xα , I) ∈

AUT (Q, ·). With the condition xλ ·xα = (xα\x)λ and the arguments
from (11) to (12) of the proof of Theorem 2.4(1), R−1

x Rxα = R(xλ·xα).
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Also, using the arguments from (13) to (14) of the proof of Theorem
2.4(1), LxL

−1
xα = L−1

(xλ·xα). So,

K(α, x) = (R−1
x Rxα, LxL

−1
xα , I) =

(
R(xλ·xα), L

−1
(xλ·xα), I

)
∈ AUT (Q, ·) ⇒

W1(Q, ·) ⊆ W2(Q, ·).

Let α ∈ W2(Q), then for all x ∈ Q,
(
R(xλ·xα), L

−1
(xλ·xα), I

)
∈ AUT (Q, ·).

With the condition xλ · xα = x\xα and the arguments from (15) to
(16) of the proof of Theorem 2.4(1),

LxαL
−1
x = L(xλ·xα) and R

−1
x Rxα = R(xλ·xα) ⇒(

R(xλ·xα), L
−1
(xλ·xα), I

)
= (R−1

x Rxα, LxL
−1
xα , I)W2(Q, ·) ⊆ W1(Q, ·).

Thus, W1(Q, ·) = W2(Q, ·).
(c) Going by (14) of Theorem 2.4(1), xλ · xα ∈ N(Q) for all x ∈ Q and

α ∈ A(Q). Thus by (a) and (b), A(Q, ·) = V1(Q, ·) = V2(Q, ·).
(2) This is similar to the proof of 1.

□

2.4. Conclusion. In this study, we investigated the holomorphy of Basarab
loops. Some necessary and sufficient conditions for a loop with A(Q)-holomorph
to be a left (right) Basarab loop, and Basarab loop were established.

From Corollary 2.2, it can be deduced that the Λ(Q, ·)-holomorph H(Q, ·) of a
left Basarab loop (Q, ·) is precisely a left Basarab loop. Based on Corollary 2.2,
we could not come up with a commutative diagram when the A(Q)-holomorph
H(Q, ·) is a left Basarab loop. Whereas, Corollary 2.3 resulted in the commutative
diagram (5) when the A(Q)-holomorph H(Q, ·) is a LIP left Basarab loop.
Similarly, from Corollary 2.6, it can be deduced that the P(Q, ·)-holomorph

H(Q, ·) of a right Basarab loop (Q, ·) is precisely a right Basarab loop. Based
on Corollary 2.6, we could not come up with a commutative diagram when the
A(Q)-holomorph H(Q, ·) is a right Basarab loop. Whereas, Corollary 2.7 resulted
in the commutative diagram (7) when the A(Q)-holomorph H(Q, ·) is a RIP right
Basarab loop.

From Corollary 2.10, it can be deduced that the Λ(Q, ·) ∩ P(Q, ·)-holomorph
H(Q, ·) of a Basarab loop (Q, ·) is precisely a Basarab loop.

Theorem 2.3 alongside Corollary 2.2 and Corollary 2.6 resulted in the commu-
tative diagrams (8) and (9) when the A(Q)-holomorph H(Q, ·) is a Basarab loop
and this resulted into the existence of mappings κ, η : P(Q, ·) → Λ(Q, ·) such

that R−1
x Rxα

κ
≊ LxαL

−1
x and RxαR

−1
x

η
≊ L−1

x Lxα for all x ∈ Q, α ∈ A(Q).
Theorem 2.5 and Theorem 2.6 assures us that in any left (right) Basarab loop

or Basarab loop Q, the set of automorphisms α with autotopic characterization
of any of the types P (α, x), B(α, x), K(α, x),W (α, x) actually forms a normal
subgroup in A(Q).
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4. J. O. Adeniran, T. G. Jaiyéo. lá and K. A. Idowu, Holomorph of generalized Bol loops, Novi
Sad Journal of Mathematics, 44, 1(2014) 37–51.

5. J. O. Adeniran, Y. T. Oyebo and D. Mohammed, On certain isotopic maps of central loops.
Proyecciones Journal of Mathematics, 30, 3(2011), 303–318.

6. A. S. Basarab, Non-associative extentions of groups by means of abelian groups, Proc.
Intern. Conf. On Group Theory, Timishoara, (1992), 6–10.

7. A. S. Basarab, K-loops,(Russian), Buletinul AS Rep. Moldova, Ser. Matematica 1, 7(1992),
28–33.

8. A. S. Basarab, Generalized Moufang G-loops, Quasigroups and Related Systems, 3(1996),
1–5.

9. A. S. Basarab, IK-loops, Quasigroups and Related System, 4(1997), 1–7.
10. V. D. Belousov, Foundations of the theory of quasigroups and loops,(Russian) ”Nauka”,

Moscow, (1967).
11. V. D. Belousov, The group associated with a quasigroup (Russian), Mat. Issled. 4, 3(1969)

21–39.
12. R. H. Bruck, Contributions to the theory of Loops, Trans. Amer. Soc. 55, (1944) 245–354.

http://dx.doi.org/10.1090/s0002-9947-1946-0017288-3.
13. R. H. Bruck, A survey of binary systems, Springer-Verlag, Berlin-Göttingen-Heidelberg,

(1966), 185pp.
14. R. H. Bruck and L. J. Paige, Loops whose inner mappings are automorphisms, The annals

of Mathematics, 63, 2(1956), 308–323. http://dx.doi.org/10.2307/1969612
15. O. Chein, H. O. Pflugfelder, and J. D. H. Smith, Quasigroups and loops : Theory and

applications, Heldermann Verlag, (1990), 568pp.
16. V. O. Chiboka and A. R. T. Solarin, Holomorphs of conjugacy closed loops, Scientific

Annals of Al.I.Cuza. Univ., 37, 3(1991), 277–284.
17. J. Dene and A. D. Keedwell, Latin squares and their applications, the English University

press Lts, (1974), 549pp.
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distributive quasigroup with key laws, International Journal of Mathematical Analysis and
Optimization: Theory and Applications, (2019), 426-–432.
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