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WELL-POSEDNESS FOR THE STOCHASTIC
INCOMPRESSIBLE HALL-MAGNETOHYDRODYNAMIC
SYSTEM

HASSAN KHAIDER!* , FATIMA OUIDIRNE2, ACHRAF AZANZAL3? AND CHAKIR
ALLALOU *

ABSTRACT. In this paper, we first establish the existence and uniqueness of
solutions of the stochastic incompressible Hall-magnetohydrodynamic system
in the deterministic case in Fourier-Besov-Morrey critical spaces. In the second
part, we show the existence and uniqueness of solutions in the stochastic case.

1. INTRODUCTION

In this article, we study the following three-dimensional stochastic incompress-
ible Hall-magnetohydrodynamic system:

Oru —vAu+ (u-V)u+Vp—(V xb) xb=g W, t>0,z R
b — opAb+ oV x ((V xb) xb) =V x (uxb)=gW, t>0zcR3
V-u=V-b=0, t>0,z € R3,
(,b)] ;o = (o0, bo) z € R3,

(1.1)

In this context, the variables u, b, and p correspond to the velocity, magnetic,
and scalar pressure fields, respectively. Additionally, we use oy > 0 and v > 0 to
represent the Hall coefficient and kinematic viscosity, respectively. The variables
g; (1 =1,2) and W are random external force and a standard infinite dimensional
Wiener process, respectively. The diffusive coefficient op can be expressed as
op = #, where the constants ¢ > 0 refer to the electrical conductivity and
1 > 0 refer to magnetic permeability. The given initial data ug signify the initial
velocity and by represent the initial magnetic field.

If g; = 0, numerous studies have explored the global-in-time well-posedness
and stability of equation (1.1) across various functional settings. Acheritogary
et al. [3] obtained the global existence of weak solutions for the system (1.1).
Ferreira and Benvenutti [7] established the local-in-time well-posedness of strong
solutions in the H? space. In [3], the authors established the local existence
of smooth solutions for large data and global smooth solutions for small data
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within the incompressible viscous or inviscid Hall-MHD model. More recently,
Raphael and Jin [10] delved into the existence and uniqueness issues of the three-
dimensional incompressible Hall-magnetohydrodynamic equations within critical
regularity spaces. In [23], Renhui Wan and Yong Zhou obtained two Fujita-
Kato type results applicable to the 3D Hall-magnetohydrodynamic equations. In
2021, Nakasato [I] proved the existence of a global-in-time solution in critical
Fourier-Besov spaces. Motivated by the aforementioned research, the objective
of this paper is to establish the well-posedness of the system (1.1) in critical
Fourier-Besov-Morrey spaces, which are larger than Fourier-Besov spaces. It is
noteworthy that when oy = 0, the problem (1.1) simplifies to the well-known
incompressible magnetohydrodynamic system,

Ou —vAu+ (u-V)u+Vp=(V xb) xb, t>0z€cR3
Ob — opAb =V x (u x b), t>0,z €R3,

Vou=V-b=0, t>0,r €R3, (1.2)
(U, b)’t:O = (UOa bO) ) xr € Rs.
Li and Zheng [11] established the well-posedness and blow-up criterion for the

mild solution of the problem (1.2) within the framework of Fourier-Herz space,
involving highly oscillating functions. In a different direction, the authors in
[17, 18] proved the global well-posedness and a singular limit of problem (1.2) in
Fourier-Sobolev spaces. Examining the Cauchy problem (1.2), Miao and Yuan
[15] obtained the global well-posedness for small data and local well-posedness

for large data in the Besov space Bﬁ;l(R”) with 1 <p < ooand 1 < g < 0.
Awati and al. in [1] established the concept of weak-strong uniqueness of solutions
with initial data in BE;I(R”) N L*(R") for cases where 2= + 2 > 1. Moreover,
our focus narrows down to a magnetic field solution that closely approximates
the constant equilibrium state B at spatial infinity, where B € R? represents a
constant magnetic field. To reformulate the problem (1.1) under the assumption
that B # 0, we introduce a new vector-valued function B := b — B, leading to
the following initial-value problem:

atu—vAquv(er@)—(VxB)xB:h, t>0,2€RS,
OB —opAB+oyV x (VxB)xB)—Vx(uxB)=Vxg, t>0,1€R3
V-u=V-B=0, t>0,2 € R?,
(u7 B)|t:0: (UJO?BO)’ xeRS’
(1.3)

where h and g are the nonlinear terms, defined respectively by:
h:=—(u-V)u+ (B-V)B, g:=uxB—o0yg(V xB)xB.

Numerous researchers have explored the global existence result for the problem
(1.3) (see references [9, 11,25, 13]). In order to determine the appropriate function
class for a solution (u, p,b) to the problem (1.3), we examine the following linear
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system:

{(9tB—aDAB+aHV><((V><B)XB):f, t>0,x € R?, (1.4)

Bli=o = By, x € R3,

where op, oy > 0, B = (B, B, Bg)T € R3. Notice that e’ By is the solution of
the linear problem (1.4) and we have,

€tHB0 ~ €Z|B|tA€toDABO

eUDtABO )

CiH 3 —optéf?
etHBO‘ ~ e P

i
o—ilBle| Bo‘ _

Let us present the scaling property of the system (1.1). If (u, b, p) solves (1.1)
with initial data (ug, bo, po) then (uy, by, py) also solves (1.1) with the initial data

(U()’)\? bO,)n pO,)\)7 where

up(t, x) = du (N, \x),
pa(t,z) = Np (N2t x), A>0
ba(t, ) = Ab (N’ \x) .

The critical space for the system (1.1) is naturally defined as a result of this
scaling invariant characteristic.

To facilitate clarity in our description, we introduce the following symbols.
The symbol S (R™) is the usual Schwartz space of infinitely differentiable rapidly
decreasing complex-valued functions on R™ and §’(R™) be the space of tempered
distributions. For 1 < p < oo, we use LP = L? (R") to denote the Lebesgue space

and LP (R™) = L? to denote the Fourier-Lebesgue space defined by
LP ={ue S’ |lullz, < oo}, where [|ullz, = ([l 1,

where p’ is the conjugate of p satisfying i + z% = 1. We use P(R") to denote the
set of polynomials.

Regarding the stochastic cas (if g; # 0), we can see [20] for the regularity
result for stochastic magnetohydrodynamic equations in probabilistic evolution
spaces of Besov type. Moreover [2] provide a number of results relating to the
identification of the regularity of the driving noises and conditions under which

the fractional stochastic magnetohydrodynamic system has a martingale solution
with (=A)%, 8 > 0in RY, d = 2,3. Furthermore [19] establish the global well-
5 A

~ .5 3,442
posedness result in L*(0,T; FN3, 2 +2) for small initial data (ug, by) belonging

. .. , L5342
in the critical Fourier-Besov-Morrey spaces FN3, 7 °(R?).

The work is organized as follows. In Section 2, we recall the fundamental
framework, defining the functional spaces involved. In Section 3, we present
some technical lemmas. In Section 3, we prove our main result in Fourier-Besov-
Morrey critical spaces in the deterministic case, and in Section 4, we prove our
main result in the stochastic case.
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2. PRELIMINARIES AND MAIN RESULTS

In this section, we will present the Littlewood-Paley theory and Fourier-Besov-
Morrey spaces.
Consider the Littlewood-Paley dyadic decomposition of unity denoted by {®,} ez,
where ¢ is a non-negative radially symmetric function belonging to the space &’
such that

supp(¢) C {5 € R":
and

Then, we present the homogeneous Fourier-Besov spaces.

Definition 2.1. [6] Let 1 < p,q¢ < 400 and s € R, the homogeneous Fourier-
Besov space is defined as

1/q
-~ |la
quuHLp/} < 400y,

X R .
FBy,=queS i€ Ly, [ullrs qn = {Z 909

€z
with appropriate modifications made when ¢ = oo.
Now, we define the Morrey spaces M) (R").
Definition 2.2. ([22]) For 1 < p < 00,0 < A < n, the Morrey space M) =
M2 (R") is given by M2 (R") = {f € Il (BR"):[|f ey < oo}, where

loc

A
1 llay = sup supr 2 || fll Lo (Bao.r)-
zo€R™ 7>0

Remark 2.3. [12] 1) The space M equipped with the norm || - |1y is a Banach

space.

2) If 1 < <00, 0 <A A, Mg <nwith 2 =2 L apd 22 =X L X
_pb]_?z,]?s 0, U= AL A2, A3 s T pa e

then we obtain the Holder inequality

1£9l s < 161yl

3)For 1 <p<ooand 0 <\ < n,

o fllag < llellzllglag, (2.1)
for all ¢ € L' and f € M.
Lemma 2.4. [12] Let 1 < py <p; < 00,0 < A, Ay < n,”;—l’\l < ”;—2’\2 and let v be

~

a multi-indez. If supp(f) C {|¢| < A27}, then the following inequality holds for
any constant C' > 0 independent of f and j.

o], < oM T Ty (2.2)

Now, we define the function spaces FN ;M (R™).
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Definition 2.5. [8] (Homogeneous Fourier-Besov-Morrey spaces) Let s € R, 0 <
A<n,1<p<+4oo,and 1 < ¢ < +o0. The space ‘FN;},M (R™) denotes the set
of all u € S'(R x R")/P(R") such that

HUH]—'N;M(R") = {Z 294

JET

. 1/q
¢jﬁ MA/} < 400, (23)

with appropriate modifications made when ¢ = oo.

Now, we define the Chemin-Lerner-type spaces and we present the definition
of the mixed space-time spaces.

Definition 2.6. [3] Let s € R;)1 < p < 00,1 < gq,
T € (0, 00]. The space-time norm is defined on wu(t, z

1/q
. A q
» — E 3as || 4.4
Hu(t, l‘) ”ﬁP(QT;‘/—-Np’A’q) {jez 2 ¢ju e (O,T;M;\,) } )

where L <0,T;]-"./\'f;7,\’q) is the set of distributions in &' (R x R™) /P(R") with

finite [| - ”ﬁp(o,T;f/\'/;,A,q) Lorn.

p < 00,0 < A< nand
by

As a consequence of the Minkowski inequality, we can establish the following
continuous embedding connecting the Chemin-Lerner spaces with the Bochner
spaces and the Fourier-Besov-Morrey spaces,

L0, T FN, ) S (0T FNG, ) a<r,
(0.1 FN,,,) S LO0.TFNG,,) . T<a
Now, we define the filtered probability space

Definition 2.7. Let (Q,F, {Ft}te[o,T] ,P) be a filtered probability space with

the expectation E and T > 0. We designate by M the smallest o-algebra of F-
adapted distribution processes g defined on 2 x [0, T'| x R? which are progressively
measurable; more precisely g(w,t,-) € F; x B([0,¢]), for all ¢t € [0,T].

Now, let us define the Chemin-Lerner type space of Bochner.

Definition 2.8. Let T"> 0, 1 < r,p < oo and 0 < A < n. The Chemin-Lerner

type space of Bochner ET(O,T;‘FM;M) is defined as the space of distribution

process f € Dp such that f(w,t) € Sy, (Rd) and the quasinorm

1
T r\ T
”fHD(O,T;]—'M;A’q) - <E</O “f”fMZ,A,qu> ) '

At the end of this section, we recall the Burkholder-Davis-Gundy inequality.

Lemma 2.9. Let {W;,t > 0} be an n-dimensional Wiener motion. For each
p>0and T >0, there exists a constant ¢, > 1 such that Vo € A2

T p/2 t T p/2
(/ ’@t|2dt) / P dW (/ ‘¢t|2dt> ] .
0 0 0

1
—E

P

p
<E {sup } < E

t<T
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Definition 2.10. For a Banach space X and o € R, we define the stochastic
Banach spacesL], (Q x (0,7),P; X) to be the space of X-valued processes with

the norm
T 1
1y eiomm) = (B[ #7150 d0)”
Remark 2.11. According to [19, Lemme 4.4], we conclude that there are functions®
such that

D(w, ) € LL(Qx(0,T),P; FM:, ) NFM.L,,.
We now proceed to state our main result which establishes the local existence.
Theorem 2.12. (Deterministic case) Let 1 <p < o0, 0 < X < 3 and

(uo,Bo)efN;;%( R?) x (]—"/\/’ me/\/*’ >(]R3)

where V -ug =V - By = 0. There exists a positive constant €9 < 1 such that if
IBoll_ s <o,

;A1

then there exists T > 0 such that the problem (1.3) has a unique solution (u, B)
satisfying

ueC <[0,T);f/\'/;§jp> nL' (O,T;]-“N;;ﬁ>
BeC <[0,T);f/\'/;§jp mf/\'f;:&l) nL! (o T, FN, ﬂ]-"f\/ ) .

Theorem 2.13. (Stochastic case) Let A\, p satisfy 0 < A <3 and 1<p< o0,
Let (Q,E{Ft}te[oﬂ ,P) be a filtered probability basis. Assume that ug, by are

Fo measurable, small enough with V -ug =V - by =0, and g1, 9o € Dr. Suppose
that for any positive T,

b <K.
(o, 0>H]—‘N;1:1%(R3) <]—'N 1;1;0;/\/51)@3) + H(glagz)Hﬁ(l)(QX(O,T)P;M) =

Where K is a positiv constant. Then there ezist a um’que global mald solution

of problem 1.1 in L' (0 T]:N > NL! (0 Tf/\/ ﬂf/\/ ) ﬂﬁl(Qx
(0,7),P; M).
3. A PRIORY ESTIMATES

Let us proceed to illustrate the different types of product estimations within
the Chemin-Lerner spaces of Fourier-Besov-Morrey spaces. The classical bilinear
estimates are provided in the following lemma.

Lemma 3.1. (Bilinear estimates) Let s > 0, 0 < X\, Aj, Aa <n, 1 <1y, ry < oo,
and 1 < p, p1, p2, q < o0, such that % = ;—1 + ’\—j = ;\—11 + ;\_12 Then there exists a
positive constant C' such that the following estimate holds:

1olless,, < C (I lgosllallze, .+ ol IF e, )
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Proof. We put, f; = ¢; x f. Thanks to Bony’s para-product formula, we decom-
pose fg as follows:

f9=> Pafoe+ Y fxPrag+ > fudn

keZ keZ keZ
= ]1 + -[2 + -[37

with P.f = ZKk 1 fi- We first determine the estimation of /;. We note that
¢ * (Py_1fpy* g) =0(|]j — j'| >4). Then we have

‘M*SZ’

P i—5<3

<C Y IF (P11 95| an,

li—4'1<3

<C > NF(Ppaaf) HM

li—3"1<3

<Clflpey D | @@HW

p
bj—51<3

-~

I

ng]: (Py-1fgjr) M

(3.1)

2

In a similar way, we get the estimate of I as follows:

Hszw < Cligll vy D 1165 Fll oo (3.2)
)

1j—j1<3

Whereas we observe that ¢; * (f;§;) = 0(j' < j —4). Then we obtain

1Bl < 30 1657 () e,

3’23

<C S 116 F 0,0l

j'>5-3

<CZ‘

j'>j—3

<Oy 3 HasﬁH

1/>

(3.3)

orf| , 16,31

Combining (3.1)-(3.3), we have

F Oy D || ﬂ!

=
bi—51<3

@z
Q)

@ﬂfg)HMgcuﬂm;i ) HmH + Z\

l7—3"11<3 J'>j-3
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By Minkowski’s inequality, we get

Q=

q

1£gllrxe,, < Oy [ S22 |6 gH
P1

Jez li—J"1<3

Q
Q|

Ol [ 229 (S0 160 il
T '/'2

to\Jez li—J'1<3

+0||f||M;}( 25”(2 6,31, ))
J J’<3 p’2
<0||f|rMAIZ(Z2S”H¢ -, )

p1|u<3 JEZ

+Cllgl 2 (Z e EORY] )

1 11<3 \j€Z

Q|

Py <3

. = - q
Oy S (Z 2 d)j-ngm)
JEZ ph
= Jl + J2 + Jg.

For J; and Js, we obtain

. ~  _||e
Tt Ja =Cllflpy > 2" (Z 220701 aﬁj_ngW)
Ph

1<3 JET

Q=

-l S (zzsw 13, )

1 <3 JEZ
< (U lgllmws .+ Mgl I )
As for J3, we get

1
. = q ¢
CHfHM)‘l Z (Z 9s(i—1g9slq qulgHM&)
JEL Ph

P 1<3

< Clifllcoullall zr,

q

Thus, the proof of Lemma 3.1 is complete. U

Additionally, we need to show the smoothing properties in the Chemin-Lerner
spaces. The following inhomogeneous heat equation with a diffusive coefficient
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(v > 0) is first taken into consideration:

ou—vAu=f, t>0,z¢cR3,
(3.4)
uly=o = U, x € R3.

Lemma 3.2. (Smoothing estimates for (3.4)) Let s € R, 0 < A <3 and 1 <
p,q < 00. The inhomogeneous heat equation for (3.4) has a unique solution u and
there exists some constant C' = C(r) > 0 such that

1 —1+L
vr HUHLT (O,T;_FNS+%> <C HUOHJ-‘/\'/‘;,M +v N Hf“ﬁT1 <0,T; Ns2+,?l>

P,A,q P,A,q

Proof. Suppose that u satisfies (3.4), then for any j € Z, we have

t
uj(t) = ™2, * ug + / eU=IA £1(5)ds. (3.5)
0

To estimate the first term of the right hand side in (3.5), we obtain by using
supp ¢; C {€ € R™; 2771 < |¢] < 2971} that

~ o ea ~
H¢j6 v ‘ Pjuo

o0 by %
v
0 <</ 642”%) ’
MM
L (0T30m) 0

<O (v2%) 7" asjaoH

MA

o (3.6)

NE
Mp,

Using Young’s inequality, we obtain

T t _ R " v
‘ < / / A7 ds)
L (O,T;M;,) 0 0 M,

ngﬂ L (O,T;M;,)
i

t
/ e(t=s)vI¢] ¢, f(s)ds

0

_v92j,

L9(0,00) ‘

< ¢ (v2¥)

)

L (O,T;M;‘/> .

where 7 = 1+ % — % Combining (3.6) with (3.7) and multiplying by 2% we get

1 2); ; e —o42);
UT2(5+T)~7 ||uj||LT(0,T;MI>)‘) S 028] ||¢] *UOH./\//(\I),‘—i_CU +7"1 2(5 ’7‘1>] ||fJHL7‘1 <O7T;./\//(\I>j‘> .

Therefore, we take the ¢4(Z)-norm and we get the result. O

We also show the following estimate for the problem (1.4).

Lemma 3.3. (Smoothing estimates for (1.4)) Let s € R;1 < p,qg < 00, 1 <

r <r<oo,Té€Rt and 0 < X\ < 3. Suppose that By € .7:./\‘/';,\7q and [ €
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. s—242
E”(O,T;f./\fp,)\;”). Then (1.4) has a unique solution B and there exists some
constant C' = C(r) > 0 such that

1 —1+5
I8l gty SC | WBollei,, +ow "I furri )
7 o pAq

Proof. Firstly, we derive the integral forms of the solution to the linear induction
equations (1.4). The Fourier transform of (1.4) with regard to £ = (&, &2,&3) €
R3,if f =0, yields

6t§ + UD’£‘2§ + O'HQ§QBQ£§ = 0,
where ()¢, (25 are defined by

0 =& & 0 —B; B
Q§ = 53 0 _51 ) QB = B§ 9 _Bl )
& & 0 —-By, B 0

respectively. Put H(¢) := —op|¢[2T — o258, As can be observed, the char-
acteristic polynomial associated with H(§) is determined by

(A +0oplel?) (N + 20p[¢* + opl¢* + onlé]l€ - BI?). (3-8)
The following three expressions are present in the above equation (3.8)
M(€) = —opl¢[* and A (€) := —aplé|* +ioul¢][¢ - BI.

Suppose that the matrices H (&) can be diagonalizable, we find that for any v €
S (R?),

e Oy = MOP (&) + M OP, (&) + O P (&)w
where the Hermitian matrices ]32(5 )(i = 0, %) are defined by the followings

1 & && G

f%(g) 32@ &1&o f% &2&s
§i&s && &
—~ 1
P =_——
&) = SeEe BP
R}+ R} —RiRy +il€||€ - B[Ry —RiRy —i|¢||¢ - BIR,
—RiRy —il¢][€ - B|Rs R+ R} —RoRy +il€|[S - BIRy |,
—R Ry +il¢||¢ - B[Ry —RoRs —ilé||¢ - B|R, R} + R;

P_(¢) == P (¢)",

with R; = R;(€) := &€ - B(i = 1,2, 3). Therefore, et By given by F~! [etﬁ(ﬁ)éo}

is the solution to the problem (1.4) with f = 0. Using the Duhamel principle, we
get the following integral form of (1.4),

t
B(t) = e By + / et f(5)ds.
0
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Using the definition of ', we can prove that

: (3.9)

T tH(€) 7 —oplé?t 7~
|5 @a,,, < e,
p p

for all j € Z. Similarly to the proof of Lemma 3.2, and by using (3.9), we have

t
L (0,T5M3) + H/O e f(s)ds

HBJ”LT(O,T;M\;}) < Hethsj * Bo‘

L (0,T5M3)
T t )~ r -
< C |ele t¢]BOH +C / / el G s ) ar
0 T;M?, > 0 0 M;‘,
< C(op2¥) ™ H C (op2%) 7 ||05]] .
= (UD ) Ay + (UD ) i f 1 OTMY)
Then, the proof of Lemma (3.3) is completed. O]

4. PROOF OF THEOREM 2.13

In this section, we show our result concerning the existence and uniqueness of
the solution of 1.1 given by Theorem 2.13, for which we consider the Lemma 4.1
that we’ll use to show the Theorem 2.13

Lemma 4.1. Let vy be Fy measurable, g progressively measurable on wx [0, T| xR?
and 0 < X\ < 3.
Then, ther exists a positive constant o such that for g € L'(0, T s FMS L)

H/ Sa(t—p IP’gdW‘ <o.

ci(ax©1),Pim)

where Sg := ',

Proof : Since P is bounded in FM; ,  (R?)[21], it follows from Lemma 2.9 that

t
Ss(t — p IP’dW‘ :E(/ H/St— IP’dWH )
H/ s g cl Q>< (0,7),PFM; 0 ot = )y FM xq
t
se( [ o], )
FMS
T
S E SUP/HQHIMNQ >
0 te[OT]
T
< [VE( [ ol o)
0
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In order to solve the problem (1.1), we consider the following equivalent integral
equation coming from Duhamel’s principle

/

t t
u:Sg(t)u0+/ Sg(t—p)]P’gldW—/ Sa(t = p)PV - (u@u—b®Db)(-, p)dp,
0 0

t t
bZSB(t)bo+/ Sﬁ(t—p)ngdW—/ Sg(t—p)Pv- bRu—u®u)(,p)dp
0 0

—/th(t—p)V X ((V x b) xb).
" (4.1)
Put

X=L(0,T;FN, i |NL |0, T; FN, i NFN 0 ) NL (2 x (0,T), Ps M)
To prove Theorem 2.13, it is sufficient to show that
t t
[ (st [ s = ppmawsatm+ [ sate~ ppga ) | <,
0 0

Lemma 4.1 allows us to obtain

t
[sstt0+ ; Sate = B <€ (ol + 1l )
< Cp.

Then we will follow the same steps in the proof of Theorem 2.12, we obtain the
proof of Theorem 2.13.
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