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SCREEN TRANSVERSAL LIGHTLIKE SUBMERSIONS
SHIVAM OMAR! * and YOGESH CHANDRA?

ABSTRACT. In this article, we introduce a new class of lightlike submersions,
namely, screen transversal lightlike submersions from an indefinite Kaehler
manifold onto a lightlike manifold. This class includes radical screen transversal
and screen transversal anti-invariant lightlike submersions as particular cases.
We also study some properties of these submersions.

1. INTRODUCTION

Semi-Riemannian geometry differs from Riemannian geometry in that the bi-
linear form equipped on each tangent space can be indefinite in the case of
semi-Riemannian geometry. Classical examples include Lorentzian spaces and
De Sitter spaces in general relativity [I1]. An n-dimensional semi-Riemannian
manifold is an n-dimensional smooth manifold M equipped with a symmetric,
non-degenerate 2-tensor field g, called the semi-Riemannian metric on M. A
semi-Riemannian manifold is called Riemannian, if metric tensor g has signature
(+,...,+). The simplest example of Riemannian manifold is Euclidean space,
which is R” with the Riemannian metric ¢ = dx’ @ dx' + ... 4+ dx" ® dx" while the
simplest example of a semi-Riemannian manifold is the Minkowski space, which
is R with the Lorentzian metric ¢ = —dx' @ dx* + dx?* @ dx* + ... + dx" ® dx". If
M is a semi-Riemannian manifold, there are three categories of curves, namely,
spacelike, timelike and lightlike (null), depending upon their causal character.

The theory of lightlike manifolds has been developed and studied by Bejancu-
Duggal [3] and Kupeli [9]. The major difference between the theory of semi-
Riemannian manifolds and lightlike submanifolds arises because in the first case
TMNTM*E = {0}, while in the second case, a part of normal vector bundle
T M lies in the tangent bundle 7 M of submanifold M of the manifold M. In
[3], Duggal and Bejancu introduced CR-lightlike manifolds as a generalization
of lightlike real hypersurfaces of indefinite Kaehler manifolds. Further, Sahin
studied transversal lightlike submanifolds [13], such that J(Rad(T M)) is never
tangent to M, and screen transversal lightlike submanifolds [12] of indefinite
Kaehler manifolds, which contains real lightlike curves.
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On the other hand, the basic idea of Riemannian submersions between Rie-
mannian manifolds was initiated by O’Neill [10] and Gray [0]. A smooth map
¢ : M — N between Riemannian manifolds M and N is called a Riemannian
submersion if it has maximal rank and the derivative map ¢, preserves the lengths
of horizontal vectors. Sahin and Giindiizalp [11] introduced lightlike submersions
from a semi-Riemannian manifold onto a lightlike manifold. In our recent re-
search published in [15]-[19], we conducted a rigorous analysis of various classes
of lightlike submersions. Our investigation includes a comprehensive examination
of their geometric properties.

It is important to note that radical distribution A is invariant with respect
to the complex structure of a Kaehler manifold in screen Cauchy Riemann [15],
screen Slant [17], and screen pseudo-slant lightlike submersions [16]. In [18], A
admits two orthogonal complementary distributions D; and D! such that A =
Dy Boren D, where JD; = Dy and JD! C ltr(Karg,). However, in [19], JA =
ltr(Kerp.). Therefore, we ask the following: Are there any lightlike submersions
for which JA C S(Kerg,)* ? To answer this question, in the affirmative, we
introduce a new class called screen transversal lightlike submersions.

We arranged the work as follows: In section 2, we briefly give a basic idea
related to this paper. In section 3, we introduce the notions of screen transversal
lightlike and screen transversal isotropic submersions, providing an example of
each class. In section 4, we define radical screen transversal lightlike submersions
with a non-trivial example and investigate the integrability of distributions in-
volved in the definition of such submersions. We have obtained the necessary and
sufficient conditions for foliations derived by the above distributions to be totally
geodesic. Additionally, in this section, we derive a necessary and sufficient condi-
tion for the induced connection V on S(Kere,) to be a metric connection. In the
last section, we define screen transversal anti-invariant lightlike submersions with
an example and prove that the distribution D’ involved in the definition of such
submersions is invariant under the almost complex structure J. Furthermore, we
give a characterization for such submersions and derive a necessary and sufficient
condition for the induced connection V on Kery, to be a metric connection.

2. PRELIMINARIES

An almost complex manifold M equipped with an almost complex structure
J and a semi-Riemannian metric ¢ of index r > 0 is referred to as an indefinite
almost Hermitian manifold if the metric g is compatible with the almost complex
structure J, meaning that for all vector fields & and V on M, the following
condition holds:

g(JU, JV) = g, V). (2.1)

An indefinite almost Hermitian manifold (M, 7, g) with the Levi-Civita connec-

tion V is referred to as an indefinite Kaehler manifold if for all vector fields U
and ¥V on M, we have

(VuJ)V =0. (2.2)

An indefinite complex space form M(c) refers to a connected indefinite Kaehler

manifold M characterized by a constant holomorphic sectional curvature c. The
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curvature tensor field of M(c) is expressed as:

RU, V)W = g{g(y, 2VX — gU, 2)V + g(TV W) TU
—g(TUW)TV + 29U, TV)IW}, YUV, W ET(TM). (2.3)

Let (M,g) be an (m+n)-dimensional (m,n > 1) semi-Riemannian manifold,
which is not a Riemannian manifold and g be a semi-Riemannian metric on M.
Also, let M be a submanifold of M. Then the radical or null space of M is
defined as Rad(T,M) ={{ € T,M : g({&,U) =0, VU € T,M}. If Rad(TM) :
p € M — Rad(T,M) defines a smooth distribution of rank 0 < r < m on M,
then Rad(T M) is called radical distribution on M and in this case the manifold
M is called an r-lightlike submanifold.

On the other hand, if ¢ : (M, g) — (NN, ¢’) is a smooth submersion from an
m-dimensional semi-Riemannian manifold M onto an n-dimensional r-lightlike
manifold N, then the pre image f~!(y) is an (m — n) dimensional submanifold of
M, for any y € N, called fibre. The kernel of derivative map ¢, : T,M — T,y N
at p € M is given by Kerg., = {U € To,M : p,Ud = 0}, and (Kerp,,)*
defined as (Kerp,,)* = {V € LM : g(V,U) = 0,Y U € Kere.,}. Since T,M is
a semi-Riemannian vector space, (Kery,,)* may not be a complementary space
to Kerp.,. Therefore, we consider A, = (Kery,,) N (Kerp,,)t # {0}. In this
case A : p — A, is a distribution on M, called the radical or null distribution.
Since the radical distribution A is degenerate, its orthogonal complementary dis-
tribution S(Kerp,) in Kery, is non-degenerate. Thus Kerp, = A L S(Kery,).
Similarly (Kerg,)t = A L S(Kerp,)*t, where S(Kerg,)* is the complementary
distribution to A in (Kerg.)*. Now, since S(Kerg,) is non-degenerate in TM,
we have

TM =S(Kerg,) L (S(Kerg,))™*, (2.4)

where (S(Kere,))* is the orthogonal complementary distribution to S(Ker¢p,) in
T M. Since S(Keryp,)* is non-degenerate in (S(Kery,))*, we have (S(Kerp,))t =
S(Kerg,)t L (S(Kerp.)t)t. Also, as A C (S(Kerp,)t)*t and (S(Kerg,)*)*t
is non-degenerate, there exists null vectors Nj, Na...,N;, such that ¢(§,&;) =
g(M,M) =0, 9(517'/\[]) = 5ij and g<Za7€j) = g(ZauA/’j) =0, fori,j € {17 }
and a € {1,...,t}. Here {&} is a basis of A, while {Z,} is a basis S(ICergo*)L.
The distribution produced by vector fields Ny, Ns..., N, is denoted by ltr(Kery,)
such that tr(Kerp,) = ltr(Kery,) L S(Kereg,)*. In this case ltr(Kerg.) and
Kery, are not orthogonal to each other. Moreover T M = Kerp, @ tr(Kery,),
where Kery, and tr(Kerp,) are not orthogonal to each other.

Let dim(A) = r. Then, a smooth submersion ¢ : M — N is called r-lightlike
submersion if the length of horizontal vectors preserved under the derivative map
o, and r = dim{(Kerp,)N(Kerg,)*} =r,0 < r < min{dim(Kere.), dim(Kery,)*}.
Moreover, ¢ is called co-isotropic submersion if r = dim(Kere,)* < dim(Kerey,),
isotropic submersion if r = dim(Kerp,) < dim(Kery,)* and totally lightlike sub-
mersion if r = dim(Kery.)* = dim(Kerp,). The geometry of semi-Riemannian
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submersions can be characterized by O’ Neill tensors 7 and A, given as

TV = hV vV + vV bV, (2.5)
AyV = vV hY + hV iy vV, (2.6)

for any U,V € T'(Kery.). Here tensor T has the following symmetric property
TV =TU, YU,V el (Kery,) (2.7)

Next, we assume ¢ : (M, g) — (N, ¢’) is a lightlike submersion from a real (m +
n)-dimensional (m,n > 1) semi-Riemannian manifold M onto a lightlike manifold
N. Further, we consider that Kerp, is an m-dimensional lightlike distribution
on M such that tr(Keryp,) is the complementary distribution to Kerp, in M in
context of the pair {S(Kery,), S(Kery,)*}. Additionally, let § and V represent
the induced metric to g and linear connection respectively on Kery,. Then (2.5)
gives

ViV = ViV + Ty V, (2.8)
VuX = TuX + Vi X, (2.9)

YU,V e T(Kerg,), X € T(Kerp,)*:, where V¥V = vV V and VX = hV, X.
Here {VyV, Ty X} and {T;V,V$ X} belong to T'(Kery,) and T'(tr(Kerg,)), re-
spectively. Let S(Kerp,)* # {0}, and assume that L. and S represent the projec-

tions of tr(Kerp.) on ltr(Kery,) and S(Kerg,)*, respectively. Then, from (2.8)
and (2.9), we obtain

ViV = ViV + TV + T3V, (2.10)
VuN = TuN + VLN + DU, N), (2.11)
VuW = TyW + DU, W) + Vi W, (2.12)

VU,V e T(Kerp,), N € D(ltr(Kerp,)) and W € T(S(Kerg,)*). Now using
(2.10) and (2.12) and taking into account that V is a metric connection, we get

9(T7V,W) + gV, DHUW) = =3(TuV, V). (2.13)

3. SCREEN TRANSVERSAL LIGHTLIKE SUBMERSIONS

In this section we define screen transversal lightlike submersions, giving a non-
trivial example by using the following lemma.

Lemma 3.1. Let ¢ : (M,g) — (N,q') be an r-lightlike submersion from an
indefinite Kaehler manifold M onto a lightlike manifold N. If J(A) is a vec-
tor subbundle of S(Kerp.)*t, then J(ltr(Kery,)) is also a vector subbundle of
S(Kerp,)t, and J(A) N J(ltr(Kerg,)) = {0}.

Proof. Assume that J (Itr(Kery,)) = ltr(Kerp,). Since ¢ is an r-lightlike sub-
mersion, for any § € I'(A) and N € T'(itr(Kere.)), by using (2.1), we have
g(JTEITN) = g(&,N) = 1. Now, if TN € T(ltr(Kery.)), by the hypothesis of
the lemma, we would have g(j &, IN ) = 0. This leads to a contradiction. It
follows that JN ¢ T(ltr(Kere.)). Next, suppose JN € I'(S(Kerg.)). Then,
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we get 0 = g(JE, IN) = g(§, N) = 1. It implies that JN ¢ T'(S(Kerep,)). Simi-
larly, it can be shown JN ¢ T'(A). Thus, we conclude that JN € I'(S(Kere.)*b).
Finally, let V € I'(J(A) N J (ltr(Kere,))). This implies V € T'(J(A)), and thus
gV, IN) =0, asV € I'(J(ltr(Kere,))). However, for an r-lightlike submersion,
there exists JV € T'(A) such that g(JV,N) # 0. Therefore, using (2.1), we
have 0 # g(JV,N) = —g(V,JN) = 0, which is contradiction. Thus the proof is
complete. O]

Definition 3.2. An r-lightlike submersion ¢ : (M,g,J) — (N,¢') from an
indefinite Kaehler manifold M onto a lightlike manifold N is called a screen
transversal lightlike submersion if J(A) C S(Kerg,)*.

From definition (3.2), we have the following decomposition:
S(Kerg,)*t = [T(A) @ J(Itr(Kerep,))] L D,

where D is a non-null orthogonal complementary distribution to J (A)®J (Itr(Kery,))
in S(Kerp,)*. From definition (3.2), it is also clear that:
(i) J(Itr(Kerp,)) C S(Kerp,)*.
(ii) There does not exist any screen transversal co-isotropic or totally lightlike
submersions, since in these cases S(Kerp, )+ = {0}.

Proposition 3.3. Let ¢ : (M, g9, J) — (N,¢') be a screen transversal lightlike
submersion from an indefinite Kaehler manifold M onto a lightlike manifold N
Then J(A) and J(Itr(Keryy)) are not orthogonal.

Proof. Assume, for the sake of contradiction, that J(A) and J(Itr(Keryp,)) are
orthogonal. Then we have

where { € T'(A) and N € T'(Itr(Kerep,)). which leads to a contradiction. There-
fore, J(A) and J(ltr(Kery,)) are indeed not orthogonal. This completes the
proof. O

Example 3.4. Assume that Rf , ; and R} , are equipped with the semi-Riemannian
metric

g = (duy)* + (dug)? + (dus)? + (duy)? — (dus)® + (dug)? + (duz)? + (dug)?

and degenerate metric ¢ = (dvg)? + (dvs)?(dvs)? + (dvs)?, where uy, ..., ug and
v1,...,v5 are the canonical coordinates on R® and R®, respectively. Define the
map

Us + Uy Ug + U
©: (Rg,l,%g) - (R?,O,Zbg/); (ula ...,Ug) — <U1 — Us, U2, U, 3\/§ ) \/5 8>'

Then, we obtain

0 0 0 0 0 0
ICergo*—Span{f—8—1“—1-8—%,81—8—%—8—%,82—8—%—8—%}
and
_ 0 = 0 = 0 0 = 0 0
1 _ v _ Y Y . v _vY ., v
(lCergo*) —Spa”{&&—aw,sz 8u6783 s 8u7’84 0u4+6u8}'
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Thus A = Span{¢}, where JA = Span{S1+S5,} C S(Kery, ) and J (Itr(Kerep.))

-5+ S
= Spcm{g} C S(Kery,)*. Finally, since the length of horizontal vec-
tors is preserved by the derivative map ¢,, therefore ¢ is a screen transversal

lightlike submersion.

Definition 3.5. Let ¢ : (M, g,J) — (N, ¢’') be an isotropic submersion from an
indefinite Kaehler manifold M onto a lightlike manifold N. Then, we say that ¢
is a screen transversal isotropic submersion if J(A) C S(Kery,)=*.

Theorem 3.6. Let ¢ : (M,g,J) — (N,g') be an isotropic submersion from an
indefinite Kaehler manifold M onto a lightlike manifold N. If Kerp, is a real
null curve of M [3], then ¢ is a screen transversal isotropic submersion.

Proof. Since ¢ is an isotropic submersion and Kery, is a real null curve, we
have Kerp, = A = Span{{}, for any £ € I'(Kery,). In view of (2.1), we get
g(TJE,€) = 0, which implies that J¢ ¢ T'(Itr(Kere,)). Further, since & and J¢
are linearly independent, dim(Kery,) = 1, and J¢ ¢ T'(Kery,), we conclude
that J¢ € T'(S(Kerg,)t). Furthermore, for any N € T'(Itr(Keryp,)), we have
g(IN,N) =0, which implies JN ¢ I'(A). Now, since J¢ € T'(S(Kerp,)t), we
arrived g(JN, &) = g(N, T€) = 0. Tt follows that JN ¢ T'(ltr(Kerep,)). Thus,
we conclude that JN € T'(S(Kerg,)t). Moreover, we also have g(JN, JE) =
g(N,€) = 1. Therefore, the screen transversal distribution S(Kerp,)* can be
expressed as S(Keryg,)* = {JA® J (Itr(Kere.))} L D, where D is complemen-
tary subspace of JA @ J (Itr(Kerg,)) in S(Kerp,)*t. Thus, by definition 3.5, we
get the required proof. O

Example 3.7. Assume that Ré,m and R?,o,z are equipped with the semi-Riema-
nnian metric g = —(duy)? + (dug)? + (dus)? + (duy)* and lightlike metric ¢’ =
(dvs)? + (dvs)?, where uy, ..., uy and vy, s, v3 are the canonical coordinates on R*
and R?, respectively. Define the map ¢ : (Rj; 3,9) = (R 5, 9') as (ug, ..., us) —

<U1—U3, ug,u4>. Then Kerp, = Sp(m{f = 8%1—}-6%3} and (Kerp, )t = Spcm{f, Sy
=2 5 = 8%4}. Then A = S(Kerg,) = Span{{} has the property that

Ous’

JA = Span{S; + S} C S(Kery,)*. Further, we get ltr(Ker¢g,) = Spcm{/\/ =

_9 _ 13}7 where J(N) = Span{—S; — S5} C S(Kerp,)*. Finally, we see

that the length of horizontal vectors S;, S, and N is preserved by the derivative
map .. Hence, ¢ is a screen transversal isotropic submersion.

4. RADICAL SCREEN TRANSVERSAL LIGHTLIKE SUBMERSIONS

In this section, we study radical screen transversal lightlike submersions from
indefinite Kaehler manifolds onto lightlike manifolds.

Definition 4.1. Let ¢ : (M,g9,J) — (N,¢') be a screen transversal lightlike
submersion . Then ¢ is called a radical screen transversal lightlike submersion if

J(S(Kerp,) = S(Kery,).
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Note: In the remaining part of this section we assume that ¢ : (M, g, J) —
(N, g’) be a radical screen transversal lightlike submersion from an indefinite
Kaehler manifold M onto a lightlike manifold N.

Theorem 4.2. Let ¢ : (M, g,7) — (N, g') be a radical screen transversal light-
like submersion. Then S(Kere,) is integrable if and only if g(T;IV,IN) =
g(T3TU, TN), for any U,V € T'(S(Kere.)) and N € T'(ltr(Kere.)).

Proof. Using (2.1), (2.2) and (2.10), we obtain
g(UV,N) = g(VuV — VyU,N)
= g(VuIV,IN) — g(VyJU, TN
= 9(Ti IV, IN) — g(T,TU, TN),
which completes the proof. O

Theorem 4.3. Let ¢ : (M, g,J) — (N, ¢') be a radical screen transversal light-
like submersion. Then A is integrable if and only if for any U € T'(S(Kerep,))
and &1, &2 € T'(A) we have g(TSJU, T&) = g(To TU, T&1).

Proof. From (2.1), (2.2), and (2.10), we get
g([gbgz] ) _g(v£1j£27ju>_g(vg2j€17ju)
Then using (2.12) and (2.13), we derive
9([&1, &), U) = g(Te, T &2, TU) — 9(Te, T &1, TU),
= 9(T5TU, T &) — (T TU, T&).
It completes the proof. O

Theorem 4.4. Let ¢ : (M, g,J) — (N,d') be a radical screen transversal light-
like submersion. Then A defines a totally geodesic foliation on Kerp. if and only
if TSIV has no components in J (ltr(Keryy)), for any V € T'(S(Kery.)) and

& e(A).

Proof. The distribution A defines a totally geodesic foliation on Kerep, if and
only if V¢, & € T'(A), for any &, & € T'(A). Using (2.1), (2.2), (2.10), and (2.13),

we obtain
g(@51€27 V) = g(V§1§2V) - g(vgljééy jV) - g( éjjv7 ng);
which completes the proof 0

Theorem 4.5. Let ¢ : (M, g,J) — (N,¢') be a radical screen transversal light-
like submersion. Then S(Kere,) defines a totally geodesic foliation on Kerg, if
and only if T3 TV has no components in J(A), for any U,V € T'(S(Kere.)).

Proof. Using (2.1), (2.2), (2.10), and (2.12), we obtain
Thus, the proof follows. O
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Theorem 4.6. Let ¢ : (M,g,J) — (N,g') be a radical screen transversal

lightlike submersion. Then the induced connection \Y on Kery, is a metric
connection if and only if TS;JV has no components in J(ltr(Kery.), for any
U,V e I'(S(Kereyy)).

Proof. Let U € T'(Kery,) and € € T'(A). Using (2.2), we get V& = - TV JE.
Further, using (2.10) and (2.12), we obtain

Vué + The + T3€ = ~TTud € — TDHU, TE) — TV TE.
So, for any V € I'(S(Kerp.)), we get
I(Vu&, V) = =g(TTuJEY) = §(TuJ €, TV).

Finally, using (2.13), we have §(Vy&,V) = —g(T3TV, JE). Tt completes the
proof. O

Example 4.7. Let Rf% ;, and RS ¢ be equipped with the semi-Riemannian met-
ric

g = (duy)? + (dug)® + (duz)? + (duy)?® — (dus)® + (dug)?
— (dug)® + (dug)* + (dug)® + (du1g)* + (du1r)* + (durz)?
and lightlike metric ¢ = (dvy)? + (dvs)? + (dvy)? + (dvs)? + (dv7)? + (dvg)?, where

Ui, ..., U2 and vy, ..., vg are the canonical coordinates on R'? and R®, respectively.
Assume that the mapping ¢ : (Rg% 19, 9) = (R3¢, ¢') is defined as

Up — U3 Uz — Ug

V2 V2

(U1, ...y u12) —> ( , Us + U11, Ug, U2, U7 + U9,US,U10>-

Then
0 0 0 0 0 0 0 0
Kerp, = Spcm{Sl = 6’_u1+8_u3’82 = 8_u2+8_u4’£1 = 8_u5_—3u11’€2 = 8_U7_(9_u9}
and
- 0 J = 0 3}
L_ _ v 9 v v
(Kerg.)" = Span{&,. .81 = 5o — 5.8 = 50— oo
AP NP B
5 8u6’ 4 8u8’ > 8u10’ 6= 8u12
Then, we have A = Span{{,&} and ltr(Kerp,) = Span{./\fl = —5(8%5 +

G Ne = =30+ )}, where J€ = S5 = So, T& = Si— S5, TNy =

83 +5s and JN; = 84 ;— 5 . Thus J(A) C S(Kerp,)* and J (Itr(Kerg,)) C

S(Kerp,)t. Moreover, as JS; = Sy, S(Keryp,) is invariant with respect to J.
Finally, since the lengths of horizontal vectors are preserved under the derivative
map ., therefore ¢ is a radical screen transversal lightlike submersion.
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5. SCREEN TRANSVERSAL ANTI-INVARIANT LIGHTLIKE SUBMERSIONS

In this section, we study screen transversal lightlike submersions from indef-
inite Kaehler manifolds onto lightlike manifolds.

Definition 5.1. Let ¢ : (M, q,J) — (NN, g’) be a screen transversal lightlike
submersion from an indefinite Kaehler manifold M onto a lightlike manifold
N. Then ¢ is called a screen transversal anti-invariant lightlike submersion if

J(S(Kerp,) C S(Kerg,)*.
From definition (5.1) the following decomposition is clear:
S(Kerg,)t = [T(A) @ J(ltr(Kerp,))] L T(S(Kerp,)) L D, (5.1)

where D’ is a non-null orthogonal complementary distribution to [J(A) @& J (Itr
(Kere,))] L J(S(Kere,)) in S(Kere,)*.

Proposition 5.2. Let ¢ : (M,g,J) — (N,¢') be a screen transversal anti-
invariant lightlike submersion. Then D' is invariant with respect to J, that is
JD =7

Proof. Using (2.1), for any U € T'(D'), £ € T'(A) and N € T'(ltr(Kerep,)), we
have

g(JU, &) = —gU,TE =0,  g(JUN) =—gU,TN) =0,
g(JU,JE = gU,§) =0,  g(TJU,IN) =gU,N)=0.

It follows that J(D')NA = {0}, T (D) Nlitr(Kere,) = {0}, T(D)NJ(A) = {0}
and J(D') N J(ltr(Kery,)) = {0}. Also for any W € I'(S(Keryp,), we have
JTJW) € T(J(S(Kerg,))), and since J(S(Kerp,)) and D’ are orthogonal, we
get g(JU,W) = —g(U, TW) = 0. Thus, we arrived at S(Kere,) N J(D') = {0}
and J(S(Kere,)) N J(D') = {0}. Therefore, we derive

Kerp, N J(D') = {0}, ltr(Kerp,) NJ(D') = {0}
and ) B B B
{T(S(Kere.)) L J(ltr(Kere.)) N J(A)} N T(D') = {0}.
It shows that D’ is invariant with respect to J. O

Theorem 5.3. Let ¢ : (M,9,J) — (N,¢') be a screen transversal lightlike
submersion from an indefinite complex space from M(c) onto a lightlike manifold
N. Then @ is a screen transversal anti-invariant lightlike submersion if and only
if, for any U,V € T(S(Kery,), & € T(A) and N € T(itr(Kerp,)), we have
gRUV)E,TN) =0.

Proof. Taking into account that J(A) € S(Kery,)* and using Lemma 3.1, it
is clear that J(Itr(Kery,) € S(Kerp,)*. Now, from (2.1), we get g(JU,N) =
—g(U, TN) = 0, which gives J(S(Kere,)) N A = {0}. Moreover, we also have
g(JU,TE) = 0 and g(JU,TN) = 0, which leads to J(S(Kerp,)) N J(A) =
{0} and J(S(Kery.)) N J(Itr(Kere,)) = {0}. In a similar way, we derive
that J(S(Kerg.)) N ltr(Kere,) = {0}. Moreover, since for any ¢ € TI'(A),
we have J& € T(S(Kerp,)t), using (2.3), we arrived at g(R(U, V)¢, TN) =
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gg(u, TIV)g(€,N). Since, there exists £ € T'(A) and N € T'(ltr(Kerg,)), such

that g(§,N) # 0, it follows that g(R(U, V)&, TN) = 0if and only if T (S(Kerep.))
L S(Kery,). Finally since J (S(Kere,))Nitr(Kere,) = {0}, we have g(R(U, V)¢,
JN) =0 if and only if J(S(Kerg.)) C S(Kerp,)*. It completes the proof. O

_Consider the projection morphism of S(Kerg.)* on J(A), J(S(Kere.)),

J (ltr(Kerp,)) and D’ by 91, ¥y, 3 and 14 respectively. So, for any W €
J(S(Kerp,))*, we have

W = DWW 4+ YW + 3 W + V. (5.2)
Also, for any W € J(S(Kerep.))*, we put
TIW = aW + W, (5.3)

where a)V and SV are the tangential and transversal parts of JW. Applying
J to (5.2), we get

IW = TUW + TpaW + TosW + T W, (5.4)
which implies
aW = TP+ TpW, W = TisW + T W, (5.5)
Now if J11 = ay, Ty = o, Jib3 = 1 and J1by = B, then (5.3) becomes
IW = aW + aoaW + BV + BV, (5.6)

where ayW € T'(A), aeW € I'(S(Kerep.)), /1W € T'(ltr(Kerp.)) and SV €
(D).

Theorem 5.4. Let o : (M, g,T) — (N,¢') be a screen transversal anti-invariant
lightlike submersion from an indefinite Kaehler manifold M onto a lightlike man-

ifold N. Then the induced connection V on Kerp, is a Levi-Ciwita connection if
and only if Vi*TE has no component in J(S(Keryy)), for any V € T'(Kere.)
and £ € T'(A).

Proof. The connection V is a Levi-Civita connection on Kerp, if and only if A
is parallel concerning to V [3]. Using (2.2), we get

Vué = -TIVuJéE. (5.7)
Now, from (2.10) and (2.12), equation (5.7) becomes
V€ + T + Tk
= —JTuTé—IDHU,TE) — au Vi TE— Vi TE— BV TE— BV * TE.
Taking the tangential components of above equation, we have
Vué = a1 Vi* € — aaVi* J€,
which completes the proof. O
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Example 5.5. Let R | ; and R} o 5 are equipped with the semi-Riemannian met-
ric g = —(duy)? + (duz)* + (dus)? + (dug)* + (dus)?® + (dug)? and null metric
g = (dvy)*+(dvs)?+(dvs)?, where uy, ..., ug and vy, ..., v4 are the canonical coordi-
nates on R® and R*, respectively. Let us define the map ¢ : (R, 5,9) = (Ri g3, 9")

as (uq, ..., ug) — <u1 — u3,u27u4,u5>. Then, we get Kery, = Spcm{§ = 8%1 +

6%378 = i} and (Ke"’%s)L = Spfm{fasl = 8%2,52 = 8%4,33 = i}. Thus

Jug Ous

A = Span{¢} has the property that JA = Span{S; + S;} C S(Kerp,)*.
Further, we obtain ltr(Kerp,) = Span{./\f = %(—3%1 + 8%3)}, where J(N) =

-5 +8
{g} C S(Kerp,)*. Finally, we have S(Kery,) = Span{S}, where
J(8) C S(Kerp,)t, and by easy calculation, we also see that the length of
horizontal vectors is preserved by the derivative map ¢,. Thus, ¢ is a screen
transversal anti-invariant lightlike submersion.

Span
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