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EXISTENCE OF WEAK SOLUTIONS FOR A CLASS OF
(p(u),q(u))-LAPLACIAN PROBLEMS

YOUSSEF FADIL'*, SAID AIT TEMGHART?, CHAKIR ALLALOU? AND MOHAMED
OUKESSOU*

ABSTRACT. This paper investigates the existence of weak solutions for (p, q)-
Laplacian problems where p and ¢ depend on the unknown solution. We focus
on the case where p and ¢ are local quantities. By means of a singular pertur-
bation technique, we prove the existence of weak solutions for certain Dirichlet
problem.

1. INTRODUCTION

The study of partial differential equations involving the (p,q)-Laplacian has
broad applications in physics, biophysics, plasma physics, and the study of chem-
ical reactions. For example, these equations occur in general reaction-diffusion
problems:

up = — div [(a,|VulP~? 4 by|Vu|*?) Vu] + f(z,u),

where a,, b, € RT are some positive constants, the function u is a general measure
of concentration, the term div [(a,|Vu[P~2 + b,|Vu|9~?) Vu] represents diffusion
with the coefficient D(u) = a,|VulP~2 + b,|Vu|?™%, and f(x,u) is the reaction
term related to the source and loss processes. The reaction term f(z,u), in
general, has a polynomial form.

Many authors have studied the existence and uniqueness of their various types
of solutions [2, 5, 15, 20, 21, 24, 23 25, 28] due to the importance of this type of
problems.

Extending the above results to situations where p and ¢ depend on both the
spatial variable x and the unknown solution u is the main goal of this work.
We focus on cases where the dependence of p and ¢ on u is a local quantity.
Specifically, we examine the following problem:

—div(|VuPW=2Vu) — div(|Vu|1™=2Vu) + |u|P™ =20 + |[u)?™® 2y = fin Q

u=">0 on 0,
(1.1)
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where Q be a bounded domain of RV with N > 2, 9Q Lipschitz-continuous, f
is a given data and p, ¢ are the nonlinear exponent functions p,q : R — [1, +00)
such that

p,q are continuous and 1 <a <qg<p<f < oo forsome constants a, 3.
(1.2)

The situation in which the variable exponent p is dependent on the unknown
solution u is a non-standard one. Such problems appear in the applications of
some numerical techniques for total variation image restoration, which are used
in some restoration problems of mathematical image processing and computer

vision [0, 7, 26]. Tirola, J. in [20] have illustrated some numerical examples
which suggest that the consideration of the exponents p = p(u) conserves the
edges and decreases the noise of the restored images u. In [0], we present a

numerical example suggesting that when the exponent of the regularisation term
is p = p(|Vu|), the noise in the restored images u is reduced. To the best
of our knowledge, there are few important contributions on the well-posedness
of the solutions of these p(u)-Laplacian problems. Andreianov et al. [3] have
recently developed the study of these problems. They provided partial existence
and uniqueness results for weak solutions in homogeneous Dirichlet boundary
condition cases for the following system

—div(|VuPf™=2Vu) +u = f in Q,
u=20 on OfL.

S. Ouaro and N. Sawadogo in [17] and [18] considered the following nonlinear
Fourier boundary value problem

b(u) — diva(x,u,Vu) = f in Q
a(z,u,Vu) -n+Iu=g on 0.

The existence and uniqueness results of entropy and weak solutions are estab-
lished by an approximation method and convergent sequences in terms of Young
measure.

Our inspiration came from the work of C. Allalou, K. Hilal and S. Ait Temghart
in [1], the paper of S. A. Temghart, C. Allalou, and A. Abbassi in [22] and
the work of M. Chipot and H. B. de Oliveira in [3], where the authors proved
the existence of a p(u) problem, the existence of [I] and [8] being based on the
Schauder fixed point theorem. For the first time in the literature, a prototype of
the nonlocal dependence between p and u was considered. The structure of this
paper is as follows. In Section 2 we present the main assumptions and we give
some definitions, basic properties of generalised Sobolev spaces. In Section 3,
we implemented an approximation strategy based on some regularized problem
which admits a solution based on theory of monotone operators and Schauder
fixed-point theorem. Next, we prove that this sequence of solutions converges to
a function u that solves our problem (1.1).
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2. PRELIMINARIES

We can search for the weak solutions in a Sobolev space with variable exponents
because the functions p,q depend on the solution w and therefore on the space
variable z.

Let © be a bounded domain of RY with N > 2 and 92 Lipschitz-continuous, we
say that a real-valued continuous function h(.) is log-Holder continuous in €2 if

S
In (ﬁ)

For any Lebesgue-measurable function h : Q — [1, c0), we define

1
AC > 0: |h(z) — h(y)| < Ve,y e Q, |z —y| < 3 (2.1)

h_ :=essinf h(z) , hy = esssuph(x), (2.2)
zef e
and we introduce the variable exponent Lebesgue space by:
DO@) = {u: Q5 R/ puy(u) = / (@) @dz < o} (2.3)
Q
Equipped with the following norm
) u
lulla) = inf {A >0 puey (X) < 1} , (2.4)
L")(Q) will be a Banach space. If
1 <h_<hy<oo, (2.5)

L")(Q) is separable and reflexive. The dual space of L*)(Q) is L")(Q), where
h'(x) is the generalised Holder conjugate of h(x),

1 1

M) W)
The next proposition states that there is a gap between the modular and the
norm in L") (Q).

Proposition 2.1. (See [12])
If (2.5) holds, for u € L"®(Q), then the following assertions hold

. h_ h h_ h
min { lull}, Ml b < oney () < max {ullh), Jlullf) }

1 1 1 1
min {Phc)(u)h* ; Ph(.)(u)h*}SHUHh(.)SmaX {Ph(.)(u)h* : Ph(~)(u)”+}, (2.6)

_ h
[ullney =1 < puey (@) < flullyfy + 1. (2.7)

Proposition 2.2. (Generalised Hélder’s inequality) (See [11])
- For any functions u € L")(Q) and v € L") (Q), we have:

1 1
/Wd?ﬂ < (h_ + h—,)||u||h(‘)||v||hf(‘) < 2|ullneyllvlla-
Q — _

- For all h satisfying to (2.5), we have the following continuous imbedding,
L")(Q) — L"O(Q) whenever h(z) > r(x) for a.e. x € Q. (2.8)
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In generalised Lebesgue spaces, there holds a version of Young’s inequality,

|u|h(:p) |h’(:p)
luv| < d—— 4+ C(9)

h(z)
for some positive constant C'(§) and any ¢ > 0.
We define also the generalized Sobolev space by

WhO(Q) := {u € L"(Q) : Vu € L"V(Q)},
which is a Banach space with the norm

lulliney = ullae) + I VUullne).- (2.9)

|v

W (x)

The space W1 ()(Q) is separable and is reflexive when (2.5) is satisfied. We also
have

WHhO(Q) — W0O(Q) whenever h(z) > r(x) for a.e. z € Q. (2.10)
Now, we introduce the following function space
W (Q) = {u e WHH(Q) : Vu e L'O(Q)},
endowed with the following norm

ullyaro gy = Nl + [[Vallac- (2.11)

If h € C(Q), then the norm in Wol’h(‘)(Q) is equivalent to ||Vul[p). When h is

log-Holder continuous, then C£°(Q) is dense in W, ’h(')(Q).
If h is a measurable function in (2 satisfying 1 < h_ < h, < N and the Log-Holder
continuity property (2.1), then

w) S O Vullney  ue Wy (@),
for some positive constant C, where
he(2) = { ey i h(z) <N
00 if h(z) > N.
On the other hand, if h satisfies (2.1) and h_ > N, then
lullso < ClIVullngy Vi€ Wo"O(9),

where C' is another positive constant.

In the reference [8], the authors used the following result which is a particular
case of a more general one established by Zhikov [27] about the appropriate way
to take the limit in a sequence of nonlinear elliptic equations. The proof of this
lemma in [3] does not require all the hypotheses considered by Zhikov in [27] (see
Lemmas 2.4 and 3.3).

lu

Lemma 2.3. [8] Assume that

l<a<h,(r)<pB<oo VneN,
for a.e. x €8, for some constants o and (3, (2.12)

h, —h a.e.in Q, as n — oo, (2.13)
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Vu, — Vuin LNQ)Y, as n — oo, (2.14)

1|V, || 10y < C, for some positive constant C' not depending on n.

(2.15)
Then Vu € (Lh(')(Q))N and
liminf/ |Vun|h"($)d:1:2/|Vu|h(x)d:v. (2.16)

In this paper, we treat a (p(u), g(u))-problem, so we need the following similar
argument to establish that |Vu|P®®) and |Vu|?™ belong to L'().

Lemma 2.4. (3] Let p,, q, : R — [1,+00) be two Lebesque-measurable functions
and a, € (1,400) . Assume that

l<a<g(z),pa(z) <P <o0 VneN,

Gn = q, Pn — D a.e.in ), as n — oo,

Vu, = Vuin LY(Q)Y, as n — oo,

H|Vun|q"(x)||Ll(Q), |Vun|p"(:”)||L1(Q) < C, for some positive constant C' not depending on n.

Then we deduce that |Vu,|"™, |Vu,|P'™ € LY(Q) and

lim inf/ (V| + |V, [Pr@) do > / (IVul?® + |Vu™)) da.
Q Q

n— oo

Proof. Since 1 < o < (), pp(x) < f < +00, we can apply Lemma 2.3 sepa-
rately for (p,,p) and (¢, q) to get

Vua P € @), timint | [V, de > [ Vs,

‘VUMQ(:E) ELl(Q)7 liminf/ ‘Vun|q"(x)d$2/‘Vu‘q(x)dx.

By summing the inequalities above, we deduce the result. 0

3. EXISTENCE RESULTS

In this section, we prove the existence of weak solutions for the local problem
(1.1). Firstly, we define the following space: for all u € R such that 1 < p(u) <
00

mwwme&mw#m%ﬂww@M<w}

It is a Banach space for the norm [[ul| ;1.00) @ defined at (2.11) which is equivalent
. 0

to [|Vu||pw) when p(u) € C(€2). Since p is continuous then from the fact that
1<a<np, Wol’p(“)(Q) is separable and reflexive.
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Next, for each € > 0, we consider the following auxiliary problem (namely, the
regularized problem)

—div(|Vul[PW=2Vu + |Vu|1W =2V ) + |2y + |u[PW 2y

+e (Jul’~?u — div(|Vulf2Vu)) = f  in Q,
u=20 on 012,

where the exponent functions p, ¢ are continuous and satisfy
N <a<p(u),qu) <f <+oo VYuecR. (3.1)

Proposition 3.1. Assume that f € W, "*(Q) and p,q satisfy (3.1). Then, for
each € > 0, the problem (P.) admits a weak solution u., i.e.

/ |V, [P =2V, - Vodz + / |V, |1=) =2V, - Vudz + / |ue [P "2y vda
0 0 0

+/ |ue |12y vda 4 € (/ |Vu|"2Vu, - Vodz +/ |u5|ﬁ_2ugvdx> = (f,v),
Q 0 Q
(3.2)

Yo € WP(Q), where (-,-) denotes the duality pairing between (Wy*(Q)) and
Wy (92).

Proof. Let z € L*(Q), then

N <a<p(z(z)),q(z2(x)) < <o forae z€f (3.3)

We recall that f € W=1(Q) ¢ W% (Q). Now, we focus on the operator
T. : WP (Q) = W—1F(Q) defined by

(Tu(w), 0) = / (IVul"™2Vu - Vo + [Vl >V - Vo) de
Q

—l—/ (JuPD 2y + u] 1D ?up) do+e l/ (IVul’2Vu - Vodz + |u|’?uv) dz |
Q Q

for all u,v € Wy (Q). We can establish that:

(1) T. is continuous, bounded and strictly monotone;
(2) T. is coercive.

From (1) and (2), the operator T is continuous, strictly monotone (hence,
maximal monotone too), and coercive. It follows that 7. is a strictly monotone
surjective operator (see [19, Corollary 2.8.7, p. 135]). Hence, there exists a unique
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solution u, € W, (Q) such that
/ |V, POV, - Vod +/ |V, |1* 2V, - Vuda +/ |u, [P "2 vda
Q Q Q

+/ |uZ|Q(Z)_2uzvdx+5 (/ |Vu, |2 Vu, - Voda +/ |uz|5_2uzvd:r> = (f,v),
Q Q Q
(3.4)

Yo € WP (Q).
We take v = u, in (3.4) to derive that

/ (IVu [P + |V, |7)) dx+/ (Ju[P®) + |0, | 7)) da + € (/ |u|d +/ ‘VUz‘ﬁdl')
Q Q Q Q

< flrar Vel
< Ol Vues,

where C' = C(w, 3,42, f), and || - ||-1,- is the operator norm associated to the
norm ||V - ||,. Therefore

ellusllf 5 < Ol Vullg
< COlluel1s.
Hence,
[zl < C, (3.5)

where C' = C(a, 3,9, ¢, f) is a positive constant without z-dependence. From
the fact that 8 > N > 2, we can deduce that

|z 20 < C. (3.6)

Now, we consider the self-map 7' : B — B defined by T(z) = u,, over the
set B = {v € L*(Q) : |[v]r2@) < C} . The embedding Wy’ (Q) — L*(Q) means
that T'(B) is relatively compact in B. Using the Schauder fixed point theorem,
we know that to obtain a fixed point from 7', we need continuity from 7.
Suppose we are working on a sequence {z,} in L?(Q2) which satisfies

Zy — zin L*(Q) as n — oo, (3.7)

we mean by u,, for all n € N, the solution of (3.4) related to z := z,. Therefore
the inequality in (3.5) gives

[unll; g < €, for some constant (without n-dependence) .

For a given u € VVO1 A (Q), passing to a subsequence if necessary (namely again
{u,} ), we get
u, = u in WPP(Q), as n— oo, (3.8

u, - u in L*Q), as n— oo.
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We return to (3.4), so that considering (u,, 2,,) instead of (u, z), we get
/ (V[P =2V, + [V, | )72V, + e|Vu,| 2 Vu,) - Vode
Q

—l—/ (!un]p(Z")’Zun + |1, |15 2y, + €|un\5’2un) vde = (f,v) Vv e WP (Q).
Q
(3.10)

As the operator on the left side of (3.10) is monotone, therefore
/ (IVu, [PE 2V, + [V, |15 2V, + e|Vau, [PV, ) - V(u, — v)dz
Q
+ / ([t P52, + 1 |95 200, + €|, P20 (uy — v)d
Q

(Ve 2wy + | Vo] 1E) 2Ty + ¢ Vo P2 V0) - V(u, — v)da
0

- / (Jo|PEm) =2y + o)1) 20 4 gv]P~20) (u, —v)dz >0 Vv € WyP(Q).
0
(3.11)

Consider (3.10) with v = u,, — v as a test function. We use (3.11) to get
(fyun —v) — / (VP =20 + | Vol 1E) 2y + | Vol P2 Vo) - V(u, — v)da
Q

- / ([P 20 4 o] 1E) =20 4 e]o|*20) (u, —v)de >0 Vv € WP (Q).
; (3.12)
The convergence in (3.7) implies
Z, — 2z ae.in (), as n — oo.

We can apply Lebesgue’s theorem, since p is a continuous function, so we have

lim {|vv|p<zn>—2+|qu<2n>—2]w: {|vu|p<z>—2+|vv|q<z>—2}vv, (3.13)

n—-+0o0o

and

lim <|v|p(Z”)_2 + |U|q(z”)_2>v = (|U|p(z)_2 + |v|q(z)_2>v, (3.14)

n—-+00

for all v € Wy (Q). By means of (3.13) and (3.14) we can go to the limit in
(3.12) to get

(f,u—v)— / (V0@ 2V + |Vo|1&) 2Ty + | V|2 V) - V(u — v)dz
0

- / (JolPD =20 + 0|12 + e[v]*20) (u — v)dz > 0 Vv € WP (). (3.15)
Q
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Taking v = u =+ 8y, where y € Wy?(Q) and § > 0, we obtain
+ {<f, y) — /Q (!V(u + 0y) [P 72V (u £ 0y) + |V (u £ 0y)|"F 72V (u £ by)
+ |V (u % 6y) "2V (u + 5y)> - Vydx — /Q (\u + 6y [P =2 (u & by)
+ |u = 5y|"P 2 (u % §y) + elv]’ A (u £ 5y)>yd;1:} >0. (3.16)
We go to the limit, since ¢ goes to zero in (3.16), and conclude that
/Q (|V(u)|p(z)_2Vu + |V (u) |12y 4 e|Vul’?Vu) - Vydz
+/Q (JuPD 2y + |12y + elo|?~?u) ydo = (f,y) Vy € Wi (Q).

Consequently v = u,. In view of (3.9) and by the strong convergence in (3.9), we
conclude that

u,, — u, stronglyin L*(Q), as n — oo,

It follows that 7' is continuous, and this establishes the existence of the fixed
point which is the exact weak solution to (P.). O

We introduce the following revised definition before we state the main result.

Definition 3.2. Assume that p and ¢ verifies (1.2) and
few Q). (3.17)

A function u € Wy P™(Q) is said to be a weak solution to the problem (1.1), if
/ \Vul[P™ =2V - Vodz +/ V| "2V - Vodr + / Ju P2y da
Q Q Q
+/ lu|7W2yvde = (f,v) Yo € Wol’p(u)(Q),
Q

where (-, ) is the duality brackets for the pair <(W01’p(")(§2))’, Wol’p(u)(Q)> :
Theorem 3.3. Assume that (3.17) hold together with
N <a<qu) <plu) <p < +oc0 (3.18)
and
p,q: R — [1,400) are Lipschitz-continuous functions. (3.19)

Then there exists at least one weak solution to problem (1.1) in the sense of
Definition 5.2.
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Proof. From Proposition 3.1, for each € > 0 there exists u. € VVO1 h (©2) such that
/ |V, [P =2V u, Vods + / |V, |1 =2V u, Vodz + / e [P0 2y vda
Q Q Q

+/ lug| o) =2y vdx + ¢ (/ V.|’ 2V, - Vudz +/ |u5|5_2u€vda:) = (f,v)
Q Q Q

(3.20)
for every Yo € Wy*(2), and
N<a<plu(r)) <f<oo Ve>0, forae z€.
Next, we choose v = u. as a test function in (3.20) to obtain
[0V s @) do 2 (9l + ) = (). (32)
0

From (2.7), we deduce that
1
1 P~ (ue)
oty < (o0 + 1075 = ( [ oo s 1)
Q
By using the Holder inequality, we get

/ V. |dz < C|||Ve|*| sunr < C (/ |V [P dze + 1> (%) (3.22)
Q @ Q
C

< (/\Vusyp“‘e)derl),
Q

(Frue) < Il Veella < ClFI-er / Ve +1)". (3.23)

where C' = C(a, 3,12). Therefore

From (3.21), (3.23) and by using Young’s inequality, we obtain

/(|Vu€|p<ug>+ |ua|p<u5>)d$+/ (Vo) + |ua|q(Ue))dm+5<||Vua||g+ ||u5||g> <.
Q Q
(3.24)

Using (3.22) and (3.23), we can deduce the estimate
HusHl,a < C, (325)

where C' is a positive constant without dependence of ¢.

Now let us consider a sequence {g,} of positive real numbers. For eachn € N,
let 1., be the solution to the problem (P.) associated with &,. Since W, *(Q) <
L?(Q) compactly, so by passing to a subsequence, for some u € W, () we will
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have
C—uin Wy(Q),
Vu, —Vu in L*Q)Y, as n— oo (3.27)

u., —u in L*(Q), as n — o0

Ug as n — 00 (3.26)

U, —u a.e in € as n— oo. (3.28)

The condtion on the exponent range in (3.18) mean that u is Hélder-continuous,
then from the condition (3.19), the same holds for p(u) and g(u).
From (3.28), we conclude that

lim p(u.,) =p(u), lim q(u.,) =q(u) a.e. in Q. (3.29)
n—oo n—oo
The following chain of inequalities is satisfied
N <a<q(u.,) <plu,) <pf<oco VneN, for ae z€. (3.30)

Using (3.24) written for u.,, together with (3.27), (3.29) and (3.30), we conclude
that (by Lemma 2.3)

u e Wyt (), (3.31)
and therefore
u e W™ (). (3.32)

From the theory of monotone operators, we have
/ (‘vu€n|p(u€n)72vusn + ’vuen‘q(usn)dvuen + 5n‘vusn|5izvu€n) V(ue, —v)dz
Q

+ / (|u€‘ﬂ |p(u5’ﬂ)_2u€n + |u5n|q(usn)_2u5n + €n|u5n |B_2u) (u57l - /U)dl‘
Q

: (/ (|Vo|Pten) =27y + |Vo| 1) 2V + ¢, | V| 2V0) V(ue, — v)dz
Q

+/ (|v|p(“8")_2v + |v|q(“5")_2v + 5n|v|’8_2v) (ue, — v)dw) >0 Yoe Wol’ﬂ(Q).
Q
(3.33)

By replacing u. with u., and choosing u., —v as a test function in (3.20), we can
reduce (3.33) to the form

(f,ue, —v)— (/ (|Vv|p(“8”)_2Vv + |Vo|1n) =27y + e[V 2Vo) - V(u., — v)da
Q
(3.34)

+/ (JolPten) =2y 4 o] Uen) =2y + |0|*20) (u, — 'U)dx) >0,
0
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for all v € C§°(2). By using (3.29) and the Lebesgue theorem, we have
lim [|w|p<uan>—2 n |w|q<u6n>—2} Vo = [|Vv|p(u)_2+ |VU|Q<">—2] Vo, (3.35)

n—-+oo

and

hI—iI-l <|U‘p(uan)f2 + |v‘q(usn)f2>v — (|U’p(u)72 + ‘U’q(u)%)v_ (3.36)
n——+0o0

We take the limit as n goes to infinity in (3.34), and use (3.25), (3.26), (3.35) and
(3.36), therefore

(fyu—nv)— / (|Vv|p(“)_2 + |Vv|’1(“)_2) Vu-V(u—v)dx
Q

+ / (JoP™=2 4 |0] %) p(u — v)dx | >0, (3.37)
Q

for all v € C§°(£2). From the assumptions (3.18) and (3.19), the functions p(u)
and ¢(u) is Holder-continuous which implies that C$°(€2) is dense in W, * (u)(Q).
Thus, (3.37) holds true also for all v € Wol’p(u)(Q).

So we can take v = u £ Jy, where y € Wol’p(“)(Q) and 6 > 0, as a test function in
(3.37) we get

+

(f.y) — (/ (‘Vu‘P(U)*Z + |VU‘Q(U)*2) Vu - Vydz
Q

+/ (Ju Pt =2 4 |u|2)=2) uyd;c)] >0. (3.38)
Q
This implies that,

/ (VP =2 4 |Vu|1=2) Vu - Vydz + / (Ju[P™72 4 [u|"™=2) uyde = (f,y),
Q Q
(3.39)

Yy € VVO1 P (u)(Q).In the end, we came up with a solution to our local problem
(1.1) (See definition 3.2). O]

Remark 3.4. The main result above remains true if we relax the assumption
q(u) < p(u) for all u € R. We replace (3.18) with the condition N < o <
q(u),p(u) < B < +oo for all u € R. Then problem (1.1) admits at least one weak

solution u € Wol’p(u)(Q) N W()Lq(u)(Q)-
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